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Àííîòàöèÿ

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à Êîøè�Äèðèõëå íåëèíåéíîãî
óðàâíåíèÿ äèôôóçèè â ïåðâîì êâàäðàíòå ñî ñòåïåííûì âûðîæäåíèåì íà
ãðàíèöå. Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ îáîáùåíèå íåðàâåíñòâà
Àðîíñîíà�Áåíèëàíà, êîòîðîå çàòåì èñïîëüçóåòñÿ ïðè ïîëó÷åíèè òî÷íîé îöåí-
êè ðåøåíèÿ ñíèçó. Â ðàáîòå òàêæå ïîñòðîåíû ÷àñòíûå ðåøåíèÿ, êîòîðûå ïîä-
òâåðæäàþò òî÷íîñòü ïîëó÷åííûõ îöåíîê.

Êëþ÷åâûå ñëîâà: ñèëüíîå ðåøåíèå, ïàðàáîëè÷åñêîå óðàâíåíèå, íåðàâåí-
ñòâî Àðîíñîíà�Áåíèëàíà, íà÷àëüíî-êðàåâàÿ çàäà÷à.

Abstract

This paper deals with the Cauchy�Dirichlet problem for the nonlinear
di�usion equation in the �rst quadrant with exponential degeneracy on the
boundary. The main result of this paper generalizes the Aronson�Benilan
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inequality which is then used whenobtaining an explicit estimate of solution. The
accuracy of the results are con�rmed by the examples.

Keywords: strong solution, parabolic equation, inequality of Aronson�Benilan,
initial value problem.

1 Ââåäåíèå

Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ íåîòðèöàòåëüíûå ðåøåíèÿ íà÷àëüíî-êðà-
åâîé çàäà÷è âèäà

ut = (xα((um)x))x, (x, t) ∈ {(0,∞)× (0,∞)}, (1)

u(0, t) = 0, t > 0, (2)

u(x, 0) = u0(x), u0(x) > 0. (3)

Èçâåñòíî, ÷òî ïðè α = 0, è u0 ∈ L1(R+) ∩ L∞(R+) [2] ñóùåñòâóåò òî÷íî îäíî
ñëàáîå ðåøåíèå u = u(x, t) ∈ C([0,∞);L1(R+)] çàäà÷è Êîøè

ut = ((um)x)x, (x, t) ∈ {(−∞,+∞)× (0,∞)}, (1′)

u|t=0 = u0(x), (2′)

â C([0,∞);L1(R)), êîòîðîå óäîâëåòâîðÿåò óñëîâèþ

ess inf u0 6 u 6 ess sup u0. (4)

Èç ñîîòíîøåíèÿ (4) ñëåäóåò, ÷òî ñëàáîå ðåøåíèå ÿâëÿåòñÿ íåîòðèöàòåëüíîé
îãðàíè÷åííîé ôóíêöèåé â îáëàñòè Q = {(0,∞) × (−∞,+∞)}. Êðîìå òîãî,
êàê ñëåäóåò èç ðàáîòû [1], ñëàáîå ðåøåíèå u(t, x) çàäà÷è (1′), (2′) óäîâëåòâî-
ðÿåò íåðàâåíñòâàì

−θu
t

6 ut 6
γu

t
. (5)

Åñëè ut 6∈ L1
loc

((0,∞) × (−∞,∞)), òî íåðàâåíñòâî (5) ïîíèìàåòñÿ â ñëàáîì
ñìûñëå, ò. å. äëÿ ∀ϕ(t, x) ∈ C∞0 ((0,∞)× (−∞,+∞))

−θ
(u
t
, ϕ
)
6 (ut, ϕ) 6 γ

(u
t
, ϕ
)
. (5′)

