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Àííîòàöèÿ

Â ñòàòüå ïîêàçàíî, ÷òî â òåîðèè m-ãåññèàíîâñêèõ îïåðàòîðîâ
âîçìîæíàÿ íåãëàäêîñòü âÿçêîñòíûõ ñóáðåøåíèé íå ïðåäñòàâëÿåò
èíòåðåñà. Îïðåäåëÿþùèì ôàêòîðîì ÿâëÿåòñÿ òî, ÷òî ìíîæåñòâî âÿçêîñòíûõ
C2-ñóáðåøåíèé ñîâïàäàåò ñ ìíîæåñòâîì êîððåêòíîé ïîñòàíîâêè çàäà÷è
Äèðèõëå. Â ñòàòüå ïðèâîäèòñÿ ïðèìåð, ïîêàçûâàþùèé, ÷òî íà ìíîæåñòâå
ýëëèïòè÷íîñòè 5-ãåññèàíîâñêîãî îïåðàòîðà ïîñòàíîâêà çàäà÷è Äèðèõëå
íåêîððåêòíà, ïîñêîëüêó îíà èìååò äâà C∞-ðåøåíèÿ, íî òîëüêî îäíî èç íèõ
ÿâëÿåòñÿ âÿçêîñòíûì ñóáðåøåíèåì.

Êëþ÷åâûå ñëîâà: ïîëíîñòüþ íåëèíåéíûå äèôôåðåíöèàëüíûå
óðàâíåíèÿ, âÿçêîñòíûå ñóáðåøåíèÿ, ñóïåððåøåíèÿ, êîíóñû Ãîðäèíãà, m-
ãåññèàíîâñêèå óðàâíåíèÿ.

Abstract

We show that possible non-smoothness of viscosity sub-solutions is of no in-
terest in the theory of m-Hessian operators. It is crucial that the set of viscosity
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C2-sub-solutions coincides with the set of correct setting of the Dirichlet problem.
Moreover, we present an example to demonstrate that on the set of ellipticity of
5-Hessian operator the setting of the Dirichlet problem is incorrect because our
problem has two C∞-solutions but only one of them is viscosity sub-solution.

Keywords: fully nonlinear di�erential equations, viscosity sub-solutions, su-
persolutions, G�arding cones, m-Hessian equations.

�1 Ââåäåíèå

Ïåðâûå ïîïûòêè ðàññìîòðåòü çàäà÷ó Äèðèõëå äëÿ ïîëíîñòüþ íåëèíåéíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà áûëè
ïðåäïðèíÿòû Ñ.Í.Áåðíøòåéíîì â íà÷àëå ïðîøëîãî âåêà [1]. Áûëî ââåäåíî
ïîíÿòèå òîòàëüíî ýëëèïòè÷åñêèõ óðàâíåíèé è äëÿ ðàâíîìåðíî ýëëèïòè÷åñêèõ
óðàâíåíèé ïîñòðîåíà àïðèîðíàÿ îöåíêà C2-íîðìû ðåøåíèÿ u çàäà÷è Äèðèõëå
â äâóìåðíîì ñëó÷àå. Â ðàáîòå Ë.Íèðåíáåðãà [2] áûëà äîêàçàíà àïðèîðíàÿ
îãðàíè÷åííîñòü íîðìû u â C2+α

(
Ω̄
)
, Ω ⊂ R2, è ñôîðìóëèðîâàíû

óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è
Äèðèõëå äëÿ ðàâíîìåðíî ýëëèïòè÷åñêèõ ïîëíîñòüþ íåëèíåéíûõ óðàâíåíèé
â äâóìåðíîì ñëó÷àå. Îäíàêî, â îòëè÷èå îò ëèíåéíîé òåîðèè, ðàñïðîñòðàíèòü
ýòîò ðåçóëüòàò íà ïðîèçâîëüíóþ ðàçìåðíîñòü íåâîçìîæíî, ÷òî ñëåäóåò èç
îñíîâîïîëàãàþùèõ â ñîâðåìåííîé òåîðèè ïîëíîñòüþ íåëèíåéíûõ óðàâíåíèé
ðàáîò Ë.Ê.Ýâàíñà [7], Í.Â.Êðûëîâà [8] è Ì.Â.Ñàôîíîâà [9].

