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Èíòåãðî-äèôôåðåíöèàëüíûå ñèñòåìû

Ìåòîä ðåãóëÿðèçàöèè äëÿ ñèíãóëÿðíî âîçìóùåííûõ

èíòåãðîäèôôåðåíöèàëüíûõ ñèñòåì ñ äâóìÿ íåçàâèñèìûìè

ïåðåìåííûìè

À.À.Áîáîäæàíîâ, Â.Ô.Ñàôîíîâ
Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò ÌÝÈ

Àííîòàöèÿ. Â ðàáîòå ìåòîä ðåãóëÿðèçàöèè Ëîìîâà îáîáùàåòñÿ íà èíòåãðî-
äèôôåðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ òèïà Âîëüòåððà ñ äâó-
ìåðíûì èíòåãðàëüíûì îïåðàòîðîì. Ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà îïåðàòîð
äèôôåðåíöèàëüíîé ÷àñòè çàâèñèò òîëüêî îò ïåðåìåííîé äèôôåðåíöèðîâà-
íèÿ. Ïðè ýòîì, â îòëè÷èå îò ðàáîò Ì. Èìàíàëèåâà, â êîòîðûõ èññëåäóåòñÿ
òîëüêî ïðåäåëüíûé ïåðåõîä ïðè ñòðåìëåíèè ìàëîãî ïàðàìåòðà ê íóëþ, â íà-
ñòîÿùåé ðàáîòå öåíòðàëüíîå âíèìàíèå óäåëÿåòñÿ ïîñòðîåíèþ ðåãóëÿðèçîâàí-
íîãî àñèìïòîòè÷åñêîãî ðåøåíèÿ ëþáîãî ïîðÿäêà (ïî ìàëîìó ïàðàìåòðó). Îò-
ìåòèì, ÷òî ìåòîä ðåãóëÿðèçàöèè Ëîìîâà ïðèìåíÿëñÿ â îñíîâíîì äëÿ îáûêíî-
âåííûõ ñèíãóëÿðíî âîçìóùåííûõ èíòåãðîäèôôåðåíöèàëüíûõ óðàâíåíèé (ñì.
ïîäðîáíóþ áèáëèîãðàôèþ â êîíöå ñòàòüè). Â îäíîé èç ðàáîò àâòîðîâ áûë ðàñ-
ñìîòðåí ñëó÷àé óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ñ îäíîìåðíûì èíòåãðàëü-
íûì îïåðàòîðîì. Ðàçðàáîòêà ýòîãî ìåòîäà äëÿ ñèñòåì óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ ñ äâóìåðíûì èíòåãðàëüíûì îïåðàòîðîì ðàíåå íå ïðîâîäèëàñü.
Â ðàáîòå ðàññìàòðèâàåòñÿ è ðåøàåòñÿ òàêæå �ïðîáëåìà èíèöèàëèçàöèè�, ò. å.
ïðîáëåìà âûáîðà èñõîäíûõ äàííûõ çàäà÷è, ïðè êîòîðûõ ïðåäåëüíûé ïåðåõîä
â åå ðåøåíèè (â ðàâíîìåðíîé ìåòðèêå, íà âñåì ðàññìàòðèâàåìîì ìíîæåñòâå
íåçàâèñèìûõ ïåðåìåííûõ, âêëþ÷àÿ è çîíó ïîãðàíè÷íîãî ñëîÿ) ñòàíîâèòñÿ
âîçìîæíûì.



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 3, 2020

Êëþ÷åâûå ñëîâà: ñèíãóëÿðíîå âîçìóùåíèå, ïîãðàíè÷íûé ñëîé, èíòåãðî-
äèôôåðåíöèàëüíîå óðàâíåíèå, ïðîáëåìà èíèöèàëèçàöèè.

1 Ââåäåíèå

Ðàññìîòðèì ñèñòåìó èíòåãðîäèôôåðåíöèàëüíûõ óðàâíåíèé

ε∂y(t,x,ε)∂t = A (t) y (t, x, ε) +
∫ x
0

∫ t
0 Q (t, x, s, v) y (s, v, ε) dsdv + h (t, x) ,

y (0, x, ε) = y0 (x) ((t, x) ∈ [0, T ]× [0, X]) .
(1)

ñ äâóìåðíûì èíòåãðàëüíûì îïåðàòîðîì∫ x

0

∫ t

0

Q (t, x, s, v) y (s, v, ε) dsdv ≡
∫ x

0

(∫ t

0

Q (t, x, s, v) y (s, v, ε) ds

)
dv.

Ìîæíî áûëî áû äîáàâèòü â ïðàâîé ÷àñòè ñëàãàåìîå∫ x

0

K (t, x, s) y (s, x, ε) ds

ñ îäíîìåðíûì èíòåãðàëîì, íî ýòî ïîâëåêëî áû ëèøü äîïîëíèòåëüíûå âû÷èñ-
ëèòåëüíûå òðóäíîñòè, îñòàâëÿÿ íåèçìåííûìè èäåè, èñïîëüçóåìûå â äàëüíåé-
øåì ïðè ðàçðàáîòêå àëãîðèòìà ðåãóëÿðèçîâàííûõ àñèìïòîòè÷åñêèõ ðåøåíèé
äëÿ çàäà÷è (1). Àíàëîãè÷íîå óðàâíåíèå ðàññìàòðèâàëîñü â ìîíîãðàôèè [4]
(ñòð. 52-61) ïðè íàëè÷èè ñêàëÿðíîãî êîýôôèöèåíòà A ≡ K(t, x), çàâèñÿùåãî
îò äâóõ ïåðåìåííûõ x è t. Îäíàêî â [4] äàëüøå èçó÷åíèÿ ïðåäåëüíîãî ïå-
ðåõîäà ïðè ε → +0 äåëî íå äîøëî. Âîïðîñ î ïîñòðîåíèè àñèìïòîòè÷åñêîãî
ðåøåíèÿ (ëþáîãî ïîðÿäêà ïî ε ) äàæå íå îáñóæäàëñÿ. Êðîìå òîãî, â [4] êîýô-
ôèöèåíò K(t, x) ïðåäïîëàãàåòñÿ ñòðîãî îòðèöàòåëüíûì, òîãäà êàê â íàøåé
ðàáîòå (ñì. íèæå óñëîâèå 2 b ) ýòîò êîýôôèöèåíò ìîæåò áûòü ÷èñòî ìíèìûì.
Â ýòîì ñëó÷àå ïðåäåëüíûé ïåðåõîä ïðè ε → +0 â ðàâíîìåðíîé ìåòðèêå â
ðåøåíèè èñõîäíîé ñèñòåìû íåâîçìîæåí. Ïîýòîìó â íàøåé ðàáîòå èçó÷àåòñÿ
�ïðîáëåìà èíèöèàëèçàöèè�, ò. å. ïðîáëåìà âûáîðà èñõîäíûõ äàííûõ çàäà÷è,
ïðè êîòîðûõ ïðåäåëüíûé ïåðåõîä â ðàâíîìåðíîé ìåòðèêå ñòàíîâèòñÿ âîçìîæ-
íûì.

Îòìåòèì, ÷òî ïî ñðàâíåíèþ ñ ðàáîòàìè [8,9] , ãäå ðàññìàòðèâàþòñÿ àíà-
ëîãè÷íûå çàäà÷è ñ îäíîìåðíûì èíòåãðàëüíûì îïåðàòîðîì, ðåãóëÿðèçàöèÿ
äâóìåðíîãî èíòåãðàëà ïðîâîäèòñÿ ïî áîëåå ñëîæíîé ñõåìå, ó÷èòûâàþùåé íà-
ëè÷èå äâóõ íåçàâèñèìûõ ïåðåìåííûõ, ÷òî ñêàçûâàåòñÿ çàòåì íà êîíñòðóêöèè
ñîîòâåòñòâóþùèõ èòåðàöèîííûõ çàäà÷ (ñì. íèæå çàäà÷è (10k) ), ãäå ãëàâíûé

Ýëåêòðîííûé æóðíàë. http://di�journal.spbu.ru/ 2



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 3, 2020

îïåðàòîð L ñîäåðæèò óæå äâóìåðíûé èíòåãðàë âìåñòî îäíîìåðíîãî, êàê ýòî
áûëî â óïîìÿíóòûõ ðàáîòàõ [8,9]. Â ñèëó ýòîãî àâòîìàòè÷åñêèé ïåðåíîñ èäåé
ðàáîò [8,9], ðåàëèçîâàííûõ ïðè ðàçâèòèè òåîðèè íîðìàëüíîé è îäíîçíà÷íîé
ðàçðåøèìîñòè èòåðàöèîííûõ çàäà÷, âðÿä ëè âîçìîæåí è òðåáóåò òùàòåëüíîé
êîððåêöèè. Êðîìå òîãî, âåñüìà íåòðèâèàëüíûì ÿâëÿåòñÿ âîïðîñ îá îáîñíî-
âàíèè àñèìïòîòè÷åñêîé ñõîäèìîñòè ôîðìàëüíûõ ðåøåíèé ê òî÷íîìó. Åñëè
â ñëó÷àå îäíîìåðíîãî èíòåãðàëà ýòî îáîñíîâàíèå ïðîâîäèòñÿ ñðàâíèòåëüíî
ëåãêî ñ ïîìîùüþ èçâåñòíîé òåîðåìû Ãðîíóîëëà-Áåëëìàíà, òî äëÿ óðàâíå-
íèé â ÷àñòíûõ ïðîèçâîäíûõ äëÿ îáîñíîâàíèÿ àñèìïòîòè÷åñêîé ñõîäèìîñòè
ýòà òåîðåìà íè÷åãî íå äàåò, ïîýòîìó ïðèõîäèòñÿ èñïîëüçîâàòü òåõíèêó èí-
òåãðàëüíûõ íåðàâåíñòâ ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè, èçëîæåííóþ â
ìîíîãðàôèè [6]. È íàêîíåö, ïåðåõîäÿ ê ðàññìîòðåíèþ ñèñòåìû (1), îòìåòèì
÷òî àíàëîãè÷íàÿ çàäà÷à â ñêàëÿðíîì ñëó÷àå ðàññìàòðèâàëàñü â ðàáîòå [7].

