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Àííîòàöèÿ

Ðàññìàòðèâàåòñÿ îáîáù¼ííîå óðàâíåíèå Ðýëåÿ. Ïðåäëîæåí ìåòîä
ïîèñêà ïåðâûõ èíòåãðàëîâ, îñíîâàííûé íà àëãîðèòìå, èñïîëüçóþùåì
àëüòåðíàòèâíûå îáîáù¼ííûå îïåðàòîðû. Íàéäåíû ìîäåëüíûå óðàâíåíèÿ
äàííîãî òèïà è èõ ïåðâûå èíòåãðàëû.

Êëþ÷åâûå ñëîâà: àëüòåðíàòèâíûé îáîáù¼ííûé îïåðàòîð, ïåðâûé
èíòåãðàë, îáîáù¼ííîå óðàâíåíèå Ðýëåÿ

Abstract

The article deals with the generalized Rayleigh equation. We o�er a method
for search of �rst integrals. It is based on the algorithm that uses alternative
generalized operators. Model equations of this type and their �rst integrals are
found.

Keywords: alternative generalized operator, �rst integral, generalized Rayleigh
equation
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êàê ïîçâîëÿåò ïîíèçèòü ïîðÿäîê óðàâíåíèÿ è ïîëó÷èòü äîïîëíèòåëüíóþ
èíôîðìàöèþ î ìíîæåñòâå ðåøåíèé. Â êàêîì-òî ñìûñëå çíàíèå ïåðâîãî
èíòåãðàëà äàæå áîëåå èíôîðìàòèâíî: ìû ïîëó÷àåì óðàâíåíèå ì�åíüøåãî
ïîðÿäêà îòíîñèòåëüíî èñõîäíûõ ïåðåìåííûõ è ÿâíóþ çàâèñèìîñòü îò îäíîé
èç ïðîèçâîëüíûõ êîíñòàíò. Ýòî ïîçâîëÿåò óæå íà ïðîìåæóòî÷íîé ñòàäèè
ðåøåíèÿ óäîâëåòâîðèòü îäíîìó èç êðàåâûõ èëè íà÷àëüíûõ óñëîâèé è òåì
ñàìûì ñóùåñòâåííî îáëåã÷èòü äàëüíåéøåå ðåøåíèå çàäà÷è.

Êàê èçâåñòíî, ëþáîé èçâåñòíûé ìåòîä ïîèñêà ïåðâûõ èíòåãðàëîâ
â îáùåì âèäå ÿâëÿåòñÿ íåàëãîðèòìè÷íûì, è äëÿ ðåàëèçàöèè òðåáóåò
êàêîãî-òî èçíà÷àëüíîãî ïðåäïîëîæåíèÿ � àíçàöà, íàïðèìåð, çàäàíèÿ
ñòðóêòóðû çàâèñèìîñòè ïåðâîãî èíòåãðàëà îò ñòàðøåé ïðîèçâîäíîé (áåç
àíçàöà îáà îáùåèçâåñòíûõ ìåòîäà � ïðÿìîé è ìåòîä îïåðàòîðîâ Ýéëåðà
âûñøèõ ïîðÿäêîâ íåýôôåêòèâíû). Çàìåòèì âïðî÷åì, ÷òî àíçàö òðåáóåòñÿ
è äëÿ àëãîðèòìîâ ãðóïïîâîãî àíàëèçà � êëàññè÷åñêèé ìåòîä Ñ. Ëè
îñíîâàí íà ïîèñêå òî÷å÷íûõ ïðåîáðàçîâàíèé, ÷òî ñàìî ïî ñåáå ÿâëÿåòñÿ
àíçàöåì, ïðè÷¼ì äîñòàòî÷íî æ¼ñòêèì. Ïîýòîìó ÷àñòî óñïåõ â ðåøåíèè
çàäà÷è îïðåäåëÿåòñÿ óäà÷íûì âûáîðîì èñõîäíîãî ïðåäïîëîæåíèÿ. Ýòî
îáñòîÿòåëüñòâî ñòèìóëèðóåò ïîèñê äðóãèõ ìåòîäîâ, êîòîðûå ïðè ñõîæèõ
àíçàöàõ ìîãóò äàòü èíûå ðåçóëüòàòû. Îäèí èç ýòèõ ìåòîäîâ ïðÿìî ñëåäóåò èç
2-îé òåîðåìû î ôàêòîðèçàöèè [1] è ïðèìåíåíèÿ àëüòåðíàòèâíûõ ñèììåòðèé
[2].