Â ñõåìó èññëåäîâàíèÿ òîòàëüíî ýëëèïòè÷åñêèõ
óðàâíåíèé íå âêëàäûâàåòñÿ óðàâíåíèå Ìîíæà-Àìïåðà, êîòîðîå ñ äàâíèõ ïîð
ïðèâëåêàëî âíèìàíèå ãåîìåòðîâ. Â êíèãå À.Â.Ïîãîðåëîâà [3] ïðåäñòàâëåíû
äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ìîíæà-
Àìïåðà â ðåãóëÿðíîì ñìûñëå. Äëÿ ýòîãî èñïîëüçîâàëèñü ðàçðàáîòàííûå
ðàíåå ãåîìåòðè÷åñêèå ïîäõîäû â êîìáèíàöèè ñ íåêîòîðûìè ìåòîäàìè òåîðèè
êâàçèëèíåéíûõ ýëëèïòè÷åñêèõ óðàâíåíèé [5]. Îòìåòèì, ÷òî ðåãóëÿðíûìè
ðåøåíèÿìè À.Â.Ïîãîðåëîâà ÿâëÿþòñÿ âûïóêëûå ôóíêöèè èç ïðîñòðàíñòâà
C2 (Ω) ∩ C1

(
Ω̄
)
.

Â çàìåòêå [4] íàéäåí ìåòîä ïîñòðîåíèÿ àïðèîðíîé îöåíêè âûïóêëûõ
ðåøåíèé çàäà÷è Äèðèõëå äëÿ óðàâíåíèé Ìîíæà-Àìïåðà â C2

(
Ω̄
)
, à â ñòàòüå

[10] ââåä¸í êëàññ m-ãåññèàíîâñêèõ óðàâíåíèé, íà êîòîðûå ðàñïðîñòðàíåíû
íîâûå ìåòîäû èññëåäîâàíèÿ. Çàìåòèì, ÷òî â ïåðå÷èñëåííûõ ðàáîòàõ
óðàâíåíèÿ ðàññìàòðèâàëèñü â âûïóêëûõ îáëàñòÿõ, à ðåøåíèÿ ïðèíèìàëè
ïîñòîÿííîå çíà÷åíèå íà ãðàíèöå. Áëàãîäàðÿ ðåçóëüòàòàì, ïîëó÷åííûì â [7],
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[8], [9], îöåíêà ðåøåíèé çàäà÷è Äèðèõëå äëÿ m-ãåññèàíîâñêèõ óðàâíåíèé â
C2
(
Ω̄
)
ãàðàíòèðóåò ðàçðåøèìîñòü ýòîé çàäà÷è â êëàññè÷åñêîì ñìûñëå [11].

Â ïðîãðàììíîé ñòàòüå Ë.Êàôôàðåëëè, Ë.Íèðåíáåðãà è Ä.Ñïðóêà [12]
áûëà ïðåäïðèíÿòà ïîïûòêà ââåñòè ìàêñèìàëüíûé êëàññ ãåññèàíîâñêèõ
óðàâíåíèé, äëÿ êîòîðûõ ïðèìåíèìû ìåòîäû èññëåäîâàíèÿ m-ãåññèàíîâñêèõ
óðàâíåíèé, â ÷àñòíîñòè, óðàâíåíèÿ Ìîíæà-Àìïåðà, m = n. Ïðè ýòîì,
äîïóñêàåòñÿ ïðîèçâîëüíîå óñëîâèå Äèðèõëå è íà ãåîìåòðèþ ãðàíèöû
íàëàãàåòñÿ íîâîå óñëîâèå, êîòîðîå ïðè 1 ≤ m < n íå ïðåäïîëàãàåò å¸
âûïóêëîñòè. Òàì æå ââåäåíî ïîíÿòèå äîïóñòèìîãî ðåøåíèÿ ãåññèàíîâñêîãî
óðàâíåíèÿ.

Ïðèâåä¸ííûå ïóáëèêàöèè ìîæíî ðàññìàòðèâàòü êàê îñíîâó ñîâðåìåííîé
òåîðèè ïîëíîñòüþ íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ âòîðîãî ïîðÿäêà, è ñîçäàíà îíà ïî àíàëîãèè ñ ëèíåéíîé òåîðèåé.
Ñî âðåìåíè èõ íàïèñàíèÿ ïðîøëî áîëåå 30 ëåò è ìû ñ÷èòàåì, ÷òî ñåé÷àñ
èíòåðåñ ïðåäñòàâëÿþò ðåçóëüòàòû, íå èìåþùèå ëèíåéíûõ àíàëîãîâ, ÷åìó è
ïîñâÿùåíà ïðåäëàãàåìàÿ ñòàòüÿ.

