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Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ ÷èñëåííûé ìåòîä ðåøåíèÿ èíòå-
ãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà âòîðîãî ðîäà, îñíîâàííûé íà ìåòîäå êîëëî-
êàöèé è óòî÷íåíèè ðåøåíèÿ ïðè ïîìîùè èòåðàöèè Ñëîàíà. Ðåøåíèå ïðè ýòîì
ïðåäñòàâëÿåòñÿ ëèíåéíîé êîìáèíàöèåé ìèíèìàëüíûõ ñïëàéíîâ, à äëÿ îïðåäå-
ëåíèÿ êîýôôèöèåíòîâ ïðè íèõ èñïîëüçóþòñÿ ìåòîäû ëîêàëüíîé àïïðîêñèìà-
öèè (êâàçèèíòåðïîëÿöèè). Ïðèâîäÿòñÿ ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ,
êîòîðûå ïîêàçûâàþò, ÷òî èñïîëüçîâàíèå ìèíèìàëüíûõ òðèãîíîìåòðè÷åñêèõ
ñïëàéíîâ è ñâÿçàííûõ ñ íèìè ôóíêöèîíàëîâ ïîçâîëÿåò ïîâûñèòü òî÷íîñòü
àïïðîêñèìàöèè ðåøåíèÿ óðàâíåíèÿ ïî ñðàâíåíèþ ñ íåêîòîðûìè ðàíåå ïðåä-
ëîæåííûìè ìåòîäàìè ïðèáëèæåíèÿ.

Êëþ÷åâûå ñëîâà: èíòåãðàëüíîå óðàâíåíèå Ôðåäãîëüìà âòîðîãî ðîäà, ìå-
òîä êîëëîêàöèé, ìèíèìàëüíûå ñïëàéíû, àïïðîêñèìàöèîííûå ôóíêöèîíàëû,
ëîêàëüíàÿ àïïðîêñèìàöèÿ, êâàçèèíòåðïîëÿöèÿ.

1 Ââåäåíèå

Â ïîñëåäíèå äåñÿòèëåòèÿ àêòèâíîå ðàçâèòèå ïîëó÷èëè ëîêàëüíûå ìåòîäû
àïïðîêñèìàöèè, â êîòîðûõ êîýôôèöèåíòû ïðè áàçèñíûõ ôóíêöèÿõ îïðåäåëÿ-
þòñÿ êàê çíà÷åíèÿ àïïðîêñèìàöèîííûõ ôóíêöèîíàëîâ, ïðåäñòàâëÿþùèõ èç
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ñåáÿ, íàïðèìåð, ëèíåéíûå êîìáèíàöèè çíà÷åíèé ôóíêöèè è åå ïðîèçâîäíûõ
â íåñêîëüêèõ òî÷êàõ (ïîäðîáíåå ñì. [1�6]). Ëîêàëüíûå ñõåìû, â êîòîðûõ äî-
ñòèãàåòñÿ ìàêñèìàëüíûé ïîðÿäîê òî÷íîñòè, íàçûâàþò êâàçèèíòåðïîëÿöèåé,
à âîçíèêàþùèå ïðè èõ ïîñòðîåíèè ôóíêöèîíàëû � êâàçèèíòåðïîëÿöèîííû-

ìè.

Èçâåñòíî, ÷òî ìåòîäû, îñíîâàííûå íà êâàçèèíòåðïîëÿöèè, õîðîøî çàðå-
êîìåíäîâàëè ñåáÿ â çàäà÷àõ ïðèáëèæåíèÿ ðåøåíèé èíòåãðàëüíûõ óðàâíåíèé.
Â ðàáîòàõ [7,8] áûëî ïîêàçàíî, ÷òî çàìåíà ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ
Ôðåäãîëüìà ëèíåéíîé êîìáèíàöèåé B-ñïëàéíîâ, êîýôôèöèåíòû ïðè êîòîðûõ
âû÷èñëÿþòñÿ ïðè ïîìîùè êâàçèèíòåðïîëÿöèè ôóíêöèé, âõîäÿùèõ â óðàâíå-
íèå, ïîçâîëÿåò ïîëó÷àòü äîñòàòî÷íî òî÷íûå ïðèáëèæåíèÿ ïðè èñïîëüçîâàíèè
êàê êëàññè÷åñêèõ ïîäõîäîâ ê ðåøåíèþ (ìåòîä Ãàë¼ðêèíà, ìåòîä Êàíòîðîâè÷à,
ìåòîä èòåðàöèé Ñëîàíà [9]), òàê è áîëåå ïîçäíèõ îáîáùåíèé (ìåòîä Êóëêàð-
íè [10] è äð.).

