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Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü ýëåêòðè÷åñêîãî ïîëÿ
â ãàëüâàíè÷åñêîé âàííå ñ ïëîñêèìè àíîäîì è êàòîäîì, èìåþùåé áåñêîíå÷íî
òîíêóþ ïëîñêóþ ïåðåãîðîäêó�èçîëÿòîð ñ ïîïåðå÷íûìè îòâåðñòèÿìè. Òàêîé
òîêîíåïðîâîäÿùèé ýêðàí íåîáõîäèì äëÿ áîëåå ðàâíîìåðíîãî ïîêðûòèÿ äåòà-
ëè êàòîäà. Â ðàáîòå äåëàåòñÿ ïåðåõîä ê ðàçíîñòíîìó àíàëîãó ðàññìàòðèâàå-
ìîé çàäà÷è. Îïèñàí ýôôåêòèâíûé ÷èñëåííûé ìåòîä, îñíîâàííûé íà ìåòîäå
Íüþòîíà ðåøåíèÿ íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, ïðîâåäåí âû÷èñ-
ëèòåëüíûé ýêñïåðèìåíò äëÿ 4-õ ïîïåðå÷íûõ îòâåðñòèé. Ïîëó÷åííûå ðåçóëü-
òàòû ïîêàçûâàþò ýôôåêòèâíîñòü ïðèìåíÿåìîãî ÷èñëåííîãî ìåòîäà.

Êëþ÷åâûå ñëîâà: óðàâíåíèå Ëàïëàñà, ìåòîä Íüþòîíà, êðèòåðèé íåðàâíî-
ìåðíîñòè, òîëùèíà ïîêðûòèÿ.

1 Ââåäåíèå

Ýëåêòðîëèòè÷åñêèå ïðîöåññû íàíåñåíèÿ ìåòàëëîïîêðûòèé ïðèìåíÿþòñÿ äëÿ
çàùèòû èçäåëèé îò êîððîçèè, äåêîðàòèâíîé îòäåëêè ïîâåðõíîñòè è äðóãèõ
öåëåé. Ãàëüâàíè÷åñêîå ïîêðûòèå èìååò âàæíóþ êîëè÷åñòâåííóþ õàðàêòåðè-
ñòèêó � òîëùèíó ïîêðûòèÿ. Ïîñêîëüêó ýëåêòðè÷åñêîå ïîëå â ýëåêòðîëèòå
íåîäíîðîäíî, òîëùèíà ïîêðûòèÿ â ðàçíûõ òî÷êàõ ïîâåðõíîñòè ïîêðûâàåìîé
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äåòàëè ðàçíàÿ. Âàæíîé çàäà÷åé ÿâëÿåòñÿ íàíåñåíèå áîëåå ðàâíîìåðíîãî ïî-
êðûòèÿ. Çàìåòèì, ÷òî èçîëÿöèîííûå ñòåíêè ñ îòâåðñòèÿìè â ãàëüâàíè÷åñêèõ
âàííàõ ïðèìåíÿþòñÿ äëÿ òîãî, ÷òîáû äîáèòüñÿ áîëåå ðàâíîìåðíîãî íàíåñåíèÿ
ãàëüâàíè÷åñêîãî ïîêðûòèÿ íà ïîâåðõíîñòü äåòàëè.

×òîáû ðåøèòü çàäà÷ó âû÷èñëåíèÿ òîëùèíû ïîêðûòèÿ íà äåòàëè-êàòîäå,
íåîáõîäèìî ðàññ÷èòàòü ðàñïðåäåëåíèå ïîòåíöèàëîâ â ãàëüâàíè÷åñêîé âàííå
èç óðàâíåíèÿ Ëàïëàñà.