Åñëè èìåþòñÿ ïðîáëåìû ñ äîêàçàòåëüñòâîì ðàçðåøèìîñòè â êëàññå
ãëàäêèõ ôóíêöèé, òðàäèöèîííî ââîäèòñÿ êîíöåïöèÿ ñëàáûõ ðåøåíèé,
ñóùåñòâîâàíèå êîòîðûõ ïðåäïîëàãàåòñÿ èçâåñòíûì. Â òåîðèè íåëèíåéíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé ýòà ðîëü ïðåäíàçíà÷àëàñü âÿçêîñòíûì
ðåøåíèÿì [17], âïåðâûå ââåä¸ííûì â ðàáîòå [6] äëÿ óðàâíåíèÿ Ãàìèëüòîíà-
ßêîáè-Áåëëìàíà. Â §2 ìû ïðèâîäèì îñíîâíûå ïîíÿòèÿ ýòîé òåîðèè, ñëåäóÿ
ðàáîòàì [17], [18]. Äëÿ èõ äåìîíñòðàöèè ìû âûáèðàåì óðàâíåíèÿ ñ m-
ãåññèàíîâñêèìè îïåðàòîðàìè, êîòîðûå ÿâëÿþòñÿ m-ñëåäàìè ìàòðèö Ãåññå.
Àíàëèçèðóÿ àëãåáðàè÷åñêèå ñâîéñòâà m-ñëåäîâ ñèììåòðè÷íûõ ìàòðèö â §3
è ñîîòâåòñòâóþùèå ñâîéñòâà m-ãåññèàíîâñêèõ îïåðàòîðîâ â §4, ìû ïðèõîäèì
ê âûâîäàì:

(i) ïðîáëåìà ñóùåñòâîâàíèÿ âÿçêîñòíîãî ñóáðåøåíèÿ, ïðèíèìàþùåãî
çàäàííûå ãðàíè÷íûå óñëîâèÿ, äëÿ m-ãåññèàíîâñêîãî óðàâíåíèÿ ïðè m >
1 ÿâëÿåòñÿ ïðîáëåìîé òîé æå ñòåïåíè ñëîæíîñòè, ÷òî è äîêàçàòåëüñòâî
ðàçðåøèìîñòè â êëàññè÷åñêîì ñìûñëå çàäà÷è Äèðèõëå;

(ii) C2-ãëàäêèå âÿçêîñòíûå ñóáðåøåíèÿ çàïîëíÿþò êîíóñ m-äîïóñòèìûõ
ôóíêöèé, êîòîðûé ñîâïàäàåò ñ ìíîæåñòâîì êîððåêòíîé ïîñòàíîâêè çàäà÷è
Äèðèõëå äëÿ m-ãåññèàíîâñêèõ óðàâíåíèé;

(iii) ìíîæåñòâî êîððåêòíîé ïîñòàíîâêè çàäà÷è Äèðèõëå äëÿ m-
ãåññèàíîâñêèõ óðàâíåíèé ñîâïàäàåò ñ êîíóñîì Ë.Ãîðäèíãà è ÿâëÿåòñÿ
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ìíîæåñòâîì ïîëîæèòåëüíîé ìîíîòîííîñòè m-ãåññèàíîâñêèõ îïåðàòîðîâ.

Â §5 ìû ïîêàçûâàåì, ÷òî ìíîæåñòâî ýëëèïòè÷íîñòè m-ãåññèàíîâñêèõ
îïåðàòîðîâ, âîîáùå ãîâîðÿ, íå ÿâëÿåòñÿ ìíîæåñòâîì êîððåêòíîé ïîñòàíîâêè
çàäà÷è Äèðèõëå. Èìåííî, ïðèâîäèòñÿ ïðèìåð çàäà÷è Äèðèõëå â øàðå B1 ⊂
R6 äëÿ 5-ãåññèàíîâñêîãî óðàâíåíèÿ, êîòîðàÿ èìååò äâà áåñêîíå÷íî ãëàäêèõ
ðåøåíèÿ. Ïðè ýòîì, íà êàæäîì èç íèõ îïåðàòîð ýëëèïòè÷åí. Äîïîëíèòåëüíûé
àíàëèç ïîêàçûâàåò, ÷òî ëèøü îäíî èç íèõ ÿâëÿåòñÿ âÿçêîñòíûì.

�2 Î ðàçðåøèìîñòè çàäà÷è Äèðèõëå â âÿçêîñòíîì

ñìûñëå

Ïðèâåä¸ì îäíó èç èíòåðïðåòàöèé ïîíÿòèÿ âÿçêîñòíîãî ðåøåíèÿ [18], [19].

Ðàññìîòðèì ôóíêöèþ u (x), îïðåäåë¸ííóþ â îáëàñòè Ω ⊂ Rn, è îáîçíà÷èì
÷åðåç X+ è X− ìíîæåñòâà òî÷åê, ãäå ñóùåñòâóþò ïåðâûé è âòîðîé ñóá- è
ñóïåðäèôôåðåíöèàëû ôóíêöèè u (x) ñîîòâåòñòâåííî:

X+ =
{
x+ ∈ Ω : u

(
x+ + h

)
− u

(
x+
)
≤
(
p+, h

)
+

+
1

2

(
r+h, h

)
+ o

(
h2
)}

,
(2.1)

X− =
{
x− ∈ Ω : u

(
x− + h

)
− u

(
x−
)
≥
(
p−, h

)
+

+
1

2

(
r−h, h

)
+ o

(
h2
)}

.
(2.2)

Îòìåòèì, ÷òî äëÿ u ∈ C2 (Ω)

X+ = X− = Ω, p+ = p− = ux,

r+ = uxx
(
x+
)

+ A
(
x+
)
, r− = uxx

(
x−
)

+ A
(
x−
)
,

ãäå A ∈ Sym (n) , A ≥ 0, Sym (n) � ïðîñòðàíñòâî ñèììåòðè÷íûõ ìàòðèö
ðàçìåðà n× n.

