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Abstract

Cubic integral equations is the general form of the quadratic integral equa-
tions which have several applications in the theory of radiative transfer, in the
traffic theory, in the theory of particle transport and in the kinetic theory of
gases. In this paper, we present a result on the existence of solutions of the
perturbed Erdélyi-Kober fractional cubic integral equation of Uryshon-Volterra
type in the Banach space of real functions defined, continuous and bounded on
an unbounded interval. We use the Darbo fixed point theorem and a measure
of noncompactness in order to prove our main result.
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1 Introduction

In this paper, we establish the existence and the asymptotic behaviour of so-
lutions to the perturbed cubic Uryshon-Volterra integral equation involving
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Erdélyi-Kober fractional integral, namely

B3 (t) /t sPlu(t, s, 2(s))

I'(a) (t8 — 35)1*0‘

where 0 < o < 1, B > 0. Let ||z]| = sup{|z(¢)| : ¢ € Ry} be the norm for
r € BC(R,), where BC'(R,) is the Banach space of all real functions defined,
continuous and bounded on R, . There, f : R, xR, - Randu : R, xRy xR —
R are functions which satisfy special assumptions that will be stated in detail
in Section 3.

x(t) = f(t,z(t)) + ds, t € Ry =1[0,400), (1)

Cubic integral equations is the general form of the quadratic integral equa-
tions which have several applications in the theory of radiative transfer, in the
traffic theory, in the theory of particle transport and in the kinetic theory of
gases, specially the quadratic integral equation of Chandrasekhar type is ap-
plicable in many problems in mechanics, physics and other fields [3, 4, 8, 23].
On the other hand, Erdélyi-Kober fractional integrals are very often used to
describe the medium with non-integer mass dimension and also, one can find
more applications of fractional integrals of Erdélyi-Kober type in porous media,
viscoelasticity and electrochemistry ([10]-[18], [21], [22]).

For a continuous function f, the Erdélyi-Kober fractional integral is defined
as [1, 19]

B / T
INf(1) = =—— ds, >0, 0<~vy<1.

ARGy ey 4
Eq.(1) considered as Erdélyi-Kober fractional quadratic integral equation with
perturbation, see [20].

The aim of this paper is to prove the existence of solutions to Eq.(1) in
the space of real functions which are defined, continuous and bounded on an
unbounded interval. We use a suitable combination of the technique of measures
of noncompactness and the Darbo fixed point principle to obtain our results.

2 Preliminaries

Firstly, we present the concept of a measure of noncompactness [5].
Let the symbol (F, ||.||) stands for a real Banach space with a zero element 0

and B(x,r) stands for the closed ball of radius r and center x. Also, we denote
by B, the closed ball B(0,r). Next, let ) # X C E and denote by X and
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ConvX the closure and convex closure of the set X, respectively. Let X + Y
and AX, A € R, denote the usual algebraic operations on the sets X and Y.
Moreover, we denote by 9 g the family of all nonempty and bounded subsets of

E and by Mg the subfamily of 9 consisting of all relatively compact subsets
of F.

Definition 1 A function p: Mg — R is called a measure of noncompactness
in B af it verifies the following conditions:

1) kerp # 0 and kerpy C Ng, where keru stands for the family {X € Mg :
u(X) = 0}.

2) X CV = p(X) < p(Y).

3) w(X) = p(ConvX) = u(X).

) pAX + 1 =2Y) <A u(X)+ 1 =X puY) for0 <A< 1.

5 If X,, € Mp, X, = X, Xpp1 C X, forn=1, 2, 3, ... and lim u(X,) =

n—oo

0, then N, X, # 0.

The family kerp described above is called the kernel of the measure of non-
compactness p. Let us observe that the intersection set X, from 5) belongs to
kerp. In fact, since u(Xy) < p(X,) for every n, then we have that u(Xy) = 0.
Secondly, we present the construction of the measure of noncompactness in
BC(R) which will be used in the next section (see [6, 7]).

