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×èñëåííûå ìåòîäû

Óñòîé÷èâîñòü è ñõîäèìîñòü ìîíîòîííûõ ðàçíîñòíûõ ñõåì,

àïïðîêñèìèðóþùèõ êðàåâûå çàäà÷è äëÿ

èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ äðîáíîé ïî âðåìåíè

ïðîèçâîäíîé è îïåðàòîðîì Áåññåëÿ

Ç.Â. Áåøòîêîâà, Ì.Õ. Áåøòîêîâ
Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè ÊÁÍÖ ÐÀÍ

Àííîòàöèÿ. Èçó÷åíû êðàåâûå çàäà÷è äëÿ èíòåãðî-äèôôåðåíöèàëüíîãî
óðàâíåíèÿ ñ äðîáíîé ïî âðåìåíè ïðîèçâîäíîé è îïåðàòîðîì Áåññåëÿ. Äëÿ
ðåøåíèÿ ðàññìàòðèâàåìûõ çàäà÷ ïîëó÷åíû àïðèîðíûå îöåíêè â äèôôåðåí-
öèàëüíîé òðàêòîâêå, èç ÷åãî ñëåäóþò åäèíñòâåííîñòü è óñòîé÷èâîñòü ðåøåíèÿ
ïî íà÷àëüíûì äàííûì è ïðàâîé ÷àñòè. Äëÿ ÷èñëåííîãî ðåøåíèÿ êðàåâûõ çà-
äà÷ ïîñòðîåíû ìîíîòîííûå ðàçíîñòíûå ñõåìû ñ íàïðàâëåííûìè ðàçíîñòÿìè
è äëÿ íèõ äîêàçûâàþòñÿ àíàëîãè àïðèîðíûõ îöåíîê, ïðèâîäÿòñÿ îöåíêè ïî-
ãðåøíîñòè â ïðåäïîëîæåíèé äîñòàòî÷íîé ãëàäêîñòè ðåøåíèé óðàâíåíèé. Èç
ïîëó÷åííûõ àïðèîðíûõ îöåíîê â ðàçíîñòíîé ôîðìå ñëåäóþò åäèíñòâåííîñòü
è óñòîé÷èâîñòü ðåøåíèÿ ïî íà÷àëüíûì äàííûì è ïðàâîé ÷àñòè, à òàêæå â
ñèëó ëèíåéíîñòè ðàçíîñòíûõ çàäà÷ ñõîäèìîñòü ñî âòîðûì ïîðÿäêîì ïî ïàðà-
ìåòðàì ñåòêè. Ïðåäëîæåí àëãîðèòì ïðèáëèæåííîãî ðåøåíèÿ êðàåâîé çàäà÷è
ñ óñëîâèåì òðåòüåãî ðîäà, ïðîâåäåíû ÷èñëåííûå ðàñ÷åòû òåñòîâîãî ïðèìåðà,
èëëþñòðèðóþùåãî ïîëó÷åííûå â ðàáîòå òåîðåòè÷åñêèå ðåçóëüòàòû, êàñàþùè-
åñÿ ñõîäèìîñòè è ïîðÿäêà àïïðîêñèìàöèè ðàçíîñòíîé ñõåìû.

Êëþ÷åâûå ñëîâà: êðàåâûå çàäà÷è, äðîáíàÿ ïðîèçâîäíàÿ Ãåðàñèìîâà-
Êàïóòî, àïðèîðíàÿ îöåíêà, ìîíîòîííûå ñõåìû, èíòåãðî-äèôôåðåíöèàëüíîå
óðàâíåíèå, äèôôåðåíöèàëüíîå óðàâíåíèå äðîáíîãî ïîðÿäêà.
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1 Ââåäåíèå.

Âàæíîå òåîðåòè÷åñêîå è ïðàêòè÷åñêîå çíà÷åíèå èìååò ïîñòðîåíèå ìàòåìàòè-
÷åñêèõ ìîäåëåé, ó÷èòûâàþùèõ ôðàêòàëüíûå ñâîéñòâà ðàçëè÷íûõ ñðåä è ÿâ-
ëåíèè ïðèðîäû, êîòîðûå îïèñûâàþòñÿ ñ ïîìîùüþ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé äðîáíîãî ïîðÿäêà. Â [?]-[?] äàí äîñòàòî÷íî ïîëíûé îáçîð ðàáîò, ïî-
ñâÿùåííûõ äèôôåðåíöèàëüíûì óðàâíåíèÿì äðîáíîãî ïîðÿäêà. Ìîíîãðàôèÿ
[?] ïîñâÿùåíà êà÷åñòâåííî íîâûì ñâîéñòâàì îïåðàòîðîâ äðîáíîãî èíòåãðî-
äèôôåðåíöèðîâàíèÿ è èõ ïðèìåíåíèþ ê äèôôåðåíöèàëüíûì óðàâíåíèÿì
äðîáíîãî ïîðÿäêà.

Â íàñòîÿùåé ðàáîòå ïðèâîäèòñÿ ÷èñëåííîå èññëåäîâàíèå ðåøåíèÿ òðåõ-
ìåðíîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ äðîáíîé ïî âðåìåíè ïðî-
èçâîäíîé â ñìûñëå Ãåðàñèìîâà-Êàïóòî ïîðÿäêà α

∂α0tu = Lu+ f(x, t), (x, t) ∈ QT , (0.1)

ãäå

Lu =
3∑
s=1

Lsu, x = (x1, x2, x3),

Lsu =
∂

∂xs

(
ks(x, t)

∂u

∂xs

)
+ rs(x, t)

∂u

∂xs
+

∫ t

0

ps(x, t, τ)u(x, τ)dτ.

Ïåðåõîäÿ ê öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò (r, ϕ, z) â ñëó÷àå, êîãäà ðå-
øåíèå u = u(r) íå çàâèñèò íè îò z, íè îò ϕ (èìååò ìåñòî îñåâàÿ ñèììåòðèÿ)
(0.1) ïðèíèìàåò âèä (îáîçíà÷èì x = r):

∂α0tu =
1

r

(
rk(r, t)ur

)
r

+ h(r, t)ur +

∫ t

0

p(r, t, τ)u(r, τ)dτ + f(r, t),

à â ñëó÷àå ñôåðè÷åñêîé ñèììåòðèè óðàâíåíèå (0.1) ïðèíèìàåò âèä:

∂α0tu =
1

r2

(
r2k(r, t)ur

)
r

+ h(r, t)ur +

∫ t

0

p(r, t, τ)u(r, τ)dτ + f(r, t).

ãäå
k(r, t) = k1(x, t) = k2(x, t) = k3(x, t),

h(r, t) = h1(x, t) = h2(x, t) = h3(x, t), q(r, t) = q1(x, t) = q2(x, t) = q3(x, t)

åñòü óñëîâèÿ ñèììåòðèè íà êîýôôèöèåíòû â ñèëó ñèììåòðèè r îòíîñèòåëüíî
ïåðåìåííûõ x1, x2, x3.
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×èñëåííûì ìåòîäàì ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ äèôôóçèè
äðîáíîãî ïîðÿäêà ïîñâÿùåíû ðàáîòû [?] - [?], ðàáîòû [?]-[?] - äëÿ óðàâíå-
íèÿ Àëëåðà äðîáíîãî ïîðÿäêà, à [?], [?] íåëîêàëüíûì êðàåâûì çàäà÷àì äëÿ
óðàâíåíèÿ ïñåâäîïàðàáîëè÷åñêîãî òèïà ñ îïåðàòîðîì Áåññåëÿ.

1. Ïîñòàíîâêà çàäà÷è.

Â çàìêíóòîì ïðÿìîóãîëüíèêå QT = {(x, t) : 0 ≤ x ≤ l, 0 ≤ t ≤ T}
ðàññìîòðèì êðàåâóþ çàäà÷ó äëÿ èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ
äðîáíîé ïî âðåìåíè ïðîèçâîäíîé â ñìûñëå Ãåðàñèìîâà-Êàïóòî ïîðÿäêà α

∂α0tu =
1

xm
∂

∂x

(
xmk(x, t)

∂u

∂x

)
+ r(x, t)

∂u

∂x
+

∫ t

0

p(x, t, τ)u(x, τ)dτ + f(x, t),

0 < x < l, 0 < t ≤ T, (1.1)

lim
x→0

xmk(x, t)ux(x, t) = 0, 0 ≤ t ≤ T, (1.2)

u(l, t) = 0, 0 ≤ t ≤ T, (1.3)

u(x, 0) = u0(x), 0 ≤ x ≤ l, (1.4)

ãäå

0 < c0 ≤ k(x, t) ≤ c1, |r(x, t), rx(x, t), kx(x, t), p(x, t, τ)| ≤ c2, (1.5)

∂α0tu = 1
Γ(1−α)

t∫
0

uτ (x,τ)
(t−τ)α dτ, − äðîáíàÿ ïðîèçâîäíàÿ â ñìûñëå Ãåðàñèìîâà-Êàïóòî

ïîðÿäêà α, 0 < α < 1 [?], ci, i = 0, 1, 2− ïîëîæèòåëüíûå ÷èñëà, 0 ≤ m ≤ 2.

