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Àííîòàöèÿ. Â ðàáîòå èññëåäóåòñÿ çàäà÷à ïðèáëèæåíèÿ ôóíêöèè, ÿâëÿþ-
ùåéñÿ ðåøåíèåì ñèíãóëÿðíî âîçìóù¼ííîé êðàåâîé çàäà÷è. Òàêèå ôóíêöèè
èìåþò áîëüøèå ãðàäèåíòû â ýêñïîíåíöèàëüíîì ïîãðàíè÷íîì ñëîå, ïîýòîìó
ïðèìåíåíèå êëàññè÷åñêèõ ìåòîäîâ èíòåðïîëÿöèè ïðèâîäèò ê ñóùåñòâåííûì
ïîãðåøíîñòÿì. Ïðåäëîæåíà ëîêàëüíàÿ ñõåìà àïïðîêñèìàöèè ìèíèìàëüíû-
ìè ñïëàéíàìè íà ñåòêå Øèøêèíà, â êîòîðîé êîýôôèöèåíòû ïðè áàçèñíûõ
ôóíêöèÿõ çàäàþòñÿ ôóíêöèîíàëàìè òèïà äå Áóðà-Ôèêñà. Ýòî âåäåò ê áîëåå
òî÷íûì ïðèáëèæåíèÿì ïî ñðàâíåíèþ ñ èçâåñòíûìè. Ïðèâîäÿòñÿ ðåçóëüòàòû
÷èñëåííûõ ýêñïåðèìåíòîâ, ïîêàçûâàþùèå äîñòàòî÷íî òî÷íûå ïðèáëèæåíèÿ.

Êëþ÷åâûå ñëîâà: ìèíèìàëüíûå ñïëàéíû, B-ñïëàéíû, ôóíêöèîíàëû òèïà
äå Áóðà-Ôèêñà, ñåòêà Øèøêèíà, ôóíêöèÿ ñ áîëüøèìè ãðàäèåíòàìè.

1 Ââåäåíèå

Êîíâåêòèâíî-äèôôóçèîííûå ïðîöåññû ñ ïðåîáëàäàþùåé êîíâåêöèåé ìî-
äåëèðóþòñÿ íà îñíîâå ðåøåíèÿ ñèíãóëÿðíî âîçìóù¼ííûõ êðàåâûõ çàäà÷. Òà-
êèå ðåøåíèÿ èìåþò áîëüøèå ãðàäèåíòû â îáëàñòè ïîãðàíè÷íîãî ñëîÿ, ïî-
ýòîìó â ñèòóàöèÿõ, êîãäà êîýôôèöèåíò äèôôóçèè îêàçûâàåòñÿ ìåíüøå øàãà
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ñåòêè, êëàññè÷åñêèå ðàçíîñòíûå ñõåìû íå îáëàäàþò ñâîéñòâîì ñõîäèìîñòè.
Ïîýòîìó øèðîêî ðàçâèâàþòñÿ ìåòîäû ïîñòðîåíèÿ ñïåöèàëüíûõ ðàçíîñòíûõ
ñõåì äëÿ ðåøåíèÿ ñèíãóëÿðíî âîçìóùåííûõ çàäà÷, ñðåäè êîòîðûõ íàèáîëü-
øåå ðàñïðîñòðàíåíèå ïîëó÷èë ìåòîä, îñíîâàííûé íà ñãóùåíèè ñåòîê â ïîãðà-
íè÷íîì ñëîå. Íàèáîëåå ïðèìåíèìûå ïîäõîäû ê ñãóùåíèþ áûëè ïðåäëîæåíû
Í. Áàõâàëîâûì [1] è Ã. Øèøêèíûì [2].

Â ðàáîòå [3] ïîêàçàíî, ÷òî ïðèìåíåíèå êóáè÷åñêèõ ñïëàéíîâ äëÿ àïïðîê-
ñèìàöèè ôóíêöèé, èìåþùèõ áîëüøîé ãðàäèåíò â ýêñïîíåíöèàëüíîì ïîãðà-
íè÷íîì ñëîå, íà ðàâíîìåðíîé ñåòêå ïðèâîäèò ê ñóùåñòâåííûì ïîãðåøíîñòÿì,
îäíàêî ïðèìåíåíèå ñåòêè Øèøêèíà ïîçâîëÿåò íåñêîëüêî ïîâûñèòü êà÷åñòâî
ïðèáëèæåíèÿ. Áîëåå òî÷íàÿ àïïðîêñèìàöèÿ [4] îñíîâàíà íà ïðèìåíåíèè ïàðà-
áîëè÷åñêîé ñïëàéí-èíòåðïîëÿöèè ïî Ñóááîòèíó íà ñåòêå Øèøêèíà. Îäíàêî
ïîëó÷åííûå îöåíêè ïîãðåøíîñòè îêàçûâàþòñÿ íåðàâíîìåðíû ïî âîçìóùàþ-
ùåìó ïàðàìåòðó ε, ÷òî íà ïðàêòèêå â íåêîòîðûõ ñëó÷àÿõ ïðèâîäèò ê íåîãðà-
íè÷åííîìó ðîñòó ïîãðåøíîñòè ïðè ìàëûõ çíà÷åíèÿõ ïàðàìåòðà. Êðîìå òîãî,
ïðåäëàãàåìàÿ ñõåìà íå ÿâëÿåòñÿ ëîêàëüíîé, ÷òî ïðèâîäèò ê äîñòàòî÷íî âû-
ñîêîé âû÷èñëèòåëüíîé ñëîæíîñòè.

