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Abstract

The purpose of this paper is to study the periodic solution of a certain class of third
and fourth order delay differential equation impulses with Fredholm operator of index
zero. We obtain the existence of periodic solution and Mawhin’s continuation theorem.
The delay conditions for the Schwarz inequality of the periodic solutions are also obtained.
An example is also furnished which demonstrates validity of main result. We establish
some new sufficient conditions which ensure that every solution of this equation impulses
to at least one periodic solution.
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1 Introduction

The theory of impulsive delay differential equations is promising as an important
role of investigation, since it is better than the corresponding theory of delay
differential equation without impulse effects. Furthermore, such equations may
demonstrate several real-world phenomena in physics,chemistry, biology, engi-
neering, etc. In the last few years the theory of periodic solutions and delay
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differential equations with impulses has been studied by many authors, respec-
tively [3, 5, 7, 8]. There are several books and a lot of papers dealing with the
periodic solution of delay differential equations [1, 2, 4, 6, 9]. Periodic solutions
of impulsive delay differential equations is a new research area and there are
many publications in this field. The paper deals with impulsive equations with
constant delay and Fredholm operator of index zero. We obtain the theorems
of existence of periodic solution based on the Mawhin’s continuation theorem.

In [11, 22, 23], the periodic solution of delay differential equations was
considered. Also, boundedness of solutions was investigated in [22]. Afterward,
many books and papers dealt with the delay differential equations and given
many results, for example, [10, 12, 13, 14, 18, 19|, etc.In recent years, the
periodic solutions for some types of second and third-order delay differential
equation with deviating argument were investigated; see [15, 16, 17, 21]. In
[19], Sadek obtained stability and boundedness of a kind of third-order delay
differential equation system. By using the continuation theorem of Mawhin’s
coincidence degree theory [14], we obtain some new results which complement
and extend the corresponding works already known; see[15, 16, 17, 20, 21].

2 Preliminaries

Let PC(R,R) = {z : R — R, z(¢) be continuous everywhere except for some tj
at which z(¢;) and x(¢;) exist and z(t;) = z(ty)},

PCYR,R) = {x : R — R, z(t) is continuous everywhere except for some t; at
which 2/(¢]) and a/(t;)) exist and #/(¢;)) = #/(tx)}, as the space of continuous
everywhere and continuously differentiable everywhere functions excluding t
points.

PC?*(R,R) = {x : R — R, z(t) is continuous everywhere except for some t; at
which 2”(¢]) and 2”(t;,) exist and 2”(t;) = 2”(t)}, as the space of continuous
everywhere and continuously differentiable everywhere functions excluding ¢
points.

Let X = {z(t) € PC'YR,R),z(t + T) = z(t)} with norm |z| =
max{|z|eo, [2'|oc }, where [z]o = supsep 7y |2(2)],

Y = PC(R,R) x R" x R", with norm |ly|| = max{|u|,|c|}, where u €

PC( ) = (Cl, . -C2n> e R" x R", ‘C‘ = maxlgkggn{\cﬂ}.
= PC’(R,R) x R" x R" with norm |z|]| = max{|v|s,|d|}, where v €
( ) d= (dl, “e dgn) € R"™ x Rn) |d| = HlaXlngQn{‘dk‘}.
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Then X, Y and Z are Banach spaces. L : D(L) C X — Y and L : D(L) C
Y — Z are a Fredholm operator of index zero, where D(L) denotes the domain
of L. P: X - X,Q:Y —Y R:Z — Z are projectors such that

ImP=kerL, kerQQ=ImL, kerR=ImlL,
X=kerLdkerP, Y=ImL®Im@, Z=ImLSImR.

It continues that
L|D(L)ﬂkerP : D(L) M ker P — Im L

is invertible and we assume the inverse of that map by K,. Let 2 be an open
bounded subset of X, D(L) N Q # (), the map N : X — Y will be called
L-compact in Q, if QN (Q) is bounded and K,(I — Q)N : Q — X is compact.
Similarly it follows that

L‘D(L)ﬂkerQ : D(L) M kerQ — Im L

is invertible and we assume the inverse of that map by K,. Let {1 be an open
bounded subset of Y, D(L) N Q # 0, the map N : Y — Z will be called L-
compact in Q, if RN (Q) is bounded and K,(I — R)N : Q — Y is compact.