Çàìåòèì, ÷òî ïðè x = 0 ñòàâèòñÿ óñëîâèå îãðàíè÷åííîñòè ðåøåíèÿ
|u(0, t)| < ∞, êîòîðîå ýêâèâàëåíòíî óñëîâèþ (1.2), ðàâíîñèëüíîìó â ñâîþ
î÷åðåäü òîæäåñòâó k(0, t)ux(0, t) = 0 [?], åñëè ôóíêöèè r(0, t), ρ(0, t), f(0, t)
êîíå÷íû.

Ïðåäïîëîæèì, ÷òî ðåøåíèå çàäà÷è (1.1) − (1.4) ñóùåñòâóåò è îáëàäà-
åò íóæíûìè ïî õîäó èçëîæåíèÿ ïðîèçâîäíûìè, êîýôôèöèåíòû óðàâíåíèÿ è
ãðàíè÷íûõ óñëîâèé óäîâëåòâîðÿþò íåîáõîäèìûì ïî õîäó èçëîæåíèÿ óñëîâè-
ÿì ãëàäêîñòè, îáåñïå÷èâàþùèì íóæíûé ïîðÿäîê àïïðîêñèìàöèè ðàçíîñòíîé
ñõåìû.

Ïî õîäó èçëîæåíèÿ áóäåì òàêæå èñïîëüçîâàòüMi = const > 0, i = 1, 2, ...,
çàâèñÿùèå òîëüêî îò âõîäíûõ äàííûõ ðàññìàòðèâàåìîé çàäà÷è.
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2 Àïðèîðíàÿ îöåíêà â äèôôåðåíöèàëüíîé ôîðìå

Äëÿ ïîëó÷åíèÿ àïðèîðíîé îöåíêè ðåøåíèÿ çàäà÷è (1.1) - (1.4) â äèôôåðåí-
öèàëüíîé ôîðìå óìíîæèì óðàâíåíèå (1.1) ñêàëÿðíî íà xmu:(

∂α0tu, x
mu
)

=
((
xmkux

)
x
, u
)

+

+
(
rux, x

mu
)

+
(∫ t

0

pudτ, xmu
)

+
(
f, xmu

)
, (2.1)

ãäå
(
u, v
)

=
∫ l

0 uvdx,
(
u, u
)

= ‖u‖2
0, ãäå u, v − çàäàííûå íà [0, l] ôóíêöèè.

Ïðåîáðàçóÿ èíòåãðàëû, âõîäÿùèå â òîæäåñòâî (2.1), ñ ïîìîùüþ íåðàâåí-
ñòâà Êîøè ñ ε, ëåììû 1 [?], ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé c ó÷åòîì (1.2)
èç (2.1) ïîëó÷èì

∂α0t‖x
m
2 u‖2

0 + ‖x
m
2 ux‖2

0 ≤M1‖x
m
2 u‖2

0 +M2

∫ t

0

‖x
m
2 u‖2

0dτ +M3‖x
m
2 f‖2

0. (2.2)

Ïðèìåíÿÿ ê îáåèì ÷àñòÿì (2.2) îïåðàòîð äðîáíîãî èíòåãðèðîâàíèÿ D−α0t , ïî-
ëó÷èì

‖x
m
2 u‖2

0 +D−α0t ‖x
m
2 ux‖2

0 ≤M1D
−α
0t ‖x

m
2 u‖2

0+

+M2D
−α
0t

∫ t

0

‖x
m
2 u‖2

0dτ +M4

(
D−α0t ‖x

m
2 f‖2

0 + ‖x
m
2 u0(x)‖2

0

)
. (2.3)

Âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè (2.3) îöåíèì òàê

D−α0t

∫ t

0

‖x
m
2 u‖2

0dτ =
1

Γ(α)

∫ t

0

dτ

(t− τ)1−α

∫ τ

0

‖x
m
2 u‖2

0ds =

=
1

Γ(α)

∫ t

0

‖x
m
2 u‖2

0ds

∫ t

s

dτ

(t− τ)1−α =
1

αΓ(α)

∫ t

0

(t− s)α‖x
m
2 u‖2

0ds ≤

≤ 1

αΓ(α)

∫ t

0

‖xm
2 u‖2

0(t− τ)

(t− τ)1−α dτ ≤ T

α
D−α0t ‖x

m
2 u‖2

0.

Èòàê, ïîëó÷àåì

D−α0t

∫ t

0

‖x
m
2 u‖2

0dτ ≤
T

α
D−α0t ‖x

m
2 u‖2

0. (2.4)

Ñ ó÷åòîì (2.4) èç (2.3) íàõîäèì

‖x
m
2 u‖2

0 +D−α0t ‖x
m
2 ux‖2

0 ≤

≤M5D
−α
0t ‖x

m
2 u‖2

0 +M4

(
D−α0t ‖x

m
2 f‖2

0 + ‖x
m
2 u0(x)‖2

0

)
. (2.5)
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Ñ ïîìîùüþ ëåììû 2 [?] èç (2.5) ïîëó÷àåì ñëåäóþùóþ àïðèîðíóþ îöåíêó

‖x
m
2 u‖2

0 +D−α0t ‖x
m
2 ux‖2

0 ≤M
(
D−α0t ‖x

m
2 f‖2

0 + ‖x
m
2 u0(x)‖2

0

)
, (2.6)

ãäå M = const > 0, çàâèñÿùàÿ òîëüêî îò âõîäíûõ äàííûõ çàäà÷è (1.1)-(1.4),

D−α0t u = 1
Γ(α)

t∫
0

udτ
(t−τ)1−α− äðîáíûé èíòåãðàë Ðèìàíà-Ëèóâèëëÿ ïîðÿäêà α, 0 <

α < 1.

Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (1.5), òîãäà äëÿ ðåøåíèÿ u(x, t)
çàäà÷è (1.1)-(1.4) ñïðàâåäëèâà àïðèîðíàÿ îöåíêà (2.6), èç ÷åãî ñëåäóþò åäèí-
ñòâåííîñòü è óñòîé÷èâîñòü ðåøåíèÿ ïî íà÷àëüíûì äàííûì è ïðàâîé ÷àñòè.

3 Óñòîé÷èâîñòü è ñõîäèìîñòü ðàçíîñòíîé ñõåìû

Íà ðàâíîìåðíîé ñåòêå ωhτ äèôôåðåíöèàëüíîé çàäà÷å (1.1)-(1.4) ïîñòàâèì
â ñîîòâåòñòâèå ìîíîòîííóþ ðàçíîñòíóþ ñõåìó ñ ïîðÿäêîì àïïðîêñèìàöèè

O
(
h2+τ2

x

)
:

κ∆α
0tj+σ

y =
κ
xmi

(
xmi−0.5a

j
iy

(σ)
x̄

)
x

+
b−j

xmi

(
xmi−0.5a

j
iy

(σ)
x̄,i

)
+

+
b+j

xmi

(
xmi+0.5a

j
i+1y

(σ)
x,i

)
+

j+ 1
2∑

s=0

ρjs,iy
s
i τ̄ + ϕji , (x, t) ∈ ωh,τ , (3.1)

κ0a1y
(σ)
(x,0) =

0.5h

m+ 1

(
∆α

0tj+σ
y0 −

j+ 1
2∑

s=0

ρj0,sy
s
0τ̄
)
− µ, t ∈ ωτ , x = 0, (3.2)

y
(σ)
N = 0, t ∈ ωτ , x = l, (3.3)

y(x, 0) = u0(x), x ∈ ωh, t = 0, (3.4)

ãäå ∆α
0tj+σ

y = τ1−α

Γ(2−α)

j∑
s=0

c
(α,σ)
j−s y

s
t− äèñêðåòíûé àíàëîã äðîáíîé ïðîèçâîäíîé â

ñìûñëå Êàïóòî ïîðÿäêà α, 0 < α < 1 [?], îáåñïå÷èâàþùèé ïîðÿäîê òî÷íîñòè
O(τ 3−α),

ωτ = {tj = jτ, j = 0, 1, ...,m, mτ = T},
ωh = {xi = ih, i = 0, 1, ..., N, Nh = l},

ωhτ = ωh × ωτ = {(xi, tj), x ∈ ωh, t ∈ ωτ},
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a
(α,σ)
0 = σ1−α, a

(α,σ)
l =

(
l + σ

)1−α
−
(
l − 1 + σ

)1−α
, l ≥ 1, σ = 1− α

2
,

b
(α,σ)
l =

1

2− α

[
(l+σ)2−α−(l−1+σ)2−α

]
− 1

2

[
(l+σ)1−α+(l−1+σ)1−α

]
, l ≥ 1,

ïðè j = 0, c
(α,σ)
0 = a

(α,σ)
0 ;

ïðè j > 0, c(α,σ)
s =


a

(α,σ)
0 + b

(α,σ)
1 , s = 0,

a
(α,σ)
s + b

(α,σ)
s+1 − b

(α,σ)
s , 1 ≤ s ≤ j − 1,

a
(α,σ)
j − b(α,σ)

j , s = j,

c(α,σ)
s >

1− α
2

(s+ σ)−α > 0, aji = k(xi−0.5, t
j+σ), b±ji =

κir
±j+σ
i

kj+σi

,

y(σ) = σyj+1 + (1− σ)yj, rN = r(l, t) = rj+σN ≥ 0, r0 = r(0, t) = rj+σ0 ≤ 0,

r = r+ + r−, r+ = 0.5(r + |r|) ≥ 0, r− = 0.5(r − |r|) ≤ 0,

κi = 1 +
m(m− 1)h2

24x2
i

, i = 1, N − 1,

κi =
1

1 +Ri
, ρji,s = pj+σi,s , ϕ

j
i =

{
κif

j+σ
i , i 6= 0, N,

f j+σi , i = 0, N.
~ =

{
0.5h, i = 0,

h, i 6= 0, N,

Ri =
0.5h|ri|κi

ki−0.5
, κ0 =

1

1 + 0.5h|r0|
(m+1)a1

, r0 ≤ 0, |r| = r+ − r−, xm = xmi−0.5,

µ =
0.5h

m+ 1
ϕ0, Y = ŷ + y, ŷ = yj+1, yt =

ŷ − y
τ

, y = yji = y(xi, tj), t
∗ = tj+σ.