Ïàðàìåòðû θ è γ âûðàæàþòñÿ ÷åðåç ïîñòîÿííóþ Áàðåíáëàòòà äëÿ (1′), ïî-
ñêîëüêó â (1′) γ = 0.
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Íåðàâåíñòâî Àðîíñîíà � Áåíèëàíà (5) îáîáùàëîñü ìíîãèìè àâòîðàìè [2],
[3], [4], ãäå ïîëó÷åíû òî÷íûå îöåíêè ïðîèçâîäíîé ut ïðè òåõ æå óñëîâèÿõ íà
íà÷àëüíóþ ôóíêöèþ. Íåîáõîäèìî òàêæå îòìåòèòü, ÷òî íåðàâåíñòâî (5) èñ-
ïîëüçîâàëîñü ïðè äîêàçàòåëüñòâå íåïðåðûâíîñòè ñëàáîãî ðåøåíèÿ â ðàáîòàõ
[4], [5]. Â ðàáîòàõ [6], [7] íåðàâåíñòâî Àðîíñîíà � Áåíèëàíà ïðèìåíÿëîñü ïðè
èçó÷åíèè àñèìïòîòèêè ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è äèôôåðåíöèàëüíî-
ãî óðàâíåíèÿ äèôôóçèè ñ êîíâåêòèâíûì ÷ëåíîì. Ìîæíî ïðèâåñòè è ìíîæå-
ñòâî äðóãèõ ïðèìåðîâ. Èç ñêàçàííîãî ñëåäóåò, ÷òî íåðàâåíñòâî (5) ñîäåðæèò
â ñåáå ïî÷òè òàêîé æå îáúåì èíôîðìàöèè, ÷òî è ñàìî äèôôåðåíöèàëüíîå
óðàâíåíèå.

Â íàñòîÿùåé ðàáîòå äîêàçûâàåòñÿ àíàëîã ëåâîé ÷àñòè íåðàâåíñòâà (5) äëÿ
ñèëüíîãî ðåøåíèÿ çàäà÷è (1)�(3) â çàâèñèìîñòè îò ñòåïåííîãî âûðîæäåíèÿ ó
ãðàíèöû, ñóùåñòâîâàíèå êîòîðîãî äîêàçàíî â ðàáîòå [8] ïðè íåêîòîðûõ îãðà-
íè÷åíèÿõ íà ïàðàìåòð α. Â ðàáîòå [8] òàêæå äàåòñÿ îïðåäåëåíèå ñèëüíîãî
ðåøåíèÿ çàäà÷è (1)�(3) â âåñîâûõ ïðîñòðàíñòâàõ ñîáîëåâñêîãî òèïà.

Äîêàçàòåëüñòâà óòâåðæäåíèé ïðèâîäÿòñÿ äëÿ ñëó÷àÿ ðàçìåðíîñòè N = 1
c èñïîëüçîâàíèåì ìåòîäîâ, àíàëîãè÷íûõ ìåòîäàì ðàáîò [1], [9].

2 Îñíîâíîé ðåçóëüòàò

Îñíîâíûì ðåçóëüòàòîì íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1 Ïóñòü u(x, t) � ñèëüíîå ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è

(1)�(3), m > 1, m + 1 − α > 0, òîãäà ïî÷òè âñþäó â Q = {(0,∞) × (0,∞)}
èìååò ìåñòî íåðàâåíñòâî

ut > −
1

m+ 1− α
· u
t
. (6)

Äîêàçàòåëüñòâî. Âíà÷àëå ïðåäïîëîæèì, ÷òî u0(x) ∈ C∞0 (0,∞), u0(x) >
0, è ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó

∂

∂t
(uε(t))−

∂

∂x

(
xα
(
∂(umε )

∂x

))
= 0, (t, x) ∈ {(0,∞)× (δ,∞)}, (1ε)

uε(0, x) = u0(x) + ε, 0 < δ < ε, (2ε)

uε(t, δ) = ε, ε � ïðîèçâîëüíî. (3ε)

Êàê èçâåñòíî [10] çàäà÷à (1ε)�(3ε) èìååò åäèíñòâåííîå ðåøåíèå

uε(t, x) ∈ C∞([0,∞)× (δ,∞)),
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óäîâëåòâîðÿþùåå óñëîâèþ

ε 6 uε(t, x) 6 supu0 + ε,

ïðè÷åì âñå ïðîèçâîäíûå ôóíêöèè uε(t, x) îãðàíè÷åíû ïðè t > 0. Êðîìå ýòîãî,

uε1 6 uε2 ïðè 0 < ε1 < ε2,

è ∞∫
δ

(uε(t, x)− ε) dx =

∞∫
δ

u0(x) dx ïðè ëþáîì t > 0.

Äîêàæåì âíà÷àëå íåðàâåíñòâî (6) äëÿ ðåøåíèÿ çàäà÷è (1ε)�(3ε).