Let ) # X C BC(R,) be bounded set and fix numbers e > 0 and T' > 0. For
arbitrary function x € X, we define the modulus of continuity of the function
x on the interval [0, 7] by

wl(z,e) = sup{|z(t) — x(s)| : t, s €[0,T], |t — 5| < e}.

Further, we put
wh(X,e) = sup{w’ (z,¢) : v € X},
T i, T
Wo (X) - ll_{%w (X7 8)7
and
Wi (X) = lim Wi (X, e).

T—00

For a fixed number t € R, let us define

X(t)=Az(t) :z € X}
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and
diamX (¢) = sup{|z(t) —y(t)| : z,y € X}.
Next, we define the function p on the family Mpor,) by

p(X) = wp (X) + e(X), (2)

where ¢(X) = limsup diam X (¢). The function u is a measure of noncompact-
t—00

ness in the space BC(R,), see [6].

Finally, we present a fixed point theorem due to Darbo [9]. Before giving
this theorem, we need the following definition.

Definition 2 Let M be a nonempty subset of a Banach space E and let P :
M — E be a continuous operator which transforms bounded sets onto bounded
ones. We say that P satisfies the Darbo condition (with a constant k > 0) with
respect to a measure of noncompactness (, if for any bounded subset X of M,
we have

u(PX) <k p(X).

If P verifies the Darbo condition with & < 1, then P is said to be a contraction
operator with respect to p.

Theorem 1 Let Q # 0 be a bounded, closed and convex subset of the space E
and let

P:Q—Q
be a contraction with respect to the measure of noncompactness . Then P has
at least one fized point in the set Q).

3 Main result

In this section, we will study Eq.(1) under the following assumptions:

(a1) The functions f : Ry x R — R is continuous and the function t — f(¢,0)
is bounded on R,. Put f* =sup{|f(¢,0)] : t € R }.

(ag) There exist continuous functions m : Ry — R such that

[f(t,2) = f(t,y)] < m(7)|z —yl,

for any t € R, and z,y € R. Moreover, m is bounded. Put m* =
sup{|m(t)| : t € R }.
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(a3) The function v : Ry x Ry x R — R is continuous and there exist func-
tions ¥ : R, — R, and ¢(t) = ¢ : Ry — R, being ¥ continuous and
nondecreasing, with W(0) = 0 and ¢ continuous satisfying

[ult, s, x1) — u(t, s, 22)| < q(O)¥(|x1 — 22])
for any t,s € Ry with s <t and for all z; € R (i = 1,2).

(ay) The functions ¢, 1 : R, — R, defined by ¢(t) = q(t)t*’ and (t) =
u*(t)t*’ are bounded on R, where u* : R, — R, is defined by u*(t) =
max{|u(t,s,0)| : 0 < s < t}, whose existence is guaranteed by virtue of
the continuity of u (assumption (a3)). Moreover, the function ¢ vanishes
at infinity, i.e., tllglo o(t) = 0.

(a5) There exists a positive solution ry of the inequality
(m*r + fC(a+ 1) + r?[¢"U(r) + "] < rD(a + 1) (3)
satisfying
m*T(a+ 1) 4 2ro[¢"¥(ro) +¢7°] < T'(a+1), (4)
where ¢* = sup{¢(t) : t € R} and ¢* = sup{¢(t) : t € R, }.

Before we state and prove our main result, let us denote by 7 the operator
associated with the right-hand side of Equation (1), i.e., Eq.(1) becomes

x="Tx,
where
(T2)(t) = (Fa)(t) +2°(t) - U)(2), (5)
B bsP=tu(t, s, 2(s))
U)() = 70 / s (6)

and F' is the superposition operator generated by the function f = f(¢,x) and
defined by

(Fz)(t) = f(t, (1)),

where x = x(t) is an arbitrary function defined on R, see [2].