κ =
1

1 +R
, R =

0.5h|r|
k
− ðàçíîñòíîå ÷èñëî Ðåéíîëüäñà,

j+ 1
2∑

s=0

vsτ̄ =

j−1∑
s=1

vsτ + 0.5τ
(
v0 + vj + vj+

1
2

)
, τ̄ =

{
0.5τ, j = 0,m,m+ 1

2 ,

τ, j 6= 0,m,m+ 1
2 .

Ââåäåì ñêàëÿðíûå ïðîèçâåäåíèÿ è íîðìó:(
u, v
)

=
N−1∑
i=1

uivih,
(

1, u2
)

= ‖u‖2
0,
(

1, u2
x̄

]
= ‖ux]|20,

(
1, u2

]
=

N∑
i=1

u2
i~.

Íàéäåì òåïåðü àïðèîðíóþ îöåíêó, äëÿ ýòîãî óìíîæèì (3.1) ñêàëÿðíî íà
xmy(σ) :(

κ∆α
0tj+σ

y, xmy(σ)
)

=
(
κ(xmi−0.5a

j
iy

(σ)
x̄ )x, y

(σ)
)

+
(
b−jxmi−0.5a

j
iy

(σ)
x̄,i , y

(σ)
)

+
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+
(
b+jxmi+0.5a

j
i+1y

(σ)
x,i , y

(σ)
)

+
( j+ 1

2∑
s=0

ρjs,iy
s
i τ̄ , x

my(σ)
)

+
(
ϕ, xmy(σ)

)
. (3.5)

Ñïðàâåäëèâà ñëåäóþùàÿ [?]

Ëåììà 3. Äëÿ ëþáîé ôóíêöèè y(t), îïðåäåëåííîé íà ñåòêå ω̄τ , ñïðàâåä-
ëèâî íåðàâåíñòâî

y(σ)∆α
0tj+σ

y ≥ 1

2
∆α

0tj+σ
(y2).

Îöåíèì ñóììû, âõîäÿùèå â (3.5), ñ ó÷åòîì ëåììû 3:(
κ∆α

0tj+σ
y, xmy(σ)

)
≥M1

(1

2
,∆α

0tj+σ
(x

m
2 y)2

)
≥ 1

4
∆α

0tj+σ
‖x

m
2 y‖2

0, (3.6)(
κ(xmi−0.5a

j
iy

(σ)
x̄

)
x
, y(σ)

)
= κxmi−0.5a

j
iy

(σ)
x̄ y(σ)

∣∣∣N
0
−
(
x̄mi−0.5a

j
iy

(σ)
x̄ , (κy(σ))x̄

]
=

= κxmi−0.5a
j
iy

(σ)y
(σ)
x̄

∣∣∣N
0
−
(
x̄maκx̄, y(σ)

x̄ y(σ)
]
−
(
xmi−0.5aκ(−1), (y

(σ)
x̄ )2

]
≤

≤ xmi−0.5y
(σ)κajiy

(σ)
x̄

∣∣∣N
0

+ ε‖x̄
m
2 y

(σ)
x̄ ]|20 +M ε

3‖x
m
2 y(σ)‖2

0 −M4‖x̄
m
2 y

(σ)
x̄ ]|20. (3.7)(

b−jxmi−0.5a
j
iy

(σ)
x̄,i , y

(σ)
)

+
(
b+jxmi+0.5a

j
i+1y

(σ)
x,i , y

(σ)
)
≤

≤ ε‖x̄
m
2 y

(σ)
x̄ ]|20 +M ε

5‖x
m
2 y(σ)‖2

0. (3.8)( j+ 1
2∑

s=0

ρji,sy
s
i τ̄ , x

my(σ)
)
≤
(1

2
, (x

m
2 y(σ))2 +

( j+ 1
2∑

s=0

ρji,sx
m
2 ysi τ̄

)2)
≤ 1

2
‖x

m
2 y(σ)‖2

0+

+
(1

2
,

j+ 1
2∑

s=0

(ρs)2τ̄

j+ 1
2∑

s=0

(x
m
2 ysi )

2τ̄
)
≤ 1

2
‖x

m
2 y(σ)‖2

0 +M6

j+ 1
2∑

s=0

‖x
m
2 ys‖2

0τ̄ . (3.9)

(
ϕ, xmy(σ)

)
≤ 1

2
‖x

m
2 y(σ)‖2

0 +
1

2
‖x

m
2 ϕ‖2

0. (3.10)

Ó÷èòûâàÿ ïðåîáðàçîâàíèÿ (3.6)-(3.10) , èç (3.5) íàõîäèì

1

4
∆α

0tj+σ
‖x

m
2 y‖2

0 +M4‖x̄
m
2 y

(σ)
x̄ ]|20 ≤ x̄my(σ)κay(σ)

x̄

∣∣∣N
0

+

+2ε‖x̄
m
2 y

(σ)
x̄ ]|20 +M ε

8‖x
m
2 y(σ)‖2

0 +M7

j+ 1
2∑

s=0

‖x
m
2 ys‖2

0τ̄ +
1

2
‖x

m
2 ϕ‖2

0. (3.11)
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Ïðåîáðàçóåì ïåðâîå âûðàæåíèå â ïðàâîé ÷àñòè (3.11), òîãäà ïîëó÷èì

x̄my(σ)κay(σ)
x̄

∣∣∣N
0

= −xm0.5y
(σ)
0 κ0a1y

(σ)
x,0 =

= −xm0.5y
(σ)
0

[ 0.5h

m+ 1

(
∆α

0tj+σ
y0 −

j+ 1
2∑

s=0

ρj0,sy
s
0τ̄
)
− µ

]
=

= xm0.5y
(σ)
0 µ− 0.5h

m+ 1
xm0.5y

(σ)
0 ∆α

0tj+σ
y0 +

hxm0.5
2(m+ 1)

y
(σ)
0

j+ 1
2∑

s=0

ρj0,sy
s
0τ̄ ≤ µ2+

+M9

(
x
m
2
0.5y

(σ)
0

)2

− 0.5h

2(m+ 1)
∆α

0tj+σ

(
x
m
2
0.5y0

)2

+M10

j+ 1
2∑

s=0

(
x
m
2
0.5y

s
0

)2

τ̄ . (3.12)

Ó÷èòûâàÿ (3.12), èç (3.11) ïîëó÷àåì

∆α
0tj+σ
‖x

m
2 y‖2

1 + ‖x̄
m
2 y

(σ)
x̄ ]|20 ≤ εM11‖x̄

m
2 y

(σ)
x̄ ]|20 +M ε

12‖x
m
2 y(σ)‖2

0+

+M13

j+ 1
2∑

s=0

‖x
m
2 ys‖2

1τ̄ +M14

(
‖x

m
2 ϕ‖2

0 + µ2
)
, (3.13)

ãäå ‖xm
2 y‖2

1 = ‖xm
2 y‖2

0 +
(
x
m
2
0.5y0

)2

.

Âûáèðàÿ ε =
1

2M11
èç (3.11) ïîëó÷àåì

∆α
0tj+σ
‖x

m
2 y‖2

1 + ‖x̄
m
2 y

(σ)
x̄ ]|20 ≤

≤M15‖x
m
2 y(σ)‖2

0 +M16

j+ 1
2∑

s=0

‖x
m
2 ys‖2

1τ̄ +M17

(
‖x

m
2 ϕ‖2

0 + µ2
)
. (3.14)

Ó÷èòûâàÿ, ÷òî
j+ 1

2∑
s=0

(
‖x

m
2 ys‖2

0 +
(
x
m
2
0.5y

s
0

)2)
τ̄ =

=

j∑
s=0

(
‖x

m
2 ys‖2

0 +
(
x
m
2
0.5y

s
0

)2)
τ̄ + 0.5τ

(
‖x

m
2 yj‖2

0 +
(
x
m
2
0.5y

j
0

)2)
ïåðåïèøåì (3.14) â äðóãîé ôîðìå

∆α
0tj+σ
‖x

m
2 y‖2

1 ≤Mσ
18‖x

m
2 yj+1‖2

1 +Mσ
19‖x

m
2 yj‖2

1 +M20F
j. (3.15)
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ãäå F j =
j∑
s=0
‖xm

2 ys‖2
1τ̄ + ‖xm

2 ϕ‖2
0 + µ2.

