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Àííîòàöèÿ

Â ðàáîòå íà ïðèìåðå êðàåâîé ñèíãóëÿðíî âîçìóùåííîé çàäà÷è äëÿ óðàâíå-
íèÿ âòîðîãî ïîðÿäêà äåìîíñòðèðóåòñÿ ìåòîä, îñíîâàííûé íà ãîëîìîðôíîé
ðåãóëÿðèçàöèè ñèíãóëÿðíûõ âîçìóùåíèé. Ýòîò ìåòîä âûòåêàåò èç ìåòîäà ðå-
ãóëÿðèçàöèè Ñ.À.Ëîìîâà è åãî ãëàâíîé öåëüþ ÿâëÿåòñÿ ïîñòðîåíèå òàê íàçû-
âàåìûõ ïñåâäîãîëîìîðôíûõ ðåøåíèé, òî åñòü òàêèõ ðåøåíèé, êîòîðûå ïðåä-
ñòàâëåíû â âèäå ñõîäÿùèõñÿ â îáû÷íîì ñìûñëå ðÿäîâ ïî ñòåïåíÿì ìàëîãî
ïàðàìåòðà. Ïðè ýòîì äëÿ îáîñíîâàíèÿ ãëîáàëüíîé ðàçðåøèìîñòè êðàåâîé çà-
äà÷è ïðåäëîæåí àëãîðèòì ïñåâäîãîëîìîðôíîãî ïðîäîëæåíèÿ. Àêòóàëüíîñòü
èçó÷àåìûõ â ñòàòüå çàäà÷ äèêòóåòñÿ â ïåðâóþ î÷åðåäü íåîáõîäèìîñòüþ äàëü-
íåéøåãî ðàçâèòèÿ àíàëèòè÷åñêîé òåîðèè ñèíãóëÿðíûõ âîçìóùåíèé, îñíîâû
êîòîðîé çàëîæåíû â òðóäàõ Ñ.À. Ëîìîâà. ×òî æå êàñàåòñÿ ïðèëîæåíèé, òî è
òàì âîïðîñû ãëàäêîñòè ðåøåíèé ïî ñèíãóëÿðíî âõîäÿùåìó ïàðàìåòðó òàêæå
èìåþò ìåñòî. Íàïðèìåð, â òåîðåòè÷åñêîé ôèçèêå èçâåñòåí òàê íàçûâàåìûé
àðãóìåíò Äàéñîíà, ñóòü êîòîðîãî ñîñòîèò â òîì, ÷òî ðåøåíèå ñèíãóëÿðíî âîç-
ìóùåííîé çàäà÷è íå ìîæåò àíàëèòè÷åñêè çàâèñåòü îò ìàëîãî ïàðàìåòðà ( â
àñòðîôèçèêå - îò ãðàâèòàöèîííîé ïîñòîÿííîé). Êàê äîêàçàíî â ðàáîòå, ïîñëå
òî÷íîãî îïèñàíèÿ ñèíãóëÿðíîñòåé ðåãóëÿðíàÿ ÷àñòü ðåøåíèÿ áóäåò àíàëè-
òè÷åñêè çàâèñåòü îò ïàðàìåòðà. Âåñüìà âàæíûì òàêæå ÿâëÿåòñÿ èçó÷åíèå
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òèõîíîâñêèõ ñèñòåì è èõ èñïîëüçîâàíèÿ äëÿ ïîñòðîåíèÿ ìàòåìàòè÷åñêèõ ìî-
äåëåé â áèîëîãèè. Êëþ÷åâûå ñëîâà: òèõîíîâñêàÿ ñèñòåìà, àíàëèòè÷åñêèå
ïî ìàëîìó ïàðàìåòðó èíòåãðàëû, ïñåâäîãîëîìîðôíûå ðåøåíèÿ.

Abstract

In this paper a method based on the singular perturbations' holomorphic
regularization was demonstrated on the example of the boundary value problem
for a singularly perturbed second-order di�erential equation. This method follows
the regularization method by S.A.Lomov and its main purpose is to construct so
called pseudo-holomorphic solutions, i.e. solutions represented in the form of series
in terms of powers of a small parameter convergent in the regular sense. Herewith
a pseudo-holomorphic continuation algorithm was proposed to prove the global
solvabiliy of the boundary value problem. The relevance of the problems studied
in the article is dictated primarily by the necessity of further development in the
analytical theory of singular perturbations, the fundamental principles of which
are laid in the works of S.A. Lomov. In reference to the applications, the questions
of solutions' smoothness with respect to the singularly incoming parameter also
exist there. For example, in theoretical physics, the so-called Dyson argument is
known, the essence of which is that the solution of a singularly perturbed problem
cannot analytically depend on a small parameter (in astrophysics it depends on
the gravitational constant). As proved in the paper, after a precise description of
the singularities, the regular part of the solution will depend analytically on the
parameter. It is also very important to study the Tikhonov systems and their use
for constructing mathematical models in biology.

