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Àííîòàöèÿ. Îäíîìåðíûå ìîäåëè ãåìîäèíàìèêè â íàñòîÿùåå âðåìÿ øèðîêî
èñïîëüçóþòñÿ â öåëÿõ äèàãíîñòèêè ïîñëåäñòâèé ñåðäå÷íî-ñîñóäèñòûõ çàáî-
ëåâàíèé, õèðóðãè÷åñêèõ âìåøàòåëüñòâ è ïðè èññëåäîâàíèè âëèÿíèÿ ïàòîëî-
ãèé ñîñóäîâ. Ìîäåëè òàêîãî òèïà ñòðîÿòñÿ ïîñðåäñòâîì îñðåäíåíèÿ óðàâíå-
íèé ãèäðîäèíàìèêè âÿçêîé íåñæèìàåìîé æèäêîñòè ïî ïîïåðå÷íîìó ñå÷åíèþ
ñîñóäà ñ ó÷åòîì ðÿäà óïðîùåíèé. Â ðàáîòå ïðåäñòàâëåíû îäíîìåðíûå ìî-
äåëè, ó÷èòûâàþùèå íåíüþòîíîâñêèå ñâîéñòâà êðîâè. Ïðè ïîñòðîåíèè ìîäå-
ëåé èñïîëüçóþòñÿ ðåîëîãè÷åñêèå ñîîòíîøåíèÿ äëÿ ÷èñòîâÿçêèõ íåíüþòîíîâ-
ñêèõ æèäêîñòåé, øèðîêî èñïîëüçóåìûå äëÿ îïèñàíèÿ íåíüþòîíîâîñòè êðîâè
â ðàìêàõ äâóìåðíûõ è òðåõìåðíûõ ìîäåëåé: ñòåïåííàÿ ìîäåëü, ìîäåëè Êàð-
ðî, Êàððî � ßñóäû, Êðîññà, óïðîùåííàÿ ìîäåëü Êðîññà, ìîäåëü Åëåñâàðàïó,
à òàêæå ìîäåëè, çàâèñÿùèå îò âåëè÷èíû ãåìàòîêðèòà � ìîäåëü Êóèìàäû è
ìîäèôèöèðîâàííàÿ ìîäåëü Åëåñâàðàïó. Äëÿ çàìûêàíèÿ ìîäåëåé èñïîëüçóåò-
ñÿ ìîäåëüíîå ñòåïåííîå ïðåäñòàâëåíèå áåçðàçìåðíîãî ïðîôèëÿ ñêîðîñòè, ïðè
ýòîì â õîäå ðàñ÷åòîâ âàðüèðóåòñÿ ïàðàìåòð ýòîé çàâèñèìîñòè. Ó÷åò ñòàöè-
îíàðíîñòè ðåæèìà òå÷åíèÿ ïðèâîäèò ê ðàññìîòðåíèþ íåëèíåéíîãî îáûêíî-
âåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ îòíîñèòåëüíî ïëîùàäè ïîïåðå÷íîãî
ñå÷åíèÿ ñîñóäà. Äëÿ ñòåïåííîé ìîäåëè, óïðîùåííîé ìîäåëè Êðîññà è ìîäåëè
Êóèìàäû áûëè ïîëó÷åíû èíòåãðàëû ýòîãî óðàâíåíèÿ. Èññëåäîâàíû óñëîâèÿ
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ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ íà÷àëüíîé çàäà÷è. Ïðè ïðîâåäå-
íèè ðàñ÷åòîâ ðàññìàòðèâàþòñÿ ïàðàìåòðû, õàðàêòåðíûå äëÿ ïîäâçäîøíîé
àðòåðèè. Èññëåäîâàíî âëèÿíèå ïðîôèëÿ ñêîðîñòè è ãåìàòîêðèòà íà ïîëó-
÷àåìûå ðåøåíèÿ. Ïîêàçàíî, ÷òî óïëîùåíèå ïðîôèëÿ ñêîðîñòè ïðèâîäèò ê
óìåíüøåíèþ äëèíû ïðîìåæóòêà, íà êîòîðîì ñóùåñòâóþò ñòàöèîíàðíûå ðå-
øåíèÿ. Àíàëîãè÷íàÿ ñèòóàöèÿ èìååò ìåñòî è ïðè óâåëè÷åíèè ãåìàòîêðèòà.
Îòäåëüíî ðàññìîòðåí ñëó÷àé ñîñóäà ñ íàëè÷èåì ñòåíîçà, ôîðìà êîòîðîãî çà-
äàåòñÿ ìîäåëüíîé ôóíêöèåé. Ïîêàçàíî, ÷òî èçìåíåíèå ãåîìåòðè÷åñêèõ ïàðà-
ìåòðîâ âëèÿåò íà äëèíó ïðîìåæóòêà ñóùåñòâîâàíèÿ ðåøåíèÿ (ïðèâîäèò ëèáî
ê óìåíüøåíèþ, ëèáî ê óâåëè÷åíèþ åãî äëèíû). Ïîëó÷åííûå ðåøåíèÿ ìîãóò
îêàçàòüñÿ ïîëåçíûìè ïðè ñðàâíåíèè äðóã ñ äðóãîì ðàçíûõ îäíîìåðíûõ ìîäå-
ëåé êðîâè êàê âÿçêîé æèäêîñòè è ïðè òåñòèðîâàíèè ïðèêëàäíûõ ïðîãðàìì.

Êëþ÷åâûå ñëîâà: îäíîìåðíûå ìîäåëè, ñòàöèîíàðíûå ðåøåíèÿ, ãåìîäèíà-
ìèêà.

1 Ââåäåíèå

Îäíîìåðíûå ìàòåìàòè÷åñêèå ìîäåëè ãåìîäèíàìèêè â ïîñëåäíèå äåñÿòèëåòèÿ
øèðîêî èñïîëüçóþòñÿ ïðè ìîäåëèðîâàíèè ïðîöåññîâ, ïðîèñõîäÿùèõ â ñèñòå-
ìàõ èç áîëüøîãî ÷èñëà ñîñóäîâ [1, 2, 3]. Òàêèå ìîäåëè ìîæíî ïîñòðîèòü ïî-
ñðåäñòâîì îñðåäíåíèÿ òðåõìåðíûõ óðàâíåíèé ãèäðîäèíàìèêè íåñæèìàåìîé
æèäêîñòè ïî ïîïåðå÷íîìó ñå÷åíèþ ñîñóäà ïðè ââåäåíèè ðÿäà ïðåäïîëîæåíèé
[1]. Ìîäåëè ïðèìåíÿþòñÿ â êëèíè÷åñêîé ïðàêòèêå äëÿ ïðåäñêàçàíèÿ ïîñëåä-
ñòâèé íàëè÷èÿ ïàòîëîãèé ñîñóäîâ è ðàçëè÷íûõ âíåøíèõ âìåøàòåëüñòâ [4, 5].
Ïðè ýòîì ðåçóëüòàòû ðàñ÷åòîâ ïî îäíîìåðíûì ìîäåëÿì ñîãëàñóþòñÿ ñ îñðåä-
íåííûìè ðåøåíèÿìè, ïîëó÷åííûìè íà îñíîâå òðåõìåðíûõ ìîäåëåé [6]. Ïðè
ìàñøòàáíîì ìîäåëèðîâàíèè ñåðäå÷íî-ñîñóäèñòîé ñèñòåìû ìîäåëè ðàçíîé ðàç-
ìåðíîñòè ìîãóò óñïåøíî ñî÷åòàòüñÿ äðóã ñ äðóãîì [6, 7].