Ðàññìîòðèì êëàññ îáîáù¼ííûõ óðàâíåíèé Ðýëåÿ

y′′ + f(y)g(y′) + h(y) = 0. (1)

Óðàâíåíèÿ òàêîãî òèïà ÷àñòî âñòðå÷àþòñÿ â çàäà÷àõ íåëèíåéíîé ìåõàíèêè.
×àñòíûìè ñëó÷àÿìè óðàâíåíèÿ (1) ÿâëÿåòñÿ õîðîøî èçâåñòíåå óðàâíåíèå
Ëüåíàðà [3]. Î÷åâèäíî, â ñèëó àâòîíîìíîñòè óðàâíåíèå (1) äîïóñêàåò
îïåðàòîð X1 = ∂x. Ïîíèæåíèå ïîðÿäêà y′ = p(y) ïðèâîäèò ê óðàâíåíèþ

pp′ + f(y)g(p) + h(y) = 0, (2)

ðåøèòü êîòîðîå â àíàëèòè÷åñêîì âèäå ìîæíî ëèøü äëÿ î÷åíü íåáîëüøîãî
êîëè÷åñòâà òðîåê (f, g, h). Èñêëþ÷åíèÿìè ÿâëÿþòñÿ ëèøü ñëó÷àè, êîãäà
g(p) = p2 (òîãäà óðàâíåíèå (2) ñâîäèòñÿ ê ëèíåéíîìó) è g(p) = ap4 +
bp2 (óðàâíåíèå (2) ïðèâîäèòñÿ ê óðàâíåíèþ Ðèêêàòè, à ñëåäîâàòåëüíî,
ëèíåàðèçóåòñÿ). Äàæå ïðè g(p) = p ìû ïîëó÷àåì óðàâíåíèå Àáåëÿ 2-ãî ðîäà,
êàê ñëåäñòâèå óðàâíåíèÿ Ëüåíàðà.

Çàìåòèì, ÷òî â ðåäêèõ ñëó÷àÿõ óðàâíåíèå (1) äëÿ íåêîòîðîé òðîéêè
ôóíêöèé (f, g, h) óäà¼òñÿ ïðîèíòåãðèðîâàòü ñ ïîìîùüþ ñîâðåìåííûõ ñèñòåì
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àíàëèòè÷åñêèõ âû÷èñëåíèé (íàïðèìåð, MAPLE), íî ýòî íå âñåãäà ïîìîãàåò
ïðè ðåøåíèè ðÿäà çàäà÷ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ � ïðè ïîñòðîåíèè
ïðîìåæóòî÷íîé ìîäåëè òðåáóåòñÿ íàéòè óðàâíåíèå, óäîâëåòâîðÿþùåå
íåêîòîðûì àïðèîðíûì óñëîâèÿì, íàïðèìåð óñëîâèþ ðàçðåøèìîñòè â
êîíå÷íîì àíàëèòè÷åñêîì âèäå. Ïî ñóùåñòâó ýòî � îáðàòíàÿ çàäà÷à, è
àëãîðèòìû å¼ ðåøåíèÿ ïîêà íàõîäÿòñÿ íà ñòàäèè àêòèâíîé ðàçðàáîòêè.