Keywords: Tikhonov systems, integrals analytical by small parameter,
pseudo-holomorphic solutions

Ââåäåíèå

Íàèáîëåå èñïîëüçóåìûì â íàñòîÿùåå âðåìÿ ìåòîäîì ðåøåíèÿ êðàåâûõ
ñèíãóëÿðíî âîçìóùåííûõ çàäà÷ ÿâëÿåòñÿ ìåòîä ïîãðàíôóíêöèé Âàñèëüåâîé-
Áóòóçîâà-Íåô¼äîâà [1]. Äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ðåøåíèÿ íà âñåì
ïðîìåæóòêå çàäàíèÿ óðàâíåíèÿ çäåñü èñïîëüçóåòñÿ ìåòîä äèôôåðåíöèàëü-
íûõ íåðàâåíñòâ, îñíîâàííûé íà èäåÿõ ×àïëûãèíà è Íàãóìî [2,5] î âåðõíèõ
è íèæíèõ ðåøåíèÿõ. Äëÿ ïîñòðîåíèÿ ðåøåíèÿ êðàåâîé çàäà÷è èñïîëüçóåò-
ñÿ �ìåòîä ñòðåëüáû�, çàêîííîñòü ïðèìåíåíèÿ êîòîðîãî ôàêòè÷åñêè îçíà÷àåò
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ñóùåñòâîâàíèå ðåøåíèÿ ñîîòâåòñòâóþùåé íà÷àëüíîé çàäà÷è íà âñ¼ì ïðîìå-
æóòêå. Â äàííîé ðàáîòå èñïîëüçóåòñÿ ïîäõîä, ñâÿçàííûé ñ ãîëîìîðôíîé ðå-
ãóëÿðèçàöèåé ñèíãóëÿðíî âîçìóùåííûõ çàäà÷ [7,8] è ÿâëÿþùèéñÿ ðàçâèòèåì
èäåé Ñ.À. Ëîìîâà î ñóùåñòâîâàíèè, ïðè îïðåäåëåííûõ óñëîâèÿõ ðåøåíèé,
ïðåäñòàâèìûõ ñõîäÿùèìèñÿ â îáû÷íîì ñìûñëå ðÿäàìè ïî ñòåïåíÿì ìàëîãî
ïàðàìåòðà [3,4,6]. Òàêèå ðåøåíèÿ íàçûâàþòñÿ ïñåâäîàíàëèòè÷åñêèìè (ïñåâ-
äîãîëîìîðôíûìè) è ðàíåå ñòðîèëèñü, â îñíîâíîì, äëÿ íà÷àëüíûõ çàäà÷, ïðè-
÷åì ëîêàëüíî [7,8,9], ïîýòîìó â ðàáîòå áóäåò ïðèìåíåí àëãîðèòì ïñåâäîãîëî-
ìîðôíîãî ïðîäîëæåíèÿ ðåøåíèé. Ïñåâäîãîëîìîðôíûå ðåøåíèÿ äàþò ðàçâè-
òèå òåîðåìû Ïóàíêàðå î ðàçëîæåíèè ïî ïàðàìåòðó â òåîðèè äèôôåðåíöè-
àëüíûõ óðàâíåíèé. Ïîñòðîåíèå äàííûõ ðåøåíèé â ñèíãóëÿðíî âîçìóùåííûõ
çàäà÷àõ ïîçâîëÿåò íå ïðîâîäèòü èññëåäîâàíèå ôóíêöèîíàëüíû ïðîñòðàíñòâ,
õàðàêòåðèçóþùèõñÿ ñëîæíîé òîïîëîãèåé. Ðàçâèòèå ìåòîäà ãîëîìîðôíîé ðå-
ãóëÿðèçàöèè ïîìîãàåò ôîðìèðîâàòü îñíîâû àíàëèòè÷åñêîãî ïîäõîäà ê òåîðèè
ñèíãóëÿðíûõ âîçìóùåíèé.