Îäíèì èç íàèëó÷øèõ ÿâëÿåòñÿ ìåòîä, ñîãëàñíî êîòîðîìó ïðîñòðàíñòâî
ãàëüâàíè÷åñêîé âàííû ðàçáèâàåòñÿ ñåòêîé, è ïðîèçâîäíûå ôóíêöèè ðàñïðå-
äåëåíèÿ ïîòåíöèàëà ýëåêòðîëèòà â îáúåìå âàííû çàìåíÿþòñÿ èõ ðàçíîñòíûìè
àíàëîãàìè. Ïîëó÷åííàÿ ñèñòåìà íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ðå-
øàåòñÿ ìåòîäîì ïðîñòûõ èòåðàöèé ñ èñïîëüçîâàíèåì ìåòîäà âåðõíåé ðåëàê-
ñàöèè ñ ïðîãîíêîé ïî ñòðîêå [1, 2] ïî àíîäíûì è êàòîäíûì ïëîòíîñòÿì òîêà.
Îäíàêî ó òàêîé èòåðàòèâíîé ïðîöåäóðû åñòü íåäîñòàòîê � ìåäëåííàÿ ñõîäè-
ìîñòü ê ïðèáëèæ¼ííîìó ðåøåíèþ. Â òî æå âðåìÿ, ïðè ðåøåíèè çàäà÷è íàíå-
ñåíèÿ áîëåå ðàâíîìåðíîãî ïîêðûòèÿ èç-çà å¼ âûñîêîé ðàçìåðíîñòè óðàâíåíèå
Ëàïëàñà ïðèõîäèòñÿ ðåøàòü òûñÿ÷è ðàç. Åñëè çàäàòü âûñîêóþ òî÷íîñòü, òî
òàêóþ çàäà÷ó íåëüçÿ ðåøèòü çà ïðèåìëåìîå âðåìÿ. Â ñâÿçè ñ ýòèì çàäà÷à
ïîâûøåíèÿ ñêîðîñòè âû÷èñëåíèé ïðè ðåøåíèè óðàâíåíèÿ Ëàïëàñà ÿâëÿåòñÿ
àêòóàëüíîé.

Àíàëèç èòåðàöèîííûõ ìåòîäîâ ïîêàçàë, ÷òî âìåñòî ïðîñòûõ èòåðàöèé öå-
ëåñîîáðàçíî ïðèìåíèòü ìåòîä Íüþòîíà, êîòîðûé, êàê èçâåñòíî [3], îáëàäàåò
êâàäðàòè÷íîé ñêîðîñòüþ ñõîäèìîñòè.

Öåëü äàííîé ðàáîòû � ðàçðàáîòêà ìàòåìàòè÷åñêîé ìîäåëè ïðîöåññà ïî-
ëó÷åíèÿ ïîêðûòèÿ ñ áåñêîíå÷íî òîíêîé èçîëÿöèîííîé ñòåíêîé è ÷èñëåííî-
ãî ìåòîäà ðåøåíèÿ å¼ óðàâíåíèé, îáåñïå÷èâàþùåãî áîëåå âûñîêóþ ñêîðîñòü
ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ïî ñðàâíåíèþ ñ èçâåñòíûìè ìåòîäàìè. Îñî-
áåííîñòüþ ïîäõîäà, ïðåäëàãàåìîãî â ðàáîòå, ÿâëÿåòñÿ òî, ÷òî îí ïîçâîëÿåò
ïîñòðîèòü äèíàìè÷åñêè ðàçíîñòíóþ ñõåìó ïî èñõîäíûì äàííûì äëÿ ìàòåìà-
òè÷åñêîãî ïàêåòà Maxima â âèäå íåëèíåéíîé ñèñòåìû àëãåáðàè÷åñêèõ óðàâ-
íåíèé.

2 Ìàòåìàòè÷åñêàÿ ìîäåëü ïðîöåññà

Ïîñòðîèì ìàòåìàòè÷åñêóþ ìîäåëü ïðîöåññà íàíåñåíèÿ ïîêðûòèÿ íà ïëîñêóþ
äåòàëü â ãàëüâàíè÷åñêîé âàííå ñ áåñêîíå÷íî òîíêîé ïëîñêîé ïåðåãîðîäêîé-
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Ðèñ. 1: Ãîðèçîíòàëüíîå ñå÷åíèå ãàëüâàíè÷åñêîé âàííû.

èçîëÿòîðîì, â êîòîðîé èìåþòñÿ ïîïåðå÷íûå îòâåðñòèÿ ïðÿìîóãîëüíîé ôîð-
ìû. Ïðåäïîëàãàåòñÿ, ÷òî âàííà èìååò ôîðìó ïàðàëëåëåïèïåäà. Àíîä è êàòîä
ÿâëÿþòñÿ ïëîñêèìè è ðàñïîëàãàþòñÿ íàïðîòèâ äðóã äðóãà âäîëü ñîîòâåòñòâó-
þùèõ ñòåí. Òîãäà ìû èìååì âàííó, êîãäà â ãîðèçîíòàëüíîì ñå÷åíèè, ïåðïåí-
äèêóëÿðíîì îñè Oz, íå ìåíÿåòñÿ êîíôèãóðàöèÿ ýëåêòðè÷åñêîãî ïîëÿ âíóòðè
âàííû, ò.å. äëÿ ëþáîãî òàêîãî ñå÷åíèÿ ìû èìååì êàðòèíó, ïðåäñòàâëåííóþ íà
ðèñ. 1. Ðàçìåð âàííû l × l.