Ñ ïîçèöèé ãèäðîìåõàíèêè êðîâü ïðåäñòàâëÿåò ñîáîé âÿçêóþ íåñæèìà-
åìóþ æèäêîñòü [8], îáëàäàþùóþ íåíüþòîíîâñêèìè ñâîéñòâàìè [9, 10], ÷òî
ñâÿçàíî ñ íàëè÷èåì ó íåå êëåòî÷íîé ÷àñòè. Êàê ïîêàçàíî â ýêñïåðèìåíòàõ,
âÿçêîñòü êðîâè çàâèñèò îò ñêîðîñòè ñäâèãà [11], à òàêæå èìåþò ìåñòî âÿç-
êîóïðóãèå [12] è òèêñîòðîïíûå [13] ýôôåêòû. Êàê îòìå÷àåòñÿ â [14], ïîñëåä-
íèå äâà ñâîéñòâà ñóùåñòâåííî íå âëèÿþò íà ïîëå ñêîðîñòåé, â ñâÿçè ñ ÷åì
ïðè ðåøåíèè çàäà÷ î ìîäåëèðîâàíèè êðîâîòîêà â êðóïíûõ ñîñóäàõ èõ ìîæíî
íå ó÷èòûâàòü. Æèäêîñòè, â ðåîëîãè÷åñêèõ ñîîòíîøåíèÿõ êîòîðûõ äèíàìè-
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÷åñêàÿ âÿçêîñòü çàâèñèò òîëüêî îò ñêîðîñòåé äåôîðìàöèè, íàçûâàþòñÿ ÷è-
ñòîâÿçêèìè èëè îáîáùåííûìè íüþòîíîâñêèìè [15]. Õàðàêòåðíûì ïðèìåðîì
ìîäåëè òàêîãî òèïà ÿâëÿåòñÿ ò.í. ñòåïåííàÿ æèäêîñòü. Äëÿ ìîäåëèðîâàíèÿ
êðîâè ýòà ìîäåëü èñïîëüçîâàëàñü, íàïðèìåð, â [16, 17, 18, 19].

Øèðîêèé êëàññ ìîäåëåé ÷èñòîâÿçêèõ æèäêîñòåé, èñïîëüçóåìûõ äëÿ îïè-
ñàíèÿ êðîâè, õàðàêòåðèçóåòñÿ äâóìÿ ïðåäåëüíûìè çíà÷åíèÿìè äèíàìè÷åñêîé
âÿçêîñòè, îòâå÷àþùèìè áåñêîíå÷íî ìàëîìó è áåñêîíå÷íî áîëüøîìó çíà÷åíè-
ÿì ñêîðîñòè ñäâèãà. Â ðàìêàõ òàêèõ ìîäåëåé îïèñûâàåòñÿ ýêñïåðèìåíòàëüíî
íàáëþäàåìîå ïîâåäåíèå âÿçêîñòè, êîòîðàÿ óìåíüøàåòñÿ (óâåëè÷èâàåòñÿ) ïðè
óâåëè÷åíèè (óìåíüøåíèè) ñêîðîñòè ñäâèãà [9, 20]. Ìîäåëè òàêîãî òèïà øè-
ðîêî èñïîëüçóþòñÿ äëÿ ìîäåëèðîâàíèÿ ãåìîäèíàìè÷åñêèõ ïðîöåññîâ è ñðàâ-
íèâàþòñÿ â [9, 17, 18, 21]. Õàðàêòåðíûìè ïðèìåðàìè òàêèõ ìîäåëåé ÿâëÿþò-
ñÿ: ìîäåëü Êàððî [9, 17, 18, 20, 21, 22, 23, 24, 25], ìîäåëü Êàððî � ßñóäû
[9, 18, 20, 22, 23, 24, 26], ìîäåëü Êðîññà [9, 17, 18, 21, 23, 27], óïðîùåííàÿ
ìîäåëü Êðîññà [9, 21, 28] è ìîäåëü Åëåñâàðàïó [29, 30, 31, 32].

Äðóãîé êëàññ ìîäåëåé ÷èñòîâÿçêèõ æèäêîñòåé, ÷àñòî ïðèìåíÿåìûõ â çà-
äà÷àõ ìîäåëèðîâàíèÿ êðîâîòîêà � ýòî ìîäåëè, çàâèñÿùèå îò âåëè÷èíû ãåìà-
òîêðèòà (îáúåìíîé äîëè êëåòîê êðîâè â ïëàçìå). Ïðèìåðàìè òàêèõ ìîäåëåé
ÿâëÿþòñÿ ìîäåëü Êóèìàäû [10, 17, 21, 23, 33, 34] è ìîäèôèöèðîâàííàÿ ìîäåëü
Åëåñâàðàïó [20].

Ñëåäóåò ïîä÷åðêíóòü, ÷òî íåíüþòîíîâñêèå ñâîéñòâà â ðàìêàõ îäíîìåðíûõ
ìîäåëåé ãåìîäèíàìèêè ó÷èòûâàëèñü â âåñüìà ìàëîì ÷èñëå ðàáîò. Íàèáîëåå
ïîäðîáíàÿ ìîäåëü, â ðàìêàõ êîòîðîé ó÷òåíû íåñòàöèîíàðíûå ðåîëîãè÷åñêèå
ñâîéñòâà êðîâè è âÿçêîóïðóãèå ýôôåêòû, áûëà ïðåäëîæåíà â [35]. Â ýòîé
ðàáîòå ðàññìîòðåíà ìîäåëü íà îñíîâå îáîáùåííîé ðåîëîãè÷åñêîé ìîäåëè Îë-
äðîéäà è ïðîâåäåíî ìîäåëèðîâàíèå òå÷åíèÿ êðîâè â ìîäåëüíîé ñîñóäèñòîé
ñèñòåìå. Óïðîùåííûå ìîäåëè òå÷åíèÿ íåíüþòîíîâñêèõ ñðåä â ïîðèñòûõ ñðå-
äàõ â ïðèëîæåíèè ê ñèñòåìå ìèêðîöèðêóëÿöèè ïðåäëîæåíû â [36, 37].

Ñòàöèîíàðíûì ðåøåíèÿì óðàâíåíèé îäíîìåðíîé ãåìîäèíàìèêè ïîñâÿùå-
íî çíà÷èòåëüíîå ÷èñëî ðàáîò (íàïðèìåð, ñì. [38, 39, 40, 41, 42, 43, 44]). Òàêèå
ðåøåíèÿ ìîãóò ïðèìåíÿòüñÿ â ðàçíûõ öåëÿõ � òàê, â [44] îòìå÷àåòñÿ, ÷òî íà-
ëè÷èå ñòàöèîíàðíîãî ðåæèìà òå÷åíèÿ ìîæåò äàòü âàæíóþ èíôîðìàöèþ îá
îñîáåííîñòÿõ òå÷åíèÿ â ðåàëüíûõ ñîñóäàõ � ê ïðèìåðó, ñëàáî ìåíÿþùèåñÿ
âî âðåìåíè òå÷åíèÿ õàðàêòåðíû äëÿ ñîñóäîâ ñ íàëè÷èåì ñòåíîçà [42]. Äðóãîå
ïðèìåíåíèå ñòàöèîíàðíûõ ðåøåíèé ñâÿçàíî ñ ïîñòðîåíèåì âû÷èñëèòåëüíûõ
ñõåì, îáëàäàþùèõ ò.í. full balanced property, êîòîðîå îçíà÷àåò ñïîñîáíîñòü
ñõåìû ñîõðàíÿòü âñå ñòàöèîíàðíûå ðåøåíèÿ, õàðàêòåðíûå äëÿ çàäà÷è. Òàêæå
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ñòàöèîíàðíûå ðåøåíèÿ ìîãóò èñïîëüçîâàòüñÿ äëÿ ñðàâíåíèÿ ðàçíûõ ìîäåëåé
êðîâè êàê æèäêîñòè è ïðè ðàçíûõ óðàâíåíèÿõ ñîñòîÿíèÿ [38].