Êâàçèèíòåðïîëÿöèîííûå ôóíêöèîíàëû ïîñòðîåíû äëÿ ðàçëè÷íûõ ñïëàé-
íîâ [11�14]. Íåäàâíî îíè áûëè ïîëó÷åíû â îáùåì âèäå è äëÿ ìèíèìàëüíûõ
ñïëàéíîâ [21]. Òàêèå ñïëàéíû ïîëó÷àþòñÿ èç àïïðîêñèìàöèîííûõ ñîîòíî-
øåíèé ñ èñïîëüçîâàíèåì ïîëíîé öåïî÷êè âåêòîðîâ è ïîðîæäàþùåé âåêòîð-
ôóíêöèè, à òàêæå îáëàäàþò ìèíèìàëüíûì íîñèòåëåì (ñì., íàïðèìåð, [15,16]).
Îïðåäåëåííûé ñïîñîá âûáîðà óïîìÿíóòîé öåïî÷êè âåêòîðîâ ïîçâîëÿåò ðàñ-
ñìîòðåòü ìèíèìàëüíûå ñïëàéíû ìàêñèìàëüíîé ãëàäêîñòè è óñòàíîâèòü åäèí-
ñòâåííîñòü ïðîñòðàíñòâà òàêèõ ñïëàéíîâ [17]. Ìèíèìàëüíûå ñïëàéíû ïðåäî-
ñòàâëÿþò ïðåêðàñíûé àïïàðàò àïïðîêñèìàöèè, ïîñêîëüêó îíè ïîëó÷àþòñÿ èç
àïïðîêñèìàöèîííûõ ñîîòíîøåíèé. Â ÷àñòíîñòè, ìèíèìàëüíûå òðèãîíîìåòðè-
÷åñêèå ñïëàéíû áûëè ïîäðîáíî ðàññìîòðåíû â ðàáîòå [18].

Â äàííîé ðàáîòå ïîñòðîåí ìåòîä êîëëîêàöèé ñ èòåðàöèÿìè Ñëîàíà äëÿ
èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà âòîðîãî ðîäà, â êîòîðîì ïðèáëèæåí-
íîå ðåøåíèå ñòðîèòñÿ êàê ëèíåéíàÿ êîìáèíàöèÿ ìèíèìàëüíûõ òðèãîíîìåò-
ðè÷åñêèõ ñïëàéíîâ, à â êà÷åñòâå êîýôôèöèåíòîâ ðàññìàòðèâàþòñÿ çíà÷åíèÿ
àïïðîêñèìàöèîííûõ ôóíêöèîíàëîâ.

Â [21] áûëî ïîêàçàíî, ÷òî èñïîëüçîâàíèå íåïîëèíîìèàëüíûõ áàçèñîâ ïðè
ïîñòðîåíèè ìèíèìàëüíûõ ñïëàéíîâ è ñîîòâåòñòâóþùèõ àïïðîêñèìàöèîííûõ
ôóíêöèîíàëîâ ìîæåò ïîçâîëèòü óëó÷øèòü òî÷íîñòü àïïðîêñèìàöèè. Ìû ïðî-
äîëæàåì äàííîå èññëåäîâàíèå è ïðèâîäèì ðåçóëüòàòû ÷èñëåííûõ ýêñïåðè-
ìåíòîâ, ïîêàçûâàþùèõ, ÷òî ïîñòðîåíèå ïðèáëèæåííîãî ðåøåíèÿ íà îñíîâå
ìèíèìàëüíûõ òðèãîíîìåòðè÷åñêèõ ñïëàéíîâ ïîçâîëÿåò â ðÿäå ñëó÷àåâ ïîëó-
÷àòü áîëåå òî÷íûå ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà, ÷åì ïðè
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èñïîëüçîâàíèè àíàëîãè÷íîãî ïîäõîäà èç [7], îñíîâàííîãî íà B-ñïëàéíàõ.

2 Ïðîñòðàíñòâî ìèíèìàëüíûõ êâàäðàòè÷íûõ ñïëàéíîâ

Ïóñòü Z� ìíîæåñòâî öåëûõ ÷èñåë, R3 � ìíîæåñòâî òðåõìåðíûõ âåêòîðîâ
ñ êîìïîíåíòàìè èç ìíîæåñòâà R1 âñåõ âåùåñòâåííûõ ÷èñåë.

Íà îòðåçêå [a, b] ⊂ R1 ðàññìîòðèì ñåòêó X:

a = x−2 = x−1 = x0 < x1 < . . . < xn−1 < xn = xn+1 = xn+2 = b. (1)

Ââåäåì âñïîìàãàòåëüíûå îáîçíà÷åíèÿ

Ji,k := {i, i+ 1, . . . , k}, i, k ∈ Z, i < k;

M := ∪j∈J0,n−1
(xj, xj+1);

Sj := [xj, xj+3], j ∈ J−2,n−1.