Ïîëîæèì

v(uε) =
m

m− 1

(
um−1ε −

(ε
2

)m−1)
,

f(v) = (m− 1)v +m
(ε

2

)m−1
,

P (t, x) =
∂

∂x
(xαvx).

Â äàëüíåéøåì èíäåêñ ε ïðè uε äëÿ óäîáñòâà áóäåì îïóñêàòü, è u = u(t, x)
áóäåì ñ÷èòàòü ðåøåíèåì çàäà÷è (1ε)�(3ε).

Äëÿ ut èìååì

ut = (xα((um)x))x = (xα((um−1 · u)x))x =

= (xα((um−1)x) · u)x + (xαum−1ux)x = (xα((um−1)x) · u)x +
1

m
ut,

îòñþäà
m− 1

m
ut =

m− 1

m

∂

∂x
(xαvx · u).

Èç ïîñëåäíåãî ðàâåíñòâà áóäåì èìåòü

ut =

[
∂

∂x
(xαvx)

]
u+ xαvxux = P · u+mxαum−2(ux)

2.

Ñëåäîâàòåëüíî,
ut > Pu. (7)

Äàëåå èç îïðåäåëåíèÿ ôóíêöèè v, f , P èìååì

vt = mum−2ut = m ·
(
m− 1

m
v +

(ε
2

)m−1)m−2
m−1

· ut =

= [f(v)]
m−2
m−1 · ∂

∂x

(
xαf(v)

1
m−1 · vx

)
.
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Èç ïîñëåäíåãî ðàâåíñòâà ëåãêî âèäåòü, ÷òî

vt = f(v) · P + xαv2x. (8)

Íàéäåì çíà÷åíèå Pt. Èñïîëüçóÿ (8), èìååì

Pt = (xα((vt)x))x = αxα−1(f(v) · P )x + xα(f(v) · P )xx +

+ 2αxα−1vx ·P + 2xαvxx ·P + 2xαvx ·Px − α(2α−1)x2α−2v2x − 2αx2α−1vx · vxx =

= αxα−1(f(v) · P )x + xα(f(v) · P )xx + 2αxα−1vx · P + 2(P − αxα−1vx)P +

+ 2xαvx · Px − α(2α− 1)x2α−2v2x − 2αxα−1 · vx(P − αxα−1vx) =

= αxα−1(f(v)·P )x + xα(f(v)·P )xx + 2αxα−1vx · P + 2P 2 − 2αxα−1vx · P +

+ 2xαvx · Px − α(2α− 1)x2α−2v2x − 2αxα−1vx · P + 2α2x2α−2v2x =

= αxα−1(f(v) · P )x + xα(f(v) · P )xx + 2xαvx · Px − 2αxα−1vx · P + 2P 2+

+αx2α−2v2x = α(m− 1)xα−1vx · P + αxα−1f(v) · Px +

+xα ((m− 1) vx ·P + f(v)Px)x+ 2xαvx ·Px − 2αxα−1vx ·P + 2P 2 + αx2α−2v2x=

= α(m− 1)xα−1vx · P + αxα−1f(v)Px +

+xα ((m− 1)vxx · P + (m− 1)vx · Px + (m− 1)vx · Px + f(v)Pxx) +

+ 2xαvx · Px − 2αxα−1vx · P + 2P 2 + αx2α−2v2x =

= xαf(v)Pxx + 2mxαvx · Px + αxα−1f(v)Px +

+
(
α(m− 1)xα−1vx + (m− 1)xαvxx − 2αxα−1vx

)
P + 2P 2 + αx2α−2v2x =

= xαf(v)Pxx + 2mxαvx · Px + αxα−1f(v)Px +
(
(m− 1)P − 2αxα−1vx

)
P +

+ 2P 2 + αx2α−2 · v2x = xαf(v)Pxx + 2mxαvx · Px + αxα−1f(v)Px−
− 2αxα−1vx · P + (m+ 1)P 2 + αx2α−2 · v2x.

Äëÿ Pt ïîëó÷èì âûðàæåíèå

Pt = xαf(v)Pxx + 2mxαvx · Px + αxα−1f(v)Px − 2αxα−1vx · P +

+ (m+ 1)P 2 + αx2α−2v2x.