Íà îñíîâàíèè ëåììû 7 [?] èç (3.15) ïîëó÷àåì

‖x
m
2 yj+1‖2

1 ≤M21

(
‖x

m
2 y0‖2

1 + max
0≤j′≤j

F j ′

)
. (3.16)

ãäå M21 - ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò h è τ .
Èç (3.16) ïîëó÷èì

‖x
m
2 yj+1‖2

1 ≤M22

(
‖x

m
2 y0‖2

1 + max
0≤j′≤j

( j∑
s=0

‖x
m
2 ys‖2

1τ̄ + ‖x
m
2 ϕ‖2

0 +µ2

))
. (3.17)

Ââåäÿ îáîçíà÷åíèå gj = max
0≤j′≤j

‖xm
2 yj

′‖2
1, èç (3.17) ïîëó÷èì

gj+1 ≤M23

j∑
s=0

gsτ̄ +M24F
j
1 ≤M25

j∑
s=0

gsτ +M24F
j
1 , (3.18)

ãäå F j
1 = ‖xm

2 y0‖2
1 + max

0≤j′≤j

(
‖xm

2 ϕ‖2
0 + µ2

)
.

Íà îñíîâàíèè ëåììû 4 (ñì.[17, ñòð.171]) èç (3.18) ïîëó÷àåì

‖x
m
2 yj+1‖2

1 ≤M

(
‖x

m
2 y0‖2

1 + max
0≤j′≤j

(
‖x

m
2 ϕj

′‖2
0 + µ2

))
. (3.19)

ãäå M - ïîëîæèòåëüíîå ïîñòîÿííîå, íå çàâèñÿùåå îò h è τ .

Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ (1.5), òîãäà ñóùåñòâóþò òàêèå
h0, τ0, ÷òî åñëè h ≤ h0, τ ≤ τ0, òî äëÿ ðåøåíèÿ ðàçíîñòíîé çàäà÷è (3.1)-(3.4)
ñïðàâåäëèâà àïðèîðíàÿ îöåíêà (3.19).

Èç îöåíêè (3.19) ñëåäóþò åäèíñòâåííîñòü è óñòîé÷èâîñòü ðåøåíèÿ ðàç-
íîñòíîé ñõåìû (3.1)-(3.4) ïî íà÷àëüíûì äàííûì è ïðàâîé ÷àñòè.

Ïóñòü u(x, t)− ðåøåíèå çàäà÷è (1.1) − (1.4), y(xi, tj) = yji -ðåøåíèå
ðàçíîñòíîé çàäà÷è (3.1) − (3.4). Äëÿ îöåíêè òî÷íîñòè ðàçíîñòíîé ñõåìû
(3.1)− (3.4) ðàññìîòðèì ðàçíîñòü zji = yji − u

j
i , ãäå u

j
i = u(xi, tj). Òîãäà, ïîä-

ñòàâëÿÿ y = z+u â ñîîòíîøåíèÿ (3.1)− (3.4), ïîëó÷àåì çàäà÷ó äëÿ ôóíêöèè
z

κ∆α
0tj+σ

z =
κ
xmi

(
xmi−0.5a

j
iz

(σ)
x̄

)
x

+
b−j

xmi

(
xmi−0.5a

j
iz

(σ)
x̄,i

)
+
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+
b+j

xmi

(
xmi+0.5a

j
i+1z

(σ)
x,i

)
+

j+ 1
2∑

s=0

ρjs,iz
s
i τ̄ + Ψj

i , (x, t) ∈ ωh,τ , (3.20)

κ0a1z
(σ)
(x,0) =

0.5h

m+ 1

(
∆α

0tj+σ
z0 −

j+ 1
2∑

s=0

ρj0,sz
s
0τ̄
)
− ν, t ∈ ωτ , x = 0, (3.21)

z
(σ)
N = 0, t ∈ ωτ , x = l, (3.22)

z(x, 0) = 0, x ∈ ωh, t = 0, (3.23)

ãäå Ψ = O
(
h2+τ2

x

)
, ν = O

(
h2 + τ 2

)
- ïîãðåøíîñòè àïïðîêñèìàöèè äèôôåðåí-

öèàëüíîé çàäà÷è (1.1)−(1.4) ðàçíîñòíîé ñõåìîé (3.1)−(3.4) â êëàññå ðåøåíèè
u = u(x, t) çàäà÷è (1.1)− (1.4).

Ïðèìåíÿÿ àïðèîðíóþ îöåíêó (3.19) ê ðåøåíèþ çàäà÷è (3.20) − (3.23),
ïîëó÷àåì íåðàâåíñòâî

‖x
m
2 zj+1‖2

1 ≤M max
0≤j′≤j

(
‖x

m
2 Ψj ′‖2

0 + ν2
)
, (3.24)

ãäå M - ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò h è τ .

Èç àïðèîðíîé îöåíêè (3.24) ñëåäóåò ñõîäèìîñòü ðåøåíèÿ ðàçíîñòíîé çà-
äà÷è (3.1)−(3.4) ê ðåøåíèþ äèôôåðåíöèàëüíîé çàäà÷è (1.1)−(1.4) â ñìûñëå
íîðìû ‖xm

2 zj+1‖2
1 íà êàæäîì ñëîå òàê, ÷òî åñëè ñóùåñòâóþò òàêèå τ0, h0, òî

ïðè τ ≤ τ0, h ≤ h0 ñïðàâåäëèâà àïðèîðíàÿ îöåíêà

‖x
m
2

(
yj+1 − uj+1

)
‖1 ≤M‖x

m
2 −1‖1

(
h2 + τ 2

)
≤M

(
h2 + τ 2

)
,

ãäå M = const > 0, íå çàâèñÿùàÿ îò h è τ.

4 Ïîñòàíîâêà òðåòüåé êðàåâîé çàäà÷è è àïðèîðíàÿ

îöåíêà â äèôôåðåíöèàëüíîé ôîðìå

Ðàññìîòðèì êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ (1.1) ñ óñëîâèåì òðåòüåãî ðîäà.
Äëÿ ýòîãî çàìåíèì óñëîâèå (1.3) óñëîâèåì âèäà

−k(l, t)ux(l, t) = β(t)u(l, t)− µ(t), |β| ≤ c2. (4.1)

Äëÿ ïîëó÷åíèÿ àïðèîðíîé îöåíêè ðåøåíèÿ óìíîæèì (1.1) ñêàëÿðíî íà
xmu. Òîãäà, ó÷èòûâàÿ ïðåîáðàçîâàíèÿ (2.2)-(2.6), ïîëó÷èì

1

2
∂α0t‖x

m
2 u‖2

0 + c0‖x
m
2 ux‖ ≤ xmukux

∣∣l
0

+ ε‖x
m
2 ux‖2

0+
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+M ε
1‖x

m
2 u‖2

0 +M2

∫ t

0

‖x
m
2 u‖2

0dτ +
1

2
‖x

m
2 f‖2

0. (4.2)

Ïðåîáðàçóåì ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (4.2)

xmukux|l0 = lmu(l, t)
(
µ(t)− β(t)u(l, t)

)
= lmµ(t)u(l, t)−

−lmβ(t)u2(l, t) ≤ ε‖x
m
2 ux‖2

0 +M ε
3‖x

m
2 u‖2

0 + µ2(t). (4.3)

Ó÷èòûâàÿ (4.3), èç (4.2) ïðè ε =
c0

4
ïîëó÷èì

∂α0t‖x
m
2 u‖2

0 + ‖x
m
2 ux‖2

0 ≤M4‖x
m
2 u‖2

0+

+M5

∫ t

0

‖x
m
2 u‖2

0dτ +M6

(
‖x

m
2 f‖2

0 + µ2(t)
)
, (4.4)

Ïðèìåíÿÿ ê îáåèì ÷àñòÿì íåðàâåíñòâà(4.4) îïåðàòîð äðîáíîãî èíòåãðè-
ðîâàíèÿ D−α0t , íà îñíîâàíèè ëåììû 2 [?] èç (4.4) íàõîäèì àïðèîðíóþ îöåíêó

‖x
m
2 u‖2

0 +D−α0t ‖x
m
2 ux‖2

0 ≤

≤M
(
D−α0t

(
‖x

m
2 f‖2

0 + µ2(t)
)

+ ‖x
m
2 u0(x)‖2

0

)
, (4.5)

ãäå M = const > 0, çàâèñÿùåå òîëüêî îò âõîäíûõ äàííûõ çàäà÷è (1.1), (1.2),
(4.1), (1.4).

Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 3. Åñëè âûïîëíåíû óñëîâèÿ (1.5) òîãäà äëÿ ðåøåíèÿ u(x, t)
çàäà÷è (1.1), (1.2),(4.1),(1.4) ñïðàâåäëèâà àïðèîðíàÿ îöåíêà (4.5).

Èç îöåíêè (4.5) ñëåäóþò åäèíñòâåííîñòü è óñòîé÷èâîñòü ðåøåíèÿ ïî íà-
÷àëüíûì äàííûì è ïðàâîé ÷àñòè.