Åñëè îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå äîïóñêàåò íåêîòîðûé
àëüòåðíàòèâíûé îáîáù¼ííûé îïåðàòîð (â ÷àñòíîñòè, òî÷å÷íûé), òî ïåðâûé
èíòåãðàë ïîëó÷àåòñÿ â ðåçóëüòàòå ðåøåíèÿ ñîîòâåòñòâóþùåé ôàêòîðñèñòåìû.
Ê ñîæàëåíèþ, ïðè ýòîì âîçíèêàåò íåñêîëüêî ñëîæíîñòåé, ñâÿçàííûõ
êàê ñ ðàçðåøèìîñòüþ óðàâíåíèÿ, êîòîðîìó óäîâëåòâîðÿþò èíâàðèàíòû
äîïóñêàåìîãî îïåðàòîðà, òàê è ñ ðåøåíèåì ñàìîé ôàêòîðñèñòåìû. Ïîýòîìó,
ôîðìóëèðóÿ îáðàòíóþ çàäà÷ó, ïðèõîäèòñÿ íàêëàäûâàòü äîïîëíèòåëüíûå
óñëîâèÿ íà êîýôôèöèåíòû îïåðàòîðà. Íàïðèìåð, ïðè èññëåäîâàíèè
ñèììåòðèé êëàññà îáîáù¼ííûõ óðàâíåíèé Ðåëåÿ (1) äîïóñêàåìûé îïåðàòîð
èñêàëñÿ â âèäå

X = ∂x + α(x, y)yk∂y + β(x, y)ym∂y′.

Îäíèì èç ïåðâûõ ðåçóëüòàòîâ, êîòîðûé ïîëó÷àåòñÿ ñðàâíèòåëüíî ïðîñòî,
ÿâëÿåòñÿ óðàâíåíèå

y′′ + ae3y(y′)−1 + be2y = 0, a, b ∈ R, (3)

äîïóñêàþùåå îïåðàòîð

X = ∂x − x−1∂y − x−1y′∂y′.

Íåòðóäíî ïðîâåðèòü, ÷òî ýòî óðàâíåíèå äîïóñêàåò äâóìåðíóþ òî÷å÷íóþ
àëãåáðó, à ñëåäîâàòåëüíî, ïðåäñòàâèìî â âèäå ôàêòîðñèñòåìû:

t = xey,

u = −xy′,

u′ =
au3 − ut− bt3

t2(u− 1)
.

Âåñüìà èíòåðåñíîé ïîëó÷èëàñü ôîðìà åãî ïåðâîãî èíòåãðàëà: îí àâòîíîìíûé
è âûðàæàåòñÿ ÷åðåç êâàäðàòóðû îò äðîáíî-ðàöèîíàëüíûõ ôóíêöèé

I = y +

∫
z2 dz

z3 + bz + a
, z = y′e−y,
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õîòÿ ïðè ýòîì ñàì èíòåãðàë äðîáíî-ðàöèîíàëüíîé ôóíêöèåé íå ÿâëÿåòñÿ.
Òàêîãî ðîäà ôîðìû äîñòàòî÷íî óäîáíû äëÿ èññëåäîâàíèÿ ïàêåòàìè
ñèìâîëüíûõ âû÷èñëåíèé, òàê êàê ýòè ïàêåòû õîðîøî ñïðàâëÿþòñÿ ñ çàäà÷àìè
íà ðàñùåïëåíèå ìíîãî÷ëåíîâ íà ñëàãàåìûå ïî ñòåïåíÿì ïåðåìåííûõ,
à ñëåäîâàòåëüíî, äàþò âîçìîæíîñòü ïðîâîäèòü èññëåäîâàíèÿ çàäà÷ ñ
äîñòàòî÷íî áîëüøèìè ñòåïåíÿìè è áîëüøèì ÷èñëîì ñëàãàåìûõ. Ê òîìó æå
àâòîíîìíîñòü ïåðâîãî èíòåãðàëà óðàâíåíèÿ 2-ãî ïîðÿäêà ãàðàíòèðóåò íàì
ðåøåíèå èñõîäíîãî óðàâíåíèÿ â êâàäðàòóðàõ (äîïóñêàåìûé îïåðàòîð X = ∂x
ÿâëÿåòñÿ â ýòîì ñëó÷àå îïåðàòîðîì âàðèàöèîííîé ñèììåòðèè).