Ñïëàéíû, ïîëó÷åííûå èç àïïðîêñèìàöèîííûõ ñîîòíîøåíèé, îáëàäàþ-
ùèå ìèíèìàëüíûì íîñèòåëåì, íàçûâàþòñÿ ìèíèìàëüíûìè. Ñâîéñòâà òàêèõ
ñïëàéí-ôóíêöèé ðàññìàòðèâàëèñü, íàïðèìåð, â ìîíîãðàôèÿõ [5] è [6].

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå àïïðîêñèìàöèè ôóíêöèé ñ
áîëüøèìè ãðàäèåíòàìè â ïîãðàíè÷íîì ñëîå ìèíèìàëüíûìè ñïëàéíàìè ìàê-
ñèìàëüíîé ãëàäêîñòè [7]. Ïðè ýòîì èñïîëüçóåòñÿ ëîêàëüíàÿ ñõåìà àïïðîê-
ñèìàöèè, â êîòîðîé êîýôôèöèåíòû ïðè áàçèñíûõ ôóíêöèÿõ çàäàþòñÿ ÿâíî
äâîéñòâåííûìè ôóíêöèîíàëàìè òèïà äå Áóðà�Ôèêñà [8], ÿâëÿþùèìèñÿ ëè-
íåéíûìè êîìáèíàöèÿìè çíà÷åíèé àïïðîêñèìèðóåìîé ôóíêöèè è åå ïðîèç-
âîäíûõ. Â ðàáîòå ïðèâîäÿòñÿ ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ, êîòîðûå
ïîêàçûâàþò, ÷òî èñïîëüçîâàíèå ïðåäëàãàåìîãî ïîäõîäà ïîçâîëÿåò ïîëó÷àòü
áîëåå òî÷íûå ïðèáëèæåíèÿ ïî ñðàâíåíèþ ñ èçâåñòíûìè.

2 Îñíîâíûå îáîçíà÷åíèÿ

Ïóñòü Z � ìíîæåñòâî öåëûõ ÷èñåë, Z+ := {j | j > 0, j ∈ Z}, R1 �
ìíîæåñòâî âåùåñòâåííûõ ÷èñåë. Âåêòîðíîå (ëèíåéíîå) ïðîñòðàíñòâî òðåõ-
ìåðíûõ âåêòîð-ñòîëáöîâ îáîçíà÷èì ÷åðåç R3, ïðè÷åì âåêòîðû â íåì áóäåì
îòîæäåñòâëÿòü ñ îäíîñòîëáöîâûìè ìàòðèöàìè è ïðèìåíÿòü ê íèì îáû÷íûå
ìàòðè÷íûå îïåðàöèè; â ÷àñòíîñòè, äëÿ ïàðû âåêòîðîâ a,b ∈ R3 âûðàæåíèå
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aTb ïðåäñòàâëÿåò ñîáîé åâêëèäîâî ñêàëÿðíîå ïðîèçâåäåíèå ýòèõ âåêòîðîâ.

Êâàäðàòíàÿ ìàòðèöà, ñòîëáöàìè êîòîðîé ÿâëÿþòñÿ âåêòîðû a0, a1, a2
∈ R3 (â óêàçàííîì ïîðÿäêå) îáîçíà÷àåòñÿ ñèìâîëîì (a0, a1, a2), à âûðàæå-
íèå det(a0, a1, a2) îáîçíà÷àåò åå îïðåäåëèòåëü. Êîìïîíåíòû âåêòîðîâ îáîçíà-
÷àþòñÿ êâàäðàòíûìè ñêîáêàìè è íóìåðóþòñÿ öåëûìè ÷èñëàìè; íàïðèìåð,
a = ([a]0, [a]1, [a]2)

T . Äëÿ ëþáîãî S ∈ Z+ ââåäåì îáîçíà÷åíèå CS[a, b] :=
{u | u(i) ∈ C[a, b] ∀ i = 0, 1, . . . , S}, ïîëàãàÿ C0[a, b] := C[a, b]. Áóäåì ïèñàòü
u ∈ CS[a, b], åñëè êîìïîíåíòû âåêòîð-ôóíêöèè u ∈ R3 íåïðåðûâíî äèôôå-
ðåíöèðóåìû S ðàç íà îòðåçêå [a, b].