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ïîëó÷åíèþ è àíàëèçó ñòàöèîíàðíûõ ðåøå-
íèé îäíîìåðíûõ ìîäåëåé êðîâîòîêà â ñëó÷àå ó÷åòà íåíüþòîíîâñêèõ ñâîéñòâ
êðîâè. Îäíîìåðíûå ìîäåëè, êàê è â ñëó÷àå íüþòîíîâñêîãî è íåâÿçêîãî ïðè-
áëèæåíèé ñòðîÿòñÿ ïîñðåäñòâîì îñðåäíåíèÿ óðàâíåíèé ãèäðîäèíàìèêè âÿç-
êîé íåñæèìàåìîé æèäêîñòè. Àíàëèòè÷åñêè èññëåäîâàíû âîçìîæíîñòè ñóùå-
ñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèé äëÿ êîíêðåòíûõ íåíüþòîíîâñêèõ ìîäå-
ëåé. Â ñëó÷àå ñòåïåííîé ìîäåëè, óïðîùåííîé ìîäåëè Êðîññà è ìîäåëè Êóè-
ìàäû óäàëîñü ïîëó÷èòü èíòåãðàëû ñòàöèîíàðíûõ óðàâíåíèé. Â ðàáîòå èññëå-
äîâàíî âëèÿíèå ïðîôèëÿ ñêîðîñòè è âåëè÷èíû ãåìàòîêðèòà íà ñòàöèîíàðíûå
ðåøåíèÿ â ñëó÷àå ïàðàìåòðîâ, õàðàêòåðíûõ äëÿ ïîäâçäîøíîé àðòåðèè. Ðàñ-
ñìîòðåí ñëó÷àé ñîñóäà ñ íàëè÷èåì ñòåíîçà è ïîêàçàíî âëèÿíèå åãî ãåîìåòðè-
÷åñêèõ ïàðàìåòðîâ íà ïîâåäåíèå ñòàöèîíàðíîãî ðåøåíèÿ.

2 Îäíîìåðíûå ìîäåëè ãåìîäèíàìèêè

Òå÷åíèå âÿçêîé íåñæèìàåìîé æèäêîñòè îïèñûâàåòñÿ ñèñòåìîé, ñîñòîÿùåé èç
óñëîâèÿ íåñæèìàåìîñòè è óðàâíåíèÿ äâèæåíèÿ:

∇ ·V = 0, ρ

(
∂V

∂t
+V · ∇V

)
= −∇p+∇ ·T, (1)

ãäå t � âðåìÿ, V � âåêòîð ñêîðîñòè p � äàâëåíèå, T � òåíçîð âÿçêèõ íàïðÿ-
æåíèé, ρ � ïîñòîÿííàÿ ïëîòíîñòü.

Îáîáùåííàÿ íüþòîíîâñêàÿ æèäêîñòü îïèñûâàåòñ ðåîëîãè÷åñêèì ñîîòíî-
øåíèåì [15]:

T = 2µ(I2)D, D =
1

2
(∇V + (∇V)T ),

ãäå D � òåíçîð ñêîðîñòåé äåôîðìàöèè, I2 � âòîðîé ãëàâíûé èíâàðèàíò ýòîãî
òåíçîðà, µ � äèíàìè÷åñêàÿ âÿçêîñòü. Â ñëó÷àå íüþòîíîâñêîé æèäêîñòè µ =
const.

Â Òàáëèöå 1 ïðèâåäåíû âûðàæåíèÿ äëÿ µ(I2) äëÿ ìîäåëåé, øèðîêî èñ-
ïîëüçóåìûõ â ëèòåðàòóðå äëÿ îïèñàíèÿ êðîâè. Â ñëó÷àå íüþòîíîâñêîé ìî-
äåëè, çíà÷åíèå ïàðàìåòðà µ ðàâíî µ = 0.035 äèí

ñì2 · ñ [21, 20, 45]. Â ñëó÷àå
ñòåïåííîé ìîäåëè èñïîëüçîâàëèñü äâà íàáîðà çíà÷åíèé ïàðàìåòðîâ: n = 0.9,
k = 0.035 äèí

ñì2 · ñn [45] è n = 0.82, k = 0.09267 äèí

ñì2 · ñn [46]. Â ñëó÷àå ìî-
äåëè Êàððî èñïîëüçîâàëñÿ ñëåäóþùèé íàáîð ïàðàìåòðîâ: µ0 = 0.56 äèí

ñì2 · ñ,
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Òàáëèöà 1: Âûðàæåíèÿ äèíàìè÷åñêîé âÿçêîñòè µ(I2) äëÿ îñíîâíûõ ðåîëîãè÷åñêèõ ìîäå-
ëåé, îïèñûâàþùèõ êðîâü êàê âÿçêóþ æèäêîñòü.

Ìîäåëü µ(I2)

Íüþòîíîâñêàÿ µ = const

Ñòåïåííàÿ kI
n−1
2

2

Êàððî µ∞ + (µ0 − µ∞)
(
1 +

(
λ
√
I2
)2)n−1

2

Êàððî � ßñóäû µ∞ + (µ0 − µ∞)
(
1 +

(
λ
√
I2
)a)n−1

a

Êðîññà µ∞ + µ0−µ∞
1+(λ

√
I2)

m

Óïðîùåííàÿ Êðîññà µ∞ + µ0−µ∞
1+λ
√
I2

Åëåñâàðàïó µ∞ + (µ0 − µ∞)
1+ln(1+λ

√
I2)

1+λ
√
I2

Êóèìàäû µ
(
1− 1

2
kQH

)−2
, kQ =

k0+k∞

√√
I2
γ̇c

1+

√√
I2
γ̇c

µ∞ = 0.0345 äèí

ñì2 · ñ, λ = 3.313 ñ, n = 0.3568 [9, 17, 21, 22, 20, 45, 47]. Â ñëó-
÷àå ìîäåëè Êàððî � ßñóäû ïàðàìåòðû µ0 = 0.22 äèí

ñì2 · ñ, µ∞ = 0.022 äèí

ñì2 · ñ,
λ = 0.110 ñ, n = 0.392, a = 0.644 áðàëèñü èç [14]. Äëÿ ìîäåëè Êðîññà ïà-
ðàìåòðû áðàëèñü èç [17, 21] ðàâíûìè µ0 = 0.364 äèí

ñì2 · ñ, µ∞ = 0.0345 äèí

ñì2 · ñ,
λ = 0.38 ñ, m = 1.45. Â ñëó÷àå óïðîùåííîé ìîäåëè Êðîññà èñïîëüçîâàëèñü
çíà÷åíèÿ µ0 = 1.3 äèí

ñì2 ·ñ, µ∞ = 0.05 äèí

ñì2 ·ñ, λ = 8 ñ [9]. Äëÿ ìîäåëè Åëåñâàðàïó
ïàðàìåòðû áðàëèñü ðàâíûìè µ0 = 0.736 äèí

ñì2 · ñ, µ∞ = 0.05 äèí

ñì2 · ñ, λ = 14.81 ñ
[21, 30]. Äëÿ ìîäèôèöèðîâàííîé ìîäåëè Åëåñâàðàïó µ∞, µ0 è λ çàäàþòñÿ êàê:
µ∞ = m∞(0.2114+0.9067H+1.9879H2), µ0 = m0(0.1293−1.7912H+7.6047H2)
è λ = l(2.4024H − 2.3810H2), ãäå H � ãåìàòîêðèò, à ïàðàìåòðû m0,m∞, l
åñòü ïàðàìåòðû îáû÷íîé ìîäåëè Åëåñâàðàïó [20]. Â ñëó÷àå ìîäåëè Êóèìàäû
ïàðàìåòðû áðàëèñü èç [17, 21, 33]: µ = 0.012 äèí

ñì2 · ñ, k0 = 4.33, k∞ = 2.07,
γ̇c = 1.88 1

ñ
.