2 Ðåãóëÿðèçàöèÿ çàäà÷è (1)

Íå óìàëÿÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî T = X = 1. Ââåäåì íåêîòîðûå
îãðàíè÷åíèÿ íà èñõîäíûå äàííûå çàäà÷è (1). Áóäåì ïðåäïîëàãàòü âûïîëíåí-
íûìè ñëåäóþùèå óñëîâèÿ:

1) A (t) ∈ C∞ ([0, 1] ,Cn×n) , h (t, x) ∈ C∞ ([0, 1]× [0, 1] ,Cn) , íà÷àëüíàÿ
ôóíêöèÿ y0 (x) ∈ C∞ ([0, 1] ,Cn) ; ÿäðî Q (t, x, s, v) ïðèíàäëåæèò ïðîñòðàí-
ñòâó C∞ (0 ≤ s ≤ t ≤ 1, 0 ≤ v ≤ x ≤ 1,Cn×n) ;

2) ñîáñòâåííûå çíà÷åíèÿ λj (t) ìàòðèöû A (t) ïðè êàæäîì t ∈ [0, 1] óäî-
âëåòâîðÿþò òðåáîâàíèÿì:

a) λi (t) 6= λj (t) , i 6= j, λi (t) 6= 0, i, j = 1, n;

b) Reλi (t) ≤ 0, i = 1, n.

Ñëåäóÿ ìåòîäó Ñ.À. Ëîìîâà [2,3], ââåäåì ðåãóëÿðèçèðóþùèå ïåðåìåííûå

τj =
1

ε

∫ t

0

λj (θ) dθ ≡ ψj (t)

ε
, j = 1, n, (2)

è äëÿ ôóíêöèè ỹ (t, x, τ, ε) ïîñòàâèì ñëåäóþùóþ çàäà÷ó:

ε∂ỹ∂t +
∑n

j=1 λj (t) ∂ỹ
∂τj
− A (t) ỹ −

∫ x
0

∫ t
0 Q (t, x, s, v) ỹ

(
s, v, ψ(s)ε , ε

)
dsdv =

= h (t, x) , ỹ (0, x, 0, ε) = y0 (x) (ψ = (ψ1, ..., ψn)) .
(3)
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Ñâÿçü çàäà÷è (3) ñ èñõîäíîé çàäà÷åé (1) òàêîâà: åñëè ỹ = ỹ (t, x, τ, ε) �

ðåøåíèå çàäà÷è (3), òî åãî ñóæåíèå y (t, x, ε) ≡ ỹ
(
t, x, ψ(t)ε , ε

)
íà ðåãóëÿðè-

çèðóþùèõ ôóíêöèÿõ (2) áóäåò, î÷åâèäíî, òî÷íûì ðåøåíèåì èñõîäíîé çàäà÷è
(1). Îäíàêî çàäà÷ó (3) íåëüçÿ ñ÷èòàòü ïîëíîñòüþ ðåãóëÿðèçîâàííîé, òàê êàê
â íåé íå ïðîèçâåäåíà ðåãóëÿðèçàöèÿ èíòåãðàëüíîãî îïåðàòîðà

Jỹ =

∫ x

0

∫ t

0

Q (t, x, s, v) ỹ

(
s, v,

ψ (s)

ε
, ε

)
dsdv.

Äëÿ åãî ðåãóëÿðèçàöèè íàäî ââåñòè, êàê èçâåñòíî (ñì. [2], còð. 62), ïðî-
ñòðàíñòâî Mε , àñèìïòîòè÷åñêè èíâàðèàíòíîå îòíîñèòåëüíî îïåðàòîðà J.
Ââåäåì êëàññ

U = {y (t, x, τ) : y =
∑n

j=1 yj (t, x) eτj + y0 (t, x) ,

y0 (t, x) , yj (t, x) ∈ C∞ ([0, 1]× [0, 1] ,Cn) , j = 1, n}.

Òîãäà ñóæåíèå ýòîãî êëàññà ïðè τ = ψ (t) /ε è áóäåò ïðîñòðàíñòâîì Mε. Äëÿ
îáîñíîâàíèÿ ýòîãî ôàêòà íàäî ïîêàçàòü, ÷òî îáðàç Jy (t, x, τ) èíòåãðàëüíîãî
îïåðàòîðà J íà ýëåìåíòå ïðîñòðàíñòâà U ïðåäñòàâèì â âèäå ñòåïåííîãî ðÿäà

∞∑
k=0

εk

(
n∑
j=1

y
(k)
j (t, x) e

ψj(t)

ε + y
(k)
0 (t, x)

)
,

ñõîäÿùåãîñÿ àñèìïòîòè÷åñêè ïðè ε → +0 (ðàâíîìåðíî ïî (t, x) ∈ [0, 1] ×
× [0, 1] ). Çàéìåìñÿ ýòèì âîïðîñîì.

Ðàññìîòðèì îáðàç èíòåãðàëüíîãî îïåðàòîðà íà ýëåìåíòå y (t, x, τ) ïðî-
ñòðàíñòâà U :

Jy (t, x, τ) =

∫ x

0

∫ t

0

Q (t, x, s, v)
n∑
j=1

yj (s, v) · e
1
ε

∫ s
0
λj(θ)dθdsdv+

+

∫ x

0

∫ t

0

Q (t, x, s, v) y0 (s, v) dsdv.

Ê èíòåãðàëó
∫ x
0

∫ t
0 Q (t, x, s, v) yj (s, v)·e 1

ε

∫ s
0
λj(θ)dθdsdv ïðèìåíèì îïåðàöèþ

èíòåãðèðîâàíèÿ ïî ÷àñòÿì:∫ x

0

∫ t

0

Q (t, x, s, v) yj (s, v) · e
1
ε

∫ s
0
λj(θ)dθdsdv =

= ε

∫ x

0

dv

∫ t

0

Q (t, x, s, v) yj (s, v)

λj (s)
ds(e

1
ε

∫ s
0
λj(θ)dθ) =
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= ε

∫ x

0

(Q (t, x, s, v) yj (s, v)

λj (s)
· e

1
ε

∫ s
0
λj(θ)dθ|s=ts=0−

−
∫ t

0

e
1
ε

∫ s
0
λj(θ)dθ

∂

∂s

(
Q (t, x, s, v) yj (s, v)

λj (s)

))
dv =

= ε
∫ x
0

[
Q(t,x,t,v)yj(t,v)

λj(t)
· e 1

ε

∫ t
0
λj(θ)dθ − Q(t,x,0,v)yj(0,v)

λj(0)

]
dv−

−ε
∫ x
0

∫ t
0 e

1
ε

∫ s
0
λj(θ)dθ ∂

∂s

(
Q(t,x,s,v)yj(s,v)

λj(s)

)
dsdv.

Ââîäÿ îáîçíà÷åíèå

I0j (Q (t, x, s, v) yj (s, v)) ≡ Q (t, x, s, v) yj (s, v)

λj (s)
,

çàïèøåì ïîñëåäíèé ðåçóëüòàò â âèäå∫ x
0

∫ t
0 Q (t, x, s, v) yj (s, v) · e 1

ε

∫ s
0
λj(θ)dθdsdv =

= ε
(∫ x

0

(
I0j (Q (t, x, s, v) yj (s, v))

)
s=t

dv
)
· e 1

ε

∫ t
0
λj(θ)dθ−

−ε
(∫ x

0

(
I0j (Q (t, x, s, v) yj (s, v))

)
s=0

dv
)
−

−ε
∫ x
0

∫ t
0 e

1
ε

∫ s
0
λj(θ)dθ ∂

∂s

(
I0j (Q (t, x, s, v) yj (s, v))

)
dsdv.

Ïðîäîëæàÿ ýòó ïðîöåäóðó äàëåå, ïîëó÷èì ðàçëîæåíèå

Jy (t, x, τ) =
n∑
j=1

∞∑
ν=0

(−1)νεν+1[
(∫ x

0

(
Iνj (Q (t, x, s, v) yj (s, v))

)
s=t
dv
)
×

× e
1
ε

∫ t
0
λj(θ)dθ −

(∫ x

0

(
Iνj (Q (t, x, s, v) yj (s, v))

)
s=0
dv

)
]+

+

∫ x

0

∫ t

0

Q (t, x, s, v) y0 (s, v) dsdv,

(4)

ãäå ââåäåíû îïåðàòîðû:

I0j (q (t, x, s, v)) ≡ q(t,x,s,v)
λj(s)

, I1j (q (t, x, s, v)) ≡ 1
λj(s)
· ∂∂s

q(t,x,s,v)
λj(s)

, ...,

Iνj (q (t, x, s, v)) ≡ 1
λj(s)
· ∂∂sI

ν−1
j (q (t, x, s, v)) , ν = 2, 3, 4, ... .