Ïóñòü {aj}j∈J−2,n−1
� öåïî÷êà âåêòîðîâ, ò. å. óïîðÿäî÷åííîå ìíîæå-

ñòâî òðåõìåðíûõ âåêòîð-ñòîëáöîâ èç R3. Ïðåäïîëîæèì, ÷òî êâàäðàòíûå
ìàòðèöû òðåòüåãî ïîðÿäêà (aj−2, aj−1, aj), ñîñòàâëåííûå èç âåêòîð-ñòîëáöîâ
aj−2, aj−1, aj, íåîñîáåííûå:

det(aj−2, aj−1, aj) ̸= 0 ∀j ∈ J0,n−1. (2)

Ðàññìîòðèì òðåõêîìïîíåíòíóþ âåêòîð-ôóíêöèþ (ñòîëáåö) φ : [a, b] → R3

ñ êîìïîíåíòàìè èç ïðîñòðàíñòâà C2[a, b] è íåíóëåâûì âðîíñêèàíîì:

det(φ(t),φ′(t),φ′′(t)) ̸= 0 ∀ t ∈ [a, b]. (3)

Ïóñòü X(M) � ëèíåéíîå ïðîñòðàíñòâî âåùåñòâåííîçíà÷íûõ ôóíêöèé, çà-
äàííûõ íà ìíîæåñòâå M.

Ïðåäïîëîæèì, ÷òî ôóíêöèè ωj ∈ X(M), j ∈ J−2,n−1, óäîâëåòâîðÿþò òîæ-
äåñòâàì

k∑
j′=k−2

aj′ ωj′(t) ≡ φ(t) ∀ t ∈ (xk, xk+1), ∀ k ∈ J0,n−1,

ωj(t) ≡ 0 ∀ t ∈ M\Sj, ∀ j ∈ J−2,n−1.

(4)

Ïðè êàæäîì ôèêñèðîâàííîì t ∈ (xk, xk+1),∀ k ∈ J0,n−1, ñîîòíîøåíèÿ (4)
ìîæíî ðàññìàòðèâàòü êàê ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îò-
íîñèòåëüíî íåèçâåñòíûõ ωj(t). Ââèäó ïðåäïîëîæåíèÿ (2) ñèñòåìà (4) èìååò
åäèíñòâåííîå ðåøåíèå, ïðè÷åì supp ωj ⊂ Sj.
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Ëèíåéíàÿ îáîëî÷êà ôóíêöèé ωj(t) íàçûâàåòñÿ ïðîñòðàíñòâîì êâàäðà-

òè÷íûõ ìèíèìàëüíûõ êîîðäèíàòíûõ (A,φ)-ñïëàéíîâ. Îáîçíà÷èì åãî ÷åðåç

S(X,A,φ) :=

{
u(t) =

n−1∑
j=−2

cj ωj(t) ∀ cj ∈ R1, t ∈ [a, b]

}
.

Òîæäåñòâà (4) íàçûâàþòñÿ àïïðîêñèìàöèîííûìè ñîîòíîøåíèÿìè.
Âåêòîð-ôóíêöèÿ φ íàçûâàåòñÿ ïîðîæäàþùåé (èëè ãåíåðèðóþùåé) ñïëàéí
âåêòîð-ôóíêöèåé.

Ïîëîæèì

φj := φ(xj), φ′
j := φ′(xj), φ′′

j := φ′′(xj), j ∈ J−2,n+2,

è ðàññìîòðèì öåïî÷êó âåêòîðîâ {aNj }j∈J−2,n−1
, îïðåäåëÿåìóþ ôîðìóëîé

aNj := φj+1 −
dT
j+2φj+1

dT
j+2φ

′
j+1

φ′
j+1, (5)

ãäå âåêòîðû dj ∈ R3 çàäàþòñÿ òîæäåñòâîì

dT
j x ≡ det(φj,φ

′
j,φ

′′
j , x), x ∈ R3,

à ÷åðåç T îáîçíà÷åíà îïåðàöèÿ òðàíñïîíèðîâàíèÿ.

Èçâåñòíî [17], ÷òî ïðè óñëîâèè (3) äëÿ öåïî÷êè âåêòîðîâ {aNj }, j ∈ J0,n−1,

âûïîëíåíî íåðàâåíñòâî (2), è ôóíêöèè ωj ∈ C1[a, b] äëÿ êàæäîãî j ∈ J−2,n−1.
Áîëåå òîãî, åñëè âåêòîð-ôóíêöèÿ φ òàêàÿ, ÷òî åå íóëåâàÿ êîìïîíåíòà ðàâíà
1, òî ñïðàâåäëèâî ñâîéñòâî ðàçáèåíèÿ åäèíèöû:

n−1∑
j=−2

ωj(t) = 1 ∀ t ∈ [a, b].