3 Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ñèíãóëÿðíî âîçìóù¼ííóþ êðàåâóþ çàäà÷ó

εu′′(x) + a(x)u′(x)− b(x)u(x) = g(x),

u(0) = u0, u(1) = u1,

ãäå ε ∈ (0, 1], ε ∈ R1 è ôóíêöèè a(x), b(x), g(x) äîñòàòî÷íî ãëàäêèå, ïðè÷¼ì
a(x) > a = const > 0, b(x) > 0, x ∈ [0, 1]. Ïðè ìàëûõ çíà÷åíèÿõ ïàðàìåòðà
ε ðåøåíèå äàííîé çàäà÷è èìååò áîëüøèå ãðàäèåíòû ó ãðàíèöû x = 0. Â
ñîîòâåòñòâèè ñ [2] è [9], ðåøåíèå çàäà÷è ìîæåò áûòü ïðåäñòàâëåíî â âèäå
ñóììû ðåãóëÿðíîé è ñèíãóëÿðíîé ñîñòàâëÿþùèõ

u(x) = q(x) + Φ(x), x ∈ (0, 1], (1)

ãäå
|q(j)(x)| 6 C, |Φ(j)(x)| 6 Cε−je−

ax
ε , 0 6 j 6 3,

C = const > 0 � ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò ïàðàìåòðà è ÷èñëà óçëîâ
ðàññìàòðèâàåìîé ñåòêè.

Ñîãëàñíî [2], çàäàäèì êóñî÷íî-ðàâíîìåðíóþ ñåòêó

Ξ := {ξj}Nj=0 (2)

ñ øàãîì hj := ξj+1 − ξj, îïðåäåëÿåìûì ñëåäóþùèìè ôîðìóëàìè:

hj =
2σ

N
, j = 0, . . . ,

N

2
− 1,

hj =
2(1− σ)

N
, j =

N

2
, . . . , N − 1,

Ýëåêòðîííûé æóðíàë. http://di�journal.spbu.ru/ 93



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 1, 2020

ãäå σ := min{12 , 3εa
−1lnN}.

Äàëåå èññëåäóåì òî÷íîñòü ïðèáëèæåíèÿ ôóíêöèè (1) êâàäðàòè÷íûìè ìè-
íèìàëüíûìè ñïëàéíàìè íà ñåòêå (2).

4 Î êâàäðàòè÷íûõ ìèíèìàëüíûõ ñïëàéíàõ

Íà îòðåçêå [a, b] ⊂ R1 ðàññìîòðèì ñåòêó X:

a = x0 < x1 < . . . < xn−1 < xn = b. (3)

Â ñëó÷àå íåîáõîäèìîñòè áóäåì ñ÷èòàòü, ÷òî ðàññìàòðèâàåìàÿ ñåòêà ïðî-
äîëæåíà çà îòðåçîê [a, b] ñ íåêîòîðûì ôèêñèðîâàííûì øàãîì.

Ââåäåì îáîçíà÷åíèå Ji,k := {i, i + 1, . . . , k}, i, k ∈ Z, i < k. Óïîðÿäî-
÷åííîå ìíîæåñòâî A := {aj}j∈J−2,n−1 âåêòîðîâ aj ∈ R3 áóäåì íàçûâàòü öå-
ïî÷êîé âåêòîðîâ. Öåïî÷êà A íàçûâàåòñÿ ïîëíîé öåïî÷êîé âåêòîðîâ, åñëè
det(aj−2, aj−1, aj) 6= 0 äëÿ âñåõ j ∈ J0,n−1. Îáîçíà÷èì õàðàêòåðèñòèêó ìåëêî-
ñòè ñåòêè ÷åðåç hX := sup

j∈J−2,n−1
(xj+1 − xj).

Ââåäåì îáîçíà÷åíèÿ äëÿ îáúåäèíåíèÿ ýëåìåíòàðíûõ ñåòî÷íûõ èíòåð-
âàëîâ M := ∪j∈J0,n−1(xj, xj+1). Ïóñòü X(M) � ëèíåéíîå ïðîñòðàíñòâî
âåùåñòâåííîçíà÷íûõ ôóíêöèé, çàäàííûõ íà ìíîæåñòâå M. Ïóñòü Sj :=
[xj, xj+3], j ∈ J−2,n−1.