Theorem 2 Under assumptions (a1) — (as), FEq.(1) has at least one solution
x = x(t) in the space BC(R.).
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Proof: For better readability, we will divide the proof into several steps.
Step 1: For x € BC(R,) then Tz is continuous on R,.

To do this, it is sufficient to prove that, if z € BC(R, ) then Uz is continuous
on R;. In fact, we take x € BC(R,) and fix ¢ > 0 and T" > 0. Suppose that
11,70 € Ry with | — 7| < € and, without loss of generality, we can assume
that 7 < 7, then we have

|(Uz)(tz) — Uz)(11)]

e e
v | e [
S e e e
et || e [
<L / sﬁ<1t|g(_tz;;jif(j))|d

+% /O“ " Hulty, 5, 2(s)) — ulty, s, 2(s)]

(tg B 35>1_a

b [ Mttt [ (1 =) = (1)
B[ " Hulta, s, 2(s)) — ultz, 5,0)| + Ju(ts, 5,0)]]

= m/tl (t§ . Sﬁ)l_a "
g bl (ue)

e /O ? _HSL )1_a ds
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jU*(tz)]dS n Wy (15 €) [tgﬁ B (tg 3 t‘f) “}

5 gt)W(a(s)))
= m/t : <t§_sﬁ)1 T(a+ 1)
b [ et + ) (5-5)" = (=) a5
AU ) 1y, ol (i’_f))tgﬂ
Q(h)\PF(\(IzHJZ : ) ook (5 - 1)),

where
wg(uyg) - Sup{’U@Q,S,LE‘) o U’(tla S,$)| LS, t1,t € [OaT]v t1 28, ta 2 s,
|t2 — tl‘ <eg x€ [—d, dH}
From the above estimates, we infer

2eP[g(T)Y([lxl]) + a(T)] + T%wj,y (u, €)

[l

['(a+1) ’

wh(Uz,e) <

where
¢(T) = max{q(t) : t € [0,T]}
and
w(T) = max{u*(t) : t € [0,T]}.
Since the function (¢, s, z) is uniformly continuous on the compact set [0, 7] x
[0, 7] x [—||z|], ||=||], we deduce that w‘:‘Fx”(u,s) —0ase—0.
Therefore, ll_rg wﬁpx” (U, e) = 0 and this proves that ¢ is continuous on the interval

[0,T] for any T" > 0. This gives us the continuity of Uz on R,.
Step 2: For x € R, Tx is a bounded function on R, .

In fact, taking into account our assumptions, for x € BC(R,) and t € R,
we have

B . Bz(t) [Ts"tu(t, s, x(s)) )
’(Tl’)(t)’ — ‘f(tv (t))—l_ F(Oé) /0 (tﬁ—SB)l_a d
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< ’f(t,l‘(t)) - f(ta(;)’ + |f(t70)|
Blz2#)| [T s" Hul(t, s, z(s)) — u(r,s,0)| + |u(t, s, 0)]
) /0 (17 — 7)1 ° b5

< m@)|z| +f(0)]

Bllzl* " " a®)(a(s)]) +u*(t)]
* I'(«) /0 (t8 — s8)' 7 ds

L faow el + e

[l
< m' T [ (1) t)].
< el + £+ s ¥ el + 0o
Taking into account (as) and (ay), the last chain of inequalities gives us that
Tz is bounded on R,.

< m()|lzl + 1/ (¢ 0)| +

Step 3: T applies the ball B, into itself.

Taking into account that ¥ is a nondecreasing function, from the estimate
obtained in Step 2, it follows that

E&
F(y+1)
Taking into account (as), we infer that 7 applies the ball B, into itself.

[Tzl <m™[lefl + f* + oV (ll=l]) + 7],

Step 4: 7 is continuous on the ball B,,.

Since (Tz)(t) = (Fz)(t) +22(t) - (Uz)(t) for t € R, it is sufficient to prove
that F'is continuous on B,, and

U)(t) = -

is continuous on B,,.
Let (x,) C B,, be a sequence such that z,, — = with z € B,,.

B 77 lu(t, s, 2(s))
d
/0 A

(a) (t8 — 56)1_0‘

Firstly, we will prove that Fx, — Fz. In fact, for ¢ € R, and, taking into
account (as), we have

|(Fap)(t) = (Fz)(t)]

[f (e (t)) = [, 2(1))]
m(t)|zn(t) — (t)]
m(t)]zn — x|

IA A

Since m is a bounded function, we infer

|Fxy — Fa|| < Lz, — 2|,

Electronic Journal. http://diffjournal.spbu.ru 77



Differential Equations and Control Processes, N. 1, 2019

where L = sup{m/(t) : t € R, }, and this proves that F' is continuous on B,,.

Next, we will prove that Ux, — Ux. In fact, for ¢ € R, and, taking into
account our assumptions, it follows

15 PP lu(t, s, 2,(s))
/0 ds

I'(a) (t8 — sB)'

B bsP=lu(t, s, x(s))
/0 ds

I'(a) (t8 — sB)'
i bsPHu(t, s, () — u(t, s, z(s))] .
I'(a) /0 (t8 — s8)' d

2 [ le) o)),

(tﬂ . S@)lfoz

|(Uzy)(t) — (Uz)(B)] =

IA

IA

'(a)
q() ¥ (||ln — )t
Ia+1)
P() P (llzn — ])
['(a+1)
¢V (||lzn — )
['(a+1)
From the above estimation we deduce that ||z, — Uz|| — 0 when n — oc.
This proves that 7 is continuous on the ball B, .

IA

IA

<

Step 5: An estimate of 7 with respect to the quantity c.
We take ) # X C B,, and x,y € X. Then, for t € R, and, taking into

account our assumptions, we get

(T)(#) = (Ty)(@)]
< [f(t=(t) = [t y(?))]

tgP=1y S, T bsP=Tu(t, s, y(s
ixz(t)/o (t.5,2() ) o ()/0 (ts.y(s)

+F(a) (t8 — sB)' (t8 — s8)' 7
Bla(t) —y* ()] [*s” Hult, s, x(s))|
< mele) ) + DG ol
ﬁ\y )| [ 87 u(t, s, 2(s)) — ult, 5, y(s))
/ (7 — %) *

m(t)diamX (t) + 22O =yl e(t) +y(*)]
['(a)
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o [/ o) o) sl

(17—
+5F||(ya|‘)2 /Ot Sﬂlq(zzﬁ\lfili(;)l; y(s)l) 4
< m{t)diamX (®) + wnxnrg(iz;nxw / sﬁ—wq%;vgxs(;))l\ )+t
+BF”(Z”)2 /Ot SB—légt)_\If;\J;_—a yl) ;.
< m(t)diam X (t) + 25|\scnq<t>\1/r<y§)||>diamx<t> / — jﬁs‘;)l_ads
+25HxHu1£i)ad)1amX(t)/0 . jﬂsﬂ)l—ads
+5||yu2q<tr>zl;<)ux ~yl) / > i;)mds
< m(®)diamX (£) + 2r0¢(t)§goldi?mX(t) 2r0¢IE1ELdijT)X(t)
raé(t)¥(2ro)
T(o+1)

Therefore, we get

Gam(TX)(r) < m(t)diamx (t) + 20T (ro)diamX(0) | 2oy (t)diam X (1)

I'(a+1) I'a+1)
r¢(t) ¥ (2ro)
Pla+1)
Finally, by assumption (as), it follows
% 2T0¢*

Step 6: An estimate of 7 with respect to the quantity wg®.