Îïðåäåëåíèå 2.1. Ôóíêöèÿ u íàçûâàåòñÿ ñóáðåøåíèåì óðàâíåíèÿ

F (x, u, ux, uxx) = 0 (2.3)

â îáëàñòè Ω, åñëè äëÿ ëþáûõ x+ ∈ X+, p, r ∈ {p+, r+} âûïîëíåíî
íåðàâåíñòâî

F (x, u (x) , p, r) ≥ 0 (2.4)

Ýëåêòðîííûé æóðíàë. http://www.math.spbu.ru/di�journal 96



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 1, 2017

è ñóïåððåøåíèåì, åñëè äëÿ ëþáûõ x− ∈ X−, p, r ∈ {p−, r−} ñïðàâåäëèâî
íåðàâåíñòâî

inf
η≥0

F (x, u (x) , p, r + η) ≤ 0, (2.5)

ãäå η ∈ Sym (n).

Îïðåäåëåíèå 2.2. Íåïðåðûâíàÿ ôóíêöèÿ u íàçûâàåòñÿ âÿçêîñòíûì
ðåøåíèåì óðàâíåíèÿ (2.3), åñëè äëÿ íå¸ âûïîëíåíû êàê íåðàâåíñòâî (2.4),
òàê è íåðàâåíñòâî (2.5).

Äëÿ äîêàçàòåëüñòâà ðàçðåøèìîñòè çàäà÷è Äèðèõëå
äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà â âÿçêîñòíîì ñìûñëå
èñïîëüçóåòñÿ êëàññè÷åñêèé ìåòîä Ïåððîíà, êîòîðûé ìîæíî ðàñïðîñòðàíèòü
íà ïîëíîñòüþ íåëèíåéíûå óðàâíåíèÿ [18], [19], [20].

Ïðèâåä¸ì èäåþ ýòîãî ìåòîäà äëÿ óðàâíåíèé îáùåãî âèäà (2.3).

Ïóñòü ui ∈ C (Ω) , i = 1, 2, ..., N , � ñóáðåøåíèÿ óðàâíåíèÿ (2.3), òîãäà èç
îïðåäåëåíèÿ 2.1 ñëåäóåò, ÷òî ôóíêöèÿ u = sup

i

(
ui
)
� ñóáðåøåíèå óðàâíåíèÿ

(2.3). Îáîçíà÷èì ñèìâîëîì M̄ (F ) ìíîæåñòâî âñåõ ñóáðåøåíèé óðàâíåíèÿ
(2.3).

Àíàëîãè÷íî, åñëè vi ∈ C (Ω) , i = 1, 2, ..., N , � ñóïåððåøåíèÿ óðàâíåíèÿ
(2.3), òîãäà ôóíêöèÿ v = inf

i
vi � ñóïåððåøåíèå óðàâíåíèÿ (2.3). Îáîçíà÷èì

ñèìâîëîì N̄ (F ) ìíîæåñòâî âñåõ ñóïåððåøåíèé óðàâíåíèÿ (2.3).

Äàëåå ââåä¸ì ñëåäóþùèå îáîçíà÷åíèÿ

M̄ϕ (F ) =
{
u ∈ M̄ (F ) ;u|∂Ω ≤ ϕ

}
,

N̄ϕ (F ) =
{
u ∈ N̄ (F ) ;u|∂Ω ≥ ϕ

}
,

u = sup
M̄ϕ(F )

{ω} , u = inf
N̄ϕ(F )

{ω} ,
(2.6)

ãäå ϕ � èçâåñòíàÿ îãðàíè÷åííàÿ ôóíêöèÿ.

Â ðàáîòå [19] ïîêàçàíî, ÷òî åñëè ôóíêöèè u, u � ñóá- è ñóïåððåøåíèÿ
óðàâíåíèÿ (2.3), òî îíè ÿâëÿþòñÿ âÿçêîñòíûìè ðåøåíèÿìè ýòîãî óðàâíåíèÿ.
À èìåííî, äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 2.3. Ïðåäïîëîæèì äëÿ ïðîñòîòû, ÷òî ôóíêöèÿ F íå çàâèñèò îò
àðãóìåíòà u. F ∈ C (Γ), Γ = Ω× Rn × Sym (n).