Ðàññìîòðèì âåêòîð-ôóíêöèþ ϕ : [a, b] 7→ R3 ñ ýëåìåíòàìè èç ïðîñòðàí-
ñòâà C 2[a, b] è íåíóëåâûì âðîíñêèàíîì W (t):

W (t) := det(ϕ(t),ϕ′(t),ϕ′′(t)) 6= 0 ∀ t ∈ [a, b]. (4)

Ïóñòü A � ïîëíàÿ öåïî÷êà âåêòîðîâ. Ïðåäïîëîæèì, ÷òî ôóíêöèè ωj ∈
X(M), j ∈ J−2,n−1, óäîâëåòâîðÿþò ñîîòíîøåíèÿì

k∑
j′=k−2

aj′ ωj′(t) ≡ ϕ(t) ∀ t ∈ (xk, xk+1), ∀ k ∈ J0,n−1,

ωj(t) ≡ 0 ∀ t ∈M\Sj, ∀ j ∈ J−2,n−1.
(5)

Äëÿ âñÿêîãî ôèêñèðîâàííîãî t ∈ (xk, xk+1),∀ k ∈ J0,n−1 ñîîòíîøåíèÿ (5)
ìîæíî ðàññìàòðèâàòü êàê ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îò-
íîñèòåëüíî íåèçâåñòíûõ ωj(t). Ââèäó ïîëíîòû öåïî÷êè âåêòîðîâ A, ñèñòåìà
(5) èìååò åäèíñòâåííîå ðåøåíèå. Ïî ôîðìóëàì Êðàìåðà íàõîäèì
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ωj(t) =
det
(
{aj′}j′∈Jk−2,k,j′ 6=j ‖ ′j ϕ(t)

)
det
(
ak−2, ak−1, ak

) ∀ t ∈ (xk, xk+1), ∀ j ∈ Jk−2,k,

ãäå ñèìâîëüíàÿ çàïèñü ‖ ′j îçíà÷àåò, ÷òî îïðåäåëèòåëü â ÷èñëèòåëå ïîëó-
÷àåòñÿ èç îïðåäåëèòåëÿ â çíàìåíàòåëå çàìåíîé ñòîëáöà aj íà ñòîëáåö ϕ(t) (ñ
ñîõðàíåíèåì ïðåæíåãî ïîðÿäêà ñëåäîâàíèÿ ñòîëáöîâ). Îòñþäà òàêæå ñëåäóåò,
÷òî suppωj ⊂ Sj.

Ëèíåéíàÿ îáîëî÷êà ôóíêöèé ωj(t) íàçûâàåòñÿ ïðîñòðàíñòâîì êâàäðà-
òè÷íûõ ìèíèìàëüíûõ êîîðäèíàòíûõ (A,ϕ)-ñïëàéíîâ, êîòîðîå ìû áóäåì
îáîçíà÷àòü ÷åðåç S(X,A,ϕ). Òîæäåñòâà (5) íàçûâàþòñÿ àïïðîêñèìàöèîííû-
ìè ñîîòíîøåíèÿìè. Âåêòîð-ôóíêöèÿ ϕ íàçûâàåòñÿ ïîðîæäàþùåé.

Äëÿ âåêòîð-ôóíêöèè ϕ ∈ C1[a, b] ïîëîæèì

ϕj := ϕ(xj), ϕ′j := ϕ′(xj), j ∈ J−2,n+2,

è ðàññìîòðèì âåêòîðû dj ∈ R3, çàäàâàåìûå òîæäåñòâîì

dT
j x ≡ det(ϕj,ϕ

′
j,ϕ

′′
j , x), x ∈ R3.

Îïðåäåëèì öåïî÷êó âåêòîðîâ A := {aNj }j∈J−2,n−1 ôîðìóëîé

aNj := ϕj+1 −
dT
j+2ϕj+1

dT
j+2ϕ

′
j+1

ϕ′j+1. (6)

Èçâåñòíî [7], ÷òî åñëè âûïîëíåíî óñëîâèå

|W (t)| > c = const > 0 ∀ t ∈ [a, b],

òî ïðè äîñòàòî÷íî ìàëîì hX öåïî÷êà âåêòîðîâ {aNj }, j ∈ J0,n−1, ÿâëÿåòñÿ
ïîëíîé, è ôóíêöèè ωj ∈ C1[a, b] äëÿ êàæäîãî j ∈ J−2,n−1. Áîëåå òîãî, åñëè
[ϕ(t)]0 ≡ 1, òî ñïðàâåäëèâî ñâîéñòâî ðàçáèåíèÿ åäèíèöû:

n−1∑
j=−2

ωj(t) ≡ 1 ∀ t ∈ [a, b].