(5)

Òàê æå, êàê è â [1], ïîêàçûâàåì, ÷òî ðÿä (4) ñõîäèòñÿ àñèìïòîòè÷åñêè (ïðè
ε→ +0 ) ðàâíîìåðíî ïî (t, x) ∈ [0, T ]× [0, T ] . Äëÿ ëþáîãî ýëåìåíòà

y (t, x, τ) =
n∑
j=1

yj (t, x) eτj + y0 (t, x)
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ïðîñòðàíñòâà U ââåäåì îïåðàòîðû

R0y (t, x, τ) =
∫ x
0

∫ t
0 Q (t, x, s, v) y0 (s, v) dsdv,

Rν+1y (t, x, τ) = (−1)ν
∑n

j=1[
(∫ x

0

(
Iνj (Q (t, x, s, v) yj (s, v))

)
s=t

dv
)
· eτj−

−
(∫ x

0

(
Iνj (Q (t, x, s, v) yj (s, v))

)
s=t

dv
)

], ν ≥ 0,

(6)
äåéñòâóþùèå èç U â U. Òîãäà ôîðìàëüíûì ðàñøèðåíèåì èíòåãðàëüíîãî îïå-
ðàòîðà J íà ðÿäàõ

ỹ (t, x, τ, ε) =
∞∑
k=0

εkyk (t, x, τ) , (7)

ñõîäÿùèõñÿ àñèìïòîòè÷åñêè (ïðè ε → 0+ ) ðàâíîìåðíî ïî (t, x, τ) ∈ [0, 1]×
× [0, 1] ×

{
Re τj < ∆, j = 1, n

}
(∆ > 0 � (ìàëàÿ) ïîñòîÿííàÿ), åñòåñòâåííî

ñ÷èòàòü îïåðàòîð

J̃ ỹ ≡ J̃

( ∞∑
k=0

εkyk (t, x, τ)

)
,

∞∑
r=0

εr

(
r∑

k=0

Rr−kyk (t, x, τ)

)
. (8)

Òåïåðü íåòðóäíî çàïèñàòü çàäà÷ó, ïîëíîñòüþ ðåãóëÿðèçîâàííóþ ïî îòíî-
øåíèþ ê (1):

Lεỹ (t, x, τ, ε) ≡ ε
∂ỹ

∂t
+

n∑
j=1

λj (t)
∂ỹ

∂τj
− A (t) ỹ − J̃ ỹ = h (t, x) ,

ỹ (0, x, 0, ε) = y0 (x) ,

(9)

ãäå ỹ (t, x, τ, ε) � ðÿä (7).

3 Ðàçðåøèìîñòü èòåðàöèîííûõ çàäà÷

Ïîäñòàâëÿÿ ýòîò ðÿä (7) â (9) è ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíà-
êîâûõ ñòåïåíÿõ ε, ïîëó÷èì ñëåäóþùèå èòåðàöèîííûå çàäà÷è:

L y0 (t, x, τ) ≡
n∑
j=1

λj (t)
∂y0
∂τj
− A (t) y0 −R0y0 = h (t, x) ,

y0 (0, x, 0) = y0 (x) ;

(100)

L y1 (t, x, τ) = −∂y0
∂t +R1y0, y1 (0, x, 0) = 0; (101)
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...

L yk (t, x, τ) = −∂yk−1
∂t

+R1yk−1 + ...+Rky0, yk (0, x, 0) = 0, k ≥ 1. (10k)

Êàæäàÿ èç èòåðàöèîííûõ çàäà÷ (10k) èìååò âèä

L y (t, x, τ) ≡
n∑
j=1

λj (t)
∂y

∂τj
− A (t) y −R0y = H (t, x, τ) ,

y (0, x, 0) = y∗ (x) ,

(11)

ãäå H (t, x, τ) =
∑n

j=1Hj (t, x) eτj + H0 (t, x) ∈ U, y∗ (x) ∈ C∞ ([0, 1] ,Cn) �
èçâåñòíûå ôóíêöèè, à îïåðàòîð R0y èìååò âèä (ñì. (6))

R0y (t, x, τ) =

∫ x

0

∫ t

0

Q (t, x, s, v) y0 (s, v) dsdv.

Ïîïðîáóåì ðåøèòü çàäà÷ó (11). Ïîäñòàâëÿÿ ýëåìåíò

y (t, x, τ) =
n∑
j=1

yj (t, x) eτ + y0 (t, x)

ïðîñòðàíñòâà U â (11), áóäåì èìåòü∑n
j=1 (λj (t) I − A (t)) yj (t, x) eτj − A (t) y0 (t, x)−

−
∫ x
0

∫ t
0 Q (t, x, s, v) y0 (s, v) dsdv =

∑n
j=1Hj (t, x) eτj +H0 (t, x) .

Ïðèðàâíèâàÿ çäåñü îòäåëüíî ñâîáîäíûå ÷ëåíû è êîýôôèöèåíòû ïðè îäèíà-
êîâûõ ýêñïîíåíòàõ, ïîëó÷èì óðàâíåíèÿ

(λj (t) I − A (t)) yj (t, x) = Hj (t, x) , j = 1, n;

−A (t) y0 (t, x) =
∫ x
0

(∫ t
0 Q (t, x, s, v)

)
y0 (t, v) dsdv +H0 (t, x) .

(12)

Îáîçíà÷èì ÷åðåç ϕj (t) � λj (t) -ñîáñòâåííûé âåêòîð ìàòðèöû A (t) , à
÷åðåç χj (t) � λ̄j (t) -ñîáñòâåííûé âåêòîð ìàòðèöû A∗ (t) , ïðè÷åì ñèñòåìû
âåêòîðîâ {ϕj (t)} è {χk (t)} âîçüìåì áèîðòîíîðìèðîâàííûìè, ò. å.

A (t)ϕj (t) ≡ λj (t)ϕj (t) , A∗ (t)χk (t) ≡ λ̄k (t)χk (t) , (ϕj (t) , χk (t)) = δjk,

ãäå δjk � ñèìâîë Êðîíåêåðà j, k = 1, n. Ïåðåéäåì òåïåðü ê ñèñòåìàì (12).
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Äëÿ ðàçðåøèìîñòè ïåðâîé ñèñòåìû (12) ïðè ôèêñèðîâàííîì j ∈ {1, ..., n}
â ïðîñòðàíñòâå C∞ ([0, 1]× [0, 1] ,Cn) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âû-
ïîëíÿëèñü óñëîâèÿ (ñì.[1], c. 109-111)

(Hj (t, x) , χj (t)) ≡ 0 (∀ (x, t) ∈ [0, 1]× [0, 1]) . (13)

Âòîðàÿ ñèñòåìà (12) ÿâëÿåòñÿ èíòåãðàëüíîé ñèñòåìîé Âîëüòåððà âòîðîãî ðî-
äà ñ ãëàäêèì ÿäðîì −A−1 (t)Q (t, x, s, v) , ïîýòîìó îíî èìååò åäèíñòâåííîå
ðåøåíèå â ïðîñòðàíñòâå C∞ ([0, 1]× [0, 1]) (ñì., íàïðèìåð, [5, c. 149]). Åñëè
ââåñòè â ïðîñòðàíñòâå U ñêàëÿðíîå (ïðè êàæäîì (t, x) ∈ [0, 1] × [0, 1] ) ïðî-
èçâåäåíèå

< y (t, x, τ) , z (t, x, τ) >≡
≡<

∑n
j=1 yj (t, x) eτj + y0 (t, x) ,

∑n
j=1 zj (t, x) eτj + z0 (t, x) >,

,
∑n

j=0 (yj (t, x) , zj (t, x)) ,

ãäå (, ) � îáû÷íîå ñêàëÿðíîå ïðîèçâåäåíèå â Cn, òî èç ïðåäûäóùèõ ðàññóæ-
äåíèé âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1.Ïóñòü â óðàâíåíèè (11) ïðàâàÿ ÷àñòü H (t, x, τ) ∈ U è âû-
ïîëíåíû óñëîâèÿ 1) è 2). Òîãäà äëÿ ðàçðåøèìîñòè óðàâíåíèÿ (10) â ïðî-
ñòðàíñòâå U íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû èìåëè ìåñòî óñëîâèÿ (13).
Ïðè âûïîëíåíèè ýòîãî óñëîâèÿ óðàâíåíèå (11) èìååò ñëåäóþùåå ðåøåíèå â
ïðîñòðàíñòâå U :

y (t, x, τ) =
n∑
j=1

αj (t, x)ϕj (t) eτj−

−
∫ x

0

∫ t

0

R (t, x, s, v)A−1 (s)H0 (s, v) dsdv − A−1 (t)H0 (t, x) ,

(14)

ãäå R (t, x, s, v) � ðåçîëüâåíòà ÿäðà G (t, x, s, v) = −A−1 (s)H0 (s, v) ,
αj (t, x) � ïðîèçâîëüíûå ôóíêöèè êëàññà C∞

(
[0, 1]× [0, 1] ,C1

)
j = 1, n.