Â ýòîì ñëó÷àå ôóíêöèè ωj(t) íàçûâàþòñÿ êâàäðàòè÷íûìè íîðìàëèçîâàí-
íûìè ìèíèìàëüíûìè êîîðäèíàòíûìè Bφ-ñïëàéíàìè, è äëÿ íèõ ñïðàâåäëè-
âî ïðåäñòàâëåíèå

ωj(t) =



dT
j φ(t)

dT
j a

N
j

, t ∈ [xj, xj+1),

dT
j φ(t)

dT
j a

N
j

−
dT
j a

N
j+1

dT
j a

N
j

dT
j+1φ(t)

dT
j+1a

N
j+1

, t ∈ [xj+1, xj+2),

dT
j+3φ(t)

dT
j+3a

N
j

, t ∈ [xj+2, xj+3).
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Äëÿ φ(t) := (1, t, t2)T ôóíêöèè ωj(t) ñîâïàäàþò (ñì. [19]) ñ èçâåñòíûìè
êâàäðàòè÷íûìè ïîëèíîìèàëüíûìè B-ñïëàéíàìè (òðåòüåãî ïîðÿäêà):

ωB
j (t) =



(t− xj)
2

(xj+1 − xj)(xj+2 − xj)
, t ∈ [xj, xj+1),

1

xj+1 − xj

(
(t− xj)

2

xj+2 − xj
− (t− xj+1)

2(xj+3 − xj)

(xj+2 − xj+1)(xj+3 − xj+1)

)
, t ∈ [xj+1, xj+2),

(t− xj+3)
2

(xj+3 − xj+1) (xj+3 − xj+2)
, t ∈ [xj+2, xj+3).

(6)

Äëÿ φ(t) := (1, sin t, cos t)T ôóíêöèè ωj(t) èìåþò ñëåäóþùèé âèä
(ñì. [16]):

ωtrig
j (t) =



sin2
(
t−xj

2

)
cos

xj+2−xj+1

2

sin
xj+1−xj

2 sin
xj+2−xj

2

, t ∈ [xj, xj+1),

cos
xj+2−xj+1

2

sin
xj+1−xj

2

sin2
(
t−xj

2

)
sin

xj+2−xj

2

−
sin2

(
t−xj+1

2

)
sin

xj+3−xj

2

sin
xj+3−xj+1

2 sin
xj+2−xj+1

2

 , t ∈ [xj+1, xj+2),

sin2
(
xj+3−t

2

)
cos

xj+2−xj+1

2

sin
xj+3−xj+1

2 sin
xj+3−xj+2

2

, t ∈ [xj+2, xj+3).

(7)

3 Óñðåäíÿþùèå àïïðîêñèìàöèîííûå ôóíêöèîíàëû

Çäåñü ìû áóäåì ðàññìàòðèâàòü ðàçëè÷íûå ñåòêè. Ïîýòîìó, äëÿ óäîáñòâà,
íåêîòîðûå îáúåêòû, ðàññìàòðèâàåìûå íà ñåòêå X, áóäåì ñíàáæàòü âåðõíèì
èíäåêñîì X, íàïðèìåð, ïèñàòü ωX

j .

Ïóñòü äàëååφ(t) := (1, ρ(t), σ(t))T , ãäå ρ, σ ∈ C2[a, b]. Ââåäåì îáîçíà÷åíèÿ
(ïîäðîáíåå ñì. [19])

∆j(ρ, σ) :=

∣∣∣∣∣ρj ρ′j
σj σ′

j

∣∣∣∣∣ , SX
j (ρ, σ, τ) := −

∣∣∣∣∣∆j(ρ, σ) ∆j+1(ρ, σ)

τj τj+1

∣∣∣∣∣∣∣∣∣∣ρj ρj+1

σj σj+1

∣∣∣∣∣
,

ãäå ρj := ρ(xj), σj := σ(xj), τj := τ(xj).
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Ðàññìîòðèì âñïîìîãàòåëüíóþ ñåòêó Y, ñîñòîÿùóþ èç óçëîâ

yj :=


x0, j = −2,

xj+1 + θ(xj+2 − xj+1), θ ∈ [0, 1], j ∈ J−1,n−2,

xn, j = n− 1.