Â ýòîì ñëó÷àå ôóíêöèè ωj(t) íàçûâàþòñÿ íîðìàëèçîâàííûìè êâàäðàòè÷-
íûìè ìèíèìàëüíûìè êîîðäèíàòíûìè Bϕ-ñïëàéíàìè. Ïðè ýòîì ñïðàâåäëè-
âà ñëåäóþùàÿ òåîðåìà [10]:
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Òåîðåìà 1. Ôóíêöèÿ ωj ∈ C1[a, b] è åå ïðîèçâîäíàÿ ïðåäñòàâèìû ôîðìóëà-
ìè (i = 0, 1):

ω
(i)
j (t) =

dT
j ϕ

(i)(t)

dT
j a

N
j

, t ∈ [xj, xj+1), (7)

ω
(i)
j (t) =

dT
j ϕ

(i)(t)

dT
j a

N
j

−
dT
j a

N
j+1

dT
j a

N
j

dT
j+1ϕ

(i)(t)

dT
j+1a

N
j+1

, t ∈ [xj+1, xj+2), (8)

ω
(i)
j (t) =

dT
j+3ϕ

(i)(t)

dT
j+3a

N
j

, t ∈ [xj+2, xj+3). (9)

Çàìå÷àíèå 1. Äëÿ ϕ(t) := (1, t, t2)T ôóíêöèè ωj(t) ñîâïàäàþò ñ èçâåñò-
íûìè êâàäðàòè÷íûìè ïîëèíîìèàëüíûìè B-ñïëàéíàìè (òðåòüåãî ïîðÿäêà)
ωB
j (t) (ñì. [11]):

ωB
j (t) =



(t− xj)2

(xj+1 − xj)(xj+2 − xj)
, t ∈ [xj, xj+1),

1

xj+1 − xj

[
(t− xj)2

xj+2 − xj
− (t− xj+1)

2(xj+3 − xj)
(xj+2 − xj+1)(xj+3 − xj+1)

]
, t ∈ [xj+1, xj+2),

(t− xj+3)
2

(xj+3 − xj+1) (xj+3 − xj+2)
, t ∈ [xj+2, xj+3).

5 Î ëîêàëüíîé ñõåìå àïïðîêñèìàöèè

Ðàññìîòðèì íåêîòîðîå ëèíåéíîå ïðîñòðàíñòâî U íàä ïîëåì âåùåñòâåííûõ
÷èñåë è ñîïðÿæåííîå åìó ïðîñòðàíñòâî U∗ ëèíåéíûõ ôóíêöèîíàëîâ f íàä
ïðîñòðàíñòâîì U. Çíà÷åíèå ôóíêöèîíàëà f íà ýëåìåíòå u ∈ U îáîçíà÷èì
÷åðåç 〈f, u〉. Äëÿ ôóíêöèîíàëà f ∈ (CS)∗ áóäåì ïèñàòü supp f ⊂ [c, d], åñëè
çíà÷åíèå 〈f, u〉 îïðåäåëÿåòñÿ çíà÷åíèÿìè ôóíêöèè u ∈ CS íà èíòåðâàëå (c, d).

Áóäåì ãîâîðèòü, ÷òî ñèñòåìà ôóíêöèîíàëîâ {νi}i∈Z áèîðòîãîíàëüíà ñè-
ñòåìå ôóíêöèé {wj}j∈Z, åñëè 〈νi, wj〉 = δi,j ∀ i, j ∈ Z, ãäå δi,j � ñèìâîë
Êðîíåêåðà. Ôóíêöèîíàëû νi íàçûâàþòñÿ äâîéñòâåííûìè ôóíêöèîíàëàìè ê
ôóíêöèÿì wj.

Òåîðåìà 2. (ñì. [13]) Ñèñòåìà ëèíåéíûõ ôóíêöèîíàëîâ

λ
〈r〉
k : suppλ

〈r〉
k ⊂ [xk+r, xk+r+1], k ∈ J−2,n−1, r ∈ {0, 1, 2},
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áèîðòîãîíàëüíà ñèñòåìå ìèíèìàëüíûõ Bϕ-ñïëàéíîâ {ωj′}j′∈J−2,n−1 äëÿ ëþ-
áîãî r ∈ {0, 1, 2} òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿþòñÿ ñîîòíîøåíèÿ

〈λ〈r〉k ,ϕ〉 = ak ∀ k ∈ J−2,n−1. (10)

Ðàññìîòðèì èíòåðïîëÿöèîííóþ çàäà÷ó

〈λ〈r〉j , u〉 = vj ∀ j ∈ J−2,n−1, u ∈ S(X,A,ϕ), (11)

ãäå {vj}j∈J−2,n−1 � çàäàííàÿ ïîñëåäîâàòåëüíîñòü ÷èñåë.