5 Óñòîé÷èâîñòü è ñõîäèìîñòü ðàçíîñòíîé ñõåìû

Íà ðàâíîìåðíîé ñåòêå ωhτ äèôôåðåíöèàëüíîé çàäà÷å (1.1),(1.2),(4.1),(1.4) ïî-
ñòàâèì â ñîîòâåòñòâèå ðàçíîñòíóþ ñõåìó

κ∆α
0tj+σ

y =
κ
xmi

(
xmi−0.5a

j
iy

(σ)
x̄

)
x

+
b−j

xmi

(
xmi−0.5a

j
iy

(σ)
x̄,i

)
+

+
b+j

xmi

(
xmi+0.5a

j
i+1y

(σ)
x,i

)
+

j+ 1
2∑

s=0

ρji,sy
s
i τ̄ + ϕji , (x, t) ∈ ωh,τ , (5.1)
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κ0a1y
(σ)
x,0 =

0.5h

m+ 1

(
∆α

0tj+σ
y0 −

j+ 1
2∑

s=0

ρj0,sy
s
0τ̄
)
− µ1, t ∈ ωτ , x = 0, (5.2)

−κNaNy(σ)
x̄,N = κ̃βj+σy(σ)

N + 0.5h
(

∆α
0tj+σ

yN −
j+ 1

2∑
s=0

ρjN,sy
s
N τ̄
)
− µ2, t ∈ ωτ , x = l,

(5.3)
y(x, 0) = u0(x), x ∈ ωh, t = 0, (5.4)

ãäå

µ1 = 0.5hϕj0, µ2 = κ̃µj+σ + 0.5hϕjN , κ̃ = 1 +
0.5hm

l
=

1

1− 0.5hm
l

,

κ0 =
1

1 + 0.5h|r0|
(m+1)kj+σ0.5

, rj+σ0 ≤ 0,κN =
1

1 + 0.5h
|rj+σN |
kN−0.5

, åñëè rj+σN ≥ 0, t∗ = tj+1/2,

Ïåðåïèøåì çàäà÷ó (5.1)-(5.4) â îïåðàòîðíîé ôîðìå{
κ∆α

0tj+σ
y = Λ(tj+σ)y(σ) + Φ,

y(x, 0) = u0(x),
(5.5)

ãäå

κ =

{
κi, x ∈ ωh,
1, x = 0, l,

κi = 1 +
m(m− 1)h2

24x2
i

, Φ =


ϕ = ϕi, (x, t) ∈ ωhτ
ϕ− = m+1

0.5h µ1, x = 0

ϕ+ = 1
0.5hµ2, x = l.

Λy(σ) =



Λ̃y
(σ)
i = κi

xmi

(
xmi−0.5a

j
iy

(σ)
x̄,i

)
x

+ b−j

xmi

(
xmi−0.5a

j
iy

(σ)
x̄,i

)
+

+b+j

xmi

(
xmi+0.5a

j
i+1y

(σ)
x,i

)
+

j+ 1
2∑

s=0
ρji,sy

s
i τ̄ ,

Λ−y
(σ)
0 =

m+ 1

0.5h

(
κ0a1y

(σ)
x,0 + h

2

j+ 1
2∑

s=0
ρj0,sy

s
0τ̄
)
, i = 0

Λ+y
(σ)
N = − 1

0.5h

(
κNaNy(σ)

x̄,N + κ̃βy(σ)
N − 0.5h

j+ 1
2∑

s=0
ρjN,sy

s
N τ̄
)
, x = l,

Ââåäåì ñêàëÿðíîå ïðîèçâåäåíèå è íîðìó â ñëåäóþùåì âèäå(
u, v
]

=
N∑
i=1

uivi~, ‖u]|20 =
N∑
i=1

u2
i~, ~ =

{
0.5h, i = N,

h, i 6= N.
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Óìíîæèì (5.5) òåïåðü ñêàëÿðíî íà xmy(σ), òîãäà ïîëó÷èì(
κ∆α

0tj+σ
y, xmy(σ)

]
=
(

Λ(tj+σ)y(σ), xmy(σ)
]

+
(

Φ, xmy(σ)
]
. (5.6)

Ïðåîáðàçóåì ñóììû, âõîäÿùèå â òîæäåñòâî (5.6):(
κ∆α

0tj+σ
y, xmy(σ)

]
≥
(κ

2
,∆α

0t

(
x
m
2 y
)2]

. (5.7),(
Λ(tj+σ)y(σ), xmy(σ)

]
=
(

Λ̃y(σ), xmy(σ)
)

+ 0.5hΛ+y
(σ)
N xmNy

(σ)
N =

=
(
κ
(
xmi−0.5a

j
iy

(σ)
x̄

)
x
, y(σ)

)
+
(
b−j
(
xmi−0.5a

j
iy

(σ)
x̄

)
, y(σ)

)
+

+
(
b+j
(
xmi+0.5a

j
i+1y

(σ)
x,i

)
, y(σ)

)
+
( j+ 1

2∑
s=0

ρji,sy
s
i τ̄ , x

my(σ)
)

+

+xmNy
(σ)
N

(
− κNaNy(σ)

x̄,N − κ̃βy(σ)
N + 0.5h

j+ 1
2∑

s=0

ρjN,sy
s
N τ̄
)

=

= −
(
xmaiy

(σ)
x̄ , (κy(σ))x̄

]
+ κNaNy(σ)

x̄,N

(
xmN − xmN

)
y

(σ)
N −

−κ0x
m
0.5a1y

(σ)
x,0y

(σ)
0 −κ̃xmNβ(y

(σ)
N )2 +0.5hxmNy

(σ)
N

j+ 1
2∑

s=0

ρjN,sy
s
N τ̄+

(
b−jx̄mai, y

(σ)
x̄ y(σ)

)
+

+
(
b+jxmi+0.5a

j
i+1, y

(σ)
x y(σ)

)
+
( j+ 1

2∑
s=0

ρji,sy
s
i τ̄ , x

my(σ)
)
. (5.8)

Ïðåîáðàçóåì ïåðâîå, øåñòîå è ñåäüìîå ñëàãàåìûå â ïðàâîé ÷àñòè (5.8)

−
(
xmaiy

(σ)
x̄ , (κy(σ))x̄

]
= −

(
xmaiκx̄, y(σ)

x̄ y(σ)
]
−
(
xmaiκ(−1), (y

(σ)
x̄ )2

]
≤

≤ −M1‖x̄
m
2 y

(σ)
x̄ ]|20 + ε‖x̄

m
2 y

(σ)
x̄ ]|20 +M ε

2‖x
m
2 y(σ)]|20. (5.9)(

b−j
(
xmai, y

(σ)
x̄

)
, y(σ)

)
+
(
b+j
(
xmi+0.5a

j
i+1y

(σ)
x

)
, y(σ)

)
≤

≤ ε‖x̄
m
2 y

(σ)
x̄ ]|20 +M ε

3‖x
m
2 y(σ)]|20. (5.10)( j+ 1

2∑
s=0

ρji,sy
s
i τ̄ , x

my(σ)

)
+ 0.5hxmNy

(σ)
N

j+ 1
2∑

s=0

ρjN,sy
s
N τ̄ =

( j+ 1
2∑

s=0

ρji,sy
s
i τ̄ , x

my(σ)
]
≤
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≤
(1

2
, (x

m
2 y(σ))2+

(
x
m
2

j+ 1
2∑

s=0

ρji,sy
s
i τ̄
)2)
≤ 1

2
‖x

m
2 y(σ)]|20+

(1

2
, xm

j+ 1
2∑

s=0

ρ2
sτ̄

j+ 1
2∑

s=0

(ysi )
2τ̄
]
≤

≤ 1

2
‖x

m
2 y(σ)]|20 +M4

j+ 1
2∑

s=0

‖x
m
2 ys]|20τ̄ . (5.11)

Ó÷èòûâàÿ (5.9)-(5.11), èç(5.8) íàõîäèì(
Λ(tj+σ)y(σ), xmy(σ)

]
≤ −M1‖x̄

m
2 y

(σ)
x̄ ]|20 + ε‖x̄

m
2 y

(σ)
x̄ ]|20+

+M ε
5‖x

m
2 y(σ)]|20 +M3

j+ 1
2∑

s=0

‖x
m
2 ys]|20τ̄+

+
(
x̄mN − xmN

)
y

(σ)
N κNaNy(σ)

x̄,N − κ0x
m
0.5a1y

(σ)
x,0y

(σ)
0 − κ̃βxmN

(
y

(σ)
N

)2

. (5.12)(
Φ, xmy(σ)

]
=
(
ϕ, xmy(σ)

)
+ 0.5hϕ+xmNy

(σ)
N =

(
ϕ, xmy(σ)

)
+ xmNµ2y

(σ)
N . (5.13)

Ó÷èòûâàÿ ïðåîáðàçîâàíèÿ (5.7)-(5.13), èç(5.6) ïîëó÷èì(κ
2
,∆α

0tj+σ

(
x
m
2 y
)2]

+M1‖x̄
m
2 yx̄]|20 ≤ 2ε‖x̄

m
2 y

(σ)
x̄ ]|20 +M ε

5‖x
m
2 y(σ)]|20+

+M6

j+ 1
2∑

s=0

‖x
m
2 ys]|20τ̄ + y

(σ)
N

(
x̄mN − xmN

)
κNaNy(σ)

x̄,N−

−xm0.5y
(σ)
0 κ0a1y

(σ)
x,0 − κ̃βxmN

(
y

(σ)
N

)2

+
(
ϕ, xmy(σ)