1 Ìåòîä ãîëîìîðôíîé ðåãóëÿðèçàöèè è àíàëèòè÷åñêèå

ïî ïàðàìåòðó èíòåãðàëû

Ðàññìîòðèì íà îòðåçêå [0,1] êðàåâóþ çàäà÷ó:

εy′′ = f(x, y, y′), y(0, ε) = y(1, ε) = 0, (1)

ñ ìàëûì ïîëîæèòåëüíûì ïàðàìåòðîì ε . Ñâåäåì çàäà÷ó (1) ê êðàåâîé çàäà÷å
äëÿ òèõîíîâñêîé ñèñòåìû [1,9] ñ îäíîé áûñòðîé è îäíîé ìåäëåííîé ïåðåìåí-
íîé: {

y′ = w,

εw′ = f(x, y, w), y(0, ε) = y(1, ε) = 0.
(2)

Â ñîîòâåòñòâèè ñ àëãîðèòìîì ìåòîäà ãîëîìîðôíîé ðåãóëÿðèçàöèè, ïåðåé-
äåì îò íåëèíåéíîé ñèñòåìû ê ëèíåéíîìó óðàâíåíèþ åå èíòåãðàëîâ [7,9]:

εLU + f(x, y, w)U
w

= 0 (3)

ãäå L = ∂x + w ∂y - äèôôåðåíöèàëüíûé îïåðàòîð ïåðâîãî ïîðÿäêà â
÷àñòíûõ ïðîèçâîäíûõ. Ñ÷èòàÿ îïåðàòîð L ïîä÷èíåííûì îïåðàòîðó f∂w ,
áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (3) â âèäå ðåãóëÿðíîãî ðÿäà ïî ñòåïåíÿì
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ìàëîãî ïàðàìåòðà:

U(x, y, w, ε) = U0(x, y, w) + εU1(x, y, w) + ...+ εnUn(x, y, w) + ... (4)

Âîñïîëüçîâàâøèñü ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåíòîâ, ïîëó÷èì ñëåäó-
þùóþ ñåðèþ çàäà÷:

(f∂w)U0 = 0

(f∂w)U1 = −LU0

(f∂w)U2 = −LU1 (5)

. . .

(f∂w)Un = −LUn−1

. . .

Íàëîæèì íà ôóíêöèþ f(x, y, w) óñëîâèÿ (α) : f(x, y, w) àíàëèòè÷íà íà
îãðàíè÷åííîé çàìêíóòîé îáëàñòè Ωxyw ⊂ R3, f(x, y, w) 6= 0 ∀(x, y, w) ∈ Ωxyw

è îáðàùàåòñÿ â íóëü íà åå ãðàíèöå Λ . Áóäåì òàêæå ïðåäïîëàãàòü, ÷òî îò-
ðåçîê [0,1] ïðèíàäëåæèò Ωxyw è åå ïðîåêöèè ωxy íà ïðîñòðàíñòâî R2 . Â
êà÷åñòâå ðåøåíèÿ ïåðâîãî óðàâíåíèÿ ñåðèè (5) âîçüìåì ïðîèçâîëüíóþ ôóíê-
öèþ ψ(x, y) , àíàëèòè÷åñêóþ íà çàìêíóòîé îáëàñòè ωxy . Îáîçíà÷èì òåïåðü
÷åðåç w̃ çíà÷åíèå áûñòðîé ïåðåìåííîé w íà ëåâîì êîíöå îòðåçêà çàäàíèÿ
óðàâíåíèÿ è ïîòðåáóåì , ÷òîáû Un(x, y, w̃) = 0, n = 1, 2, ... .

Â èòîãå èìååì:

U1(x, y, w) = −
∫ w

w̃

L
1
ψdw1

f(x, y, w
1
)
, L

1
= ∂x + w1∂y ;

U2(x, y, w) =

∫ w

w̃

(L1

∫ w
1

w̃

L
2
ψdw2

f(x, y, w
2
)
)

dw1

f(x, y, w1)
, L

2
= ∂x + w2∂y ; (6)

U
3
(x, y, w) =

= −
∫ w

w̃

(L1

∫ w1

w̃

(L2

∫ w2

w̃

L3ψdw3

f(x, y, w3)
)

dw2

f(x, y, w2)
)

dw1

f(x, y, w1)
, L3 = ∂x +w3∂y ;

. . .

Ïåðåïèøåì ôîðìóëû (6), ââåäÿ ñëåäóþùèå îáîçíà÷åíèÿ:

hk = 1/f(x, y, vk), k = 1, 2, ...;

Jkg =

∫ wk

w̃

g(x, y, wk+1)dwk+1, k = 0, 1, 2, ...,
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ïðè÷åì, ïóñòü w0 = w . Â ýòèõ îáîçíà÷åíèÿõ

U(x, y, w, w̃, ε) = ψ − εJ0(h1L1ψ) + ε2J0(h1L1J1(h2L2ψ))−
−ε3J0(h1L1J1(h2L2J2(h3J3L3))) + . . .