Òàê êàê 2αxα−1vx · P 6 αx2α−2v2x + αP 2, òî èç ïîñëåäíåãî ñîîòíîøåíèÿ ïîëó-
÷àåì íåðàâåíñòâî

Pt > xαf(v)Pxx + 2mxαvx · Px + αxα−1f(v)Px + (m+ 1− α)P 2.

Ðàññìîòðèì íåëèíåéíûé îïåðàòîð

A(W ) = xαf(v) ·Wxx + 2mxαvxWx + αxα−1f(v) ·Wx + (m+ 1− α)W 2.
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Íà îñíîâå ïîëó÷åííîãî ïàðàáîëè÷åñêîãî íåðàâåíñòâà èìååì Pt > A(P ). Íåîá-
õîäèìî íàéòè òàêóþ ôóíêöèþ W = W (v) = W (v(t, x)), êîòîðàÿ áû óäî-
âëåòâîðÿëà íåðàâåíñòâó Wt 6 A(W ) ñ íà÷àëüíîé ôóíêöèåé W (t, x)|t=0 =
W0(x) = −∞. Òîãäà íà îñíîâàíèè òåîðåìû ñðàâíåíèÿ [10] ìîæíî óòâåðæäàòü,
÷òî W (t, x) 6 P (t, x) äëÿ âñåõ t > 0.

Áóäåì èñêàòü ðåøåíèå íåðàâåíñòâà Wt 6 A(W ) âèäå

W (t, x) = −z(v(t, x))

t
.

Òîãäà áóäåì èìåòü

Wt = −z
′(v)

t
vt +

z(v)

t2
= −z

′(v)

t
vt +

1

z(v)
W 2,

Wx = −z
′(v)

t
vx; Wxx = −z

′′(v)

t
v2x −

z′(v)

t
vxx.

(9)

Òàê êàê, êðîìå ýòîãî,
vt = f(v) · P + xαv2x,

òî, èñïîëüçóÿ ðàâåíñòâî (9), ïîëó÷èì

Wt −
1

z(v)
W 2 = −z

′(v)

t
vt = −z

′(v)

t

(
f(v)P + xαv2x

)
=

= −z
′(v)

t

(
f(v) · (αxα−1vx + xαvxx) + xαv2x

)
=

= −αxα−1f(v)vx
z′(v)

t
− xαf(v)vxx ·

z′(v)

t
− xαv2x ·

z′(v)

t
=

= −αxα−1f(v)
z′(v)

t
vx + xαf(v)

(
Wxx +

z′′(v)

t
v2x

)
− xαv2x

z′(v)

t
=

= αxα−1f(v)Wx + xαf(v)Wxx + xαf(v)
z′′(v)

t
v2x − xαv2x

z′(v)

t
=

= A(W )− 2mxαvxWx − (m+ 1− α)W 2 + xαf(v)
z′′(v)

t
v2x − xαv2x ·

z′(v)

t
=

= A(W ) + 2mxαv2x ·
z′(v)

t
− (m+ 1− α)W 2 + xαf(v)

z′′(v)

t
v2x − xαv2x ·

z′(v)

t
.

Èòàê,

Wt = A(W ) + xαf(v) · v2x
z′′(v)

t
+ (2m− 1)xαv2x

z′(v)

t
+

+

[
1

z(v)
− (m+ 1− α)

]
W 2.
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Îïðåäåëèì ôóíêöèþ z(v) èç óñëîâèé

1) xαf(v)v2x
z′′(v)
t + (2m− 1)xαv2x

z′(v)
t = 0;

2) 1
z(v) − (m+ 1− α) 6 0.

Èç ïåðâîãî óñëîâèÿ èìååì

f(v)z′′(v) + (2m− 1)z′(v) = 0.

Äàííîå óðàâíåíèå ÿâëÿåòñÿ îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèåì
âòîðîãî ïîðÿäêà. Îáùåå ðåøåíèå êîòîðîãî èìååò âèä:

z(v) = c1
m− 1

m2 − 3m+ 1

(
v +

m

m− 1

(ε
2

)m−1)m2−3m+1
m(m−1)

+ c2,

c1, c2 � ïðîèçâîëüíûå ïîñòîÿííûå.

Ïðè c1 = 0 è c2 = 1
m+1−α óñëîâèÿ 1) è 2) óäîâëåòâîðÿþòñÿ, ñëåäîâàòåëüíî,

ôóíêöèÿ

W (z(t, x)) = − 1

(m+ 1− α)t

ÿâëÿåòñÿ ðåøåíèåì ïàðàáîëè÷åñêîãî íåðàâåíñòâà

Wt 6 A(W ).