Òåîðåìà 3. Äëÿ êàæäîãî ôèêñèðîâàííîãî r ∈ {0, 1, 2} â ïðîñòðàíñòâå
S(X,A,ϕ) ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå èíòåðïîëÿöèîííîé çàäà÷è
(11), êîòîðîå çàäà¼òñÿ ôîðìóëîé

ũr(t) =
∑

j∈J−2,n−1

vj ωj(t).

Äîêàçàòåëüñòâî. Äàííîå óòâåðæäåíèå íåïîñðåäñòâåííî âûòåêàåò èç òåîðå-
ìû 2.

Èìåÿ ôóíêöèþ u ∈ C 3[a, b], ðàññìîòðèì ñïëàéí

ũr(t) =
∑

j∈J−2,n−1

〈λ〈r〉j , u〉ωj(t), t ∈ (xk, xk+1). (12)

Ôóíêöèîíàëû λ
〈r〉
j â òàêîì ñëó÷àå íàçûâàþòñÿ àïïðîêñèìàöèîííûìè

ôóíêöèîíàëàìè.

Ïðèíèìàÿ âî âíèìàíèå ðàñïîëîæåíèå íîñèòåëÿ ôóíêöèè ωj äëÿ t ∈
(xk, xk+1), âèäèì, ÷òî ñóììà (12) ñîäåðæèò òîëüêî òðè íåíóëåâûõ ñëàãàåìûõ,
ïîýòîìó àïïðîêñèìàöèÿ (12) èìååò âèä

ũr(t) =
k∑

j=k−2

〈λ〈r〉j , u〉ωj(t). (13)

6 Î ðåàëèçàöèÿõ àïïðîêñèìàöèîííûõ ôóíêöèîíàëîâ

Ïóñòü ϕ(t) := (1, ρ(t), σ(t))T , ãäå ρ, σ ∈ C1[a, b].
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Ðàññìîòðèì ëèíåéíûå ôóíêöèîíàëû {λ〈r〉j }j∈J−2,n−1. Çíà÷åíèå ôóíêöèîíà-
ëà λ

〈0〉
j íà ôóíêöèè u ∈ C2[a, b] îïðåäåëèì ôîðìóëîé

〈λ〈0〉j , u〉 := u(xj) +
(

(ρj+1σ
′
j+1 − ρ′j+1σj+1)(ρ

′′
jσ
′
j+2 − ρ′j+2σ

′′
j )+

(ρ′j+1σ
′
j+2− ρ′j+2σ

′
j+1)(ρ

′′
jσj − ρjσ′′j ) + (ρj+2σ

′
j+2− ρ′j+2σj+2)(ρ

′
j+1σ

′′
j − ρ′′jσ′j+1)

)
×

u′(xj)

(ρ′j+1σ
′
j+2 − ρ′j+2σ

′
j+1)(ρ

′
jσ
′′
j − ρ′′jσ′j)

+
(

(ρj+1σ
′
j+1− ρ′j+1σj+1)(ρ

′
j+2σ

′
j − ρ′jσ′j+2)+

(ρ′j+1σ
′
j+2 − ρ′j+2σ

′
j+1)(ρjσ

′
j − ρ′jσj) + (ρj+2σ

′
j+2 − ρ′j+2σj+2)(ρ

′
jσ
′
j+1 − ρ′j+1σ

′
j)
)
×

u′′(xj)

(ρ′j+1σ
′
j+2 − ρ′j+2σ

′
j+1)(ρ

′
jσ
′′
j − ρ′′jσ′j)

.

Çíà÷åíèå ôóíêöèîíàëîâ λ
〈1〉
j è λ

〈2〉
j íà ôóíêöèè u ∈ C1[a, b] îïðåäåëèì

ôîðìóëàìè:

〈λ〈1〉j , u〉 := u(xj+1) +
(σj+2 − σj+1)ρ

′
j+2 − (ρj+2 − ρj+1)σ

′
j+2

ρ′j+2σ
′
j+1 − ρ′j+1σ

′
j+2

u′(xj+1),

〈λ〈2〉j , u〉 := u(xj+2) +
(σj+2 − σj+1)ρ

′
j+1 − (ρj+2 − ρj+1)σ

′
j+1

ρ′j+2σ
′
j+1 − ρ′j+1σ

′
j+2

u′(xj+2).

Òåîðåìà 4. Ïðè êàæäîì ôèêñèðîâàííîì r ∈ {0, 1, 2} ñèñòåìà ëèíåéíûõ

ôóíêöèîíàëîâ {λ〈r〉j }j∈J−2,n−1 áèîðòîãîíàëüíà ñèñòåìå ôóíêöèé {ωj′}j′∈J−2,n−1,
ò. å.