(7)

Ñõîäèìîñòü ýòîãî ñòåïåííîãî ðÿäà îáîñíîâûâàåòñÿ ñ ïîìîùüþ ñëåäóþùåé
ëåììû, äîêàçûâàåìîé ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè.

Ëåììà 1 . Åñëè â âûðàæåíèè

(bn(x)(bn−1(x)(. . . (b1(x)x)x) . . . )x

ðàñêðûòü ñêîáêè ïî ôîðìóëå ïðîèçâîäíîé ïðîèçâåäåíèÿ è çàìåíèòü b
(s)
r (x) ,

ãäå 1 ≤ r ≤ n, 0 ≤ s ≤ n íà s!, òî ïîëó÷åííàÿ ñóììà áóäåò ðàâíà (2n−1)!!.

Ïðåäñòàâèì êîýôôèöèåíò Un ðÿäà (4) , èñïîëüçóÿ ðàíåå ââåäåííûå îáî-
çíà÷åíèÿ:

Un = (−1)n(J0J1...Jn−1)[h1(L1(h2(L2...(hnLnψ) . . . )] (8)

Äëÿ îöåíêè ìîäóëÿ Un âîñïîëüçóåìñÿ òåì, ÷òî îíà îïðåäåëÿåòñÿ â ïåðâóþ
î÷åðåäü ïîðÿäêîì ïðîèçâîäíûõ, è íå èìååò çíà÷åíèÿ, ïî êàêîé ïåðåìåííîé
ïðîèçâîäèòñÿ äèôôåðåíöèðîâàíèå. Ïîýòîìó, ÷òîáû èñïîëüçîâàòü ëåììó, çà-
ìåíèì â îïåðàòîðå Lk = ∂x + wk∂y ïåðåìåííûå x è y íà îäíó ïåðåìåííóþ
t : Lk = (wk + 1)∂t .

Ïîñêîëüêó ôóíêöèÿ 1/f(x, y, w) àíàëèòè÷íà â îáëàñòè Ωxyw , òî äëÿ êàæ-

äîãî êîìïàêòà K ñóùåñòâóåò êîíñòàíòà CK òàêàÿ, ÷òî |h(s)k | ≤ Cs
Ks! .

Òàê êàê ôóíêöèÿ ψ(x, y) àíàëèòè÷íà íà êîìïàêòå ωxy , òî äëÿ íå¼ ñóùå-
ñòâóåò êîíñòàíòà C òàêàÿ, ÷òî |ψ(s)| ≤ Css! ∀(x, y) ∈ ωxy .

Ïóñòü C̃K = max(CK, C) . Òîãäà , åñëè |w| ≤M , òî íà êîìïàêòå K

|Un| ≤
∣∣∣∣∫ w

w̃

(w1 + 1)dw1

∫ w1

w̃

(w2 + 1)dw2· · ·
∫ wn−1

w̃

(wn + 1)dwn

∣∣∣∣ · C̃n
K · (2n− 1)!! ≤

≤
C̃n

K(M + 1)n(2M)n(2n− 1)!!

n!
,

(9)

ïîñêîëüêó ∫ w

w̃

dw1

∫ w1

w̃

dw2· · ·
∫ wn−1

w̃

dwn =
(w − w̃)n

n!
.
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Ñõîäèìîñòü ðÿäà (7) â íåêîòîðîé îêðåñòíîñòè òî÷êè ε = 0 (çàâèñÿùåé
îò êîìïàêòà K ) ñëåäóåò èç ïðèçíàêà Äàëàìáåðà. Òàêèì îáðàçîì, äîêàçàíî
ñóùåñòâîâàíèå â îáëàñòè Ωxyw àíàëèòè÷åñêèõ ïî ìàëîìó ïàðàìåòðó èíòå-
ãðàëîâ ñèñòåìû (2). Äëÿ îïðåäåëåíèÿ åå ðåøåíèÿ íóæíû äâà íåçàâèñèìûõ
èíòåãðàëà. Ñóùåñòâóåò áåñêîíå÷íîå ÷èñëî ñïîñîáîâ ïîëó÷åíèÿ íåçàâèñèìûõ
èíòåãðàëîâ. Óêàæåì îäèí èç íèõ. Ïóñòü w = V (x, y) ÿâëÿåòñÿ êîðíåì óðàâíå-
íèÿ f(x, y, w) = 0 , àíàëèòè÷åñêèì â îáëàñòè ωxy , à y(x) - ðåøåíèåì çàäà÷è
Êîøè

y′ = V (x, y), y(0) = 0, (10)