Ïî òåîðåìå ñðàâíåíèÿ [10] èìååì

P (t, x) > − 1

(m+ 1− α)t
,

îòñþäà íà îñíîâàíèè (7) ïîëó÷èì

ut > P · u > − u

(m+ 1− α)t

èëè

∂

∂t
(uε(t)) > −

uε
(m+ 1− α)t

, uε ∈ C∞((0,∞)× (δ,∞)), 0 < δ < ε.

Äëÿ ïðåäåëüíîé ôóíêöèè u = u(t, x) èìååì ñëàáîå íåðàâåíñòâî, ò. å. äëÿ
∀ϕ ∈ C∞0 ((0,∞)× (0,∞))

(ut, ϕ) > − 1

m+ 1− α

(u
t
, ϕ
)
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èëè (
ut +

1

m+ 1− α
· u
t
, ϕ

)
> 0. (10)

Òàê êàê u = u(x, t) � ñèëüíîå ðåøåíèå çàäà÷è (1)�(3), òî

ut ∈ L1
loc

((0,∞)× (0,∞)),

è, ñëåäîâàòåëüíî,

ut +
1

m+ 1− α
· u
t
∈ L1

loc
((0,∞)× (0,∞)).

Ïîëîæèì â íåðàâåíñòâå (10)

ϕ = wε(t− τ, x− y),

ãäå

wε(t− τ, x− y) =

{
cε e

− ε2

ε2−(t−τ)2−(x−y)2 ,
√

(t− τ)2 + (x− y)2 6 ε,

0,
√

(t− τ)2 + (x− y)2 > ε.

Òîãäà ôóíêöèÿ

gε(t, x) =

(
ut +

1

m+ 1− α
· u
t
, wε(t− τ, x− y)

)
ÿâëÿåòñÿ ðåãóëÿðèçàöèåé ôóíêöèè

ut +
1

m+ 1− α
· u
t
.

Êàê èçâåñòíî [10], gε(t, x) ñõîäèòñÿ ê ut+
1

m+1−α ·
u
t â íîðìå L

1
loc

((0,∞)×(0,∞))
ïðè ε→ 0. Ñëåäîâàòåëüíî, ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü εk → 0 òàêàÿ, ÷òî
gεk(t, x) ñõîäèòñÿ ê ut +

1
m+1−α ·

u
t ïî÷òè âñþäó. Òàê êàê ïðè ýòîì gεk(t, x) > 0,

òî ïî÷òè âñþäó

ut +
1

m+ 1− α
· u
t
> 0.

Òåîðåìà äîêàçàíà.

Ïðèâåäåì ïðèìåð, äîêàçûâàþùèé íåóëó÷øàåìîñòü îöåíêè (6).

Ïîëîæèì

U(t, x) = t−
1

m+1−α

[
C − m− 1

(2− α)(m+ 1− α)

(
x2−α

t
2−α

m+1−α

)] 1
m−1

+

, (A)
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ãäå C > 0.

Íåòðóäíî ïðîâåðèòü, ÷òî U(t, x) ∈ L1
loc

((0,∞) × (0,∞)), è ÷òî U(t, x)
ÿâëÿåòñÿ òî÷íûì ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1), ïðè÷åì

Ut = − U(t, x)

(m+ 1− α)t
, (11)

äëÿ âñåõ x = at
1

m+1−α , a � ïðîèçâîëüíîå ïîëîæèòåëüíîå ÷èñëî. Îòñþäà ñëå-
äóåò, ÷òî îöåíêà (6) äëÿ íà÷àëüíî-êðàåâîé çàäà÷è (1)�(3) ÿâëÿåòñÿ òî÷íîé.