Ïîïåðå÷íûé âèä ïëîñêîé ïåðåãîðîäêè�èçîëÿòîðà ïðåäñòàâëåí íà ðèñ. 2.
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Ðèñ. 2: Ïîïåðå÷íûé âèä ïëîñêîé ïåðåãîðîäêè-èçîëÿòîðà.

Êîíôèãóðàöèÿ ïîïåðå÷íûõ îòâåðñòèé ïðÿìîóãîëüíîé ôîðìû ñîîòâåòñòâóåò
èõ ðàñïîëîæåíèþ â ïðîäîëüíîì ñå÷åíèè âàííû íà ðèñ. 1. Âûñîòà òîêîíåïðî-
âîäÿùåãî ýêðàíà ðàâíà âûñîòå ãàëüâàíè÷åñêîé âàííû, à äëèíà ðàâíà l.

Ïðåäïîëîæèì, ÷òî ê àíîäó ïîäâåäåíî íàïðÿæåíèå Ua, ê êàòîäó 0 Â. Ñòåí-
êè âàííû ÿâëÿþòñÿ èçîëèðóþùèìè, ò.å. ãðàäèåíò ïîòåíöèàëà ïî íîðìàëè ê
èõ ïîâåðõíîñòè ðàâåí íóëþ.

Îáîçíà÷èì ÷åðåç ϕ(x, y) ïîòåíöèàë ýëåêòðè÷åñêîãî ïîëÿ â òî÷êå ñ êîîð-
äèíàòàìè (x, y). Çàïèøåì óðàâíåíèå Ëàïëàñà, îïèñûâàþùåå ðàñïðåäåëåíèå
ïîòåíöèàëà â ýëåêòðîëèòå ãàëüâàíè÷åñêîé âàííû [4]:

∂2ϕ

∂x2
+
∂2ϕ

∂y2
= 0. (1)

Äàëåå îïèøåì ãðàíè÷íûå óñëîâèÿ äëÿ ðèñ. 1. Äëÿ ãðàíèöû ñ
èçîëÿòîðàìè�ñòåíêàìè îíè èìåþò âèä:

∂ϕ

∂x

∣∣∣∣
(0;y)

= 0, y ∈ (0; l),
∂ϕ

∂x

∣∣∣∣
(l;y)

= 0, y ∈ (0; l), (2)

∂ϕ

∂y

∣∣∣∣
(x;0)

= 0, x ∈ [0;xal),
∂ϕ

∂y

∣∣∣∣
(x;0)

= 0, x ∈ (xar; l], (3)

∂ϕ

∂y

∣∣∣∣
(x;l)

= 0, x ∈ [0;xcl),
∂ϕ

∂y

∣∣∣∣
(x;l)

= 0, x ∈ (xcr; l], (4)
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ãäå xal, xar, xcl è xcr � êîîðäèíàòû ðàñïîëîæåíèÿ êðà¼â àíîäà è êàòîäà ñî-
îòâåòñòâåííî. Íàïðèìåð, äëÿ ðèñ. 1 xal = 0,6 äì, xar = 2,1 äì, xcl = 0,3 äì,
xcr = 2, 4 äì ïðè l = 2,7 äì.

Ïîòåíöèàëû ïîëÿ íà àíîäå è êàòîäå ñâÿçàíû ñîîòíîøåíèÿìè

ϕ(x, 0) + Fa (ia(x)) = Ua, x ∈ [xal;xar], (5)

ϕ(x, l) + Fc (ic(x)) = 0, x ∈ [xcl;xcr], (6)

ãäå Fa (ia) è Fc (ic) � òàê íàçûâàåìûå ôóíêöèè àíîäíîé è êàòîäíîé ïîëÿðè-
çàöèè [5, 6], ia, ic � ñîîòâåòñòâåííî, àíîäíàÿ è êàòîäíàÿ ïëîòíîñòè òîêà.

Äëÿ ïëîñêîé áåñêîíå÷íî òîíêîé ïåðåãîðîäêè�èçîëÿòîðà ñ ïîïåðå÷íû-
ìè îòâåðñòèÿìè ãðàíè÷íûå óñëîâèÿ àíàëîãè÷íû óñëîâèÿì äëÿ èçîëÿòîðîâ�
ñòåíîê:

∂ϕ

∂y

∣∣∣∣
(x;p)

= 0, x ∈
[
x
(k)
pl ;x(k)pr

]
, k = 1, n, (7)

ãäå p � y-êîîðäèíàòà ïåðåãîðîäêè�èçîëÿòîðà, x
(k)
pl , x

(k)
pr � êîîðäèíàòû ðàñïî-

ëîæåíèÿ êðà¼â k-îãî îòâåðñòèÿ, n � êîëè÷åñòâî îòâåðñòèé.