êîòîðîå àíàëèòè÷íî íà îòðåçêå [0,1]. Ïîëàãàÿ ïîñëåäîâàòåëüíî ψ(x, y) ðàâíîé
ϕ(x) , àíàëèòè÷åñêîé íà îòðåçêå [0,1] è òàêîé, ÷òî ϕ(0) = 0 , à çàòåì ðàâíîé
y − y(x) , ïîñòðîèì äâà íåçàâèñèìûõ èíòåãðàëà:

U [1](x, y, w, w̃, ε) =

= ϕ(x)−εJ0(h1ϕ′)+ε2J0(h1L1J1(h2ϕ
′))−ε3J0(h1L1J1(h2L2J2(h3ϕ

′)))+... (11)

U [2](x, y, w, w̃, ε) = y−y(x)− εJ0(h1(w1−y′)) + ε2J0(h1L1J1(h2(w2−y′)))− . . .

Çàìå÷àíèå. Äåéñòâóÿ ïîäîáíûì îáðàçîì, ìîæíî ïîñòðîèòü k íåçàâèñè-
ìûõ èíòåãðàëîâ äëÿ óðàâíåíèÿ k -ãî ïîðÿäêà:

εy(k) = f(x, y, y′, . . . , y(k−1)).

2 Ïñåâäîãîëîìîðôíûå ðåøåíèÿ è èõ ïðîäîëæåíèÿ

Ââåäåì ñëåäóþùåå ïîíÿòèå.

Îïðåäåëåíèå. Ðåøåíèå y(x, ε) êðàåâîé çàäà÷è (1) íàçûâàåòñÿ ïñåâäîãî-
ëîìîðôíûì â òî÷êå ε = 0 , åñëè ñóùåñòâóåò ôóíêöèÿ Y (x, η, ε) , àíàëèòè÷å-
ñêàÿ ïî òðåòüåé ïåðåìåííîé â òî÷êå ε = 0 ïðè êàæäîì x ∈ [0, 1] è êàæäîì
η èç íåêîòîðîãî íåîãðàíè÷åííîãî ìíîæåñòâà T , è òàêàÿ, ÷òî äëÿ íåêîòîðîé
ôóíêöèè ϕ(x) âûïîëíÿåòñÿ ðàâåíñòâî äëÿ

y(x, ε) = Y (x, ϕ(x)/ε, ε), ∀x ∈ [0, 1], (12)

êîãäà ε ïðèíàäëåæèò äîñòàòî÷íî ìàëîé îêðåñòíîñòè çíà÷åíèÿ ε = 0 .

Ñôîðìóëèðóåì äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ïñåâäîãîëîìîðôíîãî
ðåøåíèÿ ó êðàåâîé çàäà÷è.
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Òåîðåìà 1 Ïóñòü àíàëèòè÷åñêàÿ íà îòðåçêå [0,1] ôóíêöèÿ ϕ(x) òàêîâà,
÷òî ϕ(0) = 0 , è óðàâíåíèå

ϕ′(x)

∫ w

w̃

dw1

f(x, y(x), w1)
= ϕ(x)/ε (13)

èìååò ðåøåíèå âèäà

w = W0(x,Ψ(ϕ(x)/ε), w̃),

â êîòîðîì q = Ψ(η) � öåëàÿ ôóíêöèÿ ñ àñèìïòîòè÷åñêèì çíà÷åíèåì, ðàâ-
íûì p0 , è ôóíêöèÿ W0(x, q, w̃) ÿâëÿåòñÿ àíàëèòè÷åñêîé íà ïàðàëëåëåïèïåäå
Π0 = [0, 1]×Q×G , ãäå Q è G � îòðåçêè, ïðè÷åì Q ñîäåðæèò òî÷êè Ψ(0)
è p0 . Òîãäà ðåøåíèå y(x, ε) êðàåâîé çàäà÷è (1) ÿâëÿåòñÿ ïñåâäîãîëîìîðôíûì
â òî÷êå ε = 0 .

Äîêàçàòåëüñòâî. Ñíà÷àëà äîêàæåì, ÷òî ïðè ëþáîì w̃ ∈ G íà âñ¼ì
îòðåçêå [0,1] ñóùåñòâóåò ðåøåíèå çàäà÷è Êîøè

εy′′ = f(x, y, y′); y(0, ε) = 0, y′(0, ε) = w̃ (14)

ïðè äîñòàòî÷íî ìàëîì ïîëîæèòåëüíîì ε . Ñâåäåì çàäà÷ó (14) ê íà÷àëüíîé
çàäà÷å äëÿ ñèñòåìû{

y′ = w,

εw′ = f(x, y, w); y(0, ε) = 0, w(0, ε) = w̃,
(15)

ê êîòîðîé ïðèìåíèì ìåòîä ãîëîìîðôíîé ðåãóëÿðèçàöèè [9]. Çàïèøåì ïåðâûå
èíòåãðàëû ñèñòåìû (15):{

Ũ [1](x, y, w, w̃, ε) = ϕ(x)/ε

y = y(x) + εŨ [2](x, y, w, w̃, ε),
(16)

ãäå

Ũ [1] = J0(h1ϕ
′)− εJ0(h1L1J1(h2ϕ

′)) + ε2J0(h1L1J1(h2L2J2(h3ϕ
′)))− . . . ;

Ũ [2] = J0(h1(w1 − y′))− εJ0(h1L1J1(h2(w2 − y′))) + . . .
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Âû÷èñëèì çíà÷åíèÿ ôóíêöèè Ψ îò ëåâîé è ïðàâîé ÷àñòåé ïåðâîãî èç
óðàâíåíèé ñèñòåìû (16):

Ψ(Ũ [1](x, y, w, w̃, ε)) = Ψ(ϕ(x)/ε).

Îáîçíà÷èì ïðàâóþ ÷àñòü ÷åðåç q è â ëåâîé ÷àñòè âûäåëèì ãëàâíûé ÷ëåí.
Â ðåçóëüòàòå ïîëó÷èì ñëåäóþùóþ ñèñòåìó:{

Ψ(J0(h1ϕ
′)) + εΦ(x, y, w, w̃, ε) = q,

y = y(x) + εŨ [2](x, y, w, w̃, ε).
(17)

Âîçüìåì p > p0 î÷åíü áëèçêèì ê p0 , ïðåäïîëîæèì, ÷òî p0 < Ψ(0) è
ïîñòðîèì ïàðàëëåëåïèïåä Π = [0, 1] × [p,Ψ(0)] × G . Ïîñêîëüêó W0(x, q, w̃)
àíàëèòè÷íà íà çàìêíóòîì ïàðàëëåëåïèïåäå Π0 , òî îöåíêà åå ìîäóëÿ íå çàâè-
ñèò îò p . Î÷åâèäíî, ÷òî äëÿ ñèñòåìû (17) âûïîëíåíû âñå óñëîâèÿ òåîðåìû î
íåÿâíîé ôóíêöèè è ïðè ε = 0 :{

w = W0(x, q, w̃),

y = y(x).

Ñëåäîâàòåëüíî, â íåêîòîðîé îêðåñòíîñòè σxqw̃ êàæäîé òî÷êè (x, q, w̃) ∈ Π
ñóùåñòâóåò ðåøåíèå {

w = W (x, q, w̃, ε),

y = Y (x, q, w̃, ε),
(18)

ñèñòåìû (17), àíàëèòè÷åñêîå â íåêîòîðîé îêðåñòíîñòè çíà÷åíèÿ ε = 0 . Âûáå-
ðåì èç ïîêðûòèÿ {σxqw̃} ïàðàëëåëåïèïåäà Π êîíå÷íîå ïîäïîêðûòèå, òîãäà
ôóíêöèè (18) áóäóò àíàëèòè÷åñêèìè â íàèìåíüøåé îêðåñòíîñòè |ε| < ε0 ,
ñîîòâåòñòâóþùåé ýòîìó ïîäïîêðûòèþ. Îáîçíà÷èì ÷åðåç Π̃ ïðÿìîóãîëüíèê,
ÿâëÿþùèéñÿ ïðîåêöèåé Π íà ïëîñêîñòü ïåðåìåííûõ (x, q) . Åñëè âåëè÷èíà
ïàðàìåòðà ε â óðàâíåíèè (1) óäîâëåòâîðÿåò íåðàâåíñòâó 0 < ε < ε0 , è êðè-
âàÿ Γ , îïèñûâàåìàÿ óðàâíåíèåì q = Ψ(ϕ(x)/ε) , öåëèêîì ïðèíàäëåæèò Π̃ ,
òî ðåøåíèå (y(x, ε), w(x, ε)) ñèñòåìû (15) ïðåäñòàâèìî â âèäå ðÿäîâ:{

y(x, ε) = y(x) +
∑∞

n=1 ε
nYn(x,Ψ(ϕ(x)/ε), w̃),

w(x, ε) =
∑∞

n=0 ε
nWn(x,Ψ(ϕ(x)/ε), w̃),

(19)