Êàê ïîêàçàíî â [1, 35, 48] ïðè ââåäåíèè ðÿäà óïðîùåíèé ñèñòåìà (1) ìîæåò
áûòü ñâåäåíà ê âèäó:

∇ ·V = 0,
∂Vz
∂t

+ Vr
∂Vz
∂r

+ Vz
∂Vz
∂z

= −1
ρ

∂P

∂z
+

1

ρr

∂

∂r
(rTrz) , (2)

ãäå (r, z)� öèëèíäðè÷åñêèå êîîðäèíàòû, P = P (t, z)� äàâëåíèå, îòâå÷àþùåå
ïîïåðå÷íîìó ñå÷åíèþ ñîñóäà â òî÷êå z, Vr, Vz, Trz êîìïîíåíòû âåêòîðà V è
òåíçîðà T.
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Ïðåäïîëàãàåòñÿ, ÷òî äëÿ Vz ñïðàâåäëèâî ñëåäóþùåå ïðåäñòàâëåíèå [1]:

Vz(t, z) = U(t, z)s

(
r

R(t, z)

)
, (3)

ãäå U åñòü ñðåäíÿÿ ïî ïîïåðå÷íîìó ñå÷åíèþ ñêîðîñòü êðîâè, R � ðàäèóñ
ñîñóäà, s � áåçðàçìåðíûé ïðîôèëü ñêîðîñòè.

Ïîñëå îñðåäíåíèÿ (2) ïîëó÷àåòñÿ ñèñòåìà ñëåäóþùåãî âèäà:

∂A

∂t
+
∂Q

∂z
= 0,

∂Q

∂t
+

∂

∂z

(
α
Q2

A

)
+
A

ρ

∂P

∂z
= f(A,Q), (4)

ãäå A = A(t, z) åñòü ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ, Q = Q(t, z) � îáúåìíûé
ðàñõîä, f � âÿçêèé ÷ëåí, âû÷èñëÿåìûé ñëåäóþùèì îáðàçîì:

f(A,Q) =
2π

R
Trz|r=R,

à α ïðåäñòàâëÿåò ñîîé êîýôôèöèåíò Áóññèíåñêà, âû÷èñëÿåìûé êàê:

α =

∫
σ

s2dS

A
,

ãäå σ åñòü ïîïåðå÷íîå ñå÷åíèå ñîñóäà.

Ñèñòåìà (4) çàìûêàåòñÿ óðàâíåíèåì ñîñòîÿíèÿ P = P (A). Äëÿ àðòåðèé â
ëèòåðàòóðå øèðîêî ïðèìåíÿåòñÿ óðàâíåíèå âèäà [6, 3]:

P − Pext = Pd +
β

Ad
(
√
A−

√
Ad), (5)

ãäå Pext åñòü âíåøíåå äàâëåíèå, Ad è Pd � ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ è
äàâëåíèå ïðè äèàñòîëå, β = 4

3

√
πEh, ãäå E � ìîäóëü Þíãà, h � òîëùèíà

ñîñóäèñòîé ñòåíêè.

Ïîñëå ïîäñòàíîâêè (5) â (4), âòîðîå óðàâíåíèå ïðèíèìàåò âèä:

∂Q

∂t
+

∂

∂z

(
α
Q2

A

)
+ γ
√
A
∂A

∂z
= f(A,Q),

ãäå γ = β
2Adρ

.

Ââåäåì áåçðàçìåðíûå ïåðåìåííûå:

z :=
z

LC
, t :=

t

TC
, A :=

A

AC
, P :=

P

ρU 2
C

, Q :=
Q

ACUC
,
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ãäå LC åñòü äëèíà ñîñóäà, UC � ñêîðîñòü ïóëüñîâîé âîëíû ïðè ñðåäíåì äàâ-
ëåíèè, TC � õàðàêòåðíîå âðåìÿ, âû÷èñëÿåìîå ÷åðåç LC è UC , AC = Ad. Äëÿ
êîíêðåòíûõ ñîñóäîâ ýòè çíà÷åíèÿ ìîæíî âû÷èñëèòü ïî äàííûì, ïðèâåäåííûì
â [6].

Â áåçðàçìåðíûõ ïåðåìåííûõ, ñèñòåìà óðàâíåíèé îäíîìåðíîé ãåìîäèíà-
ìèêè çàïèñûâàåòñÿ òàêèì îáðàçîì:

∂A

∂t
+
∂Q

∂z
= 0,

∂Q

∂t
+

∂

∂z

(
α
Q2

A
+

2χ

3
A

3
2

)
= f(A,Q), (6)

ãäå χ = γ
√
AC/U

2
C . Áåçðàçìåðíûå âûðàæåíèÿ äëÿ f(A,Q), ñîîòâåòñòâóþùèå

ðåîëîãè÷åñêèì ñîîòíîøåíèÿì èç Òàáëèöû 1, ïðåäñòàâëåíû â Òàáëèöå 2.

Â ñëó÷àå, êîãäà Ad çàâèñèò îò z (íàïðèìåð, ïðè íàëè÷èè ëîêàëüíûõ ñóæå-
íèé èëè ðàñøèðåíèé), âòîðîå óðàâíåíèå â (6) ïðèíèìàåò âèä:

∂Q

∂t
+

∂

∂z

(
α
Q2

A
+

κA
3
2

3Ad(z)

)
= f + κA

d

dz

(
1√
Ad(z)

)
− 2κ

3
A

3
2
d

dz

(
1

Ad(z)

)
,

ãäå κ = β/(ρ
√
ACU

2
C).

Äëÿ îêîí÷àòåëüíîãî çàìûêàíèÿ ìîäåëè òðåáóåòñÿ çàäàòü âûðàæåíèå äëÿ
ïðîôèëÿ ñêîðîñòè s(y), y = r/R, ôèãóðèðóþùåå â (3). Òàêæå ÷åðåç s(y)
âû÷èñëÿåòñÿ êîýôôèöèåíò α, à çíà÷åíèå s′(1) ôèãóðèðóåò â êîýôôèöèåíòàõ
÷ëåíà f(A,Q). Âûðàæåíèå äëÿ s(y) ìîæíî ïîëó÷èòü, ðåøèâ çàäà÷ó î òå÷å-
íèè âÿçêîé æèäêîñòè â öèëèíäðè÷åñêîé òðóáå ïîñòîÿííîãî ñå÷åíèÿ. Òî÷íîå
ðåøåíèå òàêîé çàäà÷è ìîæíî ïîëó÷èòü òîëüêî â ñëó÷àå ñòåïåííîé ìîäåëè
(ñëó÷àé n = 1 îòâå÷àåò íüþòîíîâñêîé æèäêîñòè) [15]:

s(y) =
3n+ 1

n+ 1

(
1− y1+

1
n

)
.

Çíà÷åíèå α â ýòîì ñëó÷àå âû÷èñëÿåòñÿ ñëåäóþùèì îáðàçîì:

α =
3n+ 1

2n+ 1
.

Äëÿ îñòàëüíûõ ìîäåëåé ïðîôèëü ñêîðîñòè ìîæíî ïîëó÷èòü òîëüêî ÷èñëåííî.
Ïðè ýòîì âèä s(y) ìîæåò çàâèñåòü íå òîëüêî îò ñàìîé ìîäåëè, íî è îò óñëîâèé
òå÷åíèÿ (íàïðèìåð, ñì. [24]).

Äëÿ òå÷åíèÿ êðîâè â êðóïíûõ ñîñóäàõ õàðàêòåðåí ïðèïëþñíóòûé ïðî-
ôèëü ñêîðîñòè [8]. Îòìåòèì, ÷òî â ðàáîòàõ, ãäå ðàññìàòðèâàëèñü äâóõ- è
òðåõìåðíûå ìîäåëè ñ ó÷åòîì íåíüþòîíîâñêèõ ñâîéñòâ, áûëè ïîëó÷åíû êàê
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Òàáëèöà 2: Âûðàæåíèÿ âÿçêîãî ÷ëåíà f(A,Q) äëÿ îäíîìåðíûõ ìîäåëåé ãåìîäèíàìèêè.