This paper obtains the existence of periodic solutions for the third-order
delay differential equations with impulses

2"(t) + f(t,2"(1) + g(t, (1)) + h(x(t — 7(t)) = p(t),t = 0,1 # ty,
Ax(ty) = Iy,
Az (ty) = J,
A" (ty) = K.

where f(t+T,x) = f(t,z), g(t+T,x) = g(t,x), h(t+T) = h(t), T(t+T) = 7(t),
p(t+T) =p(t) , 7(t) = 0;

A{’:(;k) = x(ty) — x(ty), =(t,) = limy o+ x(t), =(t;) = lim, - x(t), =(ty) =
x(lg);

AP = () — (), () = T (1), () = limg, ()
2'(ty) = 2'(tr);

Aa(te) = 2"(ty) — 2"(ty), o"(8) = lim,_p 2”(2), 2"(8;) = lim,,-2"(1),
a"(t;) = 2" (ty).

(1)

The results is related to not only f, g, and h parameters with the impulses
Iy, Ji, K) and the delay 7. We assume that the following conditions:
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(H1) f(t+T,2) = f(t,x), f € C(R*R) and g(t + T,z) = g(t,z), h(t + T) =
h(t), h,g € C(R,R), with 7(t +T) = 7(¢t), 7(t) >0, p(t +T) = p(t) ,
p, 7 € C(R,R);

(H2) {ti} satisfies tx < tx41 and limg_,1o0 tx = £o00, k € Z,
I(x,y), Ji(z,y), Kp(2,y) € C(R% R), and there is a positive n such that
{tk} N [07 T] - {tla o, ... 7tn}7 ten =t + 1,
IkJrn(ajv y) = ]k(x7 y)n Jk+n($7 y) - Jk(xv y)7 KkJrn(x: y) = Kk(xa y)

(H3) There are constants o, 5 > 0 such that

[f(t )] < olal, ¥(tz) € [0,T] xR, (2)
vf(t,x) > Blzl?, V(t,z) €[0,T] x R; (3)

(H4) There are constants o, 5 > 0 such that

lg(t, z)| < olx|, V(t,z) €[0,T] xR, (4)
2’g(t,x) > Blaf’, V(t,x) € [0,T] x R ()

(H5) there are constants §; > 0 (i = 1,2, 3) such that

|h(z)] > B+ Be|x], (6)
[h(z) — h(y)| < Bslz —yl; (7)

(H6) there are constants 7; > 0 (i = 1,2,3), such that |ff“‘]’€(x’y) h(s)ds| <
[Je(z y)l(n A alz] + vl iz, 9)]), YA€ (0,1);
(H7) there are constants ay, a},, aj > 0 such that |Ky(z,y)| < ag|z|* +a)|z| + a};

(H8) zKy(z,y) < 0 and there are constants by > 0 such that |K(z,y)| < by.

Lemma 1 [[}]] Let L be a Fredholm operator of index zero and let N be L-
compact on Q. We assume that the following conditions are satisfied:

(i) Lx # ANz, N¥Nx € 002N D(L),\ € (0,1);
(11)) RNz # 0, for all x € 02 Nker L;

(11i) deg{ K RNz,Q(ker L,0} # 0, where K : ImR — ker L is an isomor-
phism.

Then the abstract equation Lx = Nx has at least one solution in Q () D(L).
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We assume the operators L : D(L) C X - Y and L: D(L) CY — Z by

Lz = (2", Ax(ty), ..., Ax(t,), Ax (t1),. .., Az (t,), Az" (t1), ..., Ax"(t,)),
(8)
and N: X Y, N:Y — Z by