Ïîä÷èíèì ðåøåíèå (14) íà÷àëüíîìó óñëîâèþ y (0, x, 0) = y∗ (x) . Áóäåì
èìåòü ∑n

j=1 αj (0, x)ϕj (0)− A−1 (0)H0 (0, x) = y∗ (x)⇔
αj (0, x) =

(
A−1 (0)H0 (0, x) + y∗ (x) , χj (0)

)
, j = 1, n.

(15)

Îäíàêî ôóíêöèè αj (t, x) íå íàéäåíû ïîëíîñòüþ. Íåîáõîäèìî äîïîëíèòåëü-
íîå òðåáîâàíèå íà ðåøåíèå çàäà÷è (11). Òàêîå òðåáîâàíèå äèêòóþò èòåðàöè-
îííûå çàäà÷è (10k) , èç êîòîðûõ âèäíî, ÷òî åñòåñòâåííûì äîïîëíèòåëüíûì

Ýëåêòðîííûé æóðíàë. http://di�journal.spbu.ru/ 8



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 3, 2020

îãðàíè÷åíèåì ÿâëÿåòñÿ óñëîâèå

< −∂y
∂t

+R1y + P (t, x, τ) , χj (t) eτj >≡ 0
(
∀ (t, x) ∈ [0, 1]× [0, 1] , j = 1, n

)
,

(16)
ãäå P (t, x, τ) ∈ U � èçâåñòíàÿ âåêòîð-ôóíêöèÿ. Ïîêàæåì, ÷òî ïðè âûïîëíå-
íèè òðåáîâàíèÿ (16) çàäà÷à (11) èìååò åäèíñòâåííîå ðåøåíèå â ïðîñòðàíñòâå
U.

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ 1)�2) è ïðàâàÿ ÷àñòü H (t, x, τ) ∈
∈ U óäîâëåòâîðÿåò óñëîâèþ îðòîãîíàëüíîñòè (13). Òîãäà çàäà÷à (11) ïðè
äîïîëíèòåëüíîì óñëîâèè (16) îäíîçíà÷íî ðàçðåøèìà â ïðîñòðàíñòâå U.

Äîêàçàòåëüñòâî. ×òîáû âîñïîëüçîâàòüñÿ óñëîâèåì (16), âû÷èñëèì âû-
ðàæåíèå

−∂y
∂t +R1y + P (t, x, τ) = −

∑n
j=1

∂(α(t,x)ϕj(t))
∂t eτj+

+ ∂
∂t

(∫ x
0

∫ t
0 R (t, x, s, v)A−1 (s)H0 (s, v) dv + A−1 (t)H0 (t, x)

)
+

+
∑n

j=1

∫ x
0

(
I0j (Q (t, x, s, v)αj (s, v)ϕj (s))

)
s=t

dv · eτj−
−
∑n

j=1

∫ x
0

(
I0j (Q (t, x, s, v)αj (s, v)ϕj (t))

)
s=0

dv+

+
∑n

j=1 Pj (t, x) eτj + P0 (t, x) .

Òàê êàê

I0j (Q (t, x, s, v)αj (s, v)) =
1

λj (s)
Q (t, x, s, v)αj (s, v) ,

òî óñëîâèå (16) ïðèíèìàåò âèä

−
(
∂(αj(t,x)ϕj(t))

∂t , χj (t)
)

+
(∫ x

0
Q(t,x,t,v)
λj(t)

(αj (t, v)ϕj (t)) dv, χj (t)
)

+

+ (Pj (t, x) , χj (t)) ≡ 0, j = 1, n.

Ñ ó÷¼òîì íà÷àëüíîãî óñëîâèÿ (15) ýòó èíòåãðîäèôôåðåíöèàëüíóþ ñèñòåìó
ìîæíî çàïèñàòü â âèäå ðàñïàäàþùåéñÿ ýêâèâàëåíòíîé èíòåãðàëüíîé ñèñòåìû:

αj (t, x) = αj (0, x) +
∫ t
0

(∫ x
0

(
Q(s,x,s,v)
λj(s)

ϕj (s) , χj (s)
)
αj (s, v) dv

)
ds+

+
∫ t
0 (Pj (s, x)− ϕ̇j (s) , χj (s)) ds, j = 1, n.

(17)

Òàê êàê çäåñü êàæäîå ÿäðî
(
Q(s,x,s,v)
λj(s)

ϕj (s) , χj (s)
)
ïðèíàäëåæèò êëàññó

C∞
(
{0 ≤ s ≤ t ≤ 1, 0 ≤ v ≤ x ≤ 1} ,C1

)
,
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òî óðàâíåíèå (17) èìååò åäèíñòâåííîå ðåøåíèå α (t, x) ∈ C∞ ([0, 1]× [0, 1]) .
Òåîðåìà äîêàçàíà.

Ïðèìåíÿÿ òåîðåìû 1 è 2 ê èòåðàöèîííûì çàäà÷àì (10k) , ïî-
ñòðîèì ðÿä (7) ñ êîýôôèöèåíòàìè èç êëàññà U. Ïóñòü yεN (t, x) =

=
∑N

k=0 ε
kyk

(
t, x, ψ(x,t)ε

)
� ñóæåíèå N -é ÷àñòè÷íîé ñóììû SN(t, x, τ, ε) ýòî-

ãî ðÿäà ïðè τ = ψ(t)
ε . Èìååò ìåñòî ñëåäóþùèé ðåçóëüòàò.

Ëåììà.Ïóñòü âûïîëíåíû óñëîâèÿ 1)�2). Òîãäà ôóíêöèÿ yεN (t, x) óäî-
âëåòâîðÿåò çàäà÷å (1) ñ òî÷íîñòüþ äî ÷ëåíîâ, ñîäåðæàùèõ εN+1, ò.å.

ε∂yεN (t,x)
∂t = A (t) yεN (t, x) +

∫ x
0

∫ t
0 Q (t, x, s, v) yεN (s, v) dsdv + h (t, x) +

+εN+1KN (t, x, ε) , yεN (0, x) = y0 (x) ,
(18)

ãäå ε0 > 0 � äîñòàòî÷íî ìàëî, ||KN(t, x, ε)||C[0,T ] ≤ K̄N , K̄N > 0 � ïîñòî-
ÿííàÿ, íå çàâèñÿùàÿ îò ε ïðè ε ∈ (0, εN ].

Äîêàçàòåëüñòâî. Ïîäñòàâèì ðåøåíèÿ

y0(t, x, τ), y1(t, x, τ), . . . , yN(t, x, τ) ∈ U

â ñèñòåìû (100), (101), . . . , (10N) ñîîòâåòñòâåííî. Ïîëó÷åííûå òîæäåñòâà
óìíîæèì ïîñëåäîâàòåëüíî íà ε0, ε1, . . . , εN è ñëîæèì ïîëó÷åííûå ðåçóëüòà-
òû. Áóäåì èìåòü∑n

j=1 λj (t) ∂SN (t,x,τ,ε)
∂τj

+ ε∂SN (t,x,τ,ε)
∂t − A (t)SN(t, x, τ, ε) ≡ εN+1 ∂yN (t,x,τ)

∂t +

+R0y0 + ε(R0y1 +R1y0) + . . .+ εN(R0yN +R1yN−1 + . . .+RNy0 + h(t, x).

Ïðîèçâîäÿ çäåñü ñóæåíèå ïðè τ = ψ(t)
ε è âû÷èòàÿ èç îáåèõ ÷àñòåé èíòå-

ãðàë
∫ x
0

∫ t
0 Q (t, x, s, v) yεN (s, v) dsdv, ïîëó÷èì òîæäåñòâî

ε∂yεN (t,x)
∂t − A(t)yεN (t, x)−

∫ x
0

∫ t
0 Q (t, x, s, v) yεN (s, v) dsdv ≡

≡ εN+1 ∂yN (t,x,ψ(t)ε )

∂t −
[ ∫ x

0

∫ t
0 Q (t, x, s, v) yεN (s, v) dsdv−

−
∑N

r=−3 ε
r
∑r

k=0Rr−kyk(t, x, τ)|
τ=ψ(t)

ε

]
+ h(t, x).