Ìîäåëü f(A,Q)

Íüþòîíîâñêàÿ −εs′(1)Q
A

ε = KTC
AC

, K = −2πµ
ρ

Ñòåïåííàÿ −εs′(1)|s′(1)|n−1Q|Q|
n−1

A
3n−1

2

ε =
KUn−1

C TC

A
n+1
2

C

, K = −2π
n+1
2 k
ρ

Êàððî −εs′(1)Q
A
− s′(1)ξ

(
1 + (s′(1))2ζ Q

2

A3

)n−1
2 Q

A

ε = K1TC
AC

, ξ = K2TC
AC

, ζ =
K3U2

C

AC

K1 = −2πµ∞
ρ

, K2 = −2π(µ0−µ∞)
ρ

, K3 = λ2π

Êàððî � ßñóäû −εs′(1)Q
A
− s′(1)ξ

(
1 + |s′(1)|aζ |Q|

a

A
3a
2

)n−1
a Q

A

ε = K1TC
AC

, ξ = K2TC
AC

, ζ =
K3UaC

A
a
2
C

K1 = −2πµ∞
ρ

, K2 = −2π(µ0−µ∞)
ρ

, K3 = λaπ
a
2

Êðîññà −εs′(1)Q
A
− ξs′(1) 1

1+ζ|s′(1)|m |Q|
m

A
3m
2

Q
A

ε = K1TC
AC

, ξ = K2TC
AC

, ζ =
K3UmC

A
m
2
C

K1 = −2πµ∞
ρ

, K2 = −2π(µ0−µ∞)
ρ

, K3 = λmπ
m
2

Óïðîùåííàÿ Êðîññà −εs′(1)Q
A
− ξs′(1) 1

1+ζ|s′(1)| |Q|
A

3
2

Q
A

ε = K1Tc
Ac

, ξ = K2Tc
Ac

, ζ = K3Uc√
Ac
,

K1 = −2πµ∞
ρ

, K2 = −2π(µ0−µ∞)
ρ

, K3 = λ
√
π

Åëåñâàðàïó −εs′(1)Q
A
− ξs′(1)

1+ln

(
1+ζ|s′(1)| |Q|

A
3
2

)
1+ζ|s′(1)| |Q|

A
3
2

Q
A

ε = K1TC
AC

, ξ = K2TC√
ACUC

, ζ = K3UC√
AC

K1 = −2πµ∞
ρ

, K2 = −2π(µ0−µ∞)
ρ

, K3 = λ
√
π

Êóèìàäû −εs′(1)

(
1− H

2

k0+k∞ζ
√
|s′(1)|

√
|Q|

A
3
4

1+ζ
√
|s′(1)|

√
|Q|

A
3
4

)−2
Q
A

ε = K1Tc
Ac

, ζ = K2
√
Uc

A
1
4
c

, K1 = −2πµ
ρ
, K2 =

π
1
4√
γ̇c

ðàç ïîäîáíûå ïðîôèëè ñêîðîñòè (íàïðèìåð, ñì. [9, 24, 26]). Â ðàáîòàõ ïî îäíî-
ìåðíûì íüþòîíîâñêèì ìîäåëÿì [7, 1, 48, 6], õàðàêòåðíûé äëÿ êðîâè ïðîôèëü
ñêîðîñòè âîñïðîèçâîäèòñÿ ñ ïîìîùüþ çàâèñèìîñòè âèäà:

s(y) =
d+ 2

d

(
1− yd

)
, (7)

ïðè ñîîòâåòñòâóþùåì çíà÷åíèè áåçðàçìåðíîãî ïàðàìåòðà d. Ãðàôèêè çàâè-
ñèìîñòè (7) ïðè ðàçíûõ d ïðåñòàâëåíû íà Ðèñ. 1. Â ðàáîòå [35], ãäå ðàññìàò-
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ðèâàåòñÿ îäíîìåðíàÿ íåíüþòîíîâñêàÿ ìîäåëü êðîâîòîêà, èñïîëüçóåòñÿ àíàëî-
ãè÷íûé ïîäõîä, òîëüêî âìåñòî s(y) èñïîëüçóåòñÿ ïðîôèëü s(t, y), ïîëó÷åííûé
äëÿ ñëó÷àÿ ïóëüñèðóþùåãî òå÷åíèÿ íüþòîíîâñêîé æèäêîñòè.
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Ðèñ. 1: Ãðàôèêè áåçðàçìåðíîãî ïðîôèëÿ ñêîðîñòè s(y) ïðè ðàçíûõ çíà÷åíèÿõ d.

Â íàñòîÿùåé ðàáîòå â êà÷åñòâå âûðàæåíèÿ äëÿ s(y) áóäåò èñïîëüçîâàòü-
ñÿ âûðàæåíèå âèäà (7), ïðè ýòîì çíà÷åíèå d áóäåò âàðüèðîâàòüñÿ ñ öåëüþ
èññëåäîâàíèÿ âëèÿíèÿ èçìåíåíèÿ ïðîôèëÿ ñêîðîñòè íà ðåøåíèå. Ïðè ýòîì
ðàçíûå çíà÷åíèÿ d ìîãóò îòâå÷àòü ðàçíûì óñëîâèÿì òå÷åíèÿ. Çíà÷åíèå α,
îòâå÷àþùåå (7), âû÷èñëÿåòñÿ ïî ôîðìóëå:

α =
d+ 2

d+ 1
.

3 Ñòàöèîíàðíûå ðåøåíèÿ óðàâíåíèé ãåìîäèíàìèêè

Ñòàöèîíàðíûå ðåæèìû òå÷åíèÿ îïðåäåëÿþòñÿ óñëîâèåì ∂A
∂t = ∂Q

∂t = 0. Òàêèì
îáðàçîì, èç ïåðâîãî óðàâíåíèÿ ñèñòåìû (6) ïîëó÷èì: Q = Q0 = const (íè-
æå áóäåò ðàññìîòðåí ñëó÷àé Q0 > 0 � òàê íàçûâàåìîå 'moving steady state'
[43], ñëó÷àé Q0 = 0 íàçûâàåòñÿ 'dead man steady state'). Ðàññìîòðèì ñëó-
÷àé Ad = const. Âòîðîå óðàâíåíèå ñâåäåòñÿ ê íåëèíåéíîìó îáûêíîâåííîìó
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äèôôåðåíöèàëüíîìó óðàâíåíèþ:

d

dz

(
α
Q2

0

A
+

2χ

3
A

3
2

)
= f(A,Q0). (8)

Ïîñëå èíòåãðèðîâàíèÿ (8) ïîëó÷èì íåëèíåéíîå óðàâíåíèå äëÿ íàõîæäåíèÿ
A(z):

F (A(z))− F (A0) +Q0(z − z0) = 0, (9)

ãäå A0 = A(z0). Íåîáõîäèìî îòìåòèòü, ÷òî (8) ìîæíî òî÷íî ïðîèíòåãðèðîâàòü
òîëüêî äëÿ íåñêîëüêèõ ìîäåëåé. Â îáùåì ñëó÷àå, èíòåãðèðîâàíèå ïðîâîäèòñÿ
÷èñëåííî.

Óðàâíåíèå (9) ïðåäñòàâëÿåò ñîáîé èíòåãðàë óðàâíåíèÿ (8). Âûïèøåì âû-
ðàæåíèÿ äëÿ F (A), êîòîðûå ìîæíî ïîëó÷èòü àíàëèòè÷åñêè:

1) Íüþòîíîâñêàÿ ìîäåëü.

F (A) =
1

s′(1)ε

(
−αQ2

0 ln(A) +
2χ

5
A

5
2

)
.

2) Ñòåïåííàÿ ìîäåëü.

F (A) =
1

εQn−1
0 s′(1)|s′(1)|n−1

(
−2αQ

2
0A

3n−3
2

3(n− 1)
+

2χA
3n+2

2

3n+ 2

)
.

3) Óïðîùåííàÿ ìîäåëü Êðîññà.

F (A) =
1

s′(1)

(
χA

5
2 (ε2 + εξ) + ζ|s′(1)|Q0χξAε− α ln(A)Q2

0(ε+ ξ)2

ε(ε+ ξ)2
+

+
2α ln(εA

3
2 + ζε|s′(1)|Q0 + ξA

3
2 )Q2

0ξ

3(ε+ ξ)ε
+

+

2Q2
0ξεζ
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) 1
3

)
3
(
ζεQ0

ε+ξ

) 1
3
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−
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2
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3(ζεQ0

ε+ξ )
1
3 (ε+ ξ)3

(
2
√
3 arctan


√
3

(
2
√
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(
ζεQ0
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) 1
3

)
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(
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) 1
3

+
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+ ln

(
A−
√
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1
3

(
ζεQ0

ε+ ξ

) 1
3

+ |s′(1)|
2
3

(
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) 2
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.

4) Ìîäåëü Êóèìàäû.

F (A) =
1

s′(1)ε

(
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5
2 (4− 4Hk0 +H2k20)

10
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Ðåøåíèÿ (9) ñóùåñòâóþò äëÿ òåõ z, ïðè êîòîðûõ F (Amin) ≤ F (A0)−Q0(z−
z0), ãäå Amin åñòü òî÷êà ìèíèìóìà ôóíêöèè F (A). Òàêèì îáðàçîì, ïî ïîâåäå-
íèþ F (A) ìîæíî èññëåäîâàòü âîçìîæíîñòü ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè
ñòàöèîíàðíîãî ðåøåíèÿ ñèñòåìû (6).

Äëÿ íüþòîíîâñêîé è ñòåïåííîé ìîäåëåé, à òàêæå ìîäåëåé Êàððî è Êàððî
� ßñóäû F (A) ÿâëÿåòñÿ ñòðîãî âûïóêëîé ïðè A > 0 ñ åäèíñòâåííîé òî÷êîé

ìèíèìóìà Ã =
(
αQ2

0

χ

) 2
5

. Òàêèì îáðàçîì, äëÿ òåõ z, ïðè êîòîðûõ F (Ã) <

F (A0)−Q0(z − z0) óðàâíåíèå (9) èìååò äâà ðåøåíèÿ. Åäèíñòâåííîå ðåøåíèå
èìååò ìåñòî â ñëó÷àå A(z) = Ã.

Â ñëó÷àå ìîäåëè Êðîññà F (A) èìååò äâå òî÷êè ìèíèìóìà: Ã è
(|s′(1)|Q0)

2
3 (−ζ) 2

3m . Òàêèì îáðàçîì, âîçìîæíà ñèòóàöèÿ êîãäà ñóùåñòâóåò ÷å-
òûðå ðåøåíèÿ óðàâíåíèÿ (9). Íî íåîáõîäèìî îòìåòèòü, ÷òî çíà÷åíèå ζ äëÿ
êðóïíûõ àðòåðèé âåëèêè (∼ 103−104), òàê ÷òî âòîðàÿ òî÷êà ïðîñòî íå ðåàëè-
çóåòñÿ ïðè ôèçèîëîãè÷åñêèõ óñëîâèÿõ è â ðàáîòå ðàññìàòðèâàòüñÿ íå áóäåò.
Àíàëîãè÷íàÿ ñèòóàöèÿ èìååò ìåñòî äëÿ óïðîùåííîé ìîäåëè Êðîññà, ìîäåëè
Åëåñâàðàïó è åå ìîäèôèöèðîâàííîãî âàðèàíòà, êîãäà F èìååò äâå òî÷êè ìè-
íèìóìà: Ã è (−ζQ0|s′(1)|)

2
3 . Çíà÷åíèÿ ζ ïðè ýòîì ëåæàò â äèàïàçîíå 103−105.

Äëÿ ìîäåëè Êóèìàäû F èìååò òî÷êó ìèíèìóìà Ã, íå çàâèñÿùóþ îò H è

òî÷êó ïåðåãèáà

(
(Hk∞−2)ζ

√
|s′(1)|Q0

Hk0−2

) 4
3

, â êîòîðîé F (A) > 0. Òàêèì îáðàçîì, â

ñëó÷àå ýòîé ìîäåëè òîæå ñóùåñòâóåò ëèáî äâà, ëèáî îäíî ðåøåíèå.

Ïðè ÷èñëåííûõ ðàñ÷åòàõ ðåøåíèÿ (9) ïðè ôèêñèðîâàííîì z íàõîäèëèñü
ñ ïîìîùüþ ìåòîäà Íüþòîíà. Ïðè Ad = Ad(z) ïîëó÷èòü òî÷íûå èíòåãðàëû íå
óäàëîñü.

4 Ðåçóëüòàòû ðàñ÷åòîâ

Â íàñòîÿùåì ðàçäåëå ïðåäñòàâëåíû ñòàöèîíàðíûå ðåøåíèÿ äëÿ ñëó÷àÿ, êîãäà
ïàðàìåòðû LC , AC , UC áðàëèñü èç [6] äëÿ ïîäâçäîøíîé àðòåðèè. Ïëîòíîñòü
êðîâè, êàê è â áîëüøèíñòâå ðàáîò ïî ìàòåìàòè÷åñêèì ìîäåëÿì ãåìîäèíàìè-
êè, áðàëàñü ðàâíîé 1.05 ã

ñì2 . Çíà÷åíèå χ ïðè òàêèõ ïàðàìåòðàõ ðàâíî 0.9739.
Äëÿ ïðîâåäåíèÿ ðàñ÷åòîâ áðàëèñü çàí÷åíèÿ z0 = 0, Q0 = 1, A0 = π(0.1)2.

Êàê îòìå÷àåòñÿ â [38], äëÿ òå÷åíèÿ êðîâè â ôèçèîëîãè÷åñêèõ óñëîâèÿõ
õàðàêòåðíî çíà÷åíèå ÷èñëà Ìàõà M , ìåíüøåå åäèíèöû. Çíà÷åíèå M âû÷èñ-

ëÿåòñÿ êàê U/c, ãäå c =
√

A
ρ
dP
dA åñòü ñêîðîñòü ïóëüñîâîé âîëíû. Â ñëó÷àå óðàâ-
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íåíèÿ ñîñòîÿíèÿ (5) äëÿ M ñïðàâåäëèâî ñëåäóþùåå âûðàæåíèå: M =
√

χQ2
0

A
5
2
.

4.1 Ñëó÷àé ïîñòîÿííîãî çíà÷åíèÿ Ad

Â ñëó÷àå ðåøåíèé, ïîëó÷åííûõ äëÿ íüþòîíîâñêîé è ñòåïåííîé æèäêîñòåé, ïà-
ðàìåòð ε èìååò ñëåäóþùèå çíà÷åíèÿ: ≈ −0.002 äëÿ íüþòîíîâñêîé æèäêîñòè,
≈ −9.99 · 10−4 äëÿ ñòåïåííîé æèäêîñòè ñ ïàðàìåòðàìè èç [45] è ≈ −0.0016
äëÿ ñëó÷àÿ ïàðàìåòðîâ èç [46]. Íà Ðèñ. 2, à ïðåäñòàâëåíû ãðàôèêè A(z).
Ìîæíî îòìåòèòü, ÷òî îòêëîíåíèå n îò åäèíèöû ïðèâîäèò ê ðàñøèðåíèþ èí-
òåðâàëà ñóùåñòâîâàíèÿ ðåøåíèÿ. Íà Ðèñ. 2, á ïðåäñòàâëåíû ãðàôèêèM(z) �
êàê ìîæíî âèäåòü, ñëó÷àé M < 1 îòâå÷àåò ðåøåíèþ ñ áîëüøèìè çíà÷åíèÿìè
A(z), ÷òî î÷åâèäíî è èç ôîðìóëû äëÿ M .
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Ðèñ. 2: Ãðàôèêè ñòàöèîíàðíûõ ðåøåíèé (à) è ÷èñëà Ìàõà (á) äëÿ íüþòîíîâñêîé (n = 1) è
ñòåïåííîé ìîäåëåé. ×åðíàÿ è ñèíÿÿ êðèâûå îòâå÷àþò ðàçíûì ðåøåíèÿì.