Nz = (=f(t,2"(t)) — g(t,2'(t)) — h(z(t — 7(1))) + p(t),

L(2(t), - To( (), T (@ (81)s s Ta(@! (), Ko (2 (1), - o K2 (£0)))-

(9)
Lemma 2 [[}]] L is a Fredholm operator of index zero with
ker L = {z(t) = ¢,t € R}, (10)

and

Im L(y, z,a1,...,a,,b1,...,b,)
- /0 (y(s) + z(s))ds + Z bi(T — ti) + Z ar + 2'(0)T = 0. (11)

Let the linear operators P: X — X, Q:Y —Y and R: Z — Z be defined by
Pz = z(0), (12)

CQ(y,al,...,an,bl,...,bn)
T n
:%[/O (T—s)y(s)ds+;bk( — t1) —I—Zak—l—x )T7,0,...,0), (13)

R(z,a1,...,ap,b1,...,by)

:ﬁ[/o (T—s)z(s)ds+zn:bk(T—tk)+zn:ak+x'(0)T],0,...,O). (14)

k=1 k=1

Lemma 3 [[8]] If a > 0, x(t) € PC*(R,R) with x(t + T) = x(t), then

/ /tap: Pdsdt_a/ |2 (t)|*dt (15)
/OT/tt+a|a:’(s)\2dsdt:oz/OT\x’(t)\th. (16)
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Let
At a) = Z ag, As(t,a) = Z ag,
t—a<tp<t t<t,<t+a
Bit.a)= Y i, Bit.a)= Y. a
t—a<t,<t <ty <t+a
Cl(taa): Z CLZ, CQ(tva): Z a/k/’
t—a<t <t t<tp<t+a

T T
15:/ Bf(t,oz)dtJr/ B2(t, a)dt
0 0

The following Lemma is important for us to the delay 7(t).

Lemma 4 Suppose 7(t) € C(R,R) with 7(t +T) = 7(t) and 7(t) € [—a, a| for
all t € [0,T], x(t) € PCYR,R) with x(t + T) = x(t) and there is a positive
n such that {t;} N[0, T] = {t1,ta, ..., tn}, Ax(ty) = Mp(x(ty), 2 (ty)) for all

A€ (0,1) and tyry = tp + T, Ipin(z,y) = Ix(x,y). Furthermore there ezist
nonnegative constants ay, a such that |Iy(x,y)| < ar|z| + aj,. Then

/O\x(t)—x(t—T(t))th
) T o Tl Tx’ ) 1/2
<2 [P+ 2anjaol( [ ora) (17)

T 1/2
+20b( [ W @Pd) "+ BleO + Lia(t)l + o
0

3 Third-order delay differential equation

We establish the theorems of existence of periodic solution based on the follow-
ing two conditions.
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Theorem 1 We assume that (H1)—(H8) hold. Then (1) has at least one T -
periodic solution and

n

Zak < 1, (18)

k=1
n n

(Y @) + (Y )| M2+ s 2l (1)
k=1 k=1 (19)

FRAr Ll Ol)M + L)) < 5,

where
1 o

L= ak(ﬁﬂﬂ/?

proof: Consider the abstract equation Lz = ANz, with A € (0, 1), where
L and N are given by (8) and (9). Let

M = + T2,

O ={x € D(L) :ker L, Lv = ANz for some X\ € (0,1)}.

For x € O, (1) Integrating the interval on [0, 7], using Schwarz inequality,
we get

|/ x(t — 7(t))dt|

/ t)dt — /f /Og( dt+ZKk (tr), 2" (t))]
< T|p(t)|o +a/0 2" (t)|dt + Zbk

T 1/2 i
<or( [l oPar) "+ Tlp)] + 3 b
0 k=1

From the above formula, there is a interval on ty € [0, 7] such that

atto ~ 7)) < 7o [ 4 OPa0 + (0 + Zbk
From (6),we get

Bt Bletto — 7)) < ([ W OP® 4 p0)c + Zbk
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Then ’ o
ot = (00| < 5z ([l 0par) +a

where d = (||p(t)|oe + 7> p_1 bk — 51])/B2. So there is an integer m and an
interval ¢; € [0, 7] such that ¢ty — 7(ty) = mT + t;. Therefore

o T 1/2
52T1/2( / 2 (0)dt) "+ d.