〈λ〈r〉j , ωj′〉 = δj,j′ ∀j, j′ ∈ J−2,n−1. (14)

Äîêàçàòåëüñòâî. Ñïðàâåäëèâîñòü äàííîãî óòâåðæäåíèÿ áûëà óñòàíîâëåíà â
ðàáîòå [8] ïðèìåíåíèåì ê óêàçàííûì ôóíêöèîíàëàì è ñèñòåìå ìèíèìàëüíûõ
êâàäðàòè÷íûõ ñïëàéíîâ êðèòåðèÿ áèîðòîãîíàëüíîñòè èç òåîðåìû 2.

Çàìå÷àíèå 2. Ôóíêöèîíàëû λ
〈r〉
j íà ïîëèíîìèàëüíîé ãåíåðèðóþùåé âåêòîð-

ôóíêöèè ϕ(t) = (1, t, t2)T ñîâïàäàþò ñ äâîéñòâåííûìè ôóíêöèîíàëàìè äå
Áóðà-Ôèêñà [10]. Â ñëó÷àå íåïîëèíîìèàëüíîé ãåíåðèðóþùåé âåêòîð-ôóíêöèè
ϕ ìû ìîæåì ãîâîðèòü î äâîéñòâåííûõ ôóíêöèîíàëàõ òèïà äå Áóðà-
Ôèêñà [8].

Ýëåêòðîííûé æóðíàë. http://di�journal.spbu.ru/ 98



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 1, 2020

7 Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ

Ðàññìîòðèì ôóíêöèþ (ñì., íàïðèìåð, [3])

u(x) = cos
πx

2
+ e−

x
ε , x ∈ [0, 1],

äëÿ êîòîðîé ñïðàâåäëèâà äåêîìïîçèöèÿ íà ðåãóëÿðíóþ è ñèíãóëÿðíóþ ñî-
ñòàâëÿþùèå. Ïîñòðîèì àïïðîêñèìàöèþ ýòîé ôóíêöèè, ïðèìåíÿÿ ïðåäëîæåí-
íóþ âûøå ñõåìó (13), èñïîëüçóÿ ñïëàéí (7)�(9) ñ ïîëèíîìèàëüíîé ãåíåðèðó-

þùåé âåêòîð-ôóíêöèåé ϕ(t) = (1, t, t2)T è ôóíêöèîíàë λ
〈2〉
j . Çàòåì ñðàâíèì

ïîëó÷åííîå ïðèáëèæåíèå ñ íàèáîëåå òî÷íûì èç ðàíåå ïðåäëîæåííûõ.

Âû÷èñëåíèÿ âûïîëíÿëèñü íà îòðåçêå [0, 1] c ïîñòðîåííîé íà í¼ì ñåòêîé
Øèøêèíà (2), ñîäåðæàùåé N = 24, 25, . . . , 28 óçëîâ. Ïðè ýòîì çíà÷åíèå ïà-
ðàìåòðà ε èçìåíÿëîñü â äèàïàçîíå îò 1 äî 10−6. Îøèáêà àïïðîêñèìàöèè âû-
÷èñëÿëàñü êàê ìàêñèìàëüíîå çíà÷åíèå îòêëîíåíèÿ ïðèáëèæåíèÿ ôóíêöèè îò
å¼ ôàêòè÷åñêîãî çíà÷åíèÿ, âû÷èñëåííîãî íà êóñî÷íî-ðàâíîìåðíîé ñåòêå, â
äåñÿòü ðàç áîëåå ìåëêîé, ÷åì èñõîäíàÿ ñåòêà. Ðåçóëüòàòû ïðîâåäåííîãî ÷èñ-
ëåííîãî ýêñïåðèìåíòà ïðèâåäåíû â òàáëèöå 1.

Îòìåòèì ïðåèìóùåñòâà ïðåäëîæåííîãî ðåøåíèÿ. Âî-ïåðâûõ, ïðè óìåíü-
øåíèè çíà÷åíèÿ ïàðàìåòðà ε îøèáêà àïïðîêñèìàöèè ñòàáèëèçèðóåòñÿ, òîãäà
êàê â [4] îíà âîçðàñòàåò, ïðè÷¼ì ïðè íåáîëüøîì êîëè÷åñòâå óçëîâ ñåòêè îò-
êëîíåíèå ñòàíîâèòñÿ ñóùåñòâåííûì. Â ñëó÷àÿõ, êîãäà ε 6 10−3, îøèáêà îáî-
èõ àëãîðèòìîâ ïî÷òè âñåãäà èìååò îäèíàêîâûé ïîðÿäîê. Âî-âòîðûõ, ïðåäëî-
æåííàÿ ñõåìà àïïðîêñèìàöèè ÿâëÿåòñÿ ëîêàëüíîé, ÷òî çíà÷èòåëüíî ñíèæàåò
îáú¼ì âû÷èñëåíèé, êîòîðûå íåîáõîäèìî ïðîâåñòè äëÿ âû÷èñëåíèÿ êîýôôè-
öèåíòîâ ïðè áàçèñíûõ ôóíêöèÿõ äëÿ ïîñòðîåíèÿ ïðèáëèæåíèÿ.