(8)

Áóäåì ñòðîèòü àïïðîêñèìàöèþ Qf èñõîäíîé ôóíêöèè f â âèäå

Qf =
n−1∑
j=−2

µY
j (f)ω

X
j , (9)

ãäå àïïðîêñèìàöèîííûé ôóíêöèîíàë µY
j (f) îïðåäåëèì ñëåäóþùèì îáðàçîì:

µY
j (f) :=


f(y−2), j = −2,

αjf(yj−1) + βjf(yj) + γjf(yj+1), j ∈ J−1,n−2,

f(yn−1), j = n− 1.

(10)

Â [21] ïîêàçàíî, ÷òî àïïðîêñèìàöèÿ Qf îáëàäàåò ñâîéñòâîì òî÷íîñòè íà
ôóíêöèÿõ f ∈ {[φ]i | i = 0, 1, 2} ïðè ñëåäóþùèõ çíà÷åíèÿõ êîýôôèöèåíòîâ
αj, βj, γj â (10):

αj = 1− βj − γj,

βj =
(ρ(yj+1)− ρ(yj−1))(S

X
j+1(ρ, σ, σ

′)− σ(yj−1))

(ρ(yj+1)− ρ(yj−1))(σ(yj)− σ(yj−1))− (ρ(yj)− ρ(yj−1))(σ(yj+1)− σ(yj−1))
−

(SX
j+1(ρ, σ, ρ

′)− ρ(yj−1))(σ(yj+1)− σ(yj−1))

(ρ(yj+1)− ρ(yj−1))(σ(yj)− σ(yj−1))− (ρ(yj)− ρ(yj−1))(σ(yj+1)− σ(yj−1))
,

γj =
(SX

j+1(ρ, σ, ρ
′)− ρ(yj−1))(σ(yj)− σ(yj−1))

(ρ(yj+1)− ρ(yj−1))(σ(yj)− σ(yj−1))− (ρ(yj)− ρ(yj−1))(σ(yj+1)− σ(yj−1))
−

(ρ(yj)− ρ(yj−1))(S
X
j+1(ρ, σ, σ

′)− σ(yj−1))

(ρ(yj+1)− ρ(yj−1))(σ(yj)− σ(yj−1))− (ρ(yj)− ρ(yj−1))(σ(yj+1)− σ(yj−1))
.

Äëÿ φ(t) := (1, t, t2)T íà ðàâíîìåðíîé ñåòêå ïðè θ = 1
2 ôóíêöèîíàë (10)

èìååò âèä

µY
j (f) = −1

8
(f(yj−1)− 10f(yj) + f(yj+1)) . (11)

Çàìåòèì, ÷òî îí ñîâïàäàåò ñ èçâåñòíûì êâàçèèíòåðïîëÿöèîííûì ôóíê-
öèîíàëîì äëÿ êâàäðàòè÷íûõ B-ñïëàéíîâ (ñì. [12]).

Ýëåêòðîííûé æóðíàë. http://di�journal.spbu.ru/ 216



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 4, 2021

4 Î ìåòîäå ðåøåíèÿ óðàâíåíèÿ Ôðåäãîëüìà

Ïóñòü t ∈ [a, b]. Ðàññìîòðèì óðàâíåíèå Ôðåäãîëüìà âòîðîãî ðîäà

u(t)−Ku(t) = f(t), (12)

ãäå f ∈ C[a, b]. Ïðåäïîëîæèì, ÷òî îïåðàòîð (I − K) îáðàòèì; çäåñü I �
òîæäåñòâåííûé îïåðàòîð. Òîãäà óðàâíåíèå (12) èìååò åäèíñòâåííîå ðåøåíèå
u ∈ C[a, b] äëÿ ëþáîé çàäàííîé ôóíêöèè f ∈ C[a, b].

Èñïîëüçóÿ ôóíêöèþ K ∈ C([a, b] × [a, b]), íàçûâàåìóþ ÿäðîì îïåðàòîðà

Ôðåäãîëüìà, îïðåäåëèì ëèíåéíûé êîìïàêòíûé îïåðàòîð K ñëåäóþùèì îáðà-
çîì:

Ku(t) :=

∫ b

a

K(t, x)u(x) dx, t ∈ [a, b].

Áóäåì ñòðîèòü àïïðîêñèìàöèþ ðåøåíèÿ óðàâíåíèÿ (12) íà ñåòêå (1) â
âèäå

uh(t) =
n−1∑
j=−2

cj ωj(t), (13)

à âìåñòî K è f áóäåì èñïîëüçîâàòü èõ ïðèáëèæåíèÿ QK è Qf ñîîòâåòñòâåí-
íî, ïîñòðîåííûå ïóòåì àïïðîêñèìàöèè óêàçàííûõ ôóíêöèé â ñîîòâåòñòâèè ñ
ðàâåíñòâàìè (9) è (10). Òîãäà óðàâíåíèå (12) ìîæíî ïåðåïèñàòü â âèäå

uh = Qf +QKuh (14)

èëè, ââîäÿ îáîçíà÷åíèå ω̃j := Kωj,

n−1∑
j=−2

cj ωj(t) =
n−1∑
j=−2

µY
j (f)ωj(t) +Q

n−1∑
i=−2

ci ω̃i(t).