Â ñëó÷àå ìîäåëè Êàððî èìåþò ìåñòî ñëåäóþùèå çíà÷åíèÿ áåçðàçìåðíûõ
ïàðàìåòðîâ: ε ≈ −0.002, ξ ≈ −0.0305, ζ ≈ 1.66957179 · 107. Â ñëó÷àå ìîäåëè
Êàððî � ßñóäû ε ≈ −0.0012, ξ ≈ −0.0115, ζ ≈ 23.62. Äëÿ ìîäåëè Êðîññà
ε ≈ −0.002, ξ ≈ −0.0191, ζ ≈ 7.4602 · 103. Â ñëó÷àå óïðîùåííîé ìîäåëè
Êðîññà ε ≈ −0.0029, ξ ≈ −0.0727, ζ ≈ 9.8666 · 103. Äëÿ ìîäåëè Åëåñâàðàïó
ε ≈ −0.0029, ξ ≈ −0.0399, ζ ≈ 1.82656 · 104. Ãðàôèêè ðåøåíèé ïðåäñòàâëåíû
íà Ðèñ. 3, à�ä. Îòìåòèì, ÷òî äëÿ ñëó÷àÿ âñåõ ìîäåëåé óâåëè÷åíèå d ïðèâî-
äèò ê óìåíüøåíèþ ïðîìåæóòêà ñóùåñòâîâàíèÿ ñòàöèîíàðíûõ ðåøåíèé. Ïðè
ýòîì ïðè âñåõ çíà÷åíèÿõ d ñðåäè íåíüþòîíîâñêèõ ìîäåëåé íàèáîëüøåé äëè-
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Ðèñ. 3: Ãðàôèêè ñòàöèîíàðíûõ ðåøåíèé ïðè ðàçëè÷íûõ çíà÷åíèÿõ d: à) ìîäåëü Êàððî;
á) ìîäåëü Êàððî � ßñóäû; â) ìîäåëü Êðîññà; ã) óïðîùåííàÿ ìîäåëü Êðîññà; ä) ìîäåëü
Åëåñâàðàïó.
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Ðèñ. 4: Ãðàôèêè ñòàöèîíàðíûõ ðåøåíèé ïðè çíà÷åíèÿõ d = 2 (à) è d = 6 (á) â ñðàâíåíèè ñ
ðåøåíèåì äëÿ íüþòîíîâñêîé ìîäåëè (âñåãäà îòâå÷àåò ïàðàáîëè÷åñêîìó ïðîôèëþ (d = 2)):
1 � íüþòîíîâñêàÿ æèäêîñòü; 2 � ìîäåëü Êàððî; 3 �ìîäåëü Êàððî � ßñóäû; 4 � ìîäåëü
Êðîññà; 5 � óïðîùåííàÿ ìîäåëü Êðîññà; 6 � ìîäåëü Åëåñâàðàïó.

íîé îáëàäàþò ïðîìåæóòêè, îòâå÷àþùèå ìîäåëè Êàððî � ßñóäû. Êàê ìîæíî
âèäåòü, â ñâÿçè ñî çíà÷åíèÿìè ζ, áîëüøèìè ïî ñðàâíåíèþ ñ ε, äîìèíèðóþùèì
â f(A,Q) ÿâëÿåòñÿ ÷ëåí −εs′(1)Q/A, â ñâÿçè ñ ÷åì ðåøåíèÿ äëÿ ìîäåëåé ñ
áëèçêèìè çíà÷åíèÿìè ε îêàçûâàþòñÿ áëèçêèìè. Íà Ðèñ. 4 ïðåäñòàâëåíû ãðà-
ôèêè ðåøåíèé, îòâå÷àþùèå ðàçíûì ìîäåëÿì ïðè d = 2 è d = 6 â ñðàâíåíèè
ñ ðåøåíèåì äëÿ ñëó÷àÿ ìîäåëè íüþòîíîâñêîé æèäêîñòè.

Äëÿ ìîäåëåé, çàâèñÿùèõ îò H, áåçðàçìåðíûå ïàðàìåòðû èìåþò ñëåäóþ-
ùèå çíà÷åíèÿ: ε ≈ −6.98 · 10−4, ξ ≈ 25.61. Â ñëó÷àå ìîäèôèöèðîâàííîé ìî-
äåëè Åëåñâàðàïó çíà÷åíèÿ ε, ξ è ζ çàâèñÿò îò H � ïðè H = 0.4 ε ≈ −0.0025,
ξ ≈ −0.0243, ζ ≈ 1.05941 · 104, ïðè H = 0.5 ε ≈ −0.0033, ξ ≈ −0.0452,
ζ ≈ 1.106809 · 104. Íà Ðèñ. 5 ïðåäñòàâëåíû ãðàôèêè ðåøåíèé, îòâå÷àþùèõ
ýòèì ìîäåëÿì ïðèH = 0.4 èH = 0.5, ñîîòâåòñòâåííî. Êàê ìîæíî âèäåòü, ïðè
óâåëè÷åíèè H è d ïðîèñõîäèò ñóæåíèå ïðîìåæóòêîâ ñóùåñòâîâàíèÿ ñòàöèî-
íàðíûõ ðåøåíèé. Ïðè ýòîì íàèìåíüøèå äëèíû õàðàêòåðíû äëÿ ïðîìåæóò-
êîâ, ñîîòâåòñòâóþùèì ðåøåíèÿì äëÿ ìîäèôèöèðîâàííîé ìîäåëè Åëåñâàðàïó
(Ðèñ. 5, á).
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Ðèñ. 5: Ãðàôèêè ñòàöèîíàðíûõ ðåøåíèé äëÿ ìîäåëåé Êóèìàäû (à) è ìîäèôèöèðîâàííîé
ìîäåëè Åëåñâàðàïó (á) ïðè H = 0.4 è H = 0.5 ïðè ðàçíûõ çíà÷åíèÿõ d â ñðàâíåíèè ñ
ðåøåíèåì äëÿ ìîäåëè íüþòîíîâñêîé æèäêîñòè: 1 � íüþòîíîâñêàÿ æèäêîñòü; 2 � d = 2; 3
� d = 3; 4 � d = 4; 5 � d = 5; 6 � d = 6.

4.2 Ñëó÷àé Ad = Ad(z)

Ðàññìîòðèì ñèòóàöèþ, êîãäà Ad çàäàåòñÿ ôóíêöèåé, çàâèñÿùåé îò z. Ïðè
åå ñïåöèàëüíîì çàäàíèè ìîæíî ìîäåëèðîâàòü âëèÿíèå ëîêàëüíîãî ñóæåíèÿ
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Ðèñ. 6: Ãðàôèêè ñòàöèîíàðíûõ ðåøåíèé ïðè Ad = Ad(z) ïðè b = 15 è ðàçíûõ c (à), ïðè
c = 1

2
è ðàçíûõ b (á).