(19)

Ïî ïîñòðîåíèþ îïåðàòîðîâ Rν âûðàæåíèå â êâàäðàòíûõ ñêîáêàõ ïðåä-
ñòàâëÿåòñÿ â âèäå εN+1lN(t, ε), ãäå ||lN(t, x, ε)||C[0,T ] ≤ l̄N , l̄N > 0 � ïîñòîÿí-
íàÿ, íå çàâèñÿùàÿ îò ε ∈ (0, ε̂N ], ε̂N > 0 � äîñòàòî÷íî ìàëî. Ó÷èòûâàÿ ðàâíî-

ìåðíóþ îãðàíè÷åííîñòü ôóíêöèé yj(t, x,
ψ(t)
ε ) ïðè (t, x, ε) ∈ [0, 1]×[0, 1]×{ε :

ε > 0}, òîæäåñòâî (19) ïðåîáðàçóåì ê âèäó

ε
∂yεN(t, x)

∂t
≡ A(t)yεN(t, x)+
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+

∫ x

0

∫ t

0

Q (t, x, s, v) yεN (s, v) dsdv + h(t, x) + εN+1KN(t, x, ε),

ãäå KN(t, ε) ≡ ∂yεN(t, x)/∂t + lN(t, x, ε), ïðè÷åì ||KN(t, x, ε)||C[0,T ] ≤
≤ K̄N , K̄N>0 � ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò ε ïðè ε ∈ (0, εN ]. Íà÷àëü-
íûå óñëîâèå yεN(0, x) = y0(x), î÷åâèäíî, òàêæå âûïîëíÿåòñÿ. Ñëåäîâàòåëüíî,
ôóíêöèÿ yεN (t, x) óäîâëåòâîðÿåò çàäà÷å (18). Ëåììà äîêàçàíà.

Ïåðåéäåì òåïåðü ê äîêàçàòåëüñòâó îñíîâíîãî óòâåðæäåíèÿ.

Òåîðåìà 3. Ïóñòü âûïîëíåíû óñëîâèÿ 1)�2). Òîãäà ïðè ε ∈ (0, ε0] , ãäå
ε0 > 0 � äîñòàòî÷íî ìàëî, çàäà÷à (1) èìååò åäèíñòâåííîå ðåøåíèå y (t, x)
â êëàññå C1 ([0, 1]× [0, 1] ,Cn) è èìååò ìåñòî îöåíêà

‖y (t, x, ε)− yεN (t, x)‖C([0,1]×[0,1]) ≤ CNε
N+1 (N = 0, 1, 2, ...) ,

ãäå ïîñòîÿííàÿ CN > 0 íå çàâèñèò îò ε ∈ (0, ε0] .

Äîêàçàòåëüñòâî. Ïîêàæåì ñíà÷àëà, ÷òî çàäà÷à

ε
∂Z (t, x, ε)

∂t
= A(t)Z (t, x, ε) +

∫ x

0

∫ t

0

Q (t, x, s, v)Z (s, v, ε) dsdv = ϕ(t, x, ε),

(20)
êîððåêòíî ðàçðåøèìa, ò. å. ÷òî îíà èìååò ðåøåíèå ïðè ëþáîé ïðàâîé ÷àñòè
ϕ(t, x, ε) ∈ C([0, 1]× [0, 1] ,Cn) è ÷òî èìååò ìåñòî îöåíêà

||Z(t, x, ε)||C([0,1]×[0,1]) ≤
ν0
ε
||ϕ(t, x, ε)||C([0,1]×[0,1]), (21)

ãäå ν0 > 0 � ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò ε (ε > 0). Îäíîçíà÷íàÿ ðàçðå-
øèìîñòü çàäà÷è (20) ïðè êàæäîì ôèêñèðîâàííîì ε > 0 äîêàçûâàåòñÿ òàê
æå, êàê è ðàçðåøèìîñòü îáû÷íîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé,
ñâåäåíèåì åå ê èíòåãðàëüíîé ñèñòåìå è ïðèìåíåíèåì ìåòîäà ïîñëåäîâàòåëü-
íûõ ïðèáëèæåíèé. Ïîêàæåì ñïðàâåäëèâîñòü îöåíêè (21). Ââåä¼ì äëÿ ýòîãî
åùe îäíó íåèçâåñòíóþ âåêòîð-ôóíêöèþ V =

∫ x
0

∫ t
0 Q (t, x, s, v)Z (s, v, ε) dsdv.

Äèôôåðåíöèðóÿ åå ïî t, áóäåì èìåòü

∂V

∂t
=

∫ x

0

(∫ t

0

(
∂

∂t
Q (t, x, s, v)

)
Z (s, v, ε) ds+Q (t, x, t, v)Z (t, v, ε)

)
dv.
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Òîãäà äëÿ âåêòîð-ôóíêöèè W = {Z, V } ïîëó÷èì ñèñòåìó

εdWdt =

(
A(t) In

0n 0n

)
W+

+ε

(
0∫ x

0 Q (t, x, t, v)Z (t, v, ε) dv +
∫ x
0

∫ t
0

(
∂
∂tQ (t, x, s, v)

)
Z (s, v, ε) ds dv

)
+

+

(
ϕ(t, x, ε)

0

)
,W (0, x, ε) = 0 (22)

(çäåñü In, 0n � åäèíè÷íàÿ è íóëåâàÿ êâàäðàòíûå ìàòðèöû ïîðÿäêà n ñî-

îòâåòñòâåííî). Ìàòðèöà A0(t) =

(
A(t) In

0n 0n

)
ÿâëÿåòñÿ ìàòðèöåé ïðîñòîé

ñòðóêòóðû, ò. å. ñóùåñòâóåò íåâûðîæäåííàÿ ìàòðèöà T (t) òàêàÿ, ÷òî

T−1(t)A0(t)T (t) ≡ diag(A (t) , 0n) = Λ0(t), Λ0(t) ≡ diag(λ1 (t) , ..., λn (t) , 0, ..., 0).

Äåéñòâèòåëüíî, ïîêàæåì, ÷òî ñóùåñòâóåò íåâûðîæäåííîå ðåøåíèå ìàò-
ðè÷íîãî óðàâíåíèÿ

A0(t)T (t) = T (t)Λ0(t)⇔

⇔

(
A(t) In

0n 0n

)(
T0(t) S(t)

0n M(t)

)
=

(
T0(t) S(t)

0n M(t)

)(
Λ(t) 0n

0n 0n

)
.

(23)

Çäåñü ìàòðèöà T (t) ðàçáèòà íà áëîêè T0(t), S(t), 0n,M(t) ðàçìåðà n × n.
Ïåðåïèøåì ìàòðè÷íîå óðàâíåíèå (23) â âèäå

A(t)T0(t) = T0(t)Λ(t), A(t)S(t) +M(t) = 0.

Èç ïåðâîãî óðàâíåíèÿ âûòåêàåò, ÷òî T0(t) = ϕ(t) = (ϕ1(t), ..., ϕn(t)) � ìàòðè-
öà èç ñîáñòâåííûõ âåêòîðîâ ìàòðèöû A(t), à èç âòîðîãî óðàâíåíèÿ ñëåäóåò,
÷òî S(t) = −A−1(t)M(t). Âîçüìåì M(t) = In, òîãäà S(t) = −A−1(t) è
ìàòðèöà T (t) áóäóò èìåòü âèä

T (t) =

(
T0(t) S(t)

0n In

)
=

(
ϕ(t) −A−1(t)
0n In

)
.

Òàê êàê detT (t) = detT0(t) det In = detϕ(t) 6= 0(∀t ∈ [0, T ]), òî T (t) �
íåâûðîæäåííîå ðåøåíèå óðàâíåíèÿ (23), ïîýòîìó A0(t) � ìàòðèöà ïðîñòîé
ñòðóêòóðû.
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Îáîçíà÷èì ÷åðåç Y (t, s, ε) íîðìàëüíóþ ôóíäàìåíòàëüíóþ ìàòðèöó îäíî-
ðîäíîé ñèñòåìû εdWdt = A0(t)W, ò. å. ìàòðèöó, óäîâëåòâîðÿþùóþ óðàâíåíèþ

ε
dY (t, s, ε)

dt
= A0(t)Y (t, s, ε), Y (s, s, ε) = I, 0 ≤ s ≤ t ≤ T.

Òàê êàê A0(t) � ìàòðèöà ïðîñòîé ñòðóêòóðû è å¼ ñîáñòâåííûå çíà÷åíèÿ ïðè
âñåõ t ∈ [0, 1] ëåæàò â ïîëóïëîñêîñòè Reλ ≤ 0, òî Y (t, s, ε) ðàâíîìåðíî
îãðàíè÷åíà (ñì., íàïðèìåð, [1], còð. 119�120]), ò. å. ||Y (t, s, ε)|| ≤ c0∀(t, s, ε) ∈
∈ {0 ≤ s ≤ t ≤ T} × {ε > 0}, ãäå ïîñòîÿííàÿ c0 > 0 íå çàâèñèò îò ε > 0.
Çàïèøåì òåïåðü èíòåãðàëüíóþ ñèñòåìó, ýêâèâàëåíòíóþ ñèñòåìå (22):

W (t, x, ε) =
∫ t
0 Y (t, ζ, ε)×

×

(
0∫ x

0 Q (ς, x, ς, v)Z (ς, v, ε) dv +
∫ x
0

∫ ς
0

(
∂
∂ςQ (ς, x, s, v)

)
Z (s, v, ε) ds dv

)
dζ+

+1
ε

∫ t
0 Y (t, ζ, ε)

(
ϕ(ς, x, ε)

0

)
dζ. (24)

Ïîñêîëüêó ïðè êàæäîì ε > 0 ñóùåñòâóåò ðåøåíèå W (t, x, ε) ñèñòåìû
(24) â ïðîñòðàíñòâå C([0, 1] × [0, 1] ,Cn), òî ïîäñòàâëÿÿ åãî â (24), ïîëó÷èì
òîæäåñòâî. Ïåðåéäåì â íåì ê íîðìàì:

||W (t, x, ε)|| ≤
∫ t
0 ‖Y (t, ζ, ε)‖ ||

(
0∫ x

0 Q (ς, x, ς, v)Z (ς, v, ε) dv

)
||dζ+

+
∫ t
0 ‖Y (t, ζ, ε)‖ · ||

(
0∫ x

0

∫ ς
0

(
∂
∂ςQ (ς, x, s, v)

)
Z (s, v, ε) ds dv

)
||dζ+

+1
ε

∫ t
0 ‖Y (t, ζ, ε)‖ · ||

(
ϕ (ς, x, ε)

0

)
||dζ.