x(t) ::E(tl)Jr/t 2" (s)ds + Z Ki(x(ty), 2" (t)).

t1<tp<t

[z (t1)] = |2(to — 7(t0))| <

Thus

|<>\oo3|wt1\+/|a:” s+ 3 1K (t)|

t1<tp<t

T n n n
< 7 ;1/2(/ ‘x//(t”?dt)l/?_}_d_{_/ ‘x//(t)|dt+2ak|x|oo+Za;€+za’é
2

<|x|ooZak—|—(BT1/2—|—T1/2 /|a:" 2dt> +d+2ak+z

k=1 k=1 k=1

It continues that

d+3 5 a 1 o 1/2 /T
2(t)] oo < k=l ko - + 7Y 2" () [2dt)?

T
=i M([ o )Pde),
0
where ¢; is a positive constant. On the other hand, multiplying both side of
(1) by 2/(t), we have
/ ")z ( dt+)\/ f(t, 2" (t)x' (t)dt
T
+)\/ g(t, o' () (t)dt + /\/ h(t, x(t — 7(¢))x'(t)dt
0
= )\/ p(t)'(t)dt.
0

(20)

Since
/O :c”'(t):c"(t)dt _ _% Z[(x//(tg—))Q . (x//(tk))2]’

1=1
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Our assumption (H7) that

('(t))” — (' (te))?

= (2'(t) + (1)) (' (1) — (2'(th))

= Az!(t) (22" (tr) + A2’ (1))

= MK (x(tg), o' (tr)) (22" (tr) + AK)(x(tr), 2’ (tr))

= 2K (w(t), o' (tn))2' (t) + MK (@ (te), ' (t))]* < by

In (5), by use Schwarz inequality

B/ FAGIR

/ g / 1 - 2
/0 h(x(t —7(t)x (t)dt+/0 p(t)z (t)dt+§;bk

);

/|h ot — () |2/ (1)t + [p(t \oo/ (1))t
+|/ :cta:tdt\+—2b§
< [( [ o)~ niate—rtomar) " s ([ wora)”
+|/ xt:ﬂtdt\—l—52bi.
0 i=1
(21)

Electronic Journal. http://www.math.spbu.ru/diffjournal 24



Differential Equations and Control Processes, N 3, 2015

From (H5) and (H6), we get

\/ (1)

tl (t2) JI(T)
= | s)ds + / h(s)ds + -+ / h(s)ds|
z(0) ( 1) x(tn)

:dT
= s)ds — / s)ds
’/ Z Z‘tk |

() +AK k(2 o' (ty))

<§j/i (s)ds

< Z[IKk(x(tk), (k)| (v + Y2l ()| + sl K (@ (), 2 (6)])]

n n

< (D an) + 1 allz(t)l + el + e,

k=1 k=1

where 9, c3 are constants. From (20), we get

| [ (e (®)a'(t)dt|
/O (22)

n n

< (3 a0 + (I [ OFdal [P OPD o

k=1 k=1

where ¢4, ¢s are constants. From Lemma 4, we get
[ e~ hiate — s
< B3 /OT lz(t) — 2(t — 7(¢))|?dt
< BRIOR [ W0k 2 OLhr ORIk ( [ 1ok

+2ArOhllrOl) ([ 12 OPd) " + ROk,
IOl (0 + (I (D))
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Substituting (20) into the above inequality, we get
T
| htete) = hate — re) P
0
< B3I (O]5 + 27 (O] (I7(H) o) M
o [T e EETNCIRN T
+ I([r(8)] o) M ]/ 2/ (6)|Pdt + cﬁ(/ 2/ (0)dt) " +er,
0 0
where cg, c7 are constants. From above inequality
(CL—I—b)l/QSal/z—l—bl/Q for a>0,b>0, (23)

we get

</0T \h(z(t)) — h(x(t — T(t)))‘th) 1/2

< 63[2|T(t)\§o+2|T(t)\oo11T(|T(t)\oo)M )
+13(|T(t)\oo)M2]1/2(/0 \x’(t)ﬁdt)l/2+cg/2(/o \x'(t)\2dt)l/4+c;/2.
Substituting the above formula and (22) in (21), we get
{8- [vz(é ar) + 73(;711 ap)|M* = Bsl2|r ()],
+ 207 () [so L1 (|7 () o) M + Is(|7(t)]0) M)V} /OT [ (t)|"dt