)
+ xmNµ2y

(σ)
N . (5.14)

Ïðåîáðàçóåì ÷åòâåðòîå, ïÿòîå, øåñòîå è âîñüìîå ñëàãàåìûå â ïðàâîé ÷àñòè
(5.14) ñ ó÷åòîì (5.2),(5.3)(

x̄mN − xmN
)
y

(σ)
N κNaNy(σ)

x̄N − x
m
0.5y

(σ)
0 κ0a1y

(σ)
x,0 + xmNy

(σ)
N

(
µ2 − κ̃βy(σ)

N

)
=

=
(
x̄mN − xmN

)
y

(σ)
N

[
µ2 − κ̃βy(σ)

N − 0.5h
(

∆α
0tj+σ

yN −
j+ 1

2∑
s=0

ρjN,sy
s
N τ̄
)]

+

+xm0.5y
(σ)
0

[
µ1 −

0.5h

m+ 1

(
∆α

0tj+σ
y0 −

j+ 1
2∑

s=0

ρj0,sy
s
0τ̄
)]
− κ̃βxmN(y

(σ)
N )2 + xmNµ2y

(σ)
N =

= x̄mNy
(σ)
N µ2 − x̄mN κ̃β(y

(σ)
N )2 − 0.5h

(
x̄mN − xmN

)
y

(σ)
N ∆α

0tj+σ
yN+
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+0.5h
(
x̄mN − xmN

)
y

(σ)
N

j+ 1
2∑

s=0

ρjN,sy
s
N τ̄ + xm0.5y

(σ)
0 µ1−

− 0.5h

m+ 1
xm0.5y

(σ)
0 ∆α

0tj+σ
y0 +

0.5h

m+ 1
xm0.5y

(σ)
0

j+ 1
2∑

s=0

ρj0,sy
s
0τ̄ ≤ µ2

1 + µ2
2+

+M7

((
x̄
m
2

Ny
(σ)
N

)2

+
(
x
m
2
0.5y

(σ)
0

)2)
+ ε‖x̄

m
2 y

(σ)
x̄ ]|20+

+M ε
8‖x

m
2 y(σ)]|20 − 0.5h(x̄mN − xmN)y

(σ)
N ∆α

0tj+σ
yN−

− 0.5h

m+ 1
xm0.5y

(σ)
0 ∆α

0tj+σ
y0 +

( j+ 1
2∑

s=0

ρjN,sy
s
N τ̄
)2

+
(
xm0.5

j+ 1
2∑

s=0

ρj0,sy
s
0τ̄
)2

≤

≤ −0.5h(x̄mN − xmN)y
(σ)
N ∆α

0tj+σ
yN −

0.5h

m+ 1
xm0.5y

(σ)
0 ∆α

0tj+σ
y0+

+µ2
1 + µ2

2 + ε‖x̄
m
2 y

(σ)
x̄ ]|20 +M ε

9

(
‖x

m
2 y(σ)]|20 +

(
x
m
2
0.5y

(σ)
0

)2)
+

+M ε
10

j+ 1
2∑

s=0

(
‖x

m
2 ys]|20 + ‖x̄

m
2 ysx̄]|20 +

(
x
m
2
0.5y

(σ)
0

)2)
τ̄ . (5.15)

(
ϕ, xmy(σ)

)
≤ 1

2
‖x

m
2 ϕ‖2

0 +
1

2
‖x

m
2 y(σ)]|20. (5.16)

Ó÷èòûâàÿ (5.15),(5.16), èç (5.14) ïîëó÷àåì(κ
2
,∆α

0tj+σ

(
x
m
2 y
)2]

+M2‖x̄
m
2 y

(σ)
x̄ ]|20 + 0.5h(x̄mN − xmN)y

(σ)
N ∆α

0tj+σ
yN+

+
0.5h

m+ 1
xm0.5y

(σ)
0 ∆α

0tj+σ
y0 ≤ 2ε‖x̄

m
2 y

(σ)
x̄ ]|20 +M ε

11

(
‖x

m
2 y(σ)]|20 +

(
x
m
2
0.5y

(σ)
0

)2)
+

+M12

j+ 1
2∑

s=0

(
‖x

m
2 ys]|20 +‖x̄

m
2 ysx̄]|20 +

(
x
m
2
0.5y0

)2)
τ̄+M13

(
‖x

m
2 ϕ‖2

0 +µ2
1 +µ2

2

)
. (5.17)

Ó÷èòûâàÿ,÷òî xmN−0.5 ≥ 1
6x

m
N , ïðåîáðàçóåì ïåðâîå è ÷åòâåðòîå ñëàãàåìûå â

(5.17) (κ
2
,∆α

0tj+σ
(x

m
2 y)2

]
+
h

4

(
x̄mN − xmN

)
∆α

0tj+σ
y2
N ≥

≥
(κ

2
,∆α

0tj+σ
(x

m
2 y)2

)
+
h

4
xmN−0.5∆

α
0tj+σ

y2
N ≥
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≥ M14

2

(
1,∆α

0tj+σ
(x

m
2 y)2

)
+

0.5h

12
∆α

0tj+σ

(
x
m
2

NyN

)2

≥ 1

12

(
1,∆α

0tj+σ
(x

m
2 y)2

)
+

+
0.5h

12
∆α

0tj+σ

(
x
m
2 yN

)2

≥ 1

12

(
1,∆α

0tj+σ
(x

m
2 y)2

]
≥ 1

12
∆α

0tj+σ
‖x

m
2 y]|20, (5.18)

ãäå

M14 =

1, åñëè m = 0,m ≥ 1,
1
2 , åñëè m ∈ (0, 1), h ≤ h0 =

√
12x2

m(1−m) ,

0.5h

m+ 1
xm0.5y

(σ)
0 ∆α

0tj+σ
y0 ≥

0.5h

2(m+ 1)
∆α

0tj+σ
(x

m
2
0.5y0)

2. (5.19)

Ó÷èòûâàÿ (5.18),(5.19), èç (5.17) íàõîäèì

∆α
0tj+σ
‖x

m
2 y]|21 +‖x̄

m
2 yσx̄ ]|20 ≤ εM15‖x̄

m
2 yσx̄ ]|20 +M ε

16‖x
m
2 y(σ)]|21 +M17

j+ 1
2∑

s=0

‖x
m
2 ys]|21τ̄+

+M18

j+ 1
2∑

s=0

‖x̄
m
2 ysx̄]|20τ̄ +M19

(
‖x

m
2 ϕ||20 + µ2

1 + µ2
2

)
. (5.20)

ãäå ‖xm
2 y]|21 = ‖xm

2 y]|20 +
(
x
m
2
0.5y0

)2

.

Ó÷èòûâàÿ, ÷òî

j+ 1
2∑

s=0

‖x
m
2 ys‖2

1τ̄ =

j∑
s=0

‖x
m
2 ys‖2

1τ̄ + 0.5τ‖x
m
2 yj‖2

1,

j+ 1
2∑

s=0

‖x̄
m
2 ysx̄]|20τ̄ =

j∑
s=0

‖x̄
m
2 ysx̄]|20τ̄ + 0.5τ‖x̄

m
2 ysx̄]|20

ïåðåïèøåì (5.20) â äðóãîé ôîðìå

∆α
0tj+σ
‖x

m
2 y]|21 + ‖x̄

m
2 yσx̄ ]|20 ≤

(
0.5τM18 + εM15

)
‖x̄

m
2 yx̄]|20 +M20‖x

m
2 y(σ)]|21+

+M16

j∑
s=0

‖x
m
2 ys‖2

1τ̄ +M18

j∑
s=0

‖x̄
m
2 ysx̄]|20τ̄ +M17

(
‖x

m
2 ϕ||20 + µ2

1 + µ2
2

)
. (5.21)

Âûáèðàÿ τ ≤ τ0 =
1

2M18
, ε =

1

4M15
, èç (5.21) íàõîäèì

∆α
0tj+σ
‖x

m
2 y]|21 + ‖x̄

m
2 yσx̄ ]|20 ≤M21

j∑
s=0

‖x̄
m
2 ysx̄]|20τ̄+
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+M22‖x
m
2 y(σ)]|21 +M23

j∑
s=0

‖x
m
2 ys‖2

1τ̄ +M24

(
‖x

m
2 ϕ||20 + µ2

1 + µ2
2

)
. (5.22)

Îöåíèì ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (5.22), òîãäà ïåðåïèøåì (5.22) â
äðóãîé ôîðìå

‖x̄
m
2 yσx̄ ]|20 ≤M21

j∑
s=0

‖x̄
m
2 ysx̄]|20τ + F, (5.23)

ãäå F = M22‖x
m
2 y(σ)]|21 +M23

j∑
s=0
‖xm

2 ys‖2
1τ̄ +M24

(
‖xm

2 ϕ||20 + µ2
1 + µ2

2

)
.