Ïîñêîëüêó òîê òå÷¼ò îò áîëüøåãî ïîòåíöèàëà ê ìåíüøåìó (ïîëîæèòåëü-
íîå íàïðàâëåíèå òîêà âäîëü îñè y), çàêîí Îìà â äèôôåðåíöèàëüíîé ôîðìå
íà àíîäå è êàòîäå çàïèøåòñÿ êàê

i0 = −χ ∂ϕ
∂y

∣∣∣∣
(x;0)

, x ∈ [xal;xar], ic = −χ ∂ϕ
∂y

∣∣∣∣
(x;l)

, x ∈ [xcl;xcr], (8)

ãäå χ � óäåëüíàÿ ïðîâîäèìîñòü ýëåêòðîëèòà.

Òàêèì îáðàçîì, ìû ïîñòðîèëè ìàòåìàòè÷åñêóþ ìîäåëü (1) � (8) ðàñïðå-
äåëåíèÿ ïîòåíöèàëà âíóòðè ãàëüâàíè÷åñêîé âàííû.

Òîëùèíà ïîëó÷àåìîãî íà êàòîäå ïîêðûòèÿ îïðåäåëÿåòñÿ èç ôîðìóëû

δ(x) =
K

ρ
ic(x)∆t,

ãäå x ∈ [xcl;xcr], K � ýëåêòðîõèìè÷åñêèé ýêâèâàëåíò ìåòàëëà ïîêðûòèÿ, ρ �
ïëîòíîñòü ìåòàëëà ïîêðûòèÿ, ∆t � âðåìÿ íàíåñåíèÿ ïîêðûòèÿ.
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3 Îïèñàíèå ÷èñëåííîãî ìåòîäà

Äëÿ ÷èñëåííîãî ðåøåíèÿ íåëèíåéíîé çàäà÷è (1) � (8) çàìåíèì ïðîèçâîäíûå
èõ ðàçíîñòíûìè àíàëîãàìè. Ââåä¼ì ñåòêó ïî êîîðäèíàòàì x è y:

xi = (i− 1)hx,

yj = (j − 1)hy,

i = 1, Nx, j = 1, Ny,

ãäå hx è hy � øàãè ñåòêè ïî x è y ñîîòâåòñòâåííî, Nx è Ny � êîëè÷åñòâî óçëîâ.

Ïðîèçâîäíûì, âõîäÿùèì â çàäà÷ó (1) � (8), ñîïîñòàâèì ñîîòíîøåíèÿ:

ϕi−1,j − 2ϕi,j + ϕi+1,j

h2x
+
ϕi,j−1 − 2ϕi,j + ϕi,j+1

h2y
= 0,

i = 2, Nx − 1 & j = 2, Np − 1, Np + 1, Ny − 1,

i = p
(k)
l , p

(k)
r & j = Np & k = 1, n;

ϕ2,j − ϕ1,j

hx
= 0, j = 2, Np − 1, Np + 1, Ny − 1;

ϕNx,j − ϕNx−1,j

hx
= 0, j = 2, Np − 1, Np + 1, Ny − 1;

ϕi,2 − ϕi,1

hy
= 0, i = 1, al − 1, ar + 1, Nx;

ϕi,Ny
− ϕi,Ny−1

hy
= 0, i = 1, cl − 1, cr + 1, Nx;

ϕi,Np
− ϕi,Np−1

hy
= 0, i = 1, p

(k)
l − 1, p

(k)
r + 1, Nx & k = 1, n;

ϕi,1 + Fa

(
−χϕi,2 − ϕi,1

hy

)
− Ua = 0, i = al, ar;

ϕi,Ny
+ Fc

(
−χ

ϕi,Ny
− ϕi,Ny−1

hy

)
= 0, i = cl, cr,

ãäå al, ar, cl, cr � íîìåðà óçëîâ ñåòêè, ñîîòâåòñòâóþùèõ ëåâîìó è ïðàâîìó
êðàþ àíîäà è êàòîäà, p

(k)
l , p

(k)
r � íîìåðà óçëîâ ñåòêè, ñîîòâåòñòâóþùèõ êðà-

ÿì îòâåðñòèé ïåðåãîðîäêè�èçîëÿòîðà, n = 4. Íàïðèìåð, äëÿ ðèñ. 1 al = 7,
ar = 22, cl = 4, cr = 25, p

(1)
l = 4, p

(1)
r = 8, p

(2)
l = 11, p

(2)
r = 14, p

(3)
l = 18,

p
(3)
r = 20, p

(4)
l = 22, p

(4)
r = 26, Np = 25.