1. Ïóñòü u � íåïðåðûâíîå ñóáðåøåíèå óðàâíåíèÿ (2.3). Ïðåäïîëîæèì, ÷òî
ôóíêöèÿ F óäîâëåòâîðÿåò íåðàâåíñòâó

F (x, p, η) > 1, (2.7)
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åñëè õîòÿ áû îäíî èç ñîáñòâåííûõ ÷èñåë íåîòðèöàòåëüíîé ìàòðèöû
η äîñòàòî÷íî âåëèêî â çàâèñèìîñòè îò (x, p). Òîãäà u � âÿçêîñòíîå
ðåøåíèå óðàâíåíèÿ (2.3).

2. Ïóñòü u � íåïðåðûâíîå ñóïåððåøåíèå óðàâíåíèÿ (2.3). Òîãäà u �
âÿçêîñòíîå ðåøåíèå ýòîãî óðàâíåíèÿ.

Òàêèì îáðàçîì, ïðîáëåìà ñóùåñòâîâàíèÿ âÿçêîñòíîãî ðåøåíèÿ óðàâíåíèÿ
(2.3) ñâîäèòñÿ ê ñóùåñòâîâàíèþ õîòÿ áû îäíîé èç ôóíêöèé u èëè u. Ïî
àíàëîãèè ñ ãàðìîíè÷åñêèì ñëó÷àåì ðåøåíèåì Ïåððîíà ïðèíÿòî íàçûâàòü
ôóíêöèþ u.

Ïîíÿòèå âÿçêîñòíîãî ðåøåíèÿ ÿâëÿåòñÿ êîððåêòíûì, åñëè äîêàçàíà åãî
åäèíñòâåííîñòü. Ýòà ïðîáëåìà áûëà ðåøåíà â ðàáîòå [21], ãäå áûë äîêàçàí
ïðèíöèï ìàêñèìóìà äëÿ íåïðåðûâíûõ âÿçêîñòíûõ ðåøåíèé è íåïðåðûâíûõ
ôóíêöèé F .

Ñëåäñòâèåì ïðèíöèïà ìàêñèìóìà èç [21] áûëà ëåììà, äîêàçàííàÿ
Í.Òðóäèíãåðîì â ñòàòüå [18]. Ïðèâåä¸ì ýòó ëåììó.

Ëåììà 2.4. Ïóñòü ôóíêöèÿ F óäîâëåòâîðÿåò â Γ íåðàâåíñòâàì

|F (x, u, p, r)− F (y, u, p, r)| ≤ ω (|x− y|) ,

ãäå
ω (t)→ 0 ïðè t→ 0, (2.8)

F (x, u, p, r)− F (x, u+ t, p, r) ≥ 0, t ≥ 0. (2.9)

Ïðåäïîëîæèì òàêæå, ÷òî âûïîëíåíî íåðàâåíñòâî (2.7) ëåììû 2.3 ñ
ìàòðèöàìè η ≥ 0.

Òîãäà äëÿ ôóíêöèé u, v ∈ C
(
Ω̄
)
, óäîâëåòâîðÿþùèõ íåðàâåíñòâàì

F [u] ≥ δ, F [v] ≤ 0 â Ω â âÿçêîñòíîì ñìûñëå (δ > 0) ñïðàâåäëèâî
íåðàâåíñòâî

u− v ≤ max
∂Ω

(u− v)+ , x ∈ Ω. (2.10)

Â îáëàñòè Ω ïîñòàâèì çàäà÷ó Äèðèõëå äëÿ óðàâíåíèÿ (2.3) ñ ãðàíè÷íûì
óñëîâèåì

u|∂Ω = ϕ, ϕ ∈ C (∂Ω) . (2.11)

Ïðèìåíåíèå ìåòîäà Ïåððîíà è ïðèíöèïà ìàêñèìóìà ïðèâîäèò ê
ñëåäóþùåìó óòâåðæäåíèþ.
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Òåîðåìà 2.5. Ïóñòü ôóíêöèÿ F = F (x, u, p, r) ∈ C (Γ), ãäå Γ = Ω ×
R× Rn × Sym (n), óäîâëåòâîðÿåò â Γ óñëîâèÿì (2.7)�(2.9). Ïðåäïîëîæèì,
÷òî ñóùåñòâóþò õîòÿ áû îäíî íåïðåðûâíîå ñóáðåøåíèå è íåïðåðûâíîå
ñóïåððåøåíèå óðàâíåíèÿ (2.3), ðàâíûå ϕ (x) íà ∂Ω. Òîãäà ñóùåñòâóåò
åäèíñòâåííîå íåïðåðûâíîå âÿçêîñòíîå ðåøåíèå çàäà÷è (2.3), (2.11).

Òàêèì îáðàçîì, ïðîáëåìà ðàçðåøèìîñòè çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ
(2.3) â âÿçêîñòíîì ñìûñëå ñâåäåíà ê âîïðîñó ñóùåñòâîâàíèÿ ñóá- è
ñóïåððåøåíèÿ.