Îòêóäà èìååì

cj = µY
j (f) +

n−1∑
i=−2

ci µ
Y
j (ω̃i), j ∈ J−2,n−1. (15)

Ñîñòàâèì èç êîýôôèöèåíòîâ cj âåêòîð c := (c−2, c−1, . . . , cn−1)
T , èç ôóíê-

öèîíàëîâ µY
j (f) âåêòîð

µ := (µY
−2(f), µ

Y
−1(f), . . . , µ

Y
n−1(f))

T ,
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à èç ôóíêöèîíàëîâ µY
j (ω̃i) ìàòðèöó

M := (Mj,i) =
(
µY
j (ω̃i)

)
, j, i ∈ J−2,n−1.

Â ñîîòâåòñòâèè ñ ïðåäñòàâëåíèåì (15) ïîñòðîèì ñèñòåìó ëèíåéíûõ àëãåá-
ðàè÷åñêèõ óðàâíåíèé

(I −M) c = µ,

ãäå I � åäèíè÷íàÿ ìàòðèöà, ðåøåíèå êîòîðîé îïðåäåëÿåò êîýôôèöèåíòû cj
â àïïðîêñèìàöèè (13).

Â [9] Ñëîàí ïîêàçàë, ÷òî ïîëó÷åííîå ðåøåíèå ìîæåò áûòü óòî÷íåíî èòå-
ðàöèåé

ũh := Kuh + f,

óäîâëåòâîðÿþùåé, áëàãîäàðÿ ðàâåíñòâó (14), óðàâíåíèþ (I − KQ) ũh = f.

Òàêèì îáðàçîì, èñïîëüçóÿ ïîëó÷åííîå ïðèáëèæåíèå (13), èòîãîâàÿ àï-
ïðîêñèìàöèÿ ðåøåíèÿ óðàâíåíèÿ Ôðåäãîëüìà ìîæåò áûòü ïîñòðîåíà â âèäå

ũh(t) = f(t) +
n−1∑
j=−2

cj ω̃j(t). (16)

Îòìåòèì, ÷òî

ω̃j(t) = Kωj(t) =

∫ b

a

K(t, x)ωj(x) dx,

à âû÷èñëåíèå äàííîãî èíòåãðàëà ìîæåò áûòü ñâåäåíî ê âû÷èñëåíèþ çíà÷åíèÿ

Wij :=

∫ b

a

ωi(t)ωj(t) dt

ïóòåì çàìåíû ôóíêöèè K(t, x) ïîä çíàêîì èíòåãðàëà åå àïïðîêñèìàöèåé.

Â ñîîòâåòñòâèè ñ ïðåäñòàâëåíèÿìè ôóíêöèé ωj(t) äëÿ ïîëèíîìèàëüíîé
ïîðîæäàþùåé φ(t) = (1, t, t2)T èëè äëÿ òðèãîíîìåòðè÷åñêîé ïîðîæäàþùåé
φ(t) = (1, sin t, cos t)T , çíà÷åíèå Wij ìîæåò áûòü âû÷èñëåíî â ÿâíîì âèäå. Â
äðóãèõ ñëó÷àÿõ çíà÷åíèå èíòåãðàëà îò ïðîèçâåäåíèÿ ìèíèìàëüíûõ ñïëàéíîâ
ìîæåò áûòü ïîëó÷åíî ïðèìåíåíèåì ñòàíäàðòíûõ ìåòîäèê ÷èñëåííîãî èíòå-
ãðèðîâàíèÿ.
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5 ×èñëåííûå ýêñïåðèìåíòû

Ðàññìîòðèì èíòåãðàëüíîå óðàâíåíèå Ôðåäãîëüìà âòîðîãî ðîäà

u(t)−
∫ π

2

0

sin t cosxu(x) dx = sin t, (17)

ðåøåíèå êîòîðîãî ìîæåò áûòü ïîëó÷åíî ÿâíî: u(t) = 2 sin t, ãäå t ∈ [0, π2 ].