Çàìåòèì, ÷òî êîëè÷åñòâî óðàâíåíèé è íåèçâåñòíûõ â ñèñòåìå ðàâíî m =
Nx ·Ny.

Ñîáåð¼ì íåèçâåñòíûå âåëè÷èíû

ϕ1,1, ϕ1,2, . . . , ϕ1,Ny
, ϕ2,1, ϕ2,2, . . . , ϕ2,Ny

, . . . , ϕNx,1, ϕNx,2, . . . , ϕNx,Ny
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â âåêòîð è îáîçíà÷èì åãî êàê

Ψ = [ψ1, ψ2, . . . , ψm]T.

Ëåâàÿ ÷àñòü ïîëó÷åííîé ñèñòåìû ÿâëÿåòñÿ âåêòîð-ôóíêöèåé Λ îò Ψ.

Òàêèì îáðàçîì, ìû ïåðåïèøåì ñèñòåìó êàê

Λ(Ψ) = 0. (9)

Äëÿ ÷èñëåííîãî ðåøåíèÿ íåëèíåéíîé ñèñòåìû (9) ïðåäëàãàåòñÿ èñïîëüçî-
âàòü ìåòîä Íüþòîíà. Îáîçíà÷èì ÷åðåç Ψ(0) âåêòîð íà÷àëüíîãî ïðèáëèæåíèÿ.
Âûáîð çíà÷åíèé åãî êîìïîíåíòîâ, ò.å. ϕ

(0)
i,j , îñóùåñòâëÿåòñÿ ñëåäóþùèì îáðà-

çîì.

Ïîñêîëüêó â íàïðàâëåíèè îò àíîäà ê êàòîäó ïîòåíöèàë óáûâàåò, ïðèìåì:

ϕ
(0)
i,1 = Ua, ϕ

(0)
i,Ny

= 0, i = 1, Nx.

Â ïðîìåæóòî÷íûõ óçëàõ ñåòêè ñäåëàåì ëèíåéíóþ èíòåðïîëÿöèþ, ò.å.

ϕ
(0)
i,j = Ua

Ny − j
Ny − 1

. (10)

Êàê èçâåñòíî (ñì., íàïðèìåð, [3]), ÷èñëåííàÿ ñõåìà ìåòîäà Íüþòîíà èìååò
âèä:

Ψ(r) = Ψ(r−1) −
[
∇Λ

(
Ψ(r−1)

)]−1
Λ
(

Ψ(r−1)
)
, (11)

ãäå r = 1, 2, 3, . . . � íîìåð èòåðàöèè, ∇Λ
(
Ψ(r−1)) � ìàòðèöà ßêîáè ôóíêöèè

Λ â òî÷êå Ψ(r−1).

Íà ñåãîäíÿøíèé äåíü ìàòðèöà ßêîáè â ñîîòíîøåíèè (11) ïðè ðåàëèçàöèè
ìåòîäà Íüþòîíà â ìàòåìàòè÷åñêèõ ïàêåòàõ íå îáðàùàåòñÿ, ò.ê. ýòî òðåáóåò
ñóùåñòâåííûõ âû÷èñëèòåëüíûõ çàòðàò. Äëÿ íàõîæäåíèÿ çíà÷åíèÿ ïðèáëè-
æåíèÿ Ψ(r) íà òåêóùåé èòåðàöèè âûðàæåíèå (11) ìîæíî ïðèâåñòè ê ñèñòåìå
ëèíåéíûõ óðàâíåíèé âèäà

∇Λ
(

Ψ(r−1)
)

Ψ(r) = ∇Λ
(

Ψ(r−1)
)

Ψ(r−1) − Λ
(

Ψ(r−1)
)
,

äëÿ ðåøåíèÿ êîòîðîé èñïîëüçóåòñÿ íàèáîëåå ýôôåêòèâíûé ìåòîä � LU-
ðàçëîæåíèå (íàïðèìåð, â [7] äëÿ ðåøåíèÿ çàäà÷ òåîðèè óïðóãîñòè).
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4 Ïðèìåð ðàñ÷¼òà

Ïðîèëëþñòðèðóåì ðàçðàáîòàííûé àëãîðèòì íà ïðèìåðå ðàñ÷¼òà ïðîöåññà
íàíåñåíèÿ íèêåëåâîãî ãàëüâàíè÷åñêîãî ïîêðûòèÿ íà ïëîñêóþ ïëàñòèíó äëÿ
ýëåêòðîëèòà, ñîäåðæàùåãî NiSO4 (2 ìîëü/ë) è H3BO3 (0,5 ìîëü/ë) ïðè òåì-
ïåðàòóðå 25 ◦C.