êîòîðûå ñõîäÿòñÿ ðàâíîìåðíî íà îòðåçêå [0,1]. Åñëè æå ïðÿìîóãîëüíèêó Π̃
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ïðèíàäëåæèò òîëüêî ÷àñòü êðèâîé Γ , ñîîòâåòñòâóþùàÿ x ∈ [0, x1](0 < x1 <
1) , òî ðÿäû (19) ñõîäÿòñÿ ðàâíîìåðíî ëèøü íà [0, x1] . Îáîçíà÷èì ýòî ðåøå-
íèå ÷åðåç (y[0](x, ε), w[0](x, ε)) . Â ýòîì ñëó÷àå åãî íóæíî ïðîäîëæèòü âïðàâî,
äëÿ ÷åãî ïðèìåíèì àëãîðèòì ïñåâäîãîëîìîðôíîãî ïðîäîëæåíèÿ. Ðåøèì ñëå-
äóþùóþ çàäà÷ó Êîøè:{

dy[1]

dx = w[1],

εdw
[1]

dx = f(x, y[1], w[1]), y[1](x1, ε) = y[0](x1, ε), w
[1](x1, ε) = w[0](x1, ε)).

(20)
Çàïèøåì ñèñòåìó, àíàëîãè÷íóþ ñèñòåìå (16) ïåðâûõ èíòåãðàëîâ:{

Ũ [1](x, y[1], w[1], w(x1, ε), ε) = (ϕ(x)− ϕ(x1))/ε,

y = y(x) + εŨ [2](x, y[1], w[1], w(x1, ε), ε).
(21)

Îíà çàäà¼ò íåÿâíî ðåøåíèå (y[1](x, ε), w[1](x, ε)) ñèñòåìû (20). Â èòîãå ðåøå-
íèå (y[0](x, ε), w[0](x, ε)) ïðîäîëæèòñÿ íà íåêîòîðûé îòðåçîê [x1, x2] , ïðè÷åì
ïñåâäîãîëîìîðôíûì îáðàçîì, è ò.ä. Íå îãðàíè÷èâàÿ îáùíîñòè, áóäåì ïðåä-
ïîëàãàòü, ÷òî ðåãóëÿðèçèðóþùàÿ ôóíêöèÿ ϕ(x) , îïèñûâàþùàÿ ïîãðàíñëîé,
ñòðîãî ìîíîòîííî óáûâàåò íà ïðîìåæóòêå [0,1] (íàïðèìåð, â ìåòîäå ïîãðàí-
ôóíêöèé ϕ(x) = −x) , à ôóíêöèÿ Ψ , íàïðîòèâ, íà èíòåðâàëå (p0,Ψ(0)) ñòðî-
ãî âîçðàñòàåò (â áîëüøèíñòâå ñëó÷àåâ ýòî ýêñïîíåíòà) [1,3]. Ïðè ïðîäîëæåíèè
ñ ïîìîùüþ ñèñòåì, àíàëîãè÷íûõ (21), ïîëó÷èì öåïî÷êó ñëåäóþùèõ ðàâåíñòâ:

ϕ(x1)

ε
=
ϕ(x2)− ϕ(x1)

ε
= · · · = ϕ(xm)− ϕ(xm−1)

ε
= . . . ,m = 2, 3, ..., j.

Ïî ôîðìóëå Ëàãðàíæà ϕ′(x̃m)(xm − xm−1) = ϕ(x1) , ãäå x̃m ∈
(xm−1, xm),m = 2, j . Òàê êàê ϕ(x) ãîëîìîðôíà íà îòðåçêå [0,1], òî |ϕ′(x)| ≤ l
∀x ∈ [0, 1] äëÿ íåêîòîðîé êîíñòàíòû l , à çíà÷èò, xm − xm−1 ≥ |ϕ(x1)|/l ïðè
êàæäîì m ∈ {1, 2, 3, ..., j} . Òàêèì îáðàçîì, òî÷êè x = 1 ìîæíî äîñòè÷ü çà
êîíå÷íîå ÷èñëî øàãîâ. Â èòîãå ðåøåíèå y[0](x, ε) áóäåò ïðîäîëæåíî íà âåñü
îòðåçîê, à ïîä ðåøåíèåì íà÷àëüíîé çàäà÷è (15) áóäåì ïîíèìàòü ñîâîêóïíîñòü
ýëåìåíòîâ (y[0](x, ε), y[1](x, ε), . . . , y[j](x, ε)) .