T T
< cg(/ ]a:’(t)Pdt)% —|—09(/ 2 (4)[2dt) % + ¢,
0 0

where cg, ¢y, c19 are constants. There is a constant M; > 0 such that
T
/ 2/ (t)[2dt < M. (24)
0
From (20), we get

T
|2(t)|oo < d+ M(/ |2/ (8)|2dt)V? < d 4+ M (M;)Y2,
0
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Then there is a constant My > 0 such that |z(t)|, < Ms. Therefore, integrating
(1) on the interval [0, 7], using Schwarz inequality, we get

(A\ﬂwwu:A = F(t " (8) — gt (1)) — h(a(t — 7(8))) + p(t)dt
gltwww»ﬁ+lnm@ﬁ»w+4fma~me+A|p
SOA\ﬂ%W#+mT+ﬂMﬂ@

T
SoWW/|ﬂ@&mW+nﬁ+ﬂmmm
0
< oTY2(M)Y? + hsT + T|p(t)|so

where hs = max, <5 |g(z)|. Then there is a constant M3z > 0 such that
T
/ 2" (t)|dt < Ms. (25)
0

From (24),then there are ty € [0,7] and ¢ > 0 such that |2/(t3)| < cfort € [0, T
T n

|2 (1)] e < |2'(t2)] +/ " (t)]dt + ) by (26)
0 k=1

Then there is a constant M, > 0 such that
|2 ()]0 < M. (27)

It follows that there is a constant Iy > max{ M, M,} such that ||z| < I, Thus
)y is bounded.

Let Qo = {x € ker L, RNx = 0}. If x € Qy, then z(t) = ¢ € R and satisfies

RN(x,0) = (_%/o [f(t,0) + g(t,0) + h(c) — p(t)]dt,0,...,0) =0. (28)

we get )
/O F(£,0) + g(£,0) + h(c) — p(t)]dt = 0. (29)

In (29),there must be a interval £, € [0, 7] such that
h(c) = —f(to,0) — g(to, 0) + p(to). (30)
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From (30) and assumption (H3), (H4), we get

Bi+ Bole| < [h(c)] < [f(to, 0)] + |g(to, 0) + [p(to)] < o x 0+ [p(t)[e.  (31)
Then
lp(t) | — B

B

which implies )5 is bounded. Let €2 be a non-empty open bounded subset of X
such that 2 D O UQy U Q3, where Q3 = {z € X : || < ||[p(#t)|oe — B1]/B2 + 1}
By Lemmas 2, we can see that L is a Fredholm operator of index zero and N
is L-compact on Q. Then by the above argument,

o < (32)

(i) Lx # ANz for all x € 002N D(L), A € (0,1);
(ii) RNz # 0 for all x € 92 Nker L.

Finally we prove that (iii) of Lemma 1 is satisfied. We take H(x, i) : Q2x[0,1] —
X

Y

H(a.p) = pr + 21 / —F(t,2"(1)) — g(t.a'(8)) + hla(t — () + p(e)]dr.

From assumptions (H3) and (H4), we can easily verify H(x,u) # 0, for all
(x, 1) € 02 Nker L x [0, 1], which results in

deg{ KRNz,QNker L,0} = deg{H(x,0),Q Nker L,0}
= deg{H (z,1),QNker L,0} # 0,

where K(x,0,...,0) = x. Therefore, by Lemma 1, Equation (1) has at least
one T-periodic solution.

4 Fourth-order delay differential equation

We establish criteria for the existence of positive periodic solutions to the fol-
lowing fourth-order delay differential equation. The simplified model takes the
form

() +aZ (t) + fr(Z(t = 7(1) + g1 (@t = 7(2))) +ha(z(t =7(2))) = pi(t). (33)
where fl(t + T,l') - fl(tvx)a gl(t + T,iE) - gl(t7$)7 h1<t + T) - hl(t)a
T(t + T) - T(t)a p1<t + T) - pl(t) ) T(t) > 0.