Èìååò ìåñòî ñëåäóþùåå ïðåäëîæåíèå

Ñëåäñòâèå 1 Åñëè ôóíêöèÿ u(t, x) ÿâëÿåòñÿ ñèëüíûì ðåøåíèåì çàäà÷è

(1)�(3), m + 1 − α > 0, m > 1, òî ïðè âñåõ t > 1 èìååò ìåñòî îöåíêà

ñíèçó

sup
x
u(t, x) > sup

x
u(1, x) · t−

1
m+1−α . (12)

Äîêàçàòåëüñòâî. Ïåðåìíîæèì îáå ÷àñòè íåðàâåíñòâà (6) íà up (p �
ïðîèçâîëüíûé ïàðàìåòð), çàòåì ïðîèíòåãðèðóåì ïîëó÷åííûå íåðàâåíñòâà ïî
x â ïðåäåëàõ îò 0 äî R. Áóäåì èìåòü

1

p+ 1

d

dτ

R∫
0

up+1(τ, x) dx > − 1

(m+ 1− α)τ

R∫
0

up+1(τ, x) dx. (13)

Ïóñòü E(τ) =
R∫
0

up+1(τ, x) dx, òîãäà (13) ïåðåïèøåòñÿ â âèäå

1

p+ 1

dE

dτ
> − E(τ)

(m+ 1− α)τ
.

Îòñþäà

1

p+ 1
d(lnE) > − dτ

(m+ 1− α)τ
= − 1

m+ 1− α
d(ln τ).

Èíòåãðèðóÿ ïîëó÷åííîå íåðàâåíñòâî îò 1 äî t, ïîëó÷èì

E(t)
1
p+1 > E(1)

1
p+1 · t−

1
m+1−α .

Ïîñëå ïðåäåëüíîãî ïåðåõîäà ïðè p→∞ ïîëó÷èì (12). Ñëåäñòâèå äîêàçàíî.

Êàê ïîêàçûâàåò ïðèìåð (À), â ïðàâîé ÷àñòè íåðàâåíñòâà Àðîíñîíà � Áå-
íèëàíà ïðîèçâîäíàÿ ut ìîæåò èìåòü êîíå÷íûé ïðåäåë ïðè t → 0, ïðè ýòîì
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ôóíêöèÿ αu
t â íåðàâåíñòâå (5) ñòðåìèòñÿ ê +∞, ò. å. íåðàâåíñòâî (5) ÿâëÿ-

åòñÿ òî÷íûì ëèøü ïðè áîëüøèõ çíà÷åíèÿõ âðåìåíè. Äëÿ ïîëó÷åíèÿ òî÷íîé
ëîêàëüíîé îöåíêè íåîáõîäèìî ïîâòîðèòü ðàññóæäåíèÿ, ïðèâåäåííûå â òåîðå-
ìå 1, èçìåíèâ ôóíêöèè P , v, f .

Â ýòîì ñëó÷àå èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2 Åñëè u(t, x) � ñèëüíîå ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è (1)�(3),
m− 1 > 0, α > 0, òî ñóùåñòâóåò òàêîå t0 > 0, ÷òî ïðè âñåõ 0 6 t < t0
èìååò ìåñòî ïîòî÷å÷íîå íåðàâåíñòâî

ut 6 −
1

m− 1
· u

t− t0
. (14)

Äëÿ äîêàçàòåëüñòâà òåîðåìû äîñòàòî÷íî ïîâòîðèòü ðàññóæäåíèÿ, ïðèâå-
äåííûå âûøå â òåîðåìå 1. Ïîëîæèì

v = um, P (t, x) =
∂

∂x
(xα · vx).

Òîãäà äëÿ vt ïîëó÷èì ðàâåíñòâî

vt = mv
m−1
m · P,

à Pt ïðåäñòàâèòñÿ â âèäå âûðàæåíèÿ

Pt = mxαv
m−1
m Pxx + 2(m− 1)xαv−

1
m · vx · Px +mαxα−1v

m−1
m · Px−

−m− 1

m
xαv−

m−1
m · v2x · P + (m− 1)v−

1
mP 2.

(15)

Ðàññìîòðèì ïàðàáîëè÷åñêîå óðàâíåíèå

Zt = L(Z), (16)

ãäå
L(Z) = mxαv

m−1
m Zxx + 2(m− 1)xαv−

1
mvx · Zx +

+mαxα−1v
m−1
m Zx −

m− 1

m
xαv−

m−1
m v2x · Z + (m− 1)v−

1
m · Z2.