Ïîñêîëüêó êàæäûé ýëåìåíò çàâèñèò îò w̃ , òî

y[j](x, ε) = F [j](x, ((ϕ(x)− ϕ(xj−1))/ε), w̃),

îòêóäà âûòåêàåò óðàâíåíèå äëÿ îïðåäåëåíèÿ w̃ :

F [j](1, (ϕ(1)− ϕ(xj−1)/ε), w̃) = 0.
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Îäíî èç íàéäåííûõ çíà÷åíèé ïîäñòàâèì â ôîðìóëû äëÿ y[m](x, ε)(m =
1, j) è ïîëó÷èì ïñåâäîãîëîìîðôíîå ðåøåíèå y(x, ε) êðàåâîé çàäà÷è (1). Òåî-
ðåìà äîêàçàíà.

3 Ïðèìåð íàõîæäåíèÿ y[0](x, ε) ïåðâîãî ïîðÿäêà, óäîâëå-

òâîðÿþùåãî êðàåâûì óñëîâèÿì.

Ðàññìîòðèì êðàåâóþ çàäà÷ó

εy′′ = x2 + y2/4 + (y′)2 − 4, x ∈ [0, 1], y(0, ε) = y(1, ε) = 0.

Çäåñü ïðåäåëüíàÿ çàäà÷à

y′ =
√

4− x2 − y2/4, x ∈ [0, 1],

y(0) = 0.

Äîêàæåì ñóùåñòâîâàíèå ðåøåíèÿ ýòîé çàäà÷è íà âñåì îòðåçêå ñ ïîìîùüþ
òåîðåìû ×àïëûãèíà [2]. Ïîñêîëüêó 0 ≤ y′(x) ≤ 2 , òî 0 ≤ y(x) ≤ 2 . Äàëåå,
f̃(x, y) =

√
4− x2 − y2/4 àíàëèòè÷íà âìåñòå ñî ñâîåé ÷àñòíîé ïðîèçâîäíîé

ïî y íà ïðÿìîóãîëüíèêå [0, 1]×[0, 2] , è ëåãêî ïîñòðîèòü íèæíåå è âåðõíåå ðå-
øåíèÿ: y

í
= 2
√

3sin(x/2), y
â

= 4sin(x/2) . Çíà÷èò, ðåøåíèå y(x) ñóùåñòâóåò
íà âñåì ïðîìåæóòêå.

Âåðíåìñÿ ê èñõîäíîé çàäà÷å è ñâåäåì åå ê ñèñòåìå.{
y′ = w,

εw′ = x2 + y2/4 + w2 − 4; y(0, ε) = y(1, ε) = 0.

Çäåñü ïîâåðõíîñòüþ Λ ñëóæèò ýëëèïñîèä x2 + y2/4 + w2 = 4 . Áóäåì
ñòðîèòü èíòåãðàëû
ýòîé ñèñòåìû â îáëàñòè Ωxyw =

{
(x, y, w) : x2 + y2/4 + w2 < 4

}
, â êîòîðîé

f(x, y, w) < 0 . Â ðåçóëüòàòå, ïðèìåíèâ ìåòîä ãîëîìîðôíîé ðåãóëÿðèçàöèè,

ïîëó÷èì ðåøåíèå y
[0]
1 (x, ε) ïåðâîãî ïîðÿäêà ïîñòàâëåííîé êðàåâîé çàäà÷è:

y
[0]
1 (x, ε) = y(x) + εln

2A(x)

w̃ + A(x)− (w̃ − A(x))e2y(x)/ε
,

ãäå

A(x) =
√

4− x2 − y2(x)/4, w̃ = A(1)th(y(1)/2ε).
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Â çàêëþ÷åíèå ñëåäóåò îòìåòèòü, ÷òî ìåòîä ãîëîìîðôíîé ðåãóëÿðèçàöèè
ïðèìåíèì òàêæå äëÿ ïîñòðîåíèÿ óðàâíåíèé è ñèñòåì óðàâíåíèé âûñøèõ ïî-
ðÿäêîâ. Äàííûé ìåòîä ñî÷åòàåò â ñåáå ïðèíöèïû ìåòîäà ðåãóëÿðèçàöèè Ñ. À.
Ëîìîâà, à òàêæå îñíîâû ìåòîäà ëèíåàðèçàöèè, ïîçâîëÿþùåãî ñâåñòè íåëè-
íåéíóþ äèôôåðåíöèàëüíóþ çàäà÷ó ê ëèíåéíîé è âïîñëåäñòâèè èññëåäîâàòü
åå ñ òî÷êè çðåíèÿ ìåòîäà ðåãóëÿðèçàöèè. Òàêèì îáðàçîì, ðàçâèòèå ìåòîäà
ãîëîìîðôíîé ðåãóëÿðèçàöèè ìîæåò ñóùåñòâåííî îïòèìèçèðîâàòü ïðîöåññ ðå-
øåíèÿ íåëèíåéíûõ ñèíãóëÿðíî âîçìóùåííûõ çàäà÷.
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