Îöåíèì çäåñü êàæäîå ñëàãàåìîå â îòäåëüíîñòè1:

∫ t
0 ‖Y (t, ζ, ε)‖ ||

(
0∫ x

0 Q (ς, x, ς, v)Z (ς, v, ε) dv

)
||dζ ≤

≤
∫ t
0 ‖Y (t, ζ, ε)‖

∥∥∫ x
0 Q (ς, x, ς, v)

∥∥ ||Z (ς, v, ε) ||dvdζ ≤
≤ c0c1

∫ t
0

∫ x
0 ‖W (ς, v, ε)‖ dvdζ,

1Ó÷åñòü, ÷òî ôóíêöèè Q (ς, x, s, v) , ∂
∂ςQ (ς, x, s, v) , ϕ (ς, x, ε) ðàâíîìåðíî îãðàíè÷åíû.
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∫ t
0 ‖Y (t, ζ, ε)‖ · ||

(
0∫ ς

0

∫ x
0

(
∂
∂ςQ (ς, x, s, v)

)
Z (s, v, ε) ds dv

)
||dζ ≤

≤
∫ t
0 ‖Y (t, ζ, ε)‖ ·

(∫ x
0

∫ ς
0

(∥∥ ∂
∂ςQ (ς, x, s, v)

∥∥) ‖W (s, v, ε)‖ ds dv
)
dζ ≤

≤ c0c2
∫ t
0

(∫ x
0

∫ ς
0 ‖W (s, v, ε)‖ ds dv

)
dς ≤

≤ c0c2
∫ t
0

(∫ x
0

∫ t
0 ‖W (s, v, ε)‖ ds dv

)
dς =

= c0c2
∫ x
0

∫ t
0 ‖W (s, v, ε)‖ dsdv ·

∫ t
0 dς ≤

≤ c0c2
∫ x
0

∫ t
0 ‖W (s, v, ε)‖ dsdv = c0c2

∫ t
0

∫ x
0 ‖W (s, v, ε)‖ dvds,

1

ε

∫ t

0

‖Y (t, ζ, ε)‖ · ||

(
Φ (ς, x, ε)

0

)
||dζ ≤ c0

ε
‖Φ (ς, x, ε)‖C([0,1]×[0,1]) = const.

Ñëåäîâàòåëüíî,

||W (t, x, ε)|| ≤ (c0c1 + c0c2)

∫ t

0

∫ x

0

‖W (s, v, ε)‖ dvds +

+
c0
ε
‖Φ (ς, x, ε)‖C([0,1]×[0,1]) .

Òåïåðü âîñïîëüçóåìñÿ ñëåäóþùèì óòâåðæäåíèåì (ñì. [6], ñòð. 67): åñ-
ëè äëÿ âñåõ (t, x) ∈ [0, b] × [0, c] ôóíêöèè u (t, x) è p (t, x) íåîòðè-
öàòåëüíû è óäîâëåòâîðÿþò íåðàâåíñòâó u (t, x) ≤ γ +

∫ t
0

∫ x
0 p (s, v) ×

× u (s, v) dvds (γ = const ≥ 0) , òî â îáëàñòè [0, b]× [0, c] ñïðàâåäëèâî íåðà-
âåíñòâî

u (t, x) ≤ γ · exp

{∫ t

0

∫ x

0

p (s, v) dvds

}
.

Â íàøåì ñëó÷àå b = c = 1 è

u (t, x) = ||W (t, x, ε)||, γ =
c0
ε
‖ϕ (ς, x, ε)‖C([0,1]×[0,1]) , p (t, x) = c0c1+c0c2 = const,

ïîýòîìó

||W (t, x, ε)|| ≤ c0
ε
‖ϕ (ς, x, ε)‖C([0,1]×[0,1]) · exp

{∫ t

0

∫ x

0

(c0c1 + c0c2) dvds

}
≤

≤ ν0
ε
‖ϕ (ς, x, ε)‖C([0,1]×[0,1]) ,

ãäå ν0 = c0c1+c0c2 íå çàâèñèò îò ε > 0. Òàê êàê ‖Z‖ ≤ ‖W‖ , òî íåðàâåíñòâî
(21) äîêàçàíî.

Ïðèìåíèì òåïåðü ýòî íåðàâåíñòâî äëÿ îöåíêè îñòàòêà

∆N(t, x, ε) = y(t, x, ε)− yεN(t, x),
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ãäå y(t, x, ε) � òî÷íîå ðåøåíèå çàäà÷è (1), à yεN(t, x) � ôîðìàëüíîå àñèìï-
òîòè÷åñêîå ðåøåíèå, ïîñòðîåííîå âûøå. Ôóíêöèÿ ∆N(t, x, ε) (ñîãëàñíî ëåììå
1) óäîâëåòâîðÿåò çàäà÷å

ε
∂yεN(t, x)

∂t
= A(t)yεN(t, x) +

∫ x

0

∫ t

0

Q (t, x, s, v) yεN (s, v) dsdv ≡

≡ −εN+1KN(t, x, ε),

ãäå ||KN(t, x, ε)|| ≤ K̄N , K̄N > 0 � íå çàâèñèò îò ε ïðè ε ∈ (0, εN ]. Ñðàâíè-
âàÿ ýòî ñ (18), âèäèì, ÷òî ϕ(t, x, ε) ≡ −εN+1KN(t, x, ε), ïîýòîìó èç îöåíêè
(21) âûâîäèì íåðàâåíñòâî

||∆N(t, x, ε)||C[0,T ] ≤
ν0
ε
εN+1||KN(t, x, ε)||C[0,T ] ≤ ν0ε

N ||KN(t, x, ε)|| ≤ ν0K̄Nε
N .

Çíà÷èò, ||∆N(t, x, ε)||C([0,1]×[0,1]) ≡ ||y(t, x, ε) − yεN(t, x)||C([0,1]×[0,1]) ≤
≤ c̄Nε

N , N = 0, 1, 2, .... Îòñþäà (çà ñ÷åò ãëàäêîñòè êîýôèöèåíòîâ yk(t,
ψ(t)
ε )

ñóæåíèÿ ðÿäà (7)) ïîëó÷àåì îáû÷íóþ îöåíêó:

||y(t, x, ε)− yεN(t, x)||C([0,1]×[0,1]) ≤ cNε
N+1, N = 0, 1, 2, . . . .

Òåîðåìà ïîëíîñòüþ äîêàçàíà.

4 Ðåøåíèå ïåðâîé èòåðàöèîííîé çàäà÷è. Èññëåäîâàíèå

ïðîáëåìû èíèöèàëèçàöèè

Ïîñêîëüêó â ñèñòåìå (100) âåêòîð-ôóíêöèÿ H(t, x, τ) ≡ h(t, x) íå çàâè-
ñèò îò τ, òî óñëîâèÿ (13) äëÿ íåå âûïîëíåíû àâòîìàòè÷åñêè, ïîýòîìó ñèñòåìà
(100) èìååò â ïðîñòðàíñòâå U ðåøåíèå, êîòîðîå ìîæíî çàïèñàòü â ôîðìå (ñì.
(14))

y0(t, x, τ) = y (t, x, τ) =
∑n

j=1 α
(0)
j (t, x)ϕj (t) eτj + y

(0)
0 (t, x),

y
(0)
0 (t, x) ≡ −

∫ x
0 R (t, x, s, v)A−1 (s)h (s, v) dsdv − A−1 (t)h (t, x) .

(140)

ãäå α
(0)
j (t, x) ∈ C∞([0, 1] × [0, 1] ,C1) � ïîêà ïðîèçâîëüíûå ôóíêöèè. Äëÿ

âû÷èñëåíèÿ ýòîé ôóíêöèè çàïèøåì ïðàâóþ ÷àñòü ñëåäóþùåé èòåðàöèîííîé
ñèñòåìû (101) :

H (t, x, τ) ≡ −∂y
(0)
0 (t,x)
∂t −

∑n
j=1

∂(α(0)
j (t,v)ϕj(t))

∂t eτj+

+
∑n

j=1

(∫ x
0
Q(t,x,t,v)α

(0)
j (t,v)ϕj(t)dv

λj(t)

)
eτj−

−
∑n

j=1

(∫ x
0
Q(t,x,0,v)α

(0)
j (0,v)ϕj(0)

λj(0)
dv

)
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Ïîä÷èíÿÿ H (t, x, τ) óñëîâèþ îðòîãîíàëüíîñòè (13), áóäåì èìåòü

−
(
∂(α(0)

j (t,x)ϕj(t))
∂t , χj (t)

)
+

(∫ x
0

(Q(t,x,t,v)α
(0)
j (t,v)ϕj(t),χj(t))
λj(t)

dv

)
= 0⇔

⇔ ∂α
(0)
j (t,x)

∂t = − (ϕ̇j (t) , χj (t))α
(0)
j (t, x) +

+
(∫ x

0
(Q(t,x,t,v)ϕj(t), χj(t))

λj(t)
α
(0)
j (t, v) dv

) (25)

Íà÷àëüíûå óñëîâèÿ äëÿ ôóíêöèé α(0)(t, x) íàõîäèì èç ðàâåíñòâà

y0(0, x, 0) = y0 (x)⇔

⇔
∑n

j=1 α
(0)
j (0, x)ϕj (0)− A−1 (0)h (0, x) = y0 (x)⇔

⇔ α
(0)
j (0, x) =

(
y0 (x) + A−1 (0)h (0, x) , χj (0)

)
, j = 1, n.