Âïîëíå ðàçóìíî ïðîâåðèòü ãèïîòåçó î òîì, ÷òî ñóùåñòâóåò ïîäêëàññ
óðàâíåíèé êëàññà (1), îáëàäàþùèõ ïåðâûì èíòåãðàëîì âèäà

I = y +

∫
P (z) dz

Q(z)
, z = u(y′)v(y),

ãäå P (z), Q(z) � ìíîãî÷ëåíû. Â ðåçóëüòàòå óäàëîñü íå òîëüêî îáîáùèòü
óðàâíåíèå (3), íî è ïîëó÷èòü åù¼ äâà íîâûõ ìîäåëüíûõ óðàâíåíèÿ:

1) óðàâíåíèå
y′′ + ae(2−n)y(y′)n + be2y = 0

è åãî ïåðâûé èíòåãðàë

I = y +

∫
z dz

azn + z2 + b
, z = y′e−y;

2) óðàâíåíèå
y′′ + y−1(y′)2(ay′ − 1) + by2 = 0

è åãî ïåðâûé èíòåãðàë

I = y +

∫
z dz

az3 + b
, z = y′/y;

3) óðàâíåíèå
y′′ + 2y−1(y′)2

(
a(y′)2 − 1

)
+ by = 0

è åãî ïåðâûé èíòåãðàë

I = y +

∫
z dz

az2 + 2b
, z = (y′)2/y.

Ñëåäóþùèì âîïðîñîì (åñòåñòâåííûì äëÿ ãðóïïîâîãî àíàëèçà) ÿâëÿåòñÿ
âîïðîñ îá îïåðàòîðàõ, èíâàðèàíòû êîòîðûõ ôàêòîðèçóþò óðàâíåíèå òàêèì
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îáðàçîì, ÷òî ðåøåíèå âíåøíåãî óðàâíåíèÿ ôàêòîðñèñòåìû äà¼ò ïåðâûé
èíòåãðàë. Äåéñòâèòåëüíî, åñëè äëÿ óðàâíåíèÿ

y′′ = F (x, y, y′)

ôàêòîðñèñòåìà èìååò âèä 
u = u(x, y, y′),

t = t(x, y, y′),

u′t = 0,

òî u = u(x, y, y′) � ïåðâûé èíòåãðàë èñõîäíîãî óðàâíåíèÿ. Êàê îêàçàëîñü,
äëÿ âñåõ ïîëó÷åííûõ óðàâíåíèé êëàññà (1) ïåðâûé èíòåãðàë ÿâëÿåòñÿ
èíâàðèàíòîì îïåðàòîðà

X = y′∂y − [f(y)g(y′) + h(y)]∂y′ = y′∂y + y′′
∣∣∣
(1)
∂y′′ = (Dx − ∂x)

∣∣∣
(1)
.

Ýòî ñîâïàäåíèå íå ñëó÷àéíî. Ëþáîå àâòîíîìíîå óðàâíåíèå

y′′ = F (y, y′) (4)

â êà÷åñòâå äîïóñêàåìîãî îïåðàòîðà óæå èìååò îïåðàòîð ïåðåíîñà ∂x
è îïåðàòîð ïîëíîé ïðîèçâîäíîé Dx, ïîýòîìó îíî òàêæå äîïóñêàåò
àëüòåðíàòèâíûé îáîáù¼ííûé îïåðàòîð

X = (Dx − ∂x)
∣∣∣
(4)

= y′∂y + y′′
∣∣∣
(4)
∂y′. (5)

Ðàññìîòðèì èíâàðèàíò ýòîãî îïåðàòîðà U = U(y, y′), êîòîðûé óäîâëåòâîðÿåò
óðàâíåíèþ

y′Uy + y′′
∣∣∣
(4)
Uy′ = 0, (6)

è ïîêàæåì, ÷òî îí áóäåò ïåðâûì èíòåãðàëîì óðàâíåíèÿ (4). Äåéñòâèòåëüíî

Dx(U)
∣∣∣
(4)

= (Uy + y′′Uy′)
∣∣∣
(4)

= y′Uy + y′′
∣∣∣
(4)
Uy′ = [(6)] = 0.

Òàêèì îáðàçîì, âñå ïåðâûå èíòåãðàëû àâòîíîìíîãî óðàâíåíèÿ (4) ÿâëÿþòñÿ
ïåðâûìè äèôôåðåíöèàëüíûìè èíâàðèàíòàìè îïåðàòîðà (5).