We assume that the following conditions:
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) [fi(2)] < K + 62| for z € R

(H10) zg1(z) > 0 and |g1(x)| > K + |p1|o + 61]z| for |z| > D
(H11) 2%hi(z ) > 0 and |hi(z)] > K + |pi]o + 2|z for |z| > D
(H12) lim,,

The main purpose of this paper is to establish the existence of positive
periodic solutions to (33). An example to compute the main result is given.

Lemma 5 [[}]] Let X and Z be two Banach space. Consider a Fredholm oper-

ator equation
Lz = AN(z, ), (34)

where L : Dom LNX — Z is a operator of index zero, A € (0,1) is a parameter.
Let P and () denote two projectors such that

P:X —%kerL, and Q:Z — Z/ImL.

Assume that N : Q x (0,1) — Z is L-compact on Q x (0,1), where Q is open
bounded in X. In addition, suppose that

(a) For each A € (0,1) and x € 0Q N Dom L, Lz # AN (z, \)
(b) For each v € 0Q2Nker L, QNx # 0,

(¢) deg{QN,QNkerL,0} # 0.

Then Lx = N(x,1) has at least one solution in €.

Theorem 2 Suppose that exist positive constants d1,09,03 < 0, K > 0 and
D > 0, such that (H9-H12).Then (33) has at least one w-periodic solution for

aw + 201 |blaw? + 265 |blaw? + 2w3(1 + w)ds < 1.

Proof: To use Lemma 5 for (33), we take X = {z € C3(R, R) : z(t + w) =
x(t) for allt € R} and Z = {z € C(R,R) : 2(t +w) = 2(¢) for all t € R} and
denote |z]g = maxycjo [2()| and
||| = max{|x|o, |:1:\0, ]a:|0 |%]p}. Then X and Z are Banach spaces, for x € X
and z € Z, able with the norm forms || - || and | - |o, respectively. Let

Lz(t)="2", ze€ X, teR;

N(z(t), A) = —a(t) = Afu(E(t —7(1))) — Ag(&(t — 7(1))) — ha(a(t — 7(1)))
+Api(t), ze X, teR;

Pa(t) = & /wa(t)dt, Qx(t) = - /Ow ()dt, zE X, tER:

w
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where z € X, z€ Z, t e R, A € (0,1).

We prove that L is a Fredholm mapping of index 0, that P : X — ker L
and Q — Z/Im L are projectors, and that N is L-compact on € for any given
open and bounded subset €2 in X.

The equivalent differential equation for the operator Lz = AN(z,\), A €
(0,1), takes the form

E () + A (8)+ N [ (E(E—7(1))+ N gu (@ (=7 (1)) + A (2 (E—7(1))) = Npu(t).

(35)
Let z € X be a solution of (35) for a certain A € (0,1). Integrating (35) over
[0, w], we obtain

/Ow INAEE—T1) + Nai(@(t —7(1)) + Azt — 7(2))) — Npi(t)] dt = 0.
(36)
Thus, there is a point £ € [0, w], such that
N fi(@(€ = 7(8))) + Ngi(2(€ = 7(8))) + A (2(§ = 7(€))) — N°pi(§) =0
Thus using the condition (H9),
[ha(2(€ = 7())] < [/1(E(€ = 7(E))] + |g1(2(§ — 7(£))] + [pr(E)]

< K+ 01]8(€ = 7(8))| + 02| (€ — 7(€))] + [prlo

< K + |pifo + da|&|o + 01|20 -
(37)
We will prove that there is a point ¢y € [0, w] such that

\z(to) < |Z]o + |2]o + D. (38)

Case 1: 1,02 = 0. If |[x(§—7(€))| > D, (H9)—(H12) and (37) ensure K+ |p;|o <
|hi(z(§& —7(£)))| < K + |p1]o, which is a contradiction. So

(€ —7(5)] < D. (39)