We take ) # X C B,,, ¢ > 0and T > 0. For x € X, we take t;,ts € [0,T]
with |to — #1| < e and we can assume that ¢; < t5. Then, we have

[(Tz)(ta) — (Tx)(t1)]
< | fta, 2(t2)) — ftr, 2(t1))] + |2 (t2) U ) () — 2°(t2) (Uz) (1) ]
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< |f(ta, w(ta)) — flta, w(tr))| + | f(ta, z(t1)) — f(t1, 2(t))]

+ |22 (t2) U) (ta) — 2® (1) Uz ) ()| + |2*(t) (Uz) (t2) — 2°(02) Uz ) (1)
< m(ty)|x(te) — 2(tr)| + wy (e) + [2°(t2) — 2°(t1)] [(Uz)(t)]

+ |2 ()] [(Uz)(ta) — (Uz) ()]
< m(ty)w’ (z,¢€) +wf( ) + ||lz|*w’ Uz, €)

)~ 0 st 0] 7l

['(«) <t2 B 35) —
< m(t)w' (z,6) + wy(e) + ||z)*w’ (Uz,e)
28||xl|wT (z,e) [ s [|Jults, s, 2(s)) — u(te, s,0)| + |u(ta, s,0)]]
T T /0 (1 - S/g)l—“

Taking into account step 1, we had obtained that

2608 [G(TYW () + (T + TPl ()
['(a+1) ’

ds.

wh(UX,e) <

and, therefore, from the chain of inequalities obtained above, we deduce

W (TX,e) < mta)w” (z,¢) —|—cu}r(6)
+2Hl’|\2€0‘6 (1) (|l=ll) + a(T)] + T*%wi, (u, €)
I'a+1)
20||zllw” (z,e) [ "M a(t2) V(|2 (s)]) + u'(t2)]
+ I(a) /0 <t§ B $ﬂ> I—a ds

2rge” [G(T) W (ro) + a(T)] + T*Pwy (u, €)
['(a+1)

< m'w'(z,e) +wi(e) +

_|_27”owT(337 e)lq(ta)V(ro) + U*(t2)]ta5
['a+1) 2
2r5e®” [q(T) ¥ (ro) + w(T)] + T*w; (u,¢€)
I'a+1)

IA

m*w’ (z,€) + wi (e) +

+2r0wT(x, e)[o(t2) W (ro) + 1 (t2)]
['(a+1) ’

where

w?(s) = sup{|f(t2, x) — f(t1,2)| : t1,t2 € [0, T], |t —t1] < e, x € [—710,70]}
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Therefore,

2r2e P [G(T)V (1o) + a(T)] + Twl (u, e
STXE) < miuTlae) +uf(e) + TR RO T ()
2ro[¢"W(ro) + ¥*] 7
Tatrn © @)
Since the functions f = f(7,x) and v = u(7, s, ) are uniformly continuous on
the sets [0, 7] x [—ro,70] and [0,T] x [0, T] x [=7o, 7], respectively, w(e) — 0
and wg; (u,e) — 0 as € — 0, and, therefore, from the last estimate, it follows

2ro[@* W (ro) + ']\ 7
(o +1) > “ (X)

wy (TX) < <m +
and, consequently,

Step 7: 7T is contraction with respect to the measure of noncompactness

In fact, linking the results obtained in steps 5 and 6, we deduce

w(TX) = wi(TX) +c(TX)

. 2rg*VU(rg) + 2ro0"\ o . 2ro*

< (m 4+ 20 F(a0+ D 0 )Wo (X) + <m +—F(&O+ 1)> c(X)
N 27‘0@5*\11(7“0) —+ 2T0¢* o

< (4 ORI (1) + ()
N 2T0¢*\I/(T0) —+ 27“0’¢*

= (m T Tt )’“‘(X)'

Taking into account (as), since m* + 2r0¢*;11(($21+)2r0¢* < 1 this proves that 7 X is

a contraction with respect to the measure of noncompactness .

Finally, by Darbo’s fixed point theorem, Eq.(1) has at least one solution
r € BC(Ry) with ||z|| < ro.
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