Îòìåòèì, ÷òî ñóïåððåøåíèÿ äëÿ óðàâíåíèÿ (2.3) ìîæíî ëåãêî ïîñòðîèòü.
Ïîêàæåì ýòî íà ïðèìåðå çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ìîíæà-Àìïåðà

detuxx = f â Ω, (2.12)

f ≥ ν > 0,

ñ ãðàíè÷íûì óñëîâèåì (2.11). Çäåñü uxx � ìàòðèöà Ãåññå ôóíêöèè u ∈ C2
(
Ω̄
)
,

Ω � ñòðîãî âûïóêëàÿ îáëàñòü.

Ìîæíî ïîêàçàòü, ÷òî ðåøåíèå çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà

∆u = 0, u|∂Ω = ϕ,

ÿâëÿåòñÿ ñóïåððåøåíèåì çàäà÷è (2.12), (2.11).

Îäíàêî âîïðîñ î ñóùåñòâîâàíèè ñóáðåøåíèé îñòà¸òñÿ îòêðûòûì.
Ïðîäåìîíñòðèðóåì ýòî îïÿòü íà ïðèìåðå çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ
Ìîíæà-Àìïåðà (2.12) ñ ãðàíè÷íûì óñëîâèåì

u|∂Ω = const. (2.13)

Âîïðîñ î ðàçðåøèìîñòè çàäà÷è (2.12), (2.13) òåñíî ñâÿçàí ñî ñâîéñòâàìè
ãðàíèöû ∂Ω.

Â ðàáîòå [22] ïîêàçàíî, ÷òî åñëè ãàóññîâà êðèâèçíà ïîâåðõíîñòè ∂Ω
âûðîæäàåòñÿ õîòÿ áû â îäíîé òî÷êå x0 ∈ ∂Ω, ò.å. G (∂Ω) (x0) = 0, òî çàäà÷à
(2.12), (2.13) âîîáùå íå èìååò C2-ãëàäêèõ ðåøåíèé. Òàêèì îáðàçîì,{

u ∈ C2
(
Ω̄
)

: detuxx > 0, u|∂Ω = const
}

= ∅.

�3 Ñâîéñòâà m-ñëåäîâ ñèììåòðè÷íûõ ìàòðèö

Ðàññìîòðèì ïðîñòðàíñòâî Sym (n) ñèììåòðè÷íûõ ìàòðèö ðàçìåðà n × n.
Âûáåðåì è çàôèêñèðóåì ÷èñëî m, 1 ≤ m ≤ n. Îáîçíà÷èì ñèìâîëîì trmS
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ñóììó âñåõ ãëàâíûõ ìèíîðîâ ïîðÿäêà m ìàòðèöû S ∈ Sym (n). Â ÷àñòíîñòè,
tr1S = trS, trnS = detS. Ïî îïðåäåëåíèþ ïîëàãàþò tr0S = 1.

Ïóñòü S ∈ Sym (n), ðàññìîòðèì ôóíêöèþ

Tm (S) =
trmS

Cm
n

.

Èç òåîðèè ãèïåðáîëè÷åñêèõ ìíîãî÷ëåíîâ èçâåñòíî, ÷òî ôóíêöèÿ Tm (S)
ÿâëÿåòñÿ ãèïåðáîëè÷åñêèì ìíîãî÷ëåíîì â íàïðàâëåíèè åäèíè÷íîé ìàòðèöû
I, à êàæäûé ãèïåðáîëè÷åñêèé ìíîãî÷ëåí ïîðîæäàåò êîíóñ Ãîðäèíãà [23], [14],
[24].

Îáîçíà÷èì êîíóñ Ãîðäèíãà äëÿ ìíîãî÷ëåíà Tm (S) ñèìâîëîì Km è
ïðèâåä¸ì ÷åòûðå ðàâíîñèëüíûõ îïðåäåëåíèÿ ìíîæåñòâà Km.

Îïðåäåëåíèå 3.1. Äëÿ I-ãèïåðáîëè÷åñêîãî ìíîãî÷ëåíà Tm (S) íàçîâ¸ì
êîíóñîì Ãîðäèíãà ìíîæåñòâî

(i) Km, ñîñòîÿùåå ðîâíî èç òàêèõ ìàòðèö S, äëÿ êîòîðûõ ìíîãî÷ëåí

p (t) = Tm (S + tI) =
m∑
k=0

Ck
mTk (S) tm−k (3.1)

èìååò òîëüêî îòðèöàòåëüíûå êîðíè;

(ii) Km � ýòî êîìïîíåíòà ñâÿçíîñòè ìíîæåñòâà {S : Tm (S) > 0},
ñîäåðæàùàÿ åäèíè÷íóþ ìàòðèöó I;

(iii) Km = {S ∈ Sym (n) : Ti (S) > 0, i = 1, 2, ...,m};
(iv) Km = {S ∈ Sym (n) : Tm (S + tI) > Tm (S) > 0, t > 0};

Îïðåäåëåíèå 3.2. Ìàòðèöû S ∈ Km íàçûâàþòñÿ m-ïîëîæèòåëüíûìè.