Äëÿ âû÷èñëèòåëüíîãî ýêñïåðèìåíòà áûëî âûáðàíî ïîëîæåíèå è êîíôè-
ãóðàöèÿ òîêîíåïðîâîäÿùåãî ýêðàíà, ïîêàçàííîãî íà ðèñ. 1 è 2.

×òîáû ðàññ÷èòàòü ðàñïðåäåëåíèå òîëùèíû ïîëó÷àåìîãî íà êàòîäå ïîêðû-
òèÿ â ìêì, èñïîëüçóåì ñîîòíîøåíèå

q(x,∆t) = θ(x) ·∆t = 100
K

ρ
ic(x)∆t = −100

Kχ

ρ

∂ϕ

∂y

∣∣∣∣
(x;l)

∆t ≈

≈ 100
Kχ

ρ

ϕi,Ny−1 − ϕi,Ny

hy
∆t,

ãäå x ∈ [xcl; xcr], i = cl, cr; K � ýëåêòðîõèìè÷åñêèé ýêâèâàëåíò íèêåëÿ,
ã/(À·÷); ρ � ïëîòíîñòü íèêåëÿ, ã/ñì3, ∆t � âðåìÿ íàíåñåíèÿ ïîêðûòèÿ, ÷.
Â íàøåì ñëó÷àå K = 1, 09 ã/(À·÷), ρ = 8, 902 ã/ñì3, χ = 0, 515 (Îì·äì)−1 [5].
Äàëåå ïîëîæèì, ÷òî âðåìÿ ∆t = ∆tcalc = 0, 5 ÷.

Ââåä¼ì îáîçíà÷åíèå
δ(x) = q (x,∆tcalc) .

Çàìåòèì, ÷òî äëÿ ðàñòâîðà ýëåêòðîëèòà ïîëÿðèçàöèîííûå êðèâûå ïðèâî-
äÿòñÿ â ëèòåðàòóðå â âèäå ãðàôèêîâ, íàïðèìåð, â ðàáîòå [5, ñ. 275, 289].

Â äàëüíåéøèõ ðàñ÷¼òàõ öåëåñîîáðàçíûì ÿâëÿåòñÿ ïîñòðîåíèå àïïðîêñè-
ìèðóþùèõ çàâèñèìîñòåé Fa (ia) è Fc (ic) ìåòîäîì íàèìåíüøèõ êâàäðàòîâ.

Àíàëèç ãðàôèêîâ èç [5] ïîêàçàë, ÷òî íàèëó÷øèì ÿâëÿåòñÿ êâàäðàòè÷íûé
âèä àïïðîêñèìèðóþùåé çàâèñèìîñòè.

Ïîëó÷åííîå íàìè àíàëèòè÷åñêîå âûðàæåíèå äëÿ àíîäíîé ïîëÿðèçàöèè:

Fa(ia) = −4, 267i2a + 5, 867ia

äëÿ ia ∈ [0; 1, 5], A/äì2; äëÿ êàòîäíîé ïîëÿðèçàöèè:

Fc(ic) = 0, 883i2c − 2, 242ic (12)

äëÿ ic ∈ [0; 3], A/äì2.

Îòðèöàòåëüíîå çíà÷åíèå èçìåíåíèÿ Fc(ic) ïîòåíöèàëà êàòîäå (â âîëüòàõ)
óæå ó÷òåíî â ôóíêöèè (12) íà ïðèâåä¼ííîì îòðåçêå èçìåíåíèÿ ïëîòíîñòè
òîêà ic.
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5 Ðåçóëüòàòû âû÷èñëåíèé

Äëÿ îòûñêàíèÿ ïðèáëèæ¼ííîãî ðåøåíèÿ ñèñòåìû (9) ìû èñïîëüçîâàëè ðåà-
ëèçàöèþ ìåòîäà Íüþòîíà â ìàòåìàòè÷åñêîì ïàêåòå Maxima [8] ñ òî÷íîñòüþ
ε = 10−2. Ïîä òî÷íîñòüþ âû÷èñëåíèé ìû ïîíèìàåì ìîäóëü ðàçíîñòè âåêòîðîâ
Ψ(r) è Ψ(r−1) íà ñîñåäíèõ èòåðàöèÿõ, ò.å. êîãäà âûïîëíåíî óñëîâèå∣∣∣Ψ(r) −Ψ(r−1)