Ìèíèìàëüíûå ñïëàéíû ïîçâîëÿþò ïîâûøàòü êà÷åñòâî àïïðîêñèìàöèè ïó-
ò¼ì èçìåíåíèÿ ãåíåðèðóþùåé âåêòîð-ôóíêöèè ϕ(t). Òàê, íàïðèìåð, â ñëó-
÷àå ε = 1 è N = 24, îøèáêó ïðåäëàãàåìîãî ïðèáëèæåíèÿ ìîæíî ñíèçèòü ñ
4.16 × 10−5 äî 1.80 × 10−5, èñïîëüçóÿ íåïîëèíîìèàëüíóþ âåêòîð-ôóíêöèþ
ϕ(t) = (1, sin t, cos t)T . Ïîäðîáíî âîïðîñ âëèÿíèÿ ãåíåðèðóþùåé âåêòîð-
ôóíêöèè íà êà÷åñòâî àïïðîêñèìàöèè ðàññìàòðèâàëñÿ â ðàáîòàõ [12] è [13].

Ïðåäëîæåííàÿ ñõåìà ïîñòðîåíèÿ ïðèáëèæåíèÿ äîïóñêàåò èñïîëüçîâàíèå
ëþáîé ðåàëèçàöèè ôóíêöèîíàëà èç áèîðòîãîíàëüíîé ñèñòåìû, ïîýòîìó îò åãî
âûáîðà òàêæå çàâèñèò êà÷åñòâî àïïðîêñèìàöèè. Â äàííîì ÷èñëåííîì ýêñïå-
ðèìåíòå èñïîëüçîâàíèå ôóíêöèîíàëà λ

〈2〉
j íåèçìåííî îêàçûâàëîñü íàèáîëåå

óäà÷íûì.
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Òàáëèöà 1: Îøèáêà àïïðîêñèìàöèè â çàâèñèìîñòè îò çíà÷åíèÿ ïàðàìåòðà ε è êîëè÷åñòâà

óçëîâ ñåòêè N

ε N

24 25 26 27 28

1
9.38× 10−6 1.18× 10−6 1.47× 10−7 1.84× 10−8 2.31× 10−9

4.16× 10−5 5.27× 10−6 6.63× 10−7 8.04× 10−8 1.05× 10−8

10−1 1.44× 10−3 2.50× 10−4 3.64× 10−5 4.90× 10−6 6.35× 10−7

4.69× 10−3 9.35× 10−4 1.48× 10−4 2.09× 10−5 2.80× 10−6

10−2 4.37× 10−3 1.58× 10−3 4.49× 10−4 1.04× 10−4 2.15× 10−5

6.11× 10−3 2.07× 10−3 5.83× 10−4 1.36× 10−4 2.82× 10−5

10−3 7.05× 10−3 1.58× 10−3 4.49× 10−4 1.04× 10−4 2.15× 10−5

6.11× 10−3 2.07× 10−3 5.83× 10−4 1.36× 10−4 2.82× 10−5

10−4 7.32× 10−2 4.08× 10−3 4.49× 10−4 1.04× 10−4 2.15× 10−5

6.11× 10−3 2.07× 10−3 5.83× 10−4 1.36× 10−4 2.82× 10−5

10−5 7.35× 10−1 4.11× 10−2 2.36× 10−3 1.39× 10−4 2.15× 10−5

6.11× 10−3 2.07× 10−3 5.83× 10−4 1.36× 10−4 2.82× 10−5

10−6 7.35 4.11× 10−1 2.37× 10−2 1.40× 10−3 8.46× 10−5

6.11× 10−3 2.07× 10−3 5.83× 10−4 1.36× 10−4 2.82× 10−5

8 Áëàãîäàðíîñòè

Äàííîå èññëåäîâàíèå âûïîëíåíî ïðè ïîääåðæêå ãðàíòà ÌÄ-2242.2019.9
Ïðåçèäåíòà Ðîññèéñêîé Ôåäåðàöèè.
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Abstract. The paper considers the problem of approximation of a function that is
a solution of singular perturbation boundary value problem. Such functions have
huge boundary layer components, so the applying classical algorithms to them
leads to essential errors. We introduce an approach that is a local approximation
scheme based on minimal splines on the Shishkin grid, where coe�cients of basis
functions are calculated as the values of de Boor-Fix type functionals. We also
present the results of numerical experiments showing that our approach allows
obtaining the approximation of high quality.

Keywords: minimal splines, B-splines, de Boor-Fix type functionals, Shishkin
grids, boundary layer components.
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