Ñ ó÷¼òîì íà÷àëüíûõ óñëîâèé α
(0)
j (0, x) óðàâíåíèå (25) ìîæíî çàïèñàòü â

ýêâèâàëåíòíîé ôîðìå:

α
(0)
j (t, x) =

(
y0 (x) + A−1 (0)h (0, x) , χj (0)

)
+

+
∫ t
0

(∫ x
0

(
Q(s,x,s,v)
λj(s)

ϕj (s) , χj (s)
)
α
(0)
j (s, v) dv

)
ds+

+
∫ t
0 (−ϕ̇j (s) , χj (s))α

(0)
j (s, x) ds, j = 1, n.

(26)

Òàê êàê çäåñü ÿäðà
(
Q(s,x,s,v)
λj(s)

ϕj (s) , χj (s)
)
ïðèíàäëåæèò êëàññó

C∞ ({0 ≤ s ≤ t ≤ 1, 0 ≤ v ≤ x ≤ 1} ,Cn) ,

òî óðàâíåíèÿ (26) èìåþò åäèíñòâåííûå ðåøåíèÿ

α
(0)
j (t, x) ∈ C∞

(
[0, 1]× [0, 1] ,C1

)
, j = 1, n.

Òåì ñàìûì, ðåøåíèå ïåðâîé èòåðàöèîííîé çàäà÷è (100) íàéäåíî â âèäå (140)
îäíîçíà÷íî. Ïåðåéäåì òåïåðü ê ðàññìîòðåíèþ ïðîáëåìû èíèöèàëèçàöèè.

Ïóñòü Reλj (t) < 0 ∀t ∈ [0, 1] . Òîãäà ïî òåîðåìå 3 èìååì

||y(t, x, ε)− yε0(t, x)||C([0,1]×[0,1]) ≤ c0ε⇔
⇔ ||y(t, ε)−

(∑n
j=1 α

(0)
j (t, x)ϕj (t) e

1
ε

∫ t
0
λj(θ)dθ + y

(0)
0 (t, x)

)
||C([0,1]×[0,1]) ≤ c0ε.

Îòñþäà ïðè ëþáîì δ ∈ (0, 1] ïîëó÷àåì, ÷òî

c0ε ≥ ||y(t, x, ε)−

(
n∑
j=1

α
(0)
j (t, x)ϕj (t) e

1
ε

∫ t
0
λj(θ)dθ + y

(0)
0 (t, x)

)
||C([δ,1]×[0,1]) ≥

≥ ||y(t, x, ε)−
n∑
j=1

α
(0)
j (t, x)ϕj (t) e

1
ε

∫ t
0
λj(θ)dθ − y(0)0 (t, x)||C([δ,1]×[0,1]) ≥

≥ ||y(t, x, ε)− y(0)0 (t, x)||C([δ,1]×[0,1]) − ||
n∑
j=1

α
(0)
j (t, x)ϕj (t) e

1
ε

∫ t
0
λj(θ)dθ||C([δ,1]×[0,1]),
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îòêóäà âûâîäèì, ÷òî

||y(t, x, ε)− y(0)0 (t, x)||C([δ,1]×[0,1]) ≤ c0ε+

+||
∑n

j=1 α
(0)
j (t, x)ϕj (t) e

1
ε

∫ t
0
λj(θ)dθ||C([δ,1]×[0,1]) ≤

≤ c0ε+
∥∥∥∑n

j=1 α
(0)
j (t, x)ϕj (t)

∥∥∥
C([δ,1]×[0,1])

e−
κδ
ε ,

ãäå κ = min
t∈[0,T ],j=1,n

(−Reλj(t)) > 0. Ñëåäîâàòåëüíî,

||y(t, x, ε)− y(0)0 (t, x)||C([δ,1]×[0,1]) → (ε→ +0). (27)

Ïîëó÷åí ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 4. Åñëè âûïîëíåíû óñëîâèÿ 1) è 2), ïðè÷åì Reλj (t) < 0 ∀t ∈
∈ [0, 1], j = 1, n, òî èìååò ìåñòî ïðåäåëüíûé ïåðåõîä (27), ãäå y =

= y(t, x, ε) � òî÷íîå ðåøåíèå çàäà÷è (1), à ôóíêöèÿ y
(0)
0 (t, x) ÿâëÿåòñÿ

ðåøåíèåì èíòåãðàëüíîé ñèñòåìû

−A (t) y0 (t, x) =

∫ x

0

(∫ t

0

Q (t, x, s, v)

)
y0 (t, v) dsdv + h (t, x) (28)

Ýòà ñèñòåìà ÿâëÿåòñÿ âûðîæäåííîé ïî îòíîøåíèþ ê èñõîäíîé ñèñòåìå
(1).

Îäíàêî â íàøåì ñëó÷àå äîïóñêàþòñÿ ÷èñòî ìíèìûå ñîáñòâåííûå çíà÷å-
íèÿ. Ïóñòü, íàïðèìåð,

λj (t) = ±iωj (t) , ωj (t) > 0
(
j = 1,m

)
,

Reλk (t) < 0
(
∀t ∈ [0, 1] , k = 2m+ 1, n

)
.

(29)

Â ýòîì ñëó÷àå ïðåäåëüíûé ïåðåõîä (27) â ìåòðèêå ïðîñòðàíñòâà
C ([0, 1]× [0, 1]) ñòàíîâèòñÿ íåâîçìîæíûì. Â ñâÿçè ñ ýòèì âîçíèêàåò ñëåäóþ-
ùàÿ ïðîáëåìà èíèöèàëèçàöèè: êàêèìè äîëæíû áûòü èñõîäíûå äàííûå çàäà-
÷è (1), ÷òîáû ðàâíîìåðíûé ïðåäåëüíûé ïåðåõîä y (t, x, ε) ⇒ y

(0)
0 (t, x) (ïðè

ε → +0 ) áûë âîçìîæåí íà ìíîæåñòâå [0, 1] × [0, 1] , âêëþ÷àÿ è çîíó ïîãðà-
íè÷íîãî ñëîÿ ïî t? Èñõîäíûå äàííûå çàäà÷è (1), óäîâëåòâîðÿþùèå ýòîìó
òðåáîâàíèþ, íàçûâàþò êëàññîì èíèöèàëèçàöèè Σ. Òàê êàê

y (t, x, ε) =
∑m

j=1 α
(0)
j (t, x)ϕj (t) e

−i
ε

∫ t
0
ωj(θ)dθ +

∑m
j=1 β

(0)
j (t, x)ϕj (t) e

+i
ε

∫ t
0
ωj(θ)dθ+

+
∑n

k=2m+1 α
(0)
k (t, x)ϕk (t) e

1
ε

∫ t
0
λk(θ)dθ + y

(0)
0 (t, x) +O(ε),

òî ïåðâûå 2m ñëàãàåìûõ áûñòðî îñöèëëèðóåò è ïðåïÿòñòâóþò ñóùåñòâîâà-
íèþ ïðåäåëüíîãî ïåðåõîäà y (t, x, ε) ⇒ y

(0)
0 (t, x) íà ìíîæåñòâå [0, 1] × [0, 1] ,
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ïîýòîìó èõ íàäî óäàëèòü, ò. å. ïîëîæèòü

α
(0)
j (t, x) ≡ 0, β

(0)
j (t, x) ≡ 0

(
∀ (t, x) ∈ [0, 1]× [0, 1] , j = 1,m

)
.

Èç ôîðìóëû (26) ñëåäóåò, ÷òî ýòî èìååò ìåñòî òîãäà è òîëüêî òîãäà, êîãäà(
y0 (x) + A−1 (0)h (0, x) , χj (0)

)
, j = 1, 2m, ∀x ∈ [0, 1] . (30)

Äîêàçàí ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 5. Ïóñòü äëÿ çàäà÷è (1) âûïîëíåíû óñëîâèÿ 1), 2) è (28). Òîãäà
äëÿ òîãî ÷òîáû èìåë ìåñòî ïðåäåëüíûé ïåðåõîä

||y(t, x, ε)− y(0)0 (t, x)||C([δ,1]×[0,1]) → 0(ε→ +0), (∗)

íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû èìåëè ìåñòî ðàâåíñòâà (30). Ïðè ýòîì
åñëè ðàâåíñòâà (30) èìåþò ìåñòî äëÿ âñåõ j = 1, n, òî â (∗) ìîæíî âçÿòü
δ = 0, ò. å. ïðåäåëüíûé ïåðåõîä áóäåò èìåòü ìåñòî ïðè âñåõ (t, x) ∈
∈ [0, 1]× [0, 1] .