Äëÿ êîíóñîâ Ãîðäèíãà ñïðàâåäëèâà öåïî÷êà âëîæåíèé

Kn ⊂ Kn−1 ⊂ ... ⊂ K1.

�4 m-Ãåññèàíîâñêèå îïåðàòîðû è èõ ñâîéñòâà

Ïîëîæèì Ω ⊂ Rn, u ∈ C2 (Ω), uxx � ìàòðèöà Ãåññå ôóíêöèè u. Ââåä¸ì
îïåðàòîð, ïîðîæä¸ííûé ôóíêöèåé Tm (S)

Tm [u] = Tm (uxx) ,
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êîòîðûé íàçûâàåòñÿ m-ãåññèàíîâñêèì.

Îòìåòèì, ÷òî ïðè m = 1 T1 [u] = ∆u
n , ãäå ∆u � îïåðàòîð Ëàïëàñà, ïðè

m = n Tn [u] = detuxx � îïåðàòîð Ìîíæà-Àìïåðà.

Îïðåäåëåíèå 4.1. Ôóíêöèÿ u ∈ C2 (Ω) íàçûâàåòñÿ m-äîïóñòèìîé â
îáëàñòè Ω, åñëè uxx ∈ Km, x ∈ Ω.

Ìíîæåñòâî m-äîïóñòèìûõ ôóíêöèé îáðàçóåò ôóíêöèîíàëüíûé êîíóñ

Km =
{
u ∈ C2 (Ω) : uxx ∈ Km, x ∈ Ω

}
.

Ñïðàâåäëèâà öåïî÷êà âëîæåíèé

Kn ⊂ Kn−1 ⊂ ... ⊂ K1.

Âïåðâûå êîíóñû m-äîïóñòèìûõ ôóíêöèé áûëè ââåäåíû â ðàáîòå [10].
Â íåé îïèñàíû ñâîéñòâà êîíóñîâ Km. Â ÷àñòíîñòè, äëÿ ôóíêöèè u ∈ Km

âûïîëíåíû íåðàâåíñòâà Ìàêëîðåí

T
1
m
m [u] ≤ T

1
m−1

m−1 [u] ≤ ... ≤ T1 [u] =
∆u

n
.

Â îáëàñòè Ω ðàññìîòðèì óðàâíåíèå

Tm [u] = f, f ≥ ν > 0. (4.1)

Âûÿñíèì, êàêèå C2-ôóíêöèè ÿâëÿþòñÿ ñóáðåøåíèÿìè óðàâíåíèÿ (4.1).
Ïîëîæèì

F [u] = Tm [u]− f.

Òîãäà (2.4) ðàâíîñèëüíî íåðàâåíñòâó

Tm

(
r+
)
≥ f (x) > 0, (4.2)

ãäå r+ = uxx (x+) + A (x+), A ∈ Sym (n), A ≥ 0.

Â ÷àñòíîñòè äëÿ A = tI, ãäå t ≥ 0, èìååì

Tm (uxx + tI) ≥ f (x) > 0. (4.3)

Íåðàâåíñòâî (4.3) îçíà÷àåò, ÷òî ìíîãî÷ëåí p (t),
îïðåäåë¸ííûé ðàâåíñòâîì (3.1), èìååò òîëüêî îòðèöàòåëüíûå êîðíè, à ýòî
çíà÷èò, ÷òî uxx ∈ Km.

Òàêèì îáðàçîì, íåðàâåíñòâî (4.3) îïèñûâàåò êîíóñ Km, à èìåííî, åñëè
u ∈ C2 ÿâëÿåòñÿ ñóáðåøåíèåì óðàâíåíèÿ (4.1), òî u ∈ Km.
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�5 Îá ýëëèïòè÷íîñòè m-ãåññèàíîâñêèõ îïåðàòîðîâ

Â ðàáîòàõ Ñ.Í.Áåðíøòåéíà [1], ïîñâÿù¸ííûõ äâóìåðíûì
ïîëíîñòüþ íåëèíåéíûì óðàâíåíèÿì âòîðîãî ïîðÿäêà, áûëî ââåäåíî ïîíÿòèå
ýëëèïòè÷íîñòè óðàâíåíèÿ íà ðåøåíèè. Ýòî çíà÷èò, ÷òî â ñëó÷àå óðàâíåíèÿ
(2.3) íà ðåøåíèè u ∈ C2 (Ω) âûïîëíåíî íåðàâåíñòâî

∂F [u]

∂uij
ξiξj > 0, |ξ| = 1, ξ ∈ Rn.