(17)

Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (17) â âèäå

Z(t, x) = − f(v)

t− t0
,

òîãäà áóäåì èìåòü

Zt = − f
′(v)

t− t0
vt +

Z2

f(v)
, Zx = − f

′(v)

t− t0
· vx,
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Zxx = −f
′′(v)

t− t0
v2x −

f ′(v)

t− t0
vxx. (18)

Ïîäñòàâëÿÿ çíà÷åíèÿ (18) â óðàâíåíèå (17) ïîëó÷èì

Zt −
1

f(v)
Z2 = L(Z) + 2(m− 1)xαv−

1
m · v2x ·

f ′(v)

t− t0
−

−m− 1

m
xαv−

m+1
m v2x ·

f(v)

t− t0
− (m− 1)v−

1
mZ2 +mxαv

m−1
m · v2x ·

f ′′(v)

t− t0
.

Îïðåäåëèì ôóíêöèþ f(v) èç óñëîâèé

1

f(v)
− (m− 1)v−

1
m = 0, (19)

mxαv
m−1
m · v2x

f ′′(v)

t− t0
+ 2(m− 1)xαv−

1
mv2x

f ′(v)

t− t0
−

−m− 1

m
xαv−

m+1
m · v2x

f(v)

t− t0
= 0.

(20)

Óðàâíåíèå (20) ðàâíîñèëüíî óðàâíåíèþ

v2f ′′(v) +
2(m− 1)

m
vf ′(v)− m− 1

m2
f(v) = 0, (21)

êîòîðîå ÿâëÿåòñÿ îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèåì Ýéëåðà.

Îáùåå ðåøåíèå óðàâíåíèÿ (21) èìååò âèä

f(v) = c1v
1
m + c2v

−m−1m ,

c1, c2 � ïðîèçâîëüíûå ïîñòîÿííûå.

Ïîëàãàÿ â ÷àñòíîñòè c2 = 0 è c1 = 1
m−1 , ïîëó÷èì òðåáóåìîå ðåøåíèå,

óäîâëåòâîðÿþùåå óñëîâèÿì (19), (20). Òàêèì îáðàçîì, ôóíêöèÿ

Z(t, x) = − v
1
m

(m− 1)(t− t0)

ÿâëÿåòñÿ òî÷íûì ðåøåíèåì óðàâíåíèÿ (16).

Êàê ïîêàçàíî âûøå, ôóíêöèÿ

P (t, x) = ut =
∂

∂x
(xα · vx)

òàêæå ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (16).
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Íåòðóäíî âèäåòü, ÷òî

P (0, x) 6 Z(0, x) ïðè äîñòàòî÷íî ìàëîì t0, è

P (t, 0) 6 Z(t, 0) ïðè ∀ t > 0.

Ñëåäîâàòåëüíî, ïî òåîðåìå ñðàâíåíèÿ [10] è ïî îïðåäåëåíèþ ôóíêöèè P è v
áóäåì èìåòü

P (t, x) = ut 6 −
u

(m− 1)(t− t0)
,

ïðè äîñòàòî÷íî ìàëîì t0 > 0. Òåîðåìà äîêàçàíà.

Â çàêëþ÷åíèå ïðèâåäåì ïðèìåð, ïîäòâåðæäàþùèé òî÷íîñòü îöåíêè (14).

Ðàññìîòðèì ôóíêöèþ

U∗(x, t) = cx
2−α
m−1

(
1− cm−1m(2− α)(m+ 1− α)

m− 1
t

)− 1
m−1

,

ãäå c � ïðîèçâîëüíàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ.

Íåòðóäíî ïðîâåðèòü, ÷òî äàííàÿ ôóíêöèÿ óäîâëåòâîðÿåò äèôôåðåíöè-
àëüíîìó óðàâíåíèþ (1) ïðè âñåõ x > 0 è 0 < t < t0, ãäå t0 îïðåäåëÿåòñÿ èç
óñëîâèÿ

cm−1 · m(2− α)(m+ 1− α)

m− 1
=

1

t0
.

Ïðè òàêîì âûáîðå t0, U∗(x, t) ïåðåïèøåòñÿ â âèäå

U∗(x, t) =

(
m− 1

(2− α)(m+ 1− α)m

) 1
m−1

x
2−α
m−1 (t0 − t)−

1
m−1 ,

ïðè ýòîì

U∗t (x, t) = − 1

m− 1

U∗(x, t)
t− t0

, ïðè x > 0, 0 6 t < t0.

Ïîñëåäíåå ðàâåíñòâî ïîä÷åðêèâàåò òî÷íîñòü îöåíêè (14).
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