Case 2: 01,09 > 0. If |z(& — 7(€))| > D, then K + |p1|o + 01]2(§ — 7(£))| +
do|x (€ — T(E)] < [h(z(§ = 7(£))] < K + [prfo + 61]Z[o + d2|Eo. So that

(& = 7(E))] < [&o. (40)
Hence from (39) and (40), we see in either case 1 or case 2 that

2§ —7(8))| < |&fo + D.
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Let &€ — 7(§) = 2km + ty, where k is an integer and ty € [0,w]. Then

[z (to)| = |x(€ = T(E)] < [Zo + D.
So (38) holds, and then

lz|o < |&(to)| + /Ow |Z(s)|ds < (w+ 1)|Z|o + D. (41)

Let G(0) = aw + 20, |blaw? 4 282|b|ow? + 2w (1+w) (05 +6), 6 € [0, 00). From the
assumption G(0) = aw + 207 [blow? + 205|b|ow? + 2w (1 + w)d; < 1 and G(6) is
continuous on [0, 00), we know that there must be a small constant 6y > 0 such
that G(A) = aw + 261|b|ow? + 265|b]sw? + 2w?(1+w) (I3 +6) < 1, 6 € (0,6). Let
e = 0/2, once we can obtain that aw—+26; |blow?+282|b|ow? +2w(14w)(d5+¢) <
1 For such a small € > 0, in view of assumption (H,), we find that there must
be a constant p > D, which is independent of A and x, such that

ha(z)

72

Thus putting Ay = {t : t € [0,w],z(t — 7(t)) > p}, Ay ={t : t € [0,w], z(t —
() < —p}, Az ={t:t € [0,w],|x(t —7(t))| < p}, As={t:t €[0,w],|x(t —
7(1))| > p} and h, = supy, <, hi(z), we have

/|h1(t—r(t))\dt<w(61+5)|x|0,/ B (t — T(0)]dt < w65+ &)alo,
Aq AV

< (03+¢), forax< —p. (42)

/ B (t — 7(8))|dt < w(65 + a)\x\o,/ ha(t — 7(t))|dt < wh,.
As Ay

From (36), we have

/Owh1($(t—7'(t)))dt: (/El+/E2+/ES+/E4)h1(g;(t_T(t)))dt

s;éwu«f@—T@»Mw (43)

+/0 |gl(:t(t—r(t)))|dt+/0 \h1(x(t—7(t)))\dt—|—/0 Ip1 (£)]dt.
That is
| (z(t — 7(¢)))]dt < /E |ha(x(t — 7(1)))|dt + /E hi(z(t — 7(t)))|dt

+ : \ha(z(t — 7(t)))|dt

+Aﬁw@—Tw»uryAmwu—Tm»ungmmu—ﬂwMﬁt;fm.

Ey
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Using the condition (H9), we have

w ) B w—7(w) 1 )
[ inGe =l = [ )

@ 1 .
_ / ey Al "

w 51 w K
S/0 = >>' ”'d”/o TR )

Thus, by (44) and (45), we have

/\x |ds<a/ |’ (s \ds+/ | fr(@(t—7(¢ |dt+/ g1 (2(t — 7(¢)))|dt

n /0 [ha (et — 7(1)))]dt + wlplo

:a/0w|-j;-(3)\ds+/ow\fl(i(t—T(t)))|dt+/0w g1(@(t — 7(t)))|dt
*(/Af/Aj/A +/A4)Ih1(x(t—T(t)))ldt+w|p1|o
\/07(/()“|-¢-(S)‘2ds)1/2+251|b\2(/0w‘j(8)‘2d8>1/2+252|b‘2(/0“ |5c(s)|2ds)1/2

+2w(53 + 8)|SIZ|0 + 2K\/5|b\2 + wap + 2‘])1‘0.
(46)
Since x(0) = z(w), there exists t; € [0,w], such that Z(¢;) = 0, Hence for
t € [0,w],

. Yo Yo 1/2
ilo< [ E@lar<vo( [ lEeras)” (7
0 0
w 1/2 w 1/2
(/ |d§(s)|2d5> < V& max |9'c'(t)\§w(/ |'9b'(5)\2ds> L (48)
0 te[0,w] 0
Since z(t) is periodic function, for ¢ € [0, w], we have
()] < / 5 (8| d, (49)