Â ðàáîòå [10] áûëî ïîêàçàíî, ÷òî îïåðàòîð Tm [u] ýëëèïòè÷åí â êîíóñå
Km, ïðè÷¸ì

1

c (n)

(
ν

µ

)
≤ ∂Tm [u]

∂uij
ξiξj ≤ c (n)

(µ
ν

)m−1

, (5.1)

ãäå ξ ∈ Rn, |ξ| = 1, åñëè Tm [u] ≥ ν > 0, T1 [u] ≤ µ â Ω.

Òàêèì îáðàçîì Tm [u] ÿâëÿåòñÿ ýëëèïòè÷åñêèì íà êàæäîì m-äîïóñòèìîì
ðåøåíèè óðàâíåíèÿ (4.1) ïðè óñëîâèè f ≥ ν > 0 â Ω è ïðè íàëè÷èè àïðèîðíîé
îöåíêè ||u||C2(Ω).

Â ðàáîòàõ [14], [25] áûëè ïðèâåäåíû ïðèìåðû, ïîêàçûâàþùèå, ÷òî
íåðàâåíñòâî (5.1) íå ãàðàíòèðóåò îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è (4.1),
(2.11).

Â ýòèõ ðàáîòàõ ïîñòðîåíû ïðèìåðû çàäà÷è Äèðèõëå äëÿ 5-ãåññèàíîâñêîãî
óðàâíåíèÿ â åäèíè÷íîì øàðå B1 ⊂ R6, êîòîðàÿ èìååò ïî êðàéíåé ìåðå äâà
ãëàäêèõ ðåøåíèÿ êëàññà C2, ïðè÷¸ì îïåðàòîð T5 ÿâëÿåòñÿ ýëëèïòè÷åñêèì íà
ýòèõ ðåøåíèÿõ. À èìåííî, ïîñòðîåíà ôóíêöèÿ

w (x) =
9

40

(
x1
)2 −

6∑
i=2

(
xi
)2
,

êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Äèðèõëå

T5 (wxx) =
2

3
, (5.2)

w|∂B1
=

49

40

(
x1
)2 − 1.

Ïðè ýòîì
∂T5 [w]

∂wij
ξiξj ≥ 4

15
,

ξ ∈ Rn, |ξ| = 1, ò.å. óðàâíåíèå (5.2) ýëëèïòè÷íî íà ðåøåíèè w.
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Ïîêàæåì, ÷òî ôóíêöèÿ w (x) íå ÿâëÿåòñÿ âÿçêîñòíûì ðåøåíèåì
óðàâíåíèÿ (5.2), à èìåííî íå ÿâëÿåòñÿ åãî ñóáðåøåíèåì. Ïðåäïîëîæèì, ÷òî
ýòî íå òàê è w (x) � âÿçêîñòíîå ñóáðåøåíèå. Òîãäà, âûïîëíåíî íåðàâåíñòâî

T5 (wxx + tI) ≥ T5 (wxx) , t ≥ 0. (5.3)

Èñïîëüçóÿ ðàçëîæåíèå (3.1) äëÿ ôóíêöèè T5 (wxx + tI), ïîëó÷èì

T5 (wxx + tI) = t5 + 5T1 (wxx) t
4 + 10T2 (wxx) t

3+

+10T3 (wxx) t
2 + 5T4 (wxx) t+ T5 (wxx) .

Ïîñëåäíåå ñîîòíîøåíèå è íåðàâåíñòâî (5.3) ïðèâîäÿò ê íåðàâåíñòâó

t
(
t4 + 5T1 (wxx) t

3 + 10T2 (wxx) t
2 + 10T3 (wxx) t+ 5T4 (wxx)

)
≥ 0,

êîòîðîå íåâîçìîæíî, íàïðèìåð, ïðè t = 1, 6. Çíà÷èò, íàøå ïðåäïîëîæåíèå
îøèáî÷íî. Òàêèì îáðàçîì, ïîñòðîåííîå ðåøåíèå çàäà÷è (5.2) íå ÿâëÿåòñÿ
ñóáðåøåíèåì, ò.å. íå ÿâëÿåòñÿ âÿçêîñòíûì ðåøåíèåì è íå ïðèíàäëåæèò
êîíóñó äîïóñòèìûõ ôóíêöèé K5.

Ýòîò ïðèìåð ïîêàçûâàåò, ÷òî çàäà÷à Äèðèõëå äëÿ ïîëíîñòüþ íåëèíåéíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà
êîððåêòíà òîëüêî äëÿ âÿçêîñòíûõ ðåøåíèé. Ïðè ýòîì îíà èìååò íå áîëåå
îäíîãî ðåøåíèÿ òîëüêî íà ìíîæåñòâå âñåõ ñóáðåøåíèé.
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