∣∣∣ < ε,

âû÷èñëåíèÿ çàâåðøàþòñÿ. Äëÿ àâòîìàòèçàöèè ôîðìèðîâàíèÿ ñêðèïòà äëÿ
ìàòåìàòè÷åñêîãî ïàêåòà ñ ñèñòåìîé (9) èç áîëüøîãî ÷èñëà óðàâíåíèé ðàçðà-
áîòàíà ìîäèôèêàöèÿ ïðîãðàììû [9] íà ÿçûêå C++ ñ ó÷¼òîì íàëè÷èÿ â âàííå
èçîëÿòîðà�ñòåíêè.

Äëÿ âçàèìîäåéñòâèÿ ñ ïàêåòîì àâòîðû èñïîëüçîâàëè ïåðåíàïðàâëåíèå
ââîäà/âûâîäà ñ âûçîâîì êîìàíäû maxima ïîä Linux. Êàæäàÿ êîìàíäà çàïè-
ñûâàåòñÿ â îòäåëüíîé ñòðîêå âõîäíîãî ôàéëà. Ïåðåä âûçîâîì â ïàêåòå ðåàëè-
çàöèè ìåòîäà Íüþòîíà íóæíî âûïîëíèòü êîìàíäó display2d:false$, ÷òîáû
ðåçóëüòàòû âû÷èñëåíèé âûâîäèòü â âèäå ñòðîê. Â ñàìîé êîìàíäå mnewton()
îïðåäåëèòü ëåâûå ÷àñòè óðàâíåíèé ñèñòåìû (9) â ñèìâîëüíîì âèäå, âåêòîð
Ψ íåèçâåñòíûõ, à òàêæå íà÷àëüíîå ïðèáëèæåíèå, ñôîðìèðîâàííîå ïðàâèëó
(10). Ïîñëå òîãî, êàê ïàêåò ïðîèçâåä¼ò âû÷èñëåíèÿ, ðåçóëüòàò ñ÷èòûâàåòñÿ
èç âûõîäíîãî òåêñòîâîãî ôàéëà.

Íà ðèñ. 3 ïðèâåäåíû ðåçóëüòàòû âû÷èñëèòåëüíîãî ýêñïåðèìåíòà äëÿ
Ua = 3 Â, l = 2, 7 äì, Nx = Ny = 28 è hx = hy = 0, 1 äì. Ïðè ýòîì äëÿ
íàãëÿäíîñòè òî÷êè ñåòêè ñîåäèíåíû êóáè÷åñêèì ñïëàéíîì.

Ñ ó÷¼òîì òîãî, ÷òî ìû ðàáîòàåì ñ ïëîñêèì ñå÷åíèåì ãàëüâàíè÷åñêîé âàí-
íû, äëÿ îöåíêè ðàâíîìåðíîñòè ïîëó÷åííîãî ïîêðûòèÿ èñïîëüçóåì âûðàæåíèå

R =
1

L

∫ xcr

xcl

δ(x)− δmin

δmin
dx, (13)

ãäå L � äëèíà êàòîäà â ïðîäîëüíîì ñå÷åíèè (ðèñ. 1),

δmin = min
x∈[xcl;xcr]

δ(x).

Òàê êàê ìû ðàáîòàåì ñ äèñêðåòíûì àíàëîãîì ôóíêöèè δ(x), çàìåíèì
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Ðèñ. 3: Ðàñïðåäåëåíèå ïîêðûòèÿ ïî ïîâåðõíîñòè êàòîäà, ðàçìåðíîñòü ïî îñè x � äì, ïî îñè

δ � ìêì.

èíòåãðàë â ôîðìóëå (13) ñóììîé âèäà

R =
1

δminL

cr∑
i=cl

(δ(xi)− δmin)hx =

=
1

δmin(cr − cl)hx

cr∑
i=cl

(δ(xi)− δmin)hx =

cr∑
i=cl

(δ(xi)− δmin)

δmin(cr − cl)
.

Äëÿ ðèñ. 3 çíà÷åíèå R ñîñòàâèëî 0,024 èëè 2,4%, ÷òî ñ÷èòàåòñÿ óäîâëå-
òâîðèòåëüíûì.