Çíà÷èò, êëàññ èíèöèàëèçàöèè Σ îïèñûâàåòñÿ óñëîâèÿìè(
y0 (x) + A−1 (0)h (0, x) , χj (0)

)
, j = 1, n, ∀x ∈ [0, 1] . (∗∗)

ßñíî, ÷òî óñëîâèå
(
h (t, x) , y0 (x) , A (t)

)
∈ Σ ãàðàíòèðóåò ðàâíîìåðíûé ïðå-

äåëüíûé ïåðåõîä

||y(t, x, ε)− y(0)0 (t, x)||C([0,1]×[0,1]) → 0(ε→ +0)

è â ñëó÷àå, êîãäà âñå λj (t) < 0.

5 Ïðèìåð

Ïîñìîòðèì, êàê ðåçóëüòàòû, ïîëó÷åííûå äëÿ ñèñòåìû (1), ýêñòðàïîëèðó-
þòñÿ íà ñêàëÿðíûå èíòåãðîäèôôåðåíöèàëüíûå óðàâíåíèÿ

ε∂y(t,x,ε)∂t = a (t) y (t, x, ε) +
∫ x
0

∫ t
0 Q (t, x, s, v) y (s, v, ε) dsdv + h (t, x) ,

y (0, x, ε) = y0 (x) ((t, x) ∈ [0, 1]× [0, 1]) ,
(31)

ãäå ôóíêöèè a (t) ∈ C∞ [0, 1] , h (t, x) ∈ C∞ ([0, 1]× [0, 1]) , ÿä-
ðî Q (t, x, s, v) ïðèíàäëåæèò êëàññó C∞ (0 ≤ s ≤ t ≤ 1, 0 ≤ v ≤ x ≤ 1) è
Re a (t) ≤ 0, a (t) 6= 0 (∀t ∈ [0, 1]) .
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Ââåäåì ðåãóëÿðèçèðóþùóþ ïåðåìåííóþ

τ =
1

ε

∫ t

0

a (θ) dθ ≡ ψ (t)

ε

è äëÿ ôóíêöèè ỹ (t, x, τ, ε) ïîñòàâèì ñëåäóþùóþ çàäà÷ó:

ε∂ỹ∂t + a (t) ∂ỹ
∂τ − a (t) ỹ −

∫ x
0

∫ t
0 Q (t, x, s, v) ỹ

(
s, v, ψ(s)ε , ε

)
dsdv = h (t, x) ,

ỹ (0, x, 0, ε) = y0 (x) .
(32)

Áóäåì ðåøàòü ýòó çàäà÷ó â êëàññå ôóíêöèé

U = {y (t, x, τ) : y = y1(t, x)eτ + y0 (t, x) , y0 (t, x) ,

y1 (t, x) ∈ C∞ ([0, 1]× [0, 1])

Ïðîèçâîäÿ ðåãóëÿðèçàöèþ èíòåãðàëüíîãî îïåðàòîðà â êëàññå U è âû÷èñëÿÿ
ðåøåíèå ðåãóëÿðèçîâàííîé çàäà÷è

Lεỹ (t, x, τ, ε) ≡ ε
∂ỹ

∂t
+ a (t)

∂ỹ

∂τ
− a (t) ỹ − J̃ ỹ = h (t, x) , ỹ (0, x, 0, ε) = y0 (x)

â âèäå ðÿäà (7), ïîëó÷èì ñåðèþ èòåðàöèîííûõ çàäà÷

L y0 (t, x, τ) ≡ a (t)
∂y0
∂τ
− a (t) y0 −R0y0 = h (t, x) , y0 (0, x, 0) = y0 (x) , (330)

L y1 (t, x, τ) = −∂y0
∂t +R1y0, y1 (0, x, 0) = 0, (331)

...

ãäå îïåðàòîð R0 èìååò âèä R0y (t, x, τ) =
∫ x
0

∫ t
0 Q (t, x, s, v) y0 (s, v) dsdv. Ðå-

øåíèå ïåðâîé èòåðàöèîííîé çàäà÷è (330) áóäåò òàêèì:

y0(t, x, τ) = y (t, x, τ) = α(0) (t, x) eτ + y
(0)
0 (t, x),

ãäå y
(0)
0 (t, x), α(0) (t, x) óäîâëåòâîðÿåò èíòåãðàëüíûì óðàâíåíèÿì

y
(0)
0 (t, x) =

x∫
0

 t∫
0

Q (t, x, s, v)

−a (t)
y
(0)
0 (s, v) ds

dv − h (t, x)

a (t)
(34)

α(0) (t, x) = y0 (x) +
h (0, x)

a (0)
+

∫ t

0

(∫ x

0

Q (s, x, s, v)

a (s)
α(0) (s, v) dv

)
ds. (35)
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Çíà÷èò, ãëàâíûé ÷ëåí àñèìïòîòè÷åñêîãî ðåøåíèÿ çàäà÷è (31) èìååò âèä

yε0(t, x) = α(0) (t, x) e
1
ε

∫ t
0
a(θ)dθ + y

(0)
0 (t, x).

Ïðè ýòîì èìååò ìåñòî ïðåäåëüíûé ïåðåõîä

||y(t, x, ε)− y(0)0 (t, x)||C([δ,1]×[0,1]) → (ε→ +0),

ãäå y = y(t, x, ε) � òî÷íîå ðåøåíèå çàäà÷è (31), à ôóíêöèÿ y
(0)
0 (t, x) ÿâ-

ëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (34), âûðîæäåííîãî ïî îòíîøåíèþ ê èñõîäíîé
ñèñòåìå (31). È íàêîíåö, åñëè èñõîäíûå äàííûå

(
h (t, x) , y0 (x) , a (x)

)
çàäà-

÷è (31) ïðèíàäëåæàò êëàññó

Σ =

{(
h, y0, a

)
: y0 (x) +

h (0, x)

a (0)
≡ 0∀x ∈ [0, 1]

}
,

òî ïðåäåëüíûé ïåðåõîä èìååò ìåñòî íà âñåì ìíîæåñòâå [0, 1]× [0, 1] , âêëþ÷àÿ

è òî÷êó t = 0 : ||y(t, x, ε)− y(0)0 (t, x)||C([0,1]×[0,1]) → 0 (ε→ +0).

Íàïðèìåð, â çàäà÷å

ε
∂

∂t
y (t, x, ε) = −3 y (t, x, ε) +

x∫
0

t∫
0

s · v · y (s, v, ε) dsdv+

+ 6x+ 9t− 1

2
t3x2 − 1

3
t2x3, y (0, x, ε) = 2 x

(36)

èñõîäííûìè äàííûìè áóäóò:

Q (t, x, s, v) ≡ s · v, a (t) ≡ −3, y0 (x) = 2x, h (t, x) = 6x+ 9t− 1

2
t3x2 − 1

3
t2x3.

Íåòðóäíûé ïîäñ÷åò ïîêàçûâàåò, ÷òî y
(0)
0 (t, x) ≡ 2 x + 3 t, α

(0)
0 (t, x) ≡ 0, à

òî÷íîå ðåøåíèå y(t, x, ε) çàäà÷è (36) áóäåò ñòðåìèòñÿ ïðè ε → +0 ê ïðå-

äåëüíîìó ðåøåíèþ y
(0)
0 (t, x) ≡ 2 x + 3 t ðàâíîìåðíî íà âñåì ìíîæåñòâå

[0, 1]× [0, 1] , âêëþ÷àÿ è çîíó ïîãàíè÷íîãî ñëîÿ. Â ýòîì ñëó÷àå ãëàâíûé ÷ëåí
àñèìïòîòè÷åñêîãî ðåøåíèÿ çàäà÷è (36) ñîâïàäàåò ñ ïðåäåëüíûì ðåøåíèåì

y
(0)
0 (t, x) .
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Regularization method for singularly perturbed integro-di�erential

systems with two independent variables

A.A. Bobodzhanov ,V.F. Safonov

Higher mathematics department National Research University "Moscow Power
Engineering Institute�

Abstract. In this paper, the Lomov regularization method is generalized
to Volterra-type integro-di�erential partial di�erential equations with a two-
dimensional integral operator. We consider the case when the operator of the
di�erential part depends only on the di�erentiation variable. Thus, in contrast
Imanaliev, M. I. (where only the passage to the limit is studied, when a
small parameter tends to zero), in this paper, the focus is on constructing a
regularized asymptotic solution of any order (with respect to a small parameter).
Note that the Lomov regularization method was used mainly for ordinary
singularly perturbed integro-di�erential equations (see the detailed bibliography
at the end of the article). In one of the authors' works, the case of a partial
di�erential equation with a one-dimensional integral operator was considered. The
development of this method for systems of partial di�erential equations with a
two-dimensional integral operator has not been carried out before. The paper also
considers and solves the ¾initialization problem¿, i.e., the problem of choosing
the initial data of the problem, in which the limit transition in its solution (in a
uniform metric over the entire considered set of independent variables, including
the boundary layer zone) becomes possible.

Keywords: singular perturbation, boundary layer, integro-di�erential equation,
the problem of initialization.
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