Íàéäåííûå âûøå ÷àñòíûå ñëó÷àè îáîáù¼ííîãî óðàâíåíèÿ Ðýëåÿ ÿâëÿþòñÿ
íîâûìè è îòñóòñòâóþò â ñïðàâî÷íèêå [3]. Îíè ìîãóò èñïîëüçîâàòüñÿ â
ìîäåëèðîâàíèè è ïðè ðåøåíèè çàäà÷ íåëèíåéíîé ìåõàíèêè:
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1) â êà÷åñòâå òî÷íîé ìîäåëè � â ñëó÷àå, êîãäà ðåøåíèå ìîäåëüíîãî
óðàâíåíèÿ àäåêâàòíî îïèñûâàåò èçó÷àåìûé ïðîöåññ;

2) â êà÷åñòâå ïðîìåæóòî÷íîé ìîäåëè � ;
3) â êà÷åñòâå ýòàëîííîé ìîäåëè � .

Ðàññìîòðèì êëàññ óðàâíåíèé Ëüåíàðà (÷àñòíûé ñëó÷àé óðàâíåíèÿ Ðýëåÿ
(1) ïðè g(y′) = y′)

y′′ + f(y)y′ + h(y) = 0. (5)

Êàê óêàçûâàëîñü âûøå, ïîíèæåíèå ïîðÿäêà y′ = p(y) ïðèâîäèò ê óðàâíåíèþ
Àáåëÿ

pp′ + f(y)p+ h(y) = 0, (6)

Áóäåì èñêàòü äîïóñêàåìûå óðàâíåíèåì (5) àëüòåðíàòèâíûå îáîáù¼ííûå
îïåðàòîðû âèäà [4]

X = ∂x +
a(y)

y′
∂y +

b(y)

y′
∂y′.

Íåòðèâèàëüíûì ðåøåíèåì îïðåäåëÿþùåãî óðàâíåíèÿ áóäåò ïîäêëàññ
óðàâíåíèé1

y′′ + Fyy
′ =

A

F
, (7)

ãäå A = const, F = F (y), è íåêëàññè÷åñêèå ñèììåòðèè âèäà

X2 = ∂x +
F

y′
∂y +

(A− F 2Fy)

y′
∂y′.

Ñîîòâåòñòâóþùàÿ ôàêòîðñèñòåìà èìååò âèä

t = y′ − A
∫

dy

F 2
+ F,

u =

(
y′ + F +

A

2

)∫
dy

F 2
−
∫
dy

F
+ x,

u′ =
t

A
.

Ðåøåíèå âíåøíåãî óðàâíåíèÿ ôàêòîðñèñòåìû

u =
t2

2A
+ C

1Çàìåòèì, ÷òî äàæå â ÷àñòíîì ñëó÷àå F (y) = αyk äëÿ ñîîòâåòñòâóþùåãî óðàâíåíèÿ Àáåëÿ (6) íàéäåíû
ðåøåíèÿ â çàìêíóòîì âèäå ëèøü äëÿ k = 1/2, 2/3, 1.
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äà¼ò íàì ïåðâûé èíòåãðàë óðàâíåíèÿ (7)

I = (y′)2 + 2Fy′ + F 2 − 2A

∫
dy

F
− 2Ax. (8)

Ïîðîæäàåìîå ïåðâûì èíòåãðàëîì (8) óðàâíåíèå ïåðâîãî ïîðÿäêà

(y′ + F )2 − 2A

∫
dy

F
− 2Ax = C (9)

èìååò ðåøåíèå

x+
C

2A
= −

∫
dy

F (y)
, (10)

êîòîðîå íå ÿâëÿåòñÿ (!) îäíîïàðàìåòðè÷åñêèì ñåìåéñòâîì ðåøåíèé
óðàâíåíèÿ (7) � íà èíòåãðàëüíîé êðèâîé (10) èíòåãðèðóþùèé ìíîæèòåëü
óðàâíåíèÿ (7)

R = 2
(
y′ + F (y)

)
îáðàùàåòñÿ â íóëü. Ïðèìåíåíèå ìåòîäà ââåäåíèÿ ïàðàìåòðà ê óðàâíåíèþ
(8) ïðèâîäèò ê óðàâíåíèþ Àáåëÿ (6), ñîîòâåòñòâóþùåìó óðàâíåíèþ (7), è
ê ðåøåíèþ (10), êîòîðîå ÿâëÿåòñÿ îñîáûì.
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