( /0w|fc'<s>|2ds) <VEm [FOI<VE [TF O (5
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Substituting (50) in (47), we have
il < w/OW ()]t (51)
Substituting (51) in (41),
lzlo < D+ w(l+w) /Ow |"Z"(t)|dt. (52)

Substituting (48),(50) and (52) in (46), and using inequality (49), we have

]y < / ()| dE < 2K \/w|bls + 2wh, + 2w|p1|o + 2w(dy 4+ €)D _
1l —aw— 251’b|2(,¢)2 — 252‘b|2w2 — 20()2(1 + (,(_))((53 I 5) =

Substituting (53) in (51) and (52), we have
‘ZC‘O < D + w(l + W)Ag = Al, |SI}‘0 < wAg A2 (54)

Let Ay = max{A;, A, A3, A4} and take Q = {x € X : ||z|| < Ap}. The priori
bounds show that condition (a) of Lemma 5 is satisfied. If z € 0Q Nker L =
OXN R, then z is a constant with z(t) = Ay or x(t) = —Ap. Then

QN (z,0) = l/w[—ax() ha(z(t — 7(t))]dt

/ —fi(z / — f1Aodt # 0

Finally, consider the homotopy mapping

0

Since for every p € [0, 1] and x in the intersection of ker L and 0f), we have

1 - w
cH(x, 1) = pa’ + _N/ xhy(z)dt > 0,

W Jo

This continues that

deg{QN(z,0),Q2Nker L,0} =deg{—hy(z),2Nker L,0}

=deg{—z,QNker L,0}
=deg{—z,Q2N R,0} # 0.

All conditions in Lemma 5 are satisfied; therefore, (33) has at least one solution

in 2. Our results complement and extend known results and are given with
examples.

Electronic Journal. http://www.math.spbu.ru/diffjournal 33



Differential Equations and Control Processes, N 3, 2015

Example 1

Consider the third order delay differential equation with impulses
1

1 1 1
gx"(t) + éx'(t) + ﬁx(t ~ 10 €% t) =sint, t#k,

km
[k(‘ro y) -

x/// (t) _|_

sin = Yy
20 C T T
212y
4oty

(55)
Jp(z,y) = —

Kk(xay) - =
where t, = k, f(t,z) = %37279( ;

it is easy to see that |7(t)|e =

c=08=30=00=0;= gi
s| <
S

s, h(y) = 5y, p(t) = sint, 7(t) = {; cost,
T—27T {k} N0, 27r]—{1,2,34 5,6,7,8},

Since |Ix(z,y)| < oglz] + 5
[Te(@, )| (55 2] + 42|Ik(93,y)|),

i

p(z,y)| < 1] [ h( )d

x+J,(z

Ky (2, )] < 1) [T n(s)ds| < [T, p)|(& 2]+ STz, ),
thenwetakeak 35, @ =3, 0, =1 (k=1,2,3,4,5,6,7,8), 71 = 0,7, = 1/21,

8

1
de—2—0<1,
k=1
Y A S AN VISR S SR
1—=>0 ap BoT1/? —% %(27‘[‘)1/2

By Theorem 1, Equation (55) has at least one 27-periodic solution.

Example 2

Consider the fourth order delay differential equation with impulses

Z(t) + ix () + ix(t — cos2t)) + 2L7T23:(t — cos2t))

27 3?2
3 _(; 1 in 2t
+§€—(x(t—6082t)) + hn(a(t — cos2t)) = %

where p(t) = (1+sin2t)/4, 7(t) = cos2t, fi(u) = s5u+ 3e g (u) =
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7 3 —u?

ﬁu + 56 and

szu+ 3 +tan"'u, for u > D,
mw) = (H+3+3).  forfu<D.
7

37U — % +tan"'u, for u < —D.

So we can chose 0; = 0y = 03 = 7/(37%), D=1, K =1, |p1|o = 1/2, |b]2 < v/,
w = w/4. Therefore, fourth order delay differential equation has at least one
periodic solution.
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