Â ÷èñëåííûõ ýêñïåðèìåíòàõ íà ñåòêå (1) ðàññìîòðèì àïïðîêñèìàöèþ (9),
çàïèñàííóþ â âèäå

Qf =
n−1∑
j=−2

cj ω
X
j ,

ãäå êîýôôèöèåíòû cj îïðåäåëÿþòñÿ íà ñåòêå (8) â çàâèñèìîñòè îò âàðèàíòîâ
âûáîðà ïîðîæäàþùåé âåêòîð-ôóíêöèè φ(t) è èñïîëüçóåìîåãî àïïðîêñèìàöè-
îííîãî ôóíêöèîíàëà:

1. φ(t) = (1, t, t2)T , à cj := f(yj) îïðåäåëÿþòñÿ çíà÷åíèåì ôóíêöèè â òî÷-
êàõ Ãðåâèëëÿ.

2. φ(t) = (1, t, t2)T , cj îïðåäåëÿþòñÿ ñîîòíîøåíèåì (11).

3. φ(t) = (1, sin t, cos t)T , cj îïðåäåëÿþòñÿ ñîîòíîøåíèåì (10).

Ïîñòðîèì àïïðîêñèìàöèþ ðåøåíèÿ óðàâíåíèÿ (17) â âèäå (16), èñïîëüçóÿ
ïðåäëîæåííûé â ðàáîòå ìåòîä ïðèáëèæåíèÿ. Òî÷íîñòü ýòîãî ïðèáëèæåíèÿ áó-
äåò ìåíÿòüñÿ â çàâèñèìîñòè îò âûáîðà ïîðîæäàþùåé âåêòîð-ôóíêöèè φ(t) è
èñïîëüçóåìîãî àïïðîêñèìàöèîííîãî ôóíêöèîíàëà. Ðåçóëüòàòû ýêñïåðèìåíòà
ïðèâåäåíû â òàáëèöå 1. Â êà÷åñòâå êðèòåðèÿ òî÷íîñòè ïîñòðîåííîé àïïðîê-
ñèìàöèè èñïîëüçóåòñÿ îöåíêà ìàêñèìóìà àáñîëþòíîãî çíà÷åíèÿ îòêëîíåíèÿ
ïîëó÷åííîãî ïðèáëèæåíèÿ ũh(t) îò çíà÷åíèé èñõîäíîé ôóíêöèè u, âû÷èñëåí-
íàÿ â óçëàõ ñåòêè, â äåñÿòü ðàç áîëåå ìåëêîé, ÷åì èñõîäíàÿ, ò. å.

E = max
t∈[0,π/2]

|ũh(t)− u(t)|.
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Òàáëèöà 1: Îøèáêà àïïðîêñèìàöèè ðåøåíèÿ óðàâíåíèÿ (17) â çàâèñèìîñòè îò êîëè÷åñòâà
óçëîâ ñåòêè n

âàðèàíò n = 15 n = 30 n = 45

1 5.3× 10−3 1.3× 10−3 5.6× 10−4

2 3.5× 10−3 8.5× 10−4 3.7× 10−5

3 1.4× 10−4 6.8× 10−5 3.3× 10−5

Òàêèì îáðàçîì, èñïîëüçîâàíèå ìèíèìàëüíûõ òðèãîíîìåòðè÷åñêèõ ñïëàé-
íîâ è ñîîòâåòñòâóþùèõ àïïðîêñèìàöèîííûõ ôóíêöèîíàëîâ (âàðèàíò 3) ïîç-
âîëÿåò ïîâûñèòü òî÷íîñòü ÷èñëåííîãî ðåøåíèÿ óðàâíåíèÿ (17), ïðè÷åì íàè-
áîëüøåå óëó÷øåíèå äîñòèãàåòñÿ íà áîëåå ðàçðåæåííûõ ñåòêàõ.

6 Áëàãîäàðíîñòè

Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ â ðàìêàõ
íàó÷íîãî ïðîåêòà � 20-31-90095.

Ñïèñîê ëèòåðàòóðû

[1] Ñ. Á. Ñòå÷êèí, Þ. Í. Ñóááîòèí, Ñïëàéíû â âû÷èñëèòåëüíîé ìàòåìà-
òèêå. Ì. 1976. 248 ñ.

[2] Þ. Ñ. Çàâüÿëîâ, Á. È. Êâàñîâ, Â. Ë. Ìèðîøíè÷åíêî, Ìåòîäû ñïëàéí-
ôóíêöèé. Ì. 1980. 352 ñ.

[3] L. L. Schumaker, Spline functions: basic theory. John Wiley and Sons, Inc.,
New York, 1981.

[4] C. de Boor, A Practical Guide to Splines // Springer-Verlag New York
(revised edition), 2001.

[5] Á. È. Êâàñîâ, Ìåòîäû èçîãåîìåòðè÷åñêîé àïïðîêñèìàöèè ñïëàéíàìè.
Ì.: Ôèçìàòëèò, 2006.