Ïðèìåíÿÿ ëåììó 4 (ñì.[17, ñòð.171]), èç (5.23) ïîëó÷àåì

‖x̄
m
2 yσx̄ ]|20 ≤M25F, (5.24)

Ñ ó÷åòîì (5.24) èç (5.22) íàõîäèì

∆α
0tj+σ
‖x

m
2 y]|21 + ‖x̄

m
2 yσx̄ ]|20 ≤M26‖x

m
2 y(σ)]|21+

+M27

j∑
s=0

‖x
m
2 ys‖2

1τ̄ +M28

j∑
s=0

(
‖x

m
2 ϕ||20 + µ2

1 + µ2
2

)
τ̄ . (5.25)

Íà îñíîâàíèè ëåììû 7 [?] èç (5.25) ïîëó÷àåì àïðèîðíóþ îöåíêó

‖x
m
2 yj+1]|21 ≤M

(
‖x

m
2 y0]|21 + max

0≤j′≤j

j∑
s=0

(
‖x

m
2 ϕ||20 + µ2

1 + µ2
2

)
τ̄

)
, (5.26)

ãäå M = const > 0, íå çàâèñÿùåå îò h è τ.

Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 4. Ïóñòü âûïîëíåíû óñëîâèÿ (1.5), òîãäà ñóùåñòâóþò òàêèå
h0, τ0, ÷òî åñëè h ≤ h0, τ ≤ τ0, òî äëÿ ðåøåíèÿ ðàçíîñòíîé çàäà÷è (5.1)-(5.4)
ñïðàâåäëèâà àïðèîðíàÿ îöåíêà (5.26).

Èç îöåíêè (5.26) ñëåäóþò åäèíñòâåííîñòü è óñòîé÷èâîñòü ðåøåíèÿ ðàç-
íîñòíîé ñõåìû (5.1)-(5.4) ïî íà÷àëüíûì äàííûì è ïðàâîé ÷àñòè.

Ïóñòü u(x, t)− ðåøåíèå çàäà÷è (1.1), (1.2), (4.1), (1.4) y(xi, tj) = yji -
ðåøåíèå ðàçíîñòíîé çàäà÷è (5.1) − (5.4). Äëÿ îöåíêè òî÷íîñòè ðàçíîñòíîé
ñõåìû (5.1) − (5.4) ðàññìîòðèì ðàçíîñòü zji = yji − u

j
i , ãäå u

j
i = u(xi, tj). Òî-

ãäà, ïîäñòàâëÿÿ y = z + u â ñîîòíîøåíèÿ (5.1)− (5.4), ïîëó÷àåì çàäà÷ó äëÿ
ôóíêöèè z

κ∆α
0tj+σ

z =
κ
xmi

(
xmi−0.5a

j
iz

(σ)
x̄

)
x

+
b−j

xmi

(
xmi−0.5a

j
iz

(σ)
x̄,i

)
+
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+
b+j

xmi

(
xmi+0.5a

j
i+1z

(σ)
x,i

)
+

j+ 1
2∑

s=0

ρji,sz
s
i τ̄ + Ψj

i , (x, t) ∈ ωh,τ , (5.27)

κ0a1z
(σ)
x,0 =

0.5h

m+ 1

(
∆α

0tj+σ
z0 −

j+ 1
2∑

s=0

ρj0,sz
s
0τ̄
)
− ν1, t ∈ ωτ , x = 0, (5.28)

−κNaNz(σ)
x̄,N = κ̃βj+σz(σ)

N + 0.5h
(

∆α
0tj+σ

zN −
j+ 1

2∑
s=0

ρjN,sz
s
N τ̄
)
− ν2, t ∈ ωτ , x = l,

(5.29)
z(x, 0) = 0, x ∈ ωh, t = 0, (5.30)

ãäå Ψ = O
(
h2+τ2

x

)
, ν1 = O

(
h2 + τ 2

)
, ν2 = O

(
h2 + τ 2

)
− ïîãðåøíîñòè àïïðîê-

ñèìàöèè äèôôåðåíöèàëüíîé çàäà÷è (1.1), (1.2), (4.1), (1.4) ðàçíîñòíîé ñõåìîé
(5.1)− (5.4) â êëàññå ðåøåíèè u = u(x, t) çàäà÷è (1.1), (1.2), (4.1), (1.4).

Ïðèìåíÿÿ îöåíêó (5.26) ê ðåøåíèþ çàäà÷è (5.27)− (5.30), ïîëó÷àåì

‖x
m
2 zj+1]|21 ≤M max

0≤j′≤j

(
‖x

m
2 Ψj ′‖2

0 + ν2
1 + ν2

2

)
. (5.31)

ãäå M = const > 0, íå çàâèñÿùàÿ îò h è τ .

Èç àïðèîðíîé îöåíêè (5.31) ñëåäóåò ñõîäèìîñòü ðåøåíèÿ ðàçíîñòíîé çà-
äà÷è (5.1)−(5.4) ê ðåøåíèþ äèôôåðåíöèàëüíîé çàäà÷è (1.1), (1.2), (4.1), (1.4)
â ñìûñëå íîðìû ‖xm

2 zj+1]|21 íà êàæäîì ñëîå òàê, ÷òî åñëè ñóùåñòâóþò òàêèå
τ0, h0, òî ïðè τ ≤ τ0, h ≤ h0, ñïðàâåäëèâà àïðèîðíàÿ îöåíêà

‖x
m
2

(
yj+1 − uj+1

)
‖1 ≤M‖x

m
2 −1‖1

(
h2 + τ 2

)
≤M

(
h2 + τ 2

)
,

ãäå M = const > 0, íå çàâèñÿùàÿ îò h è τ.

6 Àëãîðèòì ÷èñëåííîãî ðåøåíèÿ

Äëÿ ÷èñëåííîãî ðåøåíèÿ äèôôåðåíöèàëüíîé çàäà÷è (1.1), (1.2), (4.1), (1.4)
ïðèâåäåì ðàçíîñòíóþ ñõåìó (5.1) - (5.4) ê ðàñ÷åòíîìó âèäó. Òîãäà óðàâíå-
íèå (5.1) ïðèâîäèòñÿ ê ñëåäóþùåìó âèäó

Aiy
j+1
i−1 − Ciy

j+1
i +Biy

j+1
i+1 = −F j

i , i = 1, N − 1, (6.1)

ãäå

Ai = τσκj
ix

m
i−0.5a

j
i − τhσx

m
i−0.5b

−j
i a

j
i , Bi = τσκj

ix
m
i+0.5a

j
i+1 + τhσxmi+0.5b

+j
i a

j
i+1,
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Ci = Ai +Bi + h2κix
m
i

τ 1−αc
(α,σ)
0

Γ(2− α)
, F j

i = AAiy
j
i−1 − CCiy

j
i +BBiy

j
i+1+

+h2τxmi ϕ
j
i − h

2xmi
τ 1−α

Γ(2− α)

j−1∑
s=0

c
(α,σ)
j−s (ys+1

i − ysi ) + τh2xmi

j+ 1
2∑

s=0

ρji,sy
s
i τ̄−

AAi = τ(1− σ)κj
ix

m
i−0.5a

j
i − τh(1− σ)xmi−0.5b

−j
i a

j
i ,

BBi = τ(1− σ)κj
ix

m
i+0.5a

j
i+1 + τh(1− σ)xmi+0.5b

+j
i a

j
i+1,

CCi = AAi +BBi − h2κix
m
i

τ 1−αc
(α,σ)
0

Γ(2− α)
.

Êðàåâîå óñëîâèå (5.2) ïðèíèìàåò âèä

y0 = κ1y1 + µ̃1, (6.2)

ãäå

κ1 =
τσκ0a1

τσκ0a
j
1 + 0.5h2

m+1
τ1−αc

(α,σ)
0

Γ(2−α)

,

µ̃1 =

[
µ1hτ + τ(1− σ)κ0a1(y

j
1− y

j
0) +

0.5h2

m+ 1

τ 1−αc
(α,σ)
0

Γ(2− α)
y0 +

0.5h2

m+ 1
τ

j+ 1
2∑

s=0

ρj0,sy
s
0τ̄−

− 0.5h2

m+ 1

τ 1−α

Γ(2− α)

j−1∑
s=0

c
(α,σ)
j−s (ys+1

0 − ys0)

]/[
τσκ0a

j
1 +

0.5h2

m+ 1

τ 1−αc
(α,σ)
0

Γ(2− α)

]
.

Êðàåâîå óñëîâèå (5.3) ïðèíèìàåò âèä

yN = κ2yN−1 + µ̃2, (6.3)

ãäå

κ2 =
τσκNaN

τσκNajN + σhτ κ̃βj2 + 0.5h2 τ
1−αc

(α,σ)
0

Γ(2−α)

,

µ̃2 =

[
µ2hτ−(1−σ)hτ κ̃β2y

j
N−τ(1−σ)κNaN(yjN−y

j
N−1)+0.5h2τ

1−αc
(α,σ)
0

Γ(2− α)
yN−

−0.5h2 τ 1−α

Γ(2− α)

j−1∑
s=0

c
(α,σ)
j−s (ys+1

N − ysN) + 0.5τh2

j+ 1
2∑

s=0

ρjN,sy
s
N τ̄

]/
/[

τσκNajN + σhτ κ̃βj2 +
h2

2

τ 1−αc
(α,σ)
0

Γ(2− α)

]
.