Çàìåòèì, ÷òî äëÿ ïðîâåäåíèÿ âû÷èñëåíèé âðåìÿ ∆t = ∆tcalc áûëî âû-
áðàíî óñëîâíî, ÷òîáû ïðîâåðèòü àäåêâàòíîñòü ìîäåëè è âû÷èñëèòü çíà÷åíèå
ïîêàçàòåëÿ R. Íà ïðàêòèêå òðåáóåòñÿ ïîäîáðàòü òàêîå âðåìÿ íàíåñåíèÿ ïî-
êðûòèÿ ∆t = ∆tproc, ÷òîáû îáåñïå÷èòü çàäàííîå ñðåäíåå çíà÷åíèå δset òîëùè-
íû ïîëó÷àåìîãî ïîêðûòèÿ. Ïîëó÷èì ðàñ÷¼òíóþ ôîðìóëó äëÿ ýòîãî âðåìåíè.
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Ñðåäíåå çíà÷åíèå ôóíêöèè

δ =
1

L

∫ xcr

xcl

δ(x)dx ≈ 1

(cr − cl)hx

cr∑
i=cl

δ(xi)hx =

cr∑
i=cl

δ(xi)

cr − cl
.

Ïî ïîëó÷åííûì çíà÷åíèÿì δ(xi) îïðåäåëÿåì ñðåäíåå çíà÷åíèå δ òîëùèíû
ðàññ÷èòûâàåìîãî ïîêðûòèÿ. Äàëåå îòìåòèì, ÷òî

δ = θ ·∆tcalc,
δset = θ ·∆tproc,

ãäå θ � ñðåäíåå çíà÷åíèå ôóíêöèè θ(x) íà îòðåçêå [xcl;xcr], îòêóäà

∆tproc =
δset

δ
∆tcalc.

6 Çàêëþ÷åíèå

Ïîëó÷åííûå ðåçóëüòàòû ïîêàçûâàþò ýôôåêòèâíîñòü ïðèìåíÿåìîãî ÷èñëåí-
íîãî ìåòîäà � êâàäðàòè÷íàÿ ñêîðîñòü ñõîäèìîñòè ìåòîäà Íüþòîíà íà ñåòêàõ
ñ áîëüøèì êîëè÷åñòâîì óçëîâ äà¼ò âûèãðûø âî âðåìåíè ïðèìåðíî â 10 ðàç ïî
ñðàâíåíèþ ñ îäíèì èç íàèëó÷øèõ ÷èñëåííûõ ìåòîäîâ äëÿ òàêîãî âèäà çàäà÷ �
èòåðàöèîííîãî ìåòîäà, îïèñàííîãî â ðàáîòàõ [1,2]. Ïðè ýòîì áûë èñïîëüçîâàí
÷èñëåííûé ìåòîä Íüþòîíà ñ ðåàëèçàöèåé â ìàòåìàòè÷åñêîì ïàêåòå Maxima
äëÿ ðåøåíèÿ ñèñòåìû íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, ïîëó÷àåìûõ
êàê ðàçíîñòíûé àíàëîã çàäà÷è ðàñïðåäåëåíèÿ ïîòåíöèàëà â ãàëüâàíè÷åñêîé
âàííå. Äàííàÿ çàäà÷à âêëþ÷àåò â ñåáÿ óðàâíåíèå Ëàïëàñà è íåëèíåéíûå êðà-
åâûå óñëîâèÿ III-åãî ðîäà íà àíîäå è êàòîäå.

Ðàçðàáîòàííûå ìîäåëü è ýôôåêòèâíûé ìåòîä ðåøåíèÿ å¼ óðàâíåíèé ìî-
ãóò áûòü èñïîëüçîâàíû äëÿ ðåøåíèÿ çàäà÷è îïòèìèçàöèè � ìèíèìèçàöèè êðè-
òåðèÿ (13) íåðàâíîìåðíîñòè ïîêðûòèÿ.
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Mathematical model and numerical scheme for calculation of electric

�elds in galvanic baths with non-conductive screen

I. Yu. Pchelintseva, Yu. V. Litovka
Tambov State Technical University,

e-mail: irina_yu_10@mail.ru, polychem@list.ru

Abstract. A mathematical model of the electric �eld in a electroplating bath
with a �at anode and cathode, which has an in�nitely thin �at insulator wall
with transverse slots, is considered. Such a non-conductive screen is necessary for
a more uniform coverage of the cathode detail. In this article, a transition is made
to the di�erence analogue of the problem. A numerical method based on Newton's
method for solving nonlinear algebraic equations is described, a computational
experiment for 4 slits is carried out. The obtained results show the e�ectiveness
of the applied numerical method.

Keywords: Laplace's equation, Newton's method, non-uniformity criterion,
coating thickness.
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