[6] Þ. Ê. Äåìüÿíîâè÷, Ëîêàëüíàÿ àïïðîêñèìàöèÿ íà ìíîãîîáðàçèè è ìè-
íèìàëüíûå ñïëàéíû. ÑÏá.: Èçä-âî Ñ.-Ïåòåðá. óí-òà, 1994. 356 ñ.

Ýëåêòðîííûé æóðíàë. http://di�journal.spbu.ru/ 220



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 4, 2021

[7] C. Allouch, P. Sablonniere, D. Sbibih, A modi�ed Kulkarni's method based
on a discrete spline quasi-interpolant // Mathematics and Computers in
Simulation vol. 81 2011, 1991�2000.

[8] C. Dagnino, S. Remogna, P. Sablonniere, On the solution of Fredholm
integral equation based on spline quasi-interpolating projects // BIT
Numerical Mathematics vol. 54(4) 2014 979�1008.

[9] I. Sloan, Improvement by iteration for compact operator equations // Math.
Comp. vol. 30 1976, 758�764.

[10] R. Kulkarni, On improvement of the iterated Galerkin solution of the second
kind integral equations // J. Numer. Math. vol. 13 2005, 205�218.

[11] T. Lyche, L. L. Shumaker, Quasi-interpolants Based on Trigonometric
Splines // J. Approx. Theor. vol. 95 1998, 280�309.

[12] P. Sablonniere, Quadratic spline quasi-interpolants on bounded domains of
Rd, d = 1, 2, 3 // Rend. Sem. Mat., vol. 61(3) 2003, 229�246.

[13] P. Constantini, C. Manni, F. Pelosi, M. Lucia Sampoli, Quasi-interpolation
in Isogeometric Analysis Based on GeneralizedB-splines // Computer Aided
Geometric Design vol. 27(8) 2010 655�668.

[14] W. Gao, Z. Wu, A quasi-interpolation scheme for periodic data based on
multiquadric trigonometric B-splines // J. of Comp. App. Math. vol. 271
2014, 20�30.

[15] Þ. Ê. Äåìüÿíîâè÷, Ãëàäêîñòü ïðîñòðàíñòâ ñïëàéíîâ è âñïëåñêîâûå ðàç-
ëîæåíèÿ // Äîêë. ÐÀÍ. 2005. Ò. 401, �4. Ñ. 1�4.

[16] O. Kosogorov, A. Makarov, On Some Piecewise Quadratic Spline Functions
// Lecture Notes in Computer Science, vol. 10187 2017, 448�455.

[17] A. A. Makarov, Construction of Splines of Maximal Smoothness // J. Math.
Sci. (United States), vol. 178(6) 2011, 589�604

[18] Yu. K. Dem'yanovich, A. A. Makarov, Necessary and Su�cient
Nonnegativity Conditions for Second-order Coordinate Trigonometric
Splines // Vestnik St. Petersburg University: Mathematics, vol. 50(1) 2017,
5�10

Ýëåêòðîííûé æóðíàë. http://di�journal.spbu.ru/ 221



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 4, 2021

[19] E. K. Kulikov, A. A. Makarov, On de Boor�Fix Type Functionals for
Minimal Splines // Topics in Classical and Modern Analysis (Applied and
Numerical Harmonic Analysis), 2019, 211�225.

[20] E. K. Kulikov, A. A. Makarov, On Approximation by Hyperbolic Splines
// J. Math. Sci. (United States), vol. 240(6) 2019 822�832.

[21] Å. Ê. Êóëèêîâ, À. À. Ìàêàðîâ, Î ïîñòðîåíèè àïïðîêñèìàöèîííûõ ôóíê-
öèîíàëîâ äëÿ ìèíèìàëüíûõ ñïëàéíîâ // Çàï. íàó÷í. ñåì. ÏÎÌÈ, ò. 504
2021, 136�156.

Ýëåêòðîííûé æóðíàë. http://di�journal.spbu.ru/ 222



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 4, 2021

On modi�ed spline collocations method

for solving the Fredholm integral equation

E. K. Kulikov, A. A. Makarov

Saint-Petersburg State University,
egor.k.kulikov@gmail.com, a.a.makarov@spbu.ru

Abstract. A numerical method to solve a Fredholm integral equation of the
second kind is studied. This approach is based on a collocation method and
Sloan iterations. Our solution is represented by a linear combination of minimal
splines, and the coe�cients are calculated by a method of local approximation
(quasi-interpolation). The results of numerical experiments demonstrating how
the quality of approximation can be improved by using minimal trigonometric
splines and corresponding functionals in comparison with several earlier suggested
approaches are presented.

Keywords: Fredholm integral equation of the second kind, collocation
method, minimal splines, approximation functionals, local approximation, quasi-
interpolation.
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