Òàêèì îáðàçîì, ñ ó÷åòîì (6.1)-(6.3), ðàçíîñòíàÿ ñõåìà (5.1)-(5.4) ïðèâî-
äèòñÿ ê òðåõäèàãîíàëüíîé ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, ðå-
øåíèå êîòîðîé ëåãêî íàõîäèòñÿ èçâåñòíûì ìåòîäîì ïðîãîíêè.
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7 Ðåçóëüòàòû ÷èñëåííîãî ýêñïåðèìåíòà

Êîýôôèöèåíòû óðàâíåíèÿ è ãðàíè÷íûõ óñëîâèé çàäà÷è (5.1)-(5.4) ïîäáèðà-
þòñÿ òàêèì îáðàçîì, ÷òîáû òî÷íûì ðåøåíèåì çàäà÷è áûëà ôóíêöèÿ u(x, t) =
t3x4.

Íèæå â òàáëèöå ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðîâ α = 0.01; 0.5; 0.99,
m = 0; 0.5; 1; 1.5; 2 è óìåíüøåíèè ðàçìåðà ñåòêè ïðèâåäåíû ìàêñèìàëüíîå
çíà÷åíèå ïîãðåøíîñòè (z = y − u) è ïîðÿäîê ñõîäèìîñòè (ÏÑ) â íîðìàõ ‖·]|0
è ‖ · ‖C(w̄hτ ), ãäå ‖y‖C(w̄hτ ) = max

(xi,tj)∈w̄hτ
|y|, êîãäà h = τ . Ïîðÿäîê ñõîäèìîñòè

îïðåäåëÿåòñÿ ïî ñëåäóþùåé ôîðìóëå: ÏÑ= logh1
h2

‖z1]|0
‖z2]|0

, ãäå zi− ýòî ïîãðåø-

íîñòü, ñîîòâåòñòâóþùàÿ hi.

Òàáëèöà

Èçìåíåíèå ïîãðåøíîñòè è ïîðÿäêà ñõîäèìîñòè â íîðìàõ ‖·]|0 è ‖ · ‖C(w̄hτ )

ïðè óìåíüøåíèè ðàçìåðà ñåòêè ïðè ðàçëè÷íûõ çíà÷åíèÿõ α = 0.01; 0.5; 0.99

è m = 0; 0.5; 1; 1.5; 2 íà t = 1, êîãäà h = τ .

α m h max
0<j<m

‖zj]|0 ÏÑ â ‖·]|0 ‖z‖C(w̄hτ ) ÏÑ â ‖ · ‖C(w̄hτ )

0.01 0 1
10 0.076879717 0.036794982
1
20 0.019174526 2.0034 0.008924896 2.0452
1
40 0.004784865 2.0026 0.002196927 2.0232
1
80 0.001194923 2.0016 0.000544949 2.0118
1

160 0.000298556 2.0008 0.000135702 2.0059

0.5 1
10 0.068689773 0.030780857

1
20 0.017138060 2.0029 0.007453397 2.0436
1
40 0.004276783 2.0026 0.001833239 2.0223
1
80 0.001068014 2.0016 0.000454558 2.0113
1

160 0.000266842 2.0009 0.000113171 2.0057

1 1
10 0.059822153 0.024798721

1
20 0.014884147 2.0069 0.005956540 2.0461
1
40 0.003708226 2.0050 0.001459095 2.0235
1
80 0.000925207 2.0029 0.000361044 2.0119
1

160 0.000231055 2.0015 0.000089796 2.0060
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α m h max
0<j<m

‖zj]|0 ÏÑ â ‖·]|0 ‖z‖C(w̄hτ ) ÏÑ â ‖ · ‖C(w̄hτ )

1.5 1
10 0.050994481 0.019049512

1
20 0.012585331 2.0186 0.004485209 2.0577
1
40 0.003121312 2.0115 0.001087038 2.0294
1
80 0.000776905 2.0063 0.000267499 2.0148
1

160 0.000193780 2.0033 0.000066344 2.0074

2 1
10 0.042407707 0.053990105
1
20 0.010296342 2.0422 0.013145040 2.0865
1
40 0.002530004 2.0249 0.003240011 2.0448
1
80 0.000626611 2.0135 0.000804130 2.0228
1

160 0.000155892 2.0070 0.000200299 2.0115

0.5 0 1
10 0.098777477 0.048583953
1
20 0.024719264 1.9985 0.011839771 2.0382
1
40 0.006174080 2.0013 0.002919937 2.0204
1
80 0.001542119 2.0013 0.000724931 2.0105
1

160 0.000385289 2.0009 0.000180606 2.0053

0.5 1
10 0.090332895 0.004221371

1
20 0.022617618 1.9978 0.001074403 2.0368
1
40 0.005650220 2.0011 0.000270921 2.0196
1
80 0.001411390 2.0012 0.000068068 2.0100
1

160 0.000352642 2.0008 0.000017072 2.0050

1 1
10 0.079856635 0.041714318

1
20 0.019946185 2.0013 0.010150116 2.0390
1
40 0.004976000 2.0031 0.002501595 2.0206
1
80 0.001242057 2.0023 0.000620892 2.0104
1

160 0.000310214 2.0014 0.000154667 2.0052

1.5 1
10 0.068899501 0.034491366

1
20 0.017082667 2.0120 0.008333251 2.0493
1
40 0.004244370 2.0089 0.002046658 2.0256
1
80 0.001057175 2.0053 0.000507111 2.0129
1

160 0.000263748 2.0030 0.000126219 2.0064
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α m h max
0<j<m

‖zj]|0 ÏÑ â ‖·]|0 ‖z‖C(w̄hτ ) ÏÑ â ‖ · ‖C(w̄hτ )

2 1
10 0.057977170 0.027315531
1
20 0.014161201 2.0335 0.006487950 2.0739
1
40 0.003489152 2.0210 0.001579365 2.0384
1
80 0.000865205 2.0118 0.000389568 2.0194
1

160 0.000215357 2.0063 0.000096745 2.0096

0.99 0 1
10 0.128539769 0.070745599
1
20 0.032208933 1.9967 0.017237292 2.0371
1
40 0.008051126 2.0002 0.004249847 2.0201
1
80 0.002011962 2.0006 0.001054853 2.0104
1

160 0.000502837 2.0004 0.000262754 2.0053

0.5 1
10 0.120541979 0.065932457
1
20 0.030216567 1.9961 0.016067838 2.0368
1
40 0.007554829 1.9999 0.003962394 2.0197
1
80 0.001888178 2.0004 0.000983648 2.0102
1

160 0.000471933 2.0003 0.000245039 2.0051

1 1
10 0.107653172 0.057770899
1
20 0.026922002 1.9995 0.014051048 2.0397
1
40 0.006722651 2.0017 0.003461966 2.0210
1
80 0.001679095 2.0013 0.000859057 2.0108
1

160 0.000419534 2.0008 0.000213958 2.0054

1.5 1
10 0.093164225 0.048483177
1
20 0.023129167 2.0101 0.011706658 2.0502
1
40 0.005752973 2.0073 0.002873947 2.0262
1
80 0.001433984 2.0043 0.000711867 2.0134
1

160 0.000357920 2.0023 0.000177141 2.0067

2 1
10 0.078270796 0.038907159
1
20 0.019141843 2.0317 0.009238178 2.0744
1
40 0.004721898 2.0193 0.002248148 2.0389
1
80 0.001171855 2.0106 0.000554370 2.0198
1

160 0.000291838 2.0056 0.000137638 2.0100
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8 Çàìå÷àíèå

Ïîëó÷åííûå â äàííîé ðàáîòå ðåçóëüòàòû ñïðàâåäëèâû è â ñëó÷àå, êîãäà ðàñ-
ñìàòðèâàåòñÿ óðàâíåíèå ñ íåëîêàëüíûì ëèíåéíûì èñòî÷íèêîì âèäà

∂α0tu =
1

xm
∂

∂x

(
xmk(x, t)

∂u

∂x

)
+ r(x, t)

∂u

∂x
−
∫ x

0

p(s, t)u(s, t)ds+ f(x, t).
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Abstract. Boundary value problems for an integro-di�erential equation with a
fractional time derivative and the Bessel operator are studied. For the solution
of the problems under consideration, a priori estimates in the di�erential
interpretation are obtained, from which the uniqueness and stability of the
solution with respect to the initial data and the right-hand side follow. For the
numerical solution of boundary value problems, monotone di�erence schemes with
directed di�erences are constructed and analogs of a priori estimates are proved for
them, and error estimates are given for the assumptions of su�cient smoothness
of the solutions of the equations. From the obtained a priori estimates in the
di�erence form, the uniqueness and stability of the solution according to the
initial data and the right-hand side, as well as the linearity of the di�erence
problems, the convergence with the second order in the grid parameters follow.
An algorithm for the approximate solution of a boundary value problem with a
third-order condition is proposed, and numerical calculations are performed for a
test case illustrating the theoretical results obtained in this paper concerning the
convergence and the order of approximation of the di�erence scheme.

Keywords: boundary value problems, Gerasimov-Caputo fractional derivative,
a priori estimation, monotone schemes, integro-di�erential equation, fractional
order di�erential equation.
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