(ñòåíîçà) â ñîñóäå íà ïîâåäåíèå ñòàöèîíàðíûõ ðåøåíèé. Ïðåäïîëîæèì, ÷òî
Ad çàäàåòñÿ ñëåäóþùèì îáðàçîì:

Ad(z) = A0 − πc2 exp2
(
−
(
z − L

2

)2
b2

)
,

ãäå çà ñ÷åò ïàðàìåòðîâ c è b ðåãóëèðóåòñÿ âûñîòà è øèðèíà ñóæåíèÿ ñîîò-
âåòñòâåííî, ïàðàìåòð L çàäàåò âîçìîæíóþ äëèíó ïðîìåæóòêà, íà êîòîðîì
ñóùåñòâóåò ðåøåíèå.

×èñëåííîå ðåøåíèå ïðîèçâîäèëîñü ïðè ñëåäóþùèõ ïàðàìåòðàõ: A0 = π,
Q0 = 1. ×èñëåííîå ðåøåíèå çàäà÷è Êîøè äëÿ àíàëîãà óðàâíåíèÿ (8) ïðè
ïåðåìåííîì Ad ïðîèçâîäèëîñü ñ ïîìîùüþ íåÿâíîãî ìåòîäà Ðóíãå � Êóòòû
âòîðîãî ïîðÿäêà.

Ïîñêîëüêó äëÿ âñåõ ìîäåëåé êðîâè êàê âÿçêîé æèäêîñòè êà÷åñòâåííîå
ïîâåäåíèå ðåøåíèÿ îêàçàëîñü îäèíàêîâûì, ðàññìîòðèì âëèÿíèå ïàðàìåòðîâ
c è b òîëüêî äëÿ ñëó÷àÿ íüþòîíîâñêîé ìîäåëè. Ïðè ïðîâåäåíèè ÷èñëåííûõ
ðàñ÷åòîâ áðàëîñü çíà÷åíèå L = 120.

Íà Ðèñ. 6 ïðåäñòàâëåíû ãðàôèêè ÷èñëåííûõ ðåøåíèé, ïîëó÷åííûõ ïðè
ðàçíûõ çíà÷åíèÿõ c è b. Êàê ìîæíî âèäåòü, èçìåíåíèå âûñîòû ñóæåíèÿ (Ðèñ.
6, à) íåçíà÷èòåëüíî ñóæàåò èíòåðâàë ñóùåñòâîâàíèÿ ñòàöèîíàðíîãî ðåøåíèÿ.
Óâåëè÷åíèå øèðèíû ñóæåíèÿ òàêæå óìåíüøàåò äëèíó ýòîãî ïðîìåæóòêà.
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5 Çàêëþ÷åíèå

Â ðàáîòå ïðåäëîæåíû îäíîìåðíûå ìîäåëè ãåìîäèíàìèêè, ó÷èòûâàþùèå
íåíüþòîíîâñêèå ñâîéñòâà êðîâè. Êàê è â áîëüøèíñòâå ðàáîò, ìîäåëè ïîëó÷å-
íû ïîñðåäñòâîì îñðåäíåíèÿ óðàâíåíèé ãèäðîäèíàìèêè âÿçêîé íåñæèìàåìîé
æèäêîñòè ïî ïîïåðå÷íîìó ñå÷åíèþ ñîñóäà. Îäíîìåðíàÿ ìîäåëü ïðåäñòàâëÿåò
ñîáîé ãèïåðáîëè÷åñêóþ ñèñòåìó èç äâóõ íåëèíåéíûõ óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà. Èññëåäóþòñÿ ñòàöèîíàðíûå ðåøåíèÿ ýòîé ñè-
ñòåìû â ñëó÷àå ñîñóäà ñ Ad = const è Ad = Ad(z). Îñíîâíûìè ðåçóëüòàòàìè
ðàáîòû ìîæíî ñ÷èòàòü ñëåäóþùèå:

1) Äëÿ ñòåïåííîé ìîäåëè, óïðîùåííîé ìîäåëè Êðîññà è ìîäåëè Êóèìàäû
ïîëó÷åíû èíòåãðàëû óðàâíåíèÿ, îïèñûâàþùåãî ñòàöèîíàðíûé ðåæèì òå÷å-
íèÿ.

2) Äëÿ âñåõ ðàññìîòðåííûõ ìîäåëåé èññëåäîâàíû óñëîâèÿ ñóùåñòâîâàíèÿ
è åäèíñòâåííîñòè ñòàöèîíàðíûõ ðåøåíèé.

3) Â ðåçóëüòàòå ÷èñëåííûõ ðàñ÷åòîâ èññëåäîâàíî âëèÿíèå ïðîôèëÿ ñêîðî-
ñòè è ãåìàòîêðèòà íà èíòåðâàë ñóùåñòâîâàíèÿ ñòàöèîíàðíîãî ðåøåíèÿ. Ïî-
êàçàíî, ÷òî õàðàêòåðíîå äëÿ êðîâè óïëîùåíèÿ ïðîôèëÿ ñêîðîñòè ïðèâîäèò
ê óìåíüøåíèþ äëèíû ýòîãî ïðîìåæóòêà, êàê è óâåëè÷åíèå ãåìàòîêðèòà.

4) Â ñëó÷àå ñîñóäà ñ ïåðåìåííûì Ad, ìîäåëèðóþùèì íàëè÷èå ñòåíîçà,
ïîêàçàíî, ÷òî èçìåíåíåèå âûñîòû è øèðèíû ñóæåíèÿ ñîñóäà âëèÿåò íà äëèíó
ïðîìåæóòêà ñóùåñòâîâàíèÿ ðåøåíèÿ, íî íå ñóùåñòâåííî.

Ïîëó÷åííûå ñòàöèîíàðíûå ðåøåíèÿ ìîãóò îêàçàòüñÿ ïîëåçíûìè ïðè ñðàâ-
íåíèè äðóã ñ äðóãîì ðàçíûõ îäíîìåðíûõ ìîäåëåé êðîâè êàê âÿçêîé æèäêî-
ñòè, ïðè ðàçðàáîòêå êîíå÷íî-îáúåìíûõ è êîíå÷íî-ðàçíîñòíûõ ñõåì, îáëàäàþ-
ùèõ full balanced property, à òàêæå ïðè òåñòèðîâàíèè ïðîãðàìì, ðåàëèçóþùèõ
÷èñëåííûå ìåòîäû.
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Abstract. In last years, one-dimensional (1D) models of hemodynamics are
widely used for the diagnostics of cardiovascular diseases, surgical operations,
and for the analysis of the vascular pathologies e�ects. Models of this type are
constructed by the averaging of the equations of the hydrodynamics of a viscous
incompressible �uid on the vessel cross-section, taking some simpli�cations into
account. The paper presents 1D models of blood �ow, where the non-Newtonian
properties of blood are considered. For the construction of models, the rheological
relations for generalized Newtonian �uids are used. The following models, applied
in 2D and 3D simulations are considered: the power law model, the Carreau,
Carreau � Yasuda and Cross models, the simpli�ed Cross model, the Yeleswarapu
model, and Quemada and the modi�ed Yeleswarapu models, which are dependent
on hematocrit. For the closure of models, a model power-law representation of the
dimensionless velocity pro�le is used. The parameter of this dependence is varied
during the calculations. The steady �ow regime leads to the consideration of
the nonlinear ordinary di�erential equation on the cross-sectional area. For the
power law model, the simpli�ed Cross model, and the Quemada model, integrals
of this equation are obtained. Conditions for the existence and uniqueness of
the solution of the initial problem are obtained. During the calculations, the
parameters for the iliac artery are considered. The in�uence of the velocity pro�le
and hematocrit on the obtained solutions is investigated. It is shown, that the
�attening of the velocity pro�le leads to a decrease in the length of the interval,
where the stationary solutions exist. A similar situation occurs with an increase of
hematocrit. The case of a vessel with stenosis, with the shape described by a model
function, is considered. It is shown that a change in the geometric parameters
a�ects the length of the interval of existence of the solution. The solutions obtained
can be useful for the comparison of di�erent 1D models of blood as a viscous �uid
and for testing programs that implement algorithms of numerical methods.
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