
dx
dt6

�-

?

ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÅ ÓÐÀÂÍÅÍÈß
È

ÏÐÎÖÅÑÑÛ ÓÏÐÀÂËÅÍÈß
N.1, 2022

Ýëåêòðîííûé æóðíàë,
ðåã. Ýë. N ÔÑ77-39410 îò 15.04.2010

ISSN 1817-2172

http://di�journal.spbu.ru/
e-mail: jodi�@mail.ru

×èñëåííûå ìåòîäû

×èñëåííûå ìåòîäû ðåøåíèÿ âòîðîé êðàåâîé çàäà÷è äëÿ

ìíîãîìåðíîãî óðàâíåíèÿ Ñîáîëåâñêîãî òèïà

Ì.Õ. Áåøòîêîâ
Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè ÊÁÍÖ ÐÀÍ,
ÔÃÀÎÓ ÂÎ ¾Ñåâåðî-Êàâêàçñêèé ôåäåðàëüíûé óíèâåðñèòåò¿,
Ñåâåðî-Êàâêàçñêèé öåíòð ìàòåìàòè÷åñêèõ èññëåäîâàíèé

Àííîòàöèÿ. Èññëåäóåòñÿ âòîðàÿ êðàåâàÿ çàäà÷à äëÿ ìíîãîìåðíîãî äèô-
ôåðåíöèàëüíîãî óðàâíåíèÿ Ñîáîëåâñêîãî òèïà ñ ïåðåìåííûìè êîýôôèöèåí-
òàìè. Ðàññìàòðèâàåìîå óðàâíåíèå ñâîäèòñÿ ê èíòåãðî-äèôôåðåíöèàëüíîìó
óðàâíåíèþ ïàðàáîëè÷åñêîãî òèïà ñ ìàëûì ïàðàìåòðîì. Äëÿ ïðèáëèæåííîãî
ðåøåíèÿ ïîëó÷åííîé çàäà÷è ñòðîèòñÿ ëîêàëüíî-îäíîìåðíàÿ ðàçíîñòíàÿ ñõå-
ìà. Ìåòîäîì ýíåðãåòè÷åñêèõ íåðàâåíñòâ ïîëó÷åíà àïðèîðíàÿ îöåíêà äëÿ ðå-
øåíèÿ ëîêàëüíî-îäíîìåðíîé ðàçíîñòíîé ñõåìû, îòêóäà ñëåäóþò åå óñòîé÷è-
âîñòü è ñõîäèìîñòü. Äëÿ äâóìåðíîé çàäà÷è ïîñòðîåí àëãîðèòì ÷èñëåííîãî
ðåøåíèÿ âòîðîé êðàåâîé çàäà÷è äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñò-
íûõ ïðîèçâîäíûõ Ñîáîëåâñêîãî òèïà.

Êëþ÷åâûå ñëîâà: âòîðàÿ êðàåâàÿ çàäà÷à, àïðèîðíàÿ îöåíêà, èíòåãðî-
äèôôåðåíöèàëüíîå óðàâíåíèå, äèôôåðåíöèàëüíîå óðàâíåíèå Ñîáîëåâñêîãî
òèïà, ëîêàëüíî-îäíîìåðíàÿ ñõåìà, óñòîé÷èâîñòü. ñõîäèìîñòü.

1 Ââåäåíèå

Õîðîøî èçâåñòíî, ÷òî ìîäåëèðîâàíèå òå÷åíèÿ æèäêîñòè â òðåùèíîâàòî-
ïîðèñòûõ ñðåäàõ [1, 2], äâóõôàçíîãî òå÷åíèÿ â ïîðèñòûõ ñðåäàõ ñ äèíàìè÷å-
ñêèì êàïèëëÿðíûì äàâëåíèåì [3], ïåðåíîñà âëàãè [4, 5], äâèæåíèÿ ïîäçåìíûõ
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âîä ñî ñâîáîäíîé ïîâåðõíîñòüþ â ìíîãîñëîéíûõ ñðåäàõ [6, 7], òåïëîïðîâîäíî-
ñòè â äâóõòåìïåðàòóðíûõ ñèñòåìàõ [8] è òå÷åíèÿ íåêîòîðûõ íåíüþòîíîâñêèõ
æèäêîñòåé [9] ïðèâîäÿò ê äèôôåðåíöèàëüíîìó óðàâíåíèþ â ÷àñòíûõ ïðîèç-
âîäíûõ òðåòüåãî ïîðÿäêà Ñîáîëåâñêîãî òèïà.

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ ëîêàëüíî-îäíîìåðíîé (ýêîíî-
ìè÷íîé) ðàçíîñòíîé ñõåìû äëÿ ïðèáëèæåííîãî ðåøåíèÿ âòîðîé êðàåâîé çà-
äà÷è äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ Ñîáîëåâ-
ñêîãî òèïà â ìíîãîìåðíîì ñëó÷àå, îñíîâíàÿ èäåÿ êîòîðîãî ñîñòîèò â ñâåäå-
íèè ïåðåõîäà ñî ñëîÿ íà ñëîé ê ïîñëåäîâàòåëüíîìó ðåøåíèþ ðÿäà îäíîìåð-
íûõ çàäà÷ ïî êàæäîìó èç êîîðäèíàòíûõ íàïðàâëåíèé. Ïðè ýòîì äëÿ êàæäîé
èç ïðîìåæóòî÷íûõ çàäà÷ ñòðîèòñÿ áåçóñëîâíî óñòîé÷èâàÿ ñõåìà, òðåáóþùàÿ
äëÿ ñâîåãî ðåøåíèÿ ÷èñëà äåéñòâèé, ïðîïîðöèîíàëüíîãî ÷èñëó óçëîâ ñåòêè
íà êàæäîì âðåìåííîì ñëîå. Îñíîâíàÿ òðóäíîñòü ïðè ïîñòðîåíèè ëîêàëüíî-
îäíîìåðíîé ñõåìû äëÿ èñõîäíîé äèôôåðåíöèàëüíîé çàäà÷è çàêëþ÷àåòñÿ â
íåîáõîäèìîñòè ðàñùåïëåíèÿ íå òîëüêî îñíîâíîãî îïåðàòîðà çàäà÷è, íî è îïå-
ðàòîðà ïðè ïðîèçâîäíîé ïî âðåìåíè. Â ýòîé ñâÿçè èñõîäíîå ìíîãîìåðíîãî
äèôôåðåíöèàëüíîå óðàâíåíèå ñâîäèòñÿ ê èíòåãðî-äèôôåðåíöèàëüíîìó óðàâ-
íåíèþ ïàðàáîëè÷åñêîãî òèïà ñ ìàëûì ïàðàìåòðîì. Äëÿ ïðèáëèæåííîãî ðå-
øåíèÿ ïîëó÷åííîé çàäà÷è ñòðîèòñÿ ëîêàëüíî-îäíîìåðíàÿ ðàçíîñòíàÿ ñõåìà.
Ìåòîäîì ýíåðãåòè÷åñêèõ íåðàâåíñòâ ïîëó÷åíà àïðèîðíàÿ îöåíêà äëÿ ðåøå-
íèÿ ëîêàëüíî-îäíîìåðíîé ðàçíîñòíîé ñõåìû, îòêóäà ñëåäóþò åå óñòîé÷èâîñòü
è ñõîäèìîñòü. Äëÿ äâóìåðíîé çàäà÷è ïîñòðîåí àëãîðèòì ÷èñëåííîãî ðåøåíèÿ
âòîðîé êðàåâîé çàäà÷è äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèç-
âîäíûõ Ñîáîëåâñêîãî òèïà.

Ðàáîòà [10] ïîñâÿùåíà èññëåäîâàíèþ ðàçðåøèìîñòè âòîðîé ñìåøàííîé çà-
äà÷è â íåöèëèíäðè÷åñêîé îáëàñòè äëÿ óðàâíåíèÿ òðåòüåãî ïîðÿäêà Ñîáîëåâ-
ñêîãî òèïà. Äîêàçûâàþòñÿ òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøå-
íèÿ, â ñëó÷àå ñóæàþùåéñÿ ïðè âîçðàñòàíèè âðåìåíè t îáëàñòè.

Â ðàáîòå [11] èññëåäóåòñÿ âòîðàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâ-
íåíèÿ òðåòüåãî ïîðÿäêà Ñîáîëåâñêîãî òèïà ñ ìàëûì ïàðàìåòðîì. Äîêàçà-
íû òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè êëàññè÷åñêîãî ðåøåíèÿ âòî-
ðîé íà÷àëüíî-êðàåâîé çàäà÷è. Ìåòîäîì Ôóðüå â ïðîñòðàíñòâå íåïðåðûâíî-
äèôôåðåíöèðóåìûõ ôóíêöèé ïîëó÷åíî ðåøåíèå â âèäå ðÿäà. Äîêàçàíî ñõî-
äèìîñòü ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è äëÿ âîçìóùåííîãî óðàâíåíèÿ òðå-
òüåãî ïîðÿäêà Ñîáîëåâñêîãî òèïà ê ðåøåíèþ ñîîòâåòñòâóþùåé çàäà÷è äëÿ
óðàâíåíèÿ òåïëîïðîâîäíîñòè, êîãäà ìàëûé ïàðàìåòð ñòðåìèòñÿ ê íóëþ.

Äëÿ ïðèáëèæåííîãî ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ
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ïðîèçâîäíûõ âî ìíîãèõ ðàáîòàõ òàêæå èñïîëüçóåòñÿ èòåðàöèîííûé ìíîãîñå-
òî÷íûé ìåòîä [12]-[14], à äëÿ ïðèáëèæåíèÿ è çàìåíû â ðàñ÷åòàõ äèôôåðåí-
öèàëüíîé çàäà÷è íà äèñêðåòíóþ - ìåòîä êîíå÷íûõ ýëåìåíòîâ [15], [16]. Òàê
â ðàáîòå [17], [18] ïðèâîäèòñÿ àíàëèç ñõîäèìîñòè ìíîãîñåòî÷íîãî èòåðàöèîí-
íîãî ìåòîäà äëÿ ðåøåíèÿ ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé, ïîëó÷àåìîé â
ðåçóëüòàòå ïðèìåíåíèÿ ìåòîäà êîíå÷íûõ ýëåìåíòîâ ê óðàâíåíèþ êîíâåêöèè-
äèôôóçèè ñ êðàåâûìè óñëîâèÿìè Äèðèõëå.

Ðàáîòû àâòîðà [19]-[23] ïîñâÿùåíû èññëåäîâàíèþ ëîêàëüíûõ è íåëîêàëü-
íûõ êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ Ñîáîëåâñêîãî òèïà â îäíîìåðíîì ñëó÷àå.

2 Ïîñòàíîâêà çàäà÷è

Â çàìêíóòîé îáëàñòè QT = G× [0 ≤ t ≤ 1], îñíîâàíèåì êîòîðîé ÿâëÿåòñÿ p -
ìåðíûé êóá G = {x = (x1, x2, ..., xp) : 0 ≤ xα ≤ 1, α = 1, 2, ..., p} ñ ãðàíèöåé Γ,
G = G∪Γ, ðàññìîòðèì âòîðóþ êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ Ñîáîëåâñêîãî
òèïà

∂u

∂t
= Lu+ ν

∂

∂t
Lu+ f(x, t), (x, t) ∈ QT , (1.1){

Πα(x, t) = µ−α(x, t), xα = 0, 0 ≤ t ≤ T,

−Πα(x, t) = µ+α(x, t), xα = 1, 0 ≤ t ≤ T,
(1.2)

u(x, 0) = u0(x), x ∈ G, (1.3)

ãäå

Lu =

p∑
α=1

Lαu, Lαu =
∂

∂xα

(
kα(x, t)

∂u

∂xα

)
− qα(x, t)u(x, t),

0 < c0 ≤ kα(x, t), qα(x, t) ≤ c1,

u(x, t) ∈ C4,3
(
QT

)
, kα(x, t) ∈ C3,1

(
QT

)
, qα(x, t), f(x, t) ∈ C2,1

(
QT

)
, (1.4)

QT = G× (0 < t ≤ T ], c0, c1, c2 = const > 0, ν = const > 0,

Πα(x, t) = kα(x, t)
∂u

∂xα
+ ν

∂

∂t

(
kα(x, t)

∂u

∂xα

)
,

µ+α = µ(1, x′, t), µ−α = µ(0, x′, t), µ±α(x, t)− íåïðåðûâíûå ôóíêöèè,

x = (x1, x2, ..., xp), x′ = (x1, x2, ..., xα−1, xα+1, ..., xp), α = 1, 2, ..., p.

Ïðåîáðàçóåì óðàâíåíèå (1.1) è êðàåâûå óñëîâèÿ (1.2), òîãäà, óìíîæàÿ îáå
÷àñòè (1.1) è (1.2) íà 1

νe
1
ν t è èíòåãðèðóÿ ïîëó÷åííîå âûðàæåíèå ïî τ îò 0 äî
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t, ïîëó÷èì çàäà÷ó

Lu+
1

ν2

t∫
0

e−
1
ν (t−τ)u(x, t)dτ − 1

ν
u+ f̃(x, t) = 0, (1.5)

{
kα(x, t) ∂u

∂xα
= µ̃−α(x, t), xα = 0, 0 ≤ t ≤ T,

−kα(x, t) ∂u
∂xα

= µ̃+α(x, t), xα = 1, 0 ≤ t ≤ T,
(1.6)

u(x, 0) = u0(x), x ∈ G, (1.7)

ãäå

f̃(x, t) =
1

ν

t∫
0

e−
1
ν (t−τ)f(x, τ)dτ − e−

1
ν t

(
Lu0(x)− 1

ν
u0(x)

)
,

µ̃∓α(x, t)u =
1

ν

t∫
0

e−
1
ν (t−τ)µ∓α(x, τ)dτ ± e−

t
νkα(x, 0)u′0(x).

Â òîé æå îáëàñòè âìåñòî óðàâíåíèÿ (1.5) ðàññìîòðèì ñëåäóþùåå óðàâíå-
íèå ñ ìàëûì ïàðàìåòðîì ε

εuεt = Luε +
1

ν2

t∫
0

e−
1
ν (t−τ)uεdτ − 1

ν
uε + f̃(x, t), (x, t) ∈ QT , (1.8)

ãäå ε = const > 0.

Òàê êàê ïðè t = 0 íà÷àëüíûå óñëîâèÿ äëÿ óðàâíåíèÿ (1.5) è (1.8) ñîâïà-
äàþò, òî â îêðåñòíîñòè t = 0 ó ïðîèçâîäíîé uεt íå âîçíèêàåò îñîáåííîñòè òèïà
ïîãðàíè÷íîãî ñëîÿ [24], [25].

Ïîêàæåì, ÷òî uε → u â íåêîòîðîé íîðìå ïðè ε → 0. Îáîçíà÷èì ÷åðåç
z̃ = uε − u è ïîäñòàâèì uε = z̃ + u â óðàâíåíèå (1.8). Òîãäà ïîëó÷èì çàäà÷ó

εz̃t = Lz̃ +
1

ν2

t∫
0

e−
1
ν (t−τ)z̃dτ − 1

ν
z̃ + f(x, t), (x, t) ∈ QT , (1.9)

{
kα(x, t) ∂z̃

∂xα
= 0, xα = 0, 0 ≤ t ≤ T,

−kα(x, t) ∂z̃
∂xα

= 0, xα = 1, 0 ≤ t ≤ T,
(1.10)

z̃(x, 0) = 0, x ∈ G, G = G+ Ã, (1.11)
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ãäå f(x, t) = −ε∂u
∂t
.

Äëÿ ïîëó÷åíèÿ àïðèîðíîé îöåíêè âîñïîëüçóåìñÿ ìåòîäîì ýíåðãåòè÷åñêèõ
íåðàâåíñòâ. Óìíîæèì óðàâíåíèå (1.9) ñêàëÿðíî íà z̃ è ïîëó÷èì ýíåðãåòè÷å-
ñêîå òîæäåñòâî:(

ε
∂z̃

∂t
, z̃

)
=

( p∑
α=1

∂

∂xα

(
kα(x, t)

∂z̃

∂xα

)
, z̃

)
−
( p∑

α=1

qα(x, t)z̃, z̃

)
+

+

(
1

ν2

t∫
0

e−
1
ν (t−τ)z̃dτ, z̃

)
−
(

1

ν
z̃, z̃

)
+

(
f(x, t), z̃

)
. (1.12)

Áóäåì ïîëüçîâàòüñÿ ñêàëÿðíûì ïðîèçâåäåíèåì è íîðìîé(
u, v
)

=

∫
G

uvdx, ‖u‖2
0 =

∫
G

u2dx, ‖u‖2
L2(0,lα) =

∫ 1

0

u2(x, t)dxα.

Ïðåîáðàçóåì èíòåãðàëû, âõîäÿùèå â òîæäåñòâî (1.12):(
ε
∂z̃

∂t
, z̃

)
=
ε

2

∂

∂t
‖z̃‖2

0, (1.13)

( p∑
α=1

∂

∂xα

(
kα(x, t)

∂z̃

∂xα

)
, z̃

)
=

p∑
α=1

∫
G′
kα(x, t)z̃

∂z̃

∂xα

∣∣∣∣1
0

dx′−

−
p∑

α=1

∫
G

kα(x, t)

(
∂z̃

∂xα

)2

dx = −
p∑

α=1

∫
G

kα(x, t)

(
∂z̃

∂xα

)2

dx ≤ −c0‖z̃x‖2
0. (1.14)

( p∑
α=1

qα(x, t)z̃, z̃

)
=

p∑
α=1

∫
G

qα(x, t)z̃2dx ≥ c0‖z̃‖2
0. (1.15)(

1

ν
z̃, z̃

)
=

1

ν
‖z̃‖2

0. (1.16)

Äàëåå, äëÿ îöåíêè ñëàãàåìûõ ïðàâîé ÷àñòè, âîñïîëüçóåìñÿ ε -
íåðàâåíñòâîì Êîøè è íåðàâåíñòâîì Êîøè-Áóíÿêîâñêîãî

( t∫
0

1

ν2
e−

1
ν (t−τ)z̃dτ, z̃

)
≤ 1

4ν2
‖z̃‖2

0 +


 t∫

0

e−
1
ν (t−τ)z̃dτ

2

,
1

ν2

 ≤ 1

4ν2
‖z̃‖2

0+
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+

 1

ν2

t∫
0

e−
2
ν (t−τ)dτ

t∫
0

z̃2dτ, 1

 =
1

4ν2
‖z̃‖2

0 +
1− e− 2

ν t

2ν

t∫
0

‖z̃‖2
0dτ. (1.17)

(
f(x, t), z̃

)
≤ 1

4ε1
‖f‖2

0 + ε1‖z̃‖2
0, (1.18)

ãäå G′ = {x′ = (x1, x2, ..., xα−1, xα+1, ..., xp) : 0 < xα < 1},
dx′ = dx1dx2 · · · dxα−1dxα+1 · · · dxp.

Ó÷èòûâàÿ ïðåîáðàçîâàíèÿ (1.13) − (1.18), èç (1.12) ïîëó÷àåì íåðàâåíñòâî

ε

2

∂

∂t
‖z̃‖2

0 + c0‖z̃x‖2
0 +

(
c0 +

1

ν
− 1

4ν2
− ε1

)
‖z̃‖2

0 +
e−

2
ν2 t

2ν

t∫
0

‖z̃‖2
0dτ ≤

≤ 1

2ν

t∫
0

‖z̃‖2
0dτ +

1

4ε1
‖f‖2

0. (1.19)

Âûáèðàÿ ε1 =
c0

2
, èç íåðàâåíñòâà (1.19) íàõîäèì

ε

2

∂

∂t
‖z̃‖2

0 + c0‖z̃x‖2
0 +

(
c0

2
+

1

ν
− 1

4ν2

)
‖z̃‖2

0 ≤
1

2ν

t∫
0

‖z̃‖2
0dτ +

1

2c0
‖f‖2

0. (1.20)

Ïðîèíòåãðèðóåì (1.20) ïî ξ îò 0 äî t, òîãäà ïîëó÷èì

ε

2
‖z̃‖2

0 + c0

∫ t

0

‖z̃x‖2
0dξ +

(
c0

2
+

1

ν
− 1

4ν2

)∫ t

0

‖z̃‖2
0dξ ≤

≤ 1

2ν

t∫
0

dξ

ξ∫
0

‖z̃‖2
0dτ +

1

2c0

∫ t

0

‖f‖2
0dξ, (1.21)

Îöåíèâàÿ â (1.21) ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè ñëåäóþùèì îáðàçîì

t∫
0

dξ

ξ∫
0

‖z̃‖2
0dτ ≤

t∫
0

‖z̃‖2
0dξ,

ïðè ν ≥ 1
2 ïîëó÷àåì îöåíêó

ε‖z̃‖2
0 +

∫ t

0

(
‖z̃x‖2

0 + ‖z̃‖2
0

)
dξ ≤M

∫ t

0

‖f‖2
0dξ = ε2M

∫ t

0

‖uτ‖2
0dξ = O(ε2).

(1.22)
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ãäå M ≤ 1

min
{
c0, c2

0

} .
Èç àïðèîðíîé îöåíêè (1.22) ñëåäóåò ñõîäèìîñòü uε ê u ïðè ε→ 0 â íîðìå

‖z̃‖2
1 = ε‖z̃‖2

0 + ‖z̃‖2
2,Qt

+ ‖z̃x‖2
2,Qt

, ãäå ‖z̃x‖2
2,Qt

=
t∫

0

‖z̃x‖2
0dτ , åñëè ut− îãðàíè-

÷åííàÿ, äîñòàòî÷íî ãëàäêàÿ ôóíêöèÿ. Ïîýòîìó ïðè ìàëîì ε ðåøåíèå çàäà÷è
(1.6)-(1.8) áóäåì ïðèíèìàòü çà ïðèáëèæåííîå ðåøåíèå âòîðîé êðàåâîé çàäà÷è
äëÿ ìíîãîìåðíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ñîáîëåâñêîãî òèïà ñ ïåðå-
ìåííûìè êîýôôèöèåíòàìè (1.1)-(1.3).

3 Ëîêàëüíî-îäíîìåðíàÿ ñõåìà

Íà îòðåçêå [0, T ] ââåä¼ì ðàâíîìåðíóþ ñåòêó ωτ = {tj = jτ, j = 0, 1, ..., j0}
ñ øàãîì τ = T/j0. Êàæäûé èíòåðâàë (tj, tj+1) ðàçîáüåì íà p ÷àñòåé òî÷êàìè
tj+α

p
= tj + τ αp , α = 1, 2, ..., p è îáîçíà÷èì ÷åðåç ∆α = (tj+α−1

p
, tj+α

p
].

Ïðîñòðàíñòâåííóþ ñåòêó âûáåðåì ðàâíîìåðíîé ïî êàæäîìó íàïðàâëåíèþ
Oxα ñ øàãîì hα = 1

Nα
, α = 1, 2, ..., p :

ωh =

p∏
α=1

ωhα, ωhα = {x(iα)
α = iα~α, iα = 0, 1, ..., Nα, α = 1, 2, ..., p},

~α =

{
hα, iα = 1, 2, ..., Nα − 1,
hα
2 , iα = 0, Nα.

Óðàâíåíèå (1.8) ïåðåïèøåì â âèäå

<uε = ε
∂uε

∂t
− Luε − 1

ν2

t∫
0

e−
1
ν (t−τ)uεdτ +

1

ν
uε − f = 0,

èëè

p∑
α=1

<αuε = 0, <αuε =
ε

p

∂uε

∂t
− Lαuε −

1

pν2

t∫
0

e−
1
ν2 (t−τ)uεdτ +

1

pν
uε − fα,

ãäå fα(x, t), α = 1, 2, ..., p − ïðîèçâîëüíûå ôóíêöèè, îáëàäàþùèå òîé æå

ãëàäêîñòüþ, ÷òî è f(x, t) è óäîâëåòâîðÿþùèå óñëîâèþ
p∑

α=1
fα = f.
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Íà êàæäîì ïîëóèíòåðâàëå ∆α, α = 1, 2, ..., p, áóäåì ïîñëåäîâàòåëüíî ðå-
øàòü çàäà÷è

<αϑ(α) =
ε

p

∂ϑ(α)

∂t
− Lαϑ(α) −

1

pν2

t∫
0

e−
1
ν (t−τ)ϑ(α)dτ +

1

pν
ϑ(α) − fα = 0, (2.1)

{
kα(x, t)

∂ϑ(α)

∂xα
= µ̃−α(x, t), xα = 0, 0 ≤ t ≤ T,

−kα(x, t)
∂ϑ(α)

∂xα
= µ̃+α(x, t), xα = 1, 0 ≤ t ≤ T,

(2.2)

ïîëàãàÿ ïðè ýòîì [26, ñòð.522]

ϑ(1)(x, 0) = u0(x), ϑ(1)(x, tj) = ϑ(p)(x, tj), j = 1, 2, ...,

ϑ(α)(x, tj+α−1
p

) = ϑ(α)(x, tj+α−1
p

), α = 2, 3, ..., p.

Àïïðîêñèìèðóåì êàæäîå óðàâíåíèå (2.1) íîìåðà α äâóõñëîéíîé íåÿâíîé

ñõåìîé íà ïîëóèíòåðâàëå ∆α =
(
tj+α−1

p
, tj+α

p

]
, òîãäà ïîëó÷èì öåïî÷êó p îä-

íîìåðíûõ ðàçíîñòíûõ óðàâíåíèé:

ε
yj+

α
p − yj+

α−1
p

τ
= Λαy

j+α
p +

1

pν2

j∑
j ′=0

e−
1
ν (tj−tj ′)y(x, tj

′+α
p )τ− 1

pν
y(x, tj+

α
p )+ϕ

j+α
p

α ,

(2.3)
ãäå

Λαy
j+α

p =
(
aαy

j+α
p

x̄α

)
xα
− dαyj+

α
p .

aα = kα(x(−0.5α), t̄), x(−0.5α) = (x1, ..., xα−1, xα − 0.5hα, xα+1, ..., xp), t̄ = tj+1/2,
dα = qα(x, t̄), γh,α−ìíîæåñòâî ãðàíè÷íûõ ïî íàïðàâëåíèþ xα óçëîâ.

Ê óðàâíåíèþ (2.3) íàäî ïðèñîåäèíèòü ãðàíè÷íûå è íà÷àëüíîå óñëîâèÿ.
Çàïèøåì ðàçíîñòíûé àíàëîã äëÿ ãðàíè÷íûõ óñëîâèé (2.2){

a
(1α)
α y

j+α
p

xα,0
= µ̃−α, xα = 0,

−a(Nα)
α y

j+α
p

x̄α,Nα
= µ̃+α, xα = 1.

(2.4)

Óñëîâèÿ (2.4) èìåþò ïîðÿäîê àïïðîêñèìàöèè O(hα). Ïîâûñèì ïîðÿäîê
àïïðîêñèìàöèè äî O(h2

α) íà ðåøåíèÿõ óðàâíåíèÿ (2.1) ïðè êàêîì-ëèáî α :

a(1α)
α ϑ

j+α
p

xα,0
= µ̃−α +O(hα).

C ïîìîùüþ ðàçëîæåíèÿ Òåéëîðà íàõîäèì

kαϑ
′
(α) = a(1α)

α ϑ
j+α

p

xα,0
− 0.5hα

(
kαϑ

′
(α)

)′
+O(h2

α) = a(1α)
α ϑ

j+α
p

xα,0
−

Ýëåêòðîííûé æóðíàë. http://di�journal.spbu.ru/ 121



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 1, 2022

−0.5hα

(
ε
ϑj+

α
p − ϑj+

α−1
p

τ
− 1

pν2

j∑
j ′=0

e−
1
ν (tj−tj ′)ϑ(x, tj

′+α
p )τ+

+qαϑ(x, tj+
α
p ) +

1

pν
ϑ(x, tj+

α
p )− f j+

α
p

)
+O(h2

α).

Èòàê,

a(1α)
α ϑ

j+α
p

xα,0
−0.5hα

(
ε
ϑj+

α
p − ϑj+

α−1
p

τ
− 1

pν2

j∑
j ′=0

e−
1
ν (tj−tj ′)ϑ(x, tj

′+α
p )τ+qαϑ(x, tj+

α
p )+

+
1

pν
ϑ(x, tj+

α
p )− f j+

α
p

)
0

= µ̃−α +O(h2
α) +O(hατ). (2.5)

Â (2.5) îòáðîñèì âåëè÷èíû ïîðÿäêà ìàëîñòè O(h2
α) è O(hατ), çàìåíèì ϑ(α)

íà yj+
α
p , òîãäà (2.5) ïåðåïèøåòñÿ òàê:

ε

p
y
j+α

p

t̄,0 =

a
(1α)
α y

j+α
p

xα,0
+ 0.5hα

pν2

j∑
j ′=0

e−
1
ν (tj−tj ′)y

j+α
p

0 τ − 0.5hαdα,0y
j+α

p

0

0.5hα
+ µ−α, xα = 0.

Àíàëîãè÷íî, ïðè xα = 1 :

ε

p
y
j+α

p

t̄,Nα
= −

a
(Nα)
α y

j+α
p

x̄α,Nα
− 0.5hα

pν2

j∑
j ′=0

e−
1
ν (tj−tj ′)y

j+α
p

Nα
τ + 0.5hαdα,Nαy

j+α
p

Nα

0.5hα
+µ+α, xα = 1,

ãäå dα,0 = dα,0 + 1
pν , dα,Nα = dα,Nα + 1

pν ,

µ−α = fα,0 − µ̃−α
0.5hα

, µ+α = fα,0 − µ̃+α

0.5hα
.

Èòàê, ðàçíîñòíûé àíàëîã çàäà÷è (1.6)-(1.8) èìååò âèä

ε

p
y

(α)
t̄ = Λαy

(α) + Φ
j+α

p
α , α = 1, 2, ..., p, x ∈ ωh, (2.6)

y(x, 0) = u0(x),

ãäå

Λαy
j+α

p =



Λαy =
(
aαy

j+α
p

x̄α

)
xα
− dαyj+

α
p + 1

pν2

j∑
j ′=0

e−
1
ν (tj−tj ′)yj

′+α
p τ − 1

pνy
j+α

p ,

Λ−αy =
a

(1α)
α y

j+α
p

xα,0
+ 0.5hα

pν2

j∑
j ′=0

e
− 1
ν (tj−tj ′ )y

j+α
p

0 τ−0.5hαdα,0y
j+α

p
0

0.5hα
, xα = 0,

Λ+
αy = −

a
(Nα)
α y

j+α
p

x̄α,Nα
− 0.5hα

pν2

j∑
j ′=0

e
− 1
ν (tj−tj ′ )y

j+α
p

Nα
τ+0.5hαdα,Nαy

j+α
p

Nα

0.5hα
, xα = 1,
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Φα =


ϕα, xα ∈ ωhα,
µ−α, xα = 0,

µ+α, xα = 1,

y
(α)
t̄ =

yj+
α
p − yj+

α−1
p

τ
p

.

4 Ïîãðåøíîñòü àïïðîêñèìàöèè ëîêàëüíî-îäíîìåðíîé

ñõåìû

Õàðàêòåðèñòèêîé òî÷íîñòè ðåøåíèÿ ëîêàëüíî-îäíîìåðíîé ñõåìû ÿâëÿåòñÿ
ðàçíîñòü zj+

α
p = yj+

α
p − uj+

α
p , ãäå uj+

α
p - ðåøåíèå èñõîäíîé çàäà÷è (1.6)-(1.8).

Ïîäñòàâëÿÿ yj+
α
p = zj+

α
p + uj+

α
p â ðàçíîñòíóþ çàäà÷ó (2.6), ïîëó÷èì çàäà÷ó

äëÿ ïîãðåøíîñòè zj+
α
p :

ε
zj+

α
p − zj+

α−1
p

τ
= Λαz

j+α
p +

1

pν2

j∑
j ′=0

e−
1
ν (tj−tj ′)z(x, tj

′+α
p )τ− 1

νp
z(x, tj+

α
p )+ψ

j+α
p

α ,

(3.1)

ãäå ψ
j+α

p
α = Λαu

j+α
p + 1

pν2

j∑
j ′=0

e−
1
ν (tj−tj ′)u(x, tj

′+α
p )τ − 1

pνu(x, tj+
α
p ) + ϕj+

α
p −

εu
j+α

p−uj+
α−1
p

τ .

Îáîçíà÷èâ ÷åðåç

ψ̊α =

Lαu+
1

pν2

t∫
0

e−
1
ν (t−τ)udτ − 1

pν
u+ fα −

ε

p

∂u

∂t

j+1/2

,

è çàìå÷àÿ, ÷òî
p∑

α=1
ψ̊α = 0, åñëè

p∑
α=1

fα = f, ïðåäñòàâèì ïîãðåøíîñòü â âèäå

ñóììû ψ
j+α

p
α = ψ̊α + ψ∗α :

ψ
j+α

p
α = Λαu

j+α
p +

1

pν2

j∑
j ′=0

e−
1
ν (tj−tj ′)u(x, tj

′+α
p )τ − 1

pν
u(x, tj+

α
p ) + ϕj+

α
p−

−εu
j+α

p − uj+
α−1
p

τ
−ψ̊α+ψ̊α =

(
Λαu

j+α
p − Lαuj+

1
2

)
−
(

1

pν
u(x, tj+

α
p )− 1

pν
uj+

1
2

)
+

+

 1

pν2

j∑
j ′=0

e−
1
ν (tj−tj ′)u(x, tj

′+α
p )τ − 1

pν2

t∫
0

e−
1
ν (t−τ)uj+

1
2dτ

+
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+
(
ϕ
j+α

p
α − f j+

1
2

α

)
−

(
ε
uj+

α
p − uj+

α−1
p

τ
− ε

p

(
∂u

∂t

)j+1/2
)

+ ψ̊α = ψ̊α + ψ∗α.

Î÷åâèäíî,÷òî ψ∗α = O(h2
α + τ), ψ̊α = O(1),

p∑
α=1

ψ
j+α

p
α =

p∑
α=1

ψ̊α +

p∑
α=1

ψ∗α = O(|h|2 + τ), |h|2 = h2
1 + h2

2 + ...+ h2
p.

Çàïèøåì ãðàíè÷íîå óñëîâèå ïðè xα = 0 òàê:

0.5hαε

p
y

(α)
t̄ = a(1α)

α y
j+α

p

xα,0
+

0.5hα
pν2

j∑
j ′=0

e−
1
ν (tj−tj ′)y

j+α
p

0 τ−

−0.5hαdα,0y
j+α

p

0 + 0.5hαfα,0 − µ̃−α. (3.2)

Ïóñòü zj+
α
p = yj+

α
p − uj+

α
p , ãäå u− ðåøåíèå èñõîäíîé äèôôåðåíöèàëüíîé

çàäà÷è (1.6)-(1.8). Ïîäñòàâèì yj+
α
p = zj+

α
p + uj+

α
p â (3.2). Òîãäà ïîëó÷èì

0.5hαε

p
z

(α)
t̄ = a(1α)

α z
j+α

p

xα,0
+

0.5hα
pν2

j∑
j ′=0

e−
1
ν (tj−tj ′)z

j+α
p

0 τ−0.5hαdα,0z
j+α

p

0 +a(1α)
α u

j+α
p

xα,0
+

+
0.5hα
pν2

j∑
j ′=0

e−
1
ν (tj−tj ′)u

j+α
p

0 τ − 0.5hαdα,0u
j+α

p

0 − 0.5hαε

p
u

(α)
t̄,0 + 0.5hαfα,0 − µ̃−α.

Ê ïðàâîé ÷àñòè ïîëó÷åííîãî âûðàæåíèÿ äîáàâèì è âû÷òåì

0.5hαψ̊−α = 0.5hα

[
∂

∂xα

(
kα

∂u

∂xα

)
−qαu+

1

pν2

t∫
0

e−
1
ν (t−τ)udτ− 1

pν
u+fα−

ε

p

∂u

∂t

]j+1/2

xα=0

.

Òîãäà

ψ−α = 0.5hα

(
fα,0−

ε

p
u
j+α

p

t̄,0

)
+a(1α)

α u
j+α

p

xα,0
+

0.5hα
pν2

j∑
j ′=0

e−
1
ν (tj−tj ′)u

j+α
p

0 τ−0.5hαdα,0u
j+α

p

0 −

−µ̃−α−0.5hα

[
∂

∂xα

(
kα

∂u

∂xα

)
−qαu+

1

pν2

t∫
0

e−
1
ν (t−τ)udτ− 1

pν
u+fα−

ε

p

∂u

∂t

]j+1/2

xα=0

+

+0.5hαψ̊α = a(1α)
α u

j+α
p

xα,0
− µ̃−α − 0.5hα

[ ∂

∂xα

(
kα

∂u

∂xα

)]j+ 1
2

+ 0.5hαψ̊α +O(h2
α)+
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+O(hατ) = kα
∂uj+

α
p

∂xα
+ 0.5hα

[
∂

∂xα

(
kα

∂u

∂xα

)]j+α
p

0

− 0.5hα

[
∂

∂xα

(
kα

∂u

∂xα

)]j+ 1
2

−

−µ̃−α + 0.5hαψ̊α +O(h2
α) +O(hατ) =

(
kα
∂uj+

α
p

∂xα
− µ̃−α

)
xα=0

+ 0.5hαψ̊α+

+O(h2
α) +O(hατ).

Â ñèëó ãðàíè÷íûõ óñëîâèé (1.6) âûðàæåíèå, ñòîÿùåå â ñêîáêàõ åñòü íîëü.
Ïîýòîìó

ψ−α = 0.5hαψ̊−α + ψ∗−α, ψ
∗
−α = O(h2

α + τ) +O(hατ),

èìååì

0.5hα
p

z
j+α

p

t̄,0 = a(1α)
α z

j+α
p

xα,0
+

0.5hα
pν2

j∑
j ′=0

e−
1
ν (tj−tj ′)z

j+α
p

0 τ−0.5hαdα,0z
j+α

p

0 +0.5hαψ̊−α+ψ∗−α,

èëè

ε

p
z
j+α

p

t̄,0 =

a
(1α)
α z

j+α
p

xα,0
+ 0.5hα

pν2

j∑
j ′=0

e−
1
ν (tj−tj ′)z

j+α
p

0 τ − 0.5hαdα,0z
j+α

p

0

0.5hα
+ ψ̊−α +

ψ∗−α
0.5hα

,

ε

p
z
j+α

p

t̄,Nα
= −

a
(Nα)
α z

j+α
p

x̄α,Nα
− 0.5hα

pν2

j∑
j ′=0

e−
1
ν (tj−tj ′)z

j+α
p

Nα
τ + 0.5hαdα,Nαz

j+α
p

Nα

0.5hα
+ψ̊+α+

ψ∗+α
0.5hα

.

Èòàê, çàäà÷à äëÿ ïîãðåøíîñòè zj+
α
p ïðèíèìàåò âèä:

ε

p
z

(α)
t̄ = Λαz

(α) + Ψ
j+α

p
α , (3.3)

z(x, 0) = 0,

ãäå

Λα =


Λα, xα ∈ ωhα,
Λ−α , xα = 0,

Λ+
α , xα = 1,

Ψα =


ψα, xα ∈ ωhα,
ψ−α, xα = 0,

ψ+α, xα = 1,

ψα = ψ̊α + ψ∗α, ψ̊α = O(1), ψ∗α = O(h2
α + τ), ψ−α = ψ̊−α +

ψ∗−α
0.5hα

,

ψ+α = ψ̊+α +
ψ∗+α

0.5hα
, ψ∗±α = O(h2

α + τ), ψ̊±α = O(1),

p∑
α=1

ψ̊±α = 0.
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5 Óñòîé÷èâîñòü ëîêàëüíî-îäíîìåðíîé ñõåìû

Èññëåäîâàíèå óñòîé÷èâîñòè ðàçíîñòíîé ñõåìû (2.6) áóäåì ïðîâîäèòü ñ ïîìî-
ùüþ ìåòîäà ýíåðãåòè÷åñêèõ íåðàâåíñòâ. Äëÿ ýòîãî óìíîæèì óðàâíåíèå (2.6)
ñêàëÿðíî íà y(α) = yj+

α
p :[ε

p
y

(α)
t̄ , y(α)

]
−
[
Λαy

(α), y(α)
]

=
[
Φ(α), y(α)

]
, (4.1)

ãäå[
u, v
]
α

=

Nα∑
iα=0

uiαviα~α, ‖ y(α)‖2
L2(α) =

Nα∑
iα=0

y2~α, ~α =

{
hα, iα = 1, 2, ..., Nα − 1,
hα
2 , iα = 0;Nα,[

u, v
]

=
∑
x∈ω̄h

uvH, H =

p∏
α=1

~α, ‖y(α)‖2
L2(ω̄h) =

∑
iβ 6=iα

‖y(α)‖2
L2(α)H/~α.

Ïðåîáðàçóåì êàæäîå ñëàãàåìîå òîæäåñòâà (4.1):[ε
p
y

(α)
t̄ , y(α)

]
α

=
ε

2p

(
‖y(α)‖2

L2(α)

)
t̄
+
ετ

2p
‖yαt̄ ‖2

L2(α). (4.2)[
Λαy

(α), y(α)
]
α

=
(

Λαy
(α), y(α)

)
α

+ Λ−αy
(α)y(α)~α + Λ+

αy
(α)y

(α)
Nα

~α = −
(
aαy

2
x̄α

]
α
−

−
[
dα, (y

(α))2
]
α

+
1

pν2

[
y(α),

j∑
j ′=0

e−
1
ν (tj−tj ′)yj

′+α
p τ

]
α

− 1

pν

[
y(α), y(α)

]
α

. (4.3)

[
Φ(α), y(α)

]
α

=
[
ϕ(α), y(α)

]
α
− µ̃−αy(α)

0 − µ̃+αy
(α)
Nα
. (4.4)

Îöåíèì ñëàãàåìûå, ñòîÿùèå â ïðàâîé ÷àñòè (4.4), ñ ïîìîùüþ ëåììû 1 [27]:

−µ̃−αy(α)
0 − µ̃+αy

(α)
Nα
≤ 1

4ε1

(
µ̃2
−α + µ̃2

+α

)
+ ε1ε‖yx̄α]|2L2(α) + ε1

(
1 +

1

ε

)
‖y(α)‖2

L2(α).

Âûáèðàÿ ε = 1, ε1 =
c0

8
, ïîëó÷àåì

−µ̃−αy(α)
0 − µ̃+αy

(α)
Nα
≤ 2

c0

(
µ̃2
−α + µ̃2

+α

)
+
c0

8
‖yx̄α]|2L2(α) +

c0

4
‖y(α)‖2

L2(α), (4.5)

−
[
dα,
(
y(α)
)2]

α
≤ c2‖y(α)‖2

L2(α), (4.6)[
1

pν
y(α), y(α)

]
α

=

[
1

pν
,
(
y(α)
)2
]
α

=
1

pν
‖y(α)‖2

L2(α). (4.7)
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 1

pν2

j∑
j ′=0

e−
1
ν (tj−tj ′)y

(
x, tj

′+α
p

)
τ, yj+

α
p


α

=

=
∥∥∥ 1

pν2

j∑
j ′=0

e−
1
ν (tj−tj ′)y

(
x, tj

′+α
p

)
τ
∥∥∥
L2(α)

∥∥∥ 1

pν2
yj+

α
p

∥∥∥
L2(α)

≤

≤
∥∥∥ 1

pν2

j∑
j ′=0

e−
1
ν (tj−tj ′)y

(
x, tj

′+α
p

)∥∥∥2

L2(α)
+

1

4pν2
‖yj+

α
p ‖2

L2(α) =

=
1

pν2

Nα−1∑
iα=1

(
j∑

j ′=0

e−
1
ν (tj−tj ′)y

(
xiα, t

j ′+α
p

)
τ

)2

hα +
1

4pν2
‖yj+

α
p ‖2

L2(α) ≤

≤ 1

pν2

Nα−1∑
iα=1

(
j∑

j ′=0

e−
2
ν (tj−tj ′)τ

j∑
j ′=0

y2
(
xiα, t

j ′+α
p

)
τ

)
hα +

1

4pν2
‖yj+

α
p ‖2

L2(α) ≤

≤ 1

pν2

j∑
j ′=0

e−
2
ν (tj−tj ′)τ

Nα−1∑
iα=1

hα

j∑
j ′=0

y2
(
xiα, t

j ′+α
p

)
τ +

1

4pν2
‖yj+

α
p ‖2

L2(α) =

=
1

pν2

j∑
j ′=0

e−
2
ν (tj−tj ′)τ

j∑
j ′=0

τ

Nα−1∑
iα=1

y2(xiα, t
j ′+α

p )hα +
1

4pν2

∥∥∥yj+α
p

∥∥∥2

L2(α)
=

=
1

pν2

j∑
j ′=0

e−
2
ν (tj−tj ′)τ

j∑
j ′=0

‖y(xiα, t
j ′+α

p )‖2
L2(α)τ +

1

4pν2
‖yj+

α
p ‖2

L2(α), (4.8)

Òàê êàê

j∑
j ′=0

e−
2
ν (tj−tj ′)τ = e−

2
ν tj

j∑
j ′=0

e
2
ν tj ′τ = e−

2
ν tj
e

2
ν tj − 1

e
2
ν τ − 1

τ = ν
1− e− 2

ν tj

2
,

òîãäà èç (4.8) ïîëó÷àåì 1

pν2

j∑
j ′=0

e−
2
ν (tj−tj ′)y

(
x, tj

′+α
p

)
τ, yj+

α
p


α

≤

≤ 1− e− 2
ν tj

2pν

j∑
j ′=0

‖y(xiα, t
j ′+α

p )‖2
L2(α)τ +

1

4pν2
‖yj+

α
p ‖2

L2(α), (4.9)

[
ϕα, y

(α)
]
α
≤ 1

2c0
‖ϕα‖2

L2(α) +
c0

2
‖y(α)‖2

L2(α). (4.10)
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Ïîñëå ñóììèðîâàíèÿ ïî iβ 6= iα, β = 1, 2, ..., p ïîäñòàâèì (4.2)-(4.10) â
òîæäåñòâî (4.1). Òîãäà ïîëó÷èì

ε

2p

(
‖y(α)‖2

L2(ω̄h)

)
t̄
+
ετ

2p
‖yt̄‖2

L2(ω̄h) +
7c0

8
‖y(α)

x̄α ]|2L2(ω̄h)+

+

(
c0

4
+

1

pν
− 1

4pν2

)
‖yj+

α
p ‖2

L2(ω̄h) +
e−

2
ν tj

2pν

j∑
j ′=0

‖y(xiα, t
j ′+α

p )‖2
L2(ω̄h)τ ≤

≤ 1

2pν

j∑
j ′=0

‖y(x, tj
′+α

p )‖2
L2(ω̄h)τ +

1

2c0
‖ϕj+

α
p ‖2

L2(ω̄h) +
2

c0

∑
iβ 6=iα

(
µ̃2
−α + µ̃2

+α

)
H/~α.

(4.11)

Ñóììèðóåì (4.11) ñíà÷àëà ïî α îò 1 äî p :

ε

2p

(
‖yj+1‖2

L2(ω̄h)

)
t̄
+

7c0

8

p∑
α=1

‖yj+
α
p

x̄α ]|2L2(ω̄h)+

+

(
c0

4
+

1

pν
− 1

4pν2

) p∑
α=1

‖yj+
α
p ‖2

L2(ω̄h) ≤
1

2pν

p∑
α=1

j∑
j ′=0

‖y(x, tj
′+α

p )‖2
L2(ω̄h)τ+

+M1

p∑
α=1

‖ϕj+α
p ‖2

L2(ω̄h) +
∑
iβ 6=iα

(
µ̃2
−α + µ̃2

+α

)
H/~α

 ,

ãäå M1 = max{ 1
2c0
, 2
c0
}, à çàòåì, ñóììèðóÿ ïî j ′ îò 0 äî j:

ε

2
‖yj+1‖2

L2(ω̄h) +
7c0

8

j∑
j ′=0

τ

p∑
α=1

‖yj
′+α

p

x̄α ]|2L2(ω̄h)+

+

(
c0

4
+

1

pν
− 1

4pν2

) j∑
j ′=0

τ

p∑
α=1

‖yj
′+α

p ‖2
L2(ω̄h) ≤

≤ 1

2pν

j∑
j ′=0

τ

p∑
α=1

j ′∑
s=0

‖y(x, ts+
α
p )‖2

L2(ω̄h)τ+

+M1

j∑
j ′=0

τ

p∑
α=1

‖ϕj+α
p ‖2

L2(ω̄h) +
∑
iβ 6=iα

(
µ̃2
−α + µ̃2

+α

)
H/~α

+
ε

2
‖y0‖2

L2(ω̄h),
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èëè, îöåíèâàÿ ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè ñëåäóþùèì îáðàçîì

j∑
j ′=0

τ

p∑
α=1

j ′∑
s=0

‖y(x, ts+
α
p )‖2

L2(ω̄h)τ ≤
p∑

α=1

j∑
j ′=0

‖y(x, tj
′+α

p )‖2
L2(ω̄h)τ,

ïîëó÷àåì

ε

2
‖yj+1‖2

L2(ω̄h) +
7c0

8

j∑
j ′=0

τ

p∑
α=1

‖yj
′+α

p

x̄α ]|2L2(ω̄h)+

+

(
c0

4
+

1

2pν
− 1

4pν2

) j∑
j ′=0

τ

p∑
α=1

‖yj
′+α

p ‖2
L2(ω̄h) ≤

≤M1

j∑
j ′=0

τ

p∑
α=1

‖ϕj+α
p ‖2

L2(ω̄h) +
∑
iβ 6=iα

(
µ̃2
−α + µ̃2

+α

)
H/~α

+
ε

2
‖y0‖2

L2(ω̄h).

(4.12)
Âûáèðàÿ ν ≥ 1

2 èç (4.12) ïîëó÷àåì àïðèîðíóþ îöåíêó

ε‖yj+1‖2
L2(ω̄h) +

j∑
j ′=0

τ

p∑
α=1

(
‖yj

′+α
p

x̄α ]|2L2(ω̄h) + ‖yj
′+α

p ‖2
L2(ω̄h)

)
≤

≤M

(
j∑

j ′=0

τ

p∑
α=1

‖ϕj+α
p ‖2

L2(ω̄h) +
∑
iβ 6=iα

(
µ̃2
−α(0, x′, tj′) + µ̃2

+α(1, x′, tj′)
)
H/~α

+

+‖y0‖2
L2(ω̄h)

)
, (4.13)

ãäåM ≤ 2

min
{
c0, c2

0

} è íå çàâèñèò îò hα è τ , x
′ = (x1, x2, ..., xα−1, xα+1, ..., xp).

Èòàê, ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 1 Ëîêàëüíî-îäíîìåðíàÿ ñõåìà (2.6) óñòîé÷èâà ïî ïðàâîé ÷àñòè è
íà÷àëüíûì äàííûì, òàê ÷òî äëÿ ðåøåíèÿ ðàçíîñòíîé çàäà÷è (2.6) ñïðàâåä-
ëèâà îöåíêà (4.13).
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6 Ñõîäèìîñòü ëîêàëüíî-îäíîìåðíîé ñõåìû

Ïî àíàëîãèè ñ [26] ðåøåíèå z(α) = zj+
α
p çàäà÷è äëÿ ïîãðåøíîñòè

ε

p
z

(α)
t̄ = Λαz

(α) + Ψ
j+α

p
α , (5.1)

z(x, 0) = 0,

ïðåäñòàâèì â âèäå ñóììû z(α) = υ(α) + η(α), ãäå η(α) îïðåäåëÿåòñÿ óñëîâèÿìè

ε
η(α) − η(α−1)

τ
= ψ̊α, x ∈ ωh + γα, α = 1, 2, ..., p, (5.2)

η(x, 0) = 0.

Èç (5.2) ñëåäóåò εηj+1 = εη(p) = εηj+τ
(
ψ̊1+ψ̊2+...+ψ̊p

)
= εηj = ... = εη0 = 0.

Äëÿ ηα =
τ

ε

(
ψ̊1 + ψ̊2 + ...+ ψ̊α

)
= −τ

ε

(
ψ̊α+1 + ...+ ψ̊p

)
= O

(τ
ε

)
.

Ôóíêöèÿ υ(α) îïðåäåëÿåòñÿ óñëîâèÿìè

υ(α) − υ(α−1)

τ
= Λαυ(α) + ψ̃α, ψ̃α = Λαη(α) + ψ∗α, xα ∈ ωhα, (5.3)

υ(α) − υ(α−1)

τ
= Λ−αυ(α) + ψ̃−α, ψ̃−α = Λ−αη(α) +

ψ∗−α
0.5hα

, xα = 0, (5.4)

υ(α) − υ(α−1)

τ
= Λ+

αυ(α) + ψ̃+α, ψ̃+α = Λ+
αη(α) +

ψ∗+α
0.5hα

, xα = 1, (5.5)

υ(x, 0) = 0. (5.6)

Åñëè ñóùåñòâóþò íåïðåðûâíûå â çàìêíóòîé îáëàñòè QT ïðîèçâîäíûå ∂4u
∂x2

α∂x
2
β
,

α 6= β, òî Λ̃αη(α) = −τ
ε

Λ̃α

(
ψ̊α+1 + ...+ ψ̊p

)
= O(

τ

ε
).

Ðåøåíèå çàäà÷è (5.3)-(5.6) îöåíèì ñ ïîìîùüþ Òåîðåìû 1.

ε‖υj+1‖2
L2(ω̄h) +

j∑
j ′=0

τ

p∑
α=1

(
‖υj

′+α
p

x̄α ]|2L2(ω̄h) + ‖υj
′+α

p ‖2
L2(ω̄h)

)
≤

≤M

j∑
j ′=0

τ

p∑
α=1

‖ψ̃j+α
p

α ‖2
L2(ω̄h) +

∑
iβ 6=iα

(
ψ̃2
−α + ψ̃2

+α

)
H/~α

 , (5.7)

Òàê êàê ηj = 0, η(α) = O
(τ
ε

)
, ‖zj‖ ≤ ‖υj‖, èç îöåíêè (5.7) ñëåäóåò
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Òåîðåìà 2 Ïóñòü çàäà÷à (1.6)-(1.8) èìååò åäèíñòâåííîå íåïðåðûâíîå â QT

ðåøåíèå u(x, t) ïðè âñåõ çíà÷åíèÿõ ε è ñóùåñòâóþò íåïðåðûâíûå â QT ïðî-
èçâîäíûå

∂2u

∂t2
,

∂4u

∂x2
α∂x

2
β

,
∂3u

∂x2
α∂t

,
∂2f

∂x2
α

, α = 1, 2, ..., p, α 6= β,

òîãäà ëîêàëüíî-îäíîìåðíàÿ ñõåìà (2.6) ñõîäèòñÿ ê ðåøåíèþ äèôôåðåíöè-

àëüíîé çàäà÷è (1.1)-(1.3) ñî ñêîðîñòüþ O
(
|h|2 +

τ

ε
+ ε
)
, τ = o (ε), äëÿ âñåõ

ν ≥ 1
2, òàê ÷òî

‖yj+1 − uj+1‖1 ≤M
(
|h|2 +

τ

ε
+ ε
)
,

ãäå ε− ìàëûé ïàðàìåòð, |h|2 = h2
1 + h2

2 + ...+ h2
p,

‖zj+1‖1 =

ε‖zj+1‖2
L2(ω̄h) +

j∑
j ′=0

τ

p∑
α=1

(
‖zj

′+α
p

x̄α ]|2L2(ω̄h) + ‖zj
′+α

p ‖2
L2(ω̄h)

)1/2

.

Î÷åâèäíî, ÷òî ñêîðîñòü ñõîäèìîñòè áóäåò îïðåäåëÿòüñÿ íàèëó÷øèì îáðà-
çîì, åñëè âûáðàòü ε = O(τ

1
2 ).

Ñëåäñòâèå. Åñëè ε = τ
1
2 , òîãäà ðåøåíèå ðàçíîñòíîé çàäà÷è (2.6) ñõîäèòñÿ

ê ðåøåíèþ äèôôåðåíöèàëüíîé çàäà÷è (1.1)-(1.3) ñî ñêîðîñòüþ O
(
|h|2 +

√
τ
)
.

Çàìå÷àíèå 1. Ïîëó÷åííûå àïðèîðíûå îöåíêè ñïðàâåäëèâû è â ñëó÷àå,
êîãäà îáëàñòü G ïðåäñòàâëÿåò ñîáîé p-ìåðíûé ïðÿìîóãîëüíûé ïàðàëëåëåïè-
ïåä

G = {x = (x1, x2, ..., xp) : 0 < xα < lα, α = 1, 2, ..., p}.

Çàìå÷àíèå 2. Ïîëó÷åííûå â äàííîé ðàáîòå ðåçóëüòàòû ñïðàâåäëèâû è
äëÿ óðàâíåíèÿ äðîáíîãî ïîðÿäêà ñëåäóþùåãî âèäà

∂δ0tu = Lu+ ∂δ0tLu− u+ f(x, t), (x, t) ∈ QT , (1.1∗)

ñ êðàåâûìè {
Πα(x, t) = µ−α(x, t), xα = 0, 0 ≤ t ≤ T,

−Πα(x, t) = µ+α(x, t), xα = 1, 0 ≤ t ≤ T,
(1.2∗)

è íà÷àëüíûìè óñëîâèìè

u(x, 0) = u0(x), x ∈ G, (1.3∗)

ãäå ∂δ0t = 1
Γ(1−δ)

t∫
0

uτdτ
(t−τ)δ

− äðîáíàÿ ïðîèçâîäíàÿ â ñìûñëå Êàïóòî ïîðÿäêà δ,

0 < δ < 1, Πα(x, t) = kα(x, t) ∂u
∂xα

+ ν∂δ0t

(
kα(x, t) ∂u

∂xα

)
.
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Òîãäà, óìíîæàÿ îáå ÷àñòè (1.1*, (1.2*) íà
∞∑
k=0

tkδ

Γ(1 + δk)
è äåéñòâóÿ îïåðà-

òîðîì äðîáíîãî èíòåãðèðîâàíèÿ D−δ0t = 1
Γ(δ)

t∫
0

udτ
(t−τ)1−δ , ïîñëå íåñëîæíûõ ïðå-

îáðàçîâàíèé ïîëó÷àåì
Lu− u = −f̃(x, t), (1.4∗){

kα(x, t) ∂u
∂xα

= µ̃−α(x, t), xα = 0, 0 ≤ t ≤ T,

−kα(x, t) ∂u
∂xα

= µ̃+α(x, t), xα = 1, 0 ≤ t ≤ T,
(1.5∗)

u(x, 0) = u0(x), x ∈ G, (1.6∗)
ãäå

f̃(x, t) =

D−δ0t

(
f(x, t)

∞∑
k=0

tkδ

Γ(1 + δk)

)
+ Lu0(x)− u0(x)

∞∑
k=0

tkδ

Γ(1 + δk)

,

µ̃±α(x, t) =

D−δ0t

(
µ±α(x, t)

∞∑
k=0

tkδ

Γ(1 + δk)

)
± kα(x, 0)u′0(x)

∞∑
k=0

tkδ

Γ(1 + δk)

,

D−δ0t = 1
Γ(δ)

t∫
0

udτ
(t−τ)1−δ− äðîáíûé èíòåãðàë Ðèìàíà-Ëèóâèëëÿ ïîðÿäêà δ, 0 <

δ < 1.

Äàëåå âìåñòî óðàâíåíèÿ (1.4*) ðàññìàòðèâàåòñÿ ñëåäóþùåå óðàâíåíèå ñ
ìàëûì ïàðàìåòðîì

εu = Lu− u+ f̃(x, t). (1.7∗)

7 Àëãîðèòì ÷èñëåííîãî ðåøåíèÿ

Äëÿ ÷èñëåííîãî ðåøåíèÿ äèôôåðåíöèàëüíîé çàäà÷è (1.1)-(1.3) âûïèøåì ðàñ-
÷åòíûå ôîðìóëû (0 ≤ xα ≤ 1, α = 1, 2, p = 2) :

∂α0tu =
∂

∂x1

(
k1(x1, x2, t)

∂u

∂x1

)
+

∂

∂x2

(
k2(x1, x2, t)

∂u

∂x2

)
+

+ν
∂2

∂t∂x1

(
k1(x1, x2, t)

∂u

∂x1

)
+ ν

∂2

∂t∂x2

(
k2(x1, x2, t)

∂u

∂x2

)
−
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−q1(x1, x2, t)u(x1, x2, t)− q2(x1, x2, t)u(x1, x2, t) + f(x1, x2, t), (6.1){
Πα(x, t) = µ−α(x, t), xα = 0, 0 ≤ t ≤ T,

−Πα(x, t) = µ+α(x, t), xα = 1, 0 ≤ t ≤ T,
(6.2)

u(x1, x2, 0) = u0(x1, x2). (6.3)

Ðàññìîòðèì ñåòêó x
(iα)
k = iαhα, α = 1, 2, tj = jτ, ãäå iα =

0, 1, ..., Nα, hα = 1/Nα, j = 0, 1, ...,m, τ = T/m. Ââîäèòñÿ îäèí äðîáíûé øàã

tj+ 1
2

= tj + 0.5τ. Îáîçíà÷èì y
j+α

2

i1,i2
= yj+

α
2 = y(i1h1, i2h2, (j + 0.5α)τ), α = 1, 2,

ñåòî÷íóþ ôóíêöèþ.

Íàïèøåì ëîêàëüíî-îäíîìåðíóþ ñõåìó
εy

j+ 1
2−yj
τ = Λ1y

j+ 1
2 + 1

2ν2

j∑
j ′=0

e−
1
ν (tj−tj ′)yj+

1
2τ − 1

2νy
j+ 1

2 + ϕ1,

εy
j+1−yj+

1
2

τ = Λ2y
j+1 + 1

2ν2

j∑
j ′=0

e−
1
ν (tj−tj ′)yj+1τ − 1

2νy
j+1 + ϕ2,

(6.4)


y
j+ 1

2

0,i2
= κ11(i2h2, tj+ 1

2
)y
j+ 1

2

1,i2
+ µ11(i2h2, tj+ 1

2
),

y
j+ 1

2

N1,i2
= κ12(i2h2, tj+ 1

2
)y
j+ 1

2

N1−1,i2
+ µ12(i2h2, tj+ 1

2
),

y
j+ 1

2

i1,0
= κ21(i1h1, tj+1)y

j+1
i1,1

+ µ21(i1h1, tj+1),

yj+1
i1,N2

= κ22(i1h1, tj+1)y
j+1
i1,N2−1 + µ22(i1h1, tj+1),

(6.5)

y0
i1,i2

= u0(i1h1, i2, h2), (6.6)

Λky
j+α

p =
(
aαy

j+α
p

x̄α

)
xα
− dαyj+

α
p , α = 1, 2,

ϕα =
1

2ν

j∑
j ′=0

e−
1
ν (tj−tj ′)f j+

α
2 τ − e−tj+α

2

[(
y
j+α−1

2
x̄1x1

+ y
j+α−1

2
x̄2x2

)
− 1

ν
yj+

α−1
2

]
, p = 2,

Ïðèâåäåì ðàñ÷åòíûå ôîðìóëû äëÿ ðåøåíèÿ çàäà÷è (6.4)-(6.6).

Íà ïåðâîì ýòàïå íàõîäèì ðåøåíèå y
j+ 1

2

i1,i2
. Äëÿ ýòîãî ïðè êàæäîì çíà÷åíèè

i2 = 1, N2 − 1 ðåøàåòñÿ ñëåäóþùàÿ çàäà÷à:

A1(i1,i2)y
j+ 1

2

i1−1,i2
− C1(i1,i2)y

j+ 1
2

i1,i2
+B1(i1,i2)y

j+ 1
2

i1+1,i2
= −F j+ 1

2

1(i1,i2), 0 < i1 < N1, (6.7)

y
j+ 1

2

0,i2
= κ11(i2h2, tj+ 1

2
)y
j+ 1

2

1,i2
+ µ11(i2h2, tj+ 1

2
),

y
j+ 1

2

N1,i2
= κ12(i2h2, tj+ 1

2
)y
j+ 1

2

N1−1,i2
+ µ12(i2h2, tj+ 1

2
),
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ãäå

A1(i1,i2) =
(a1)i1,i2
h2

1

, B1(i1,i2) =
(a1)i1+1,i2

h2
1

,

C1(i1,i2) = A1(i1,i2) +B1(i1,i2) +
ε

τ
− τ

2ν2
+ d1(i1,i2) +

1

2ν
,

F
j+ 1

2

1(i1,i2) =
ε

τ
yji1,i2 +

1

2ν2

j−1∑
j ′=0

e−
1
ν (tj−tj ′)yj

′+ 1
2τ + ϕ1(i1,i2).

κ11(i2h2, tj+ 1
2
) =

(a1)1,i2

h1

(a1)1,i2

h1
− 0.5h1τ

2ν2 + 0.5h1d
j+ 1

2

−1,i2
+ 0.5h1

2ν + 0.5h1ε
τ

,

κ12(i2h2, tj+ 1
2
) =

(a1)N1,i2

h1

(a1)N1,i2

h1
− 0.5h1τ

2ν2 + 0.5h1d
j+ 1

2

+1,i2
+ 0.5h1

2ν + 0.5h1ε
τ

,

µ11(i2h2, tj+ 1
2
) =

µ̃−1(i2h2, tj+ 1
2
) + 0.5h1ε

τ yj0
(a1)1,i2

h1
− 0.5h1τ

2ν2 + 0.5h1d
j+ 1

2

−1,i2
+ 0.5h1

2ν + 0.5h1ε
τ

,

µ12(i2h2, tj+ 1
2
) =

µ̃+1(i2h2, tj+ 1
2
) + 0.5h1ε

τ yjN1

(a1)N1,i2

h1
− 0.5h1τ

2ν2 + 0.5h1d
j+ 1

2

+1,i2
+ 0.5h1

2ν + 0.5h1ε
τ

.

Äëÿ âû÷èñëåíèÿ ïðàâîé ÷àñòè ïðîãîíêè F
j+ 1

2

1(i1,i2) íà j + 1
2−ì ñëîå íåîá-

õîäèìî èñïîëüçîâàòü çíà÷åíèå èñêîìîé ôóíêöèè yji1,i2 ñî âñåõ ïðåäûäóùèõ

(íèæíèõ) ñëîåâ èç-çà ñëàãàåìîãî 1
2ν2

j∑
j ′=0

e−
1
ν (tj−tj ′)yj+

1
2τ , ÷òî çíà÷èòåëüíî óâå-

ëè÷èâàåò îáú¼ì âû÷èñëåíèé, äàæå ïðè ìàëûõ ðàçáèåíèÿõ ñåòêè. Âî èçáåæà-
íèÿ ýòîãî, â ðàáîòå ïðåäëàãàåòñÿ ðåêóððåíòíàÿ ôîðìóëà äëÿ áûñòðîãî ñ÷åòà â
ìíîãîìåðíîì ñëó÷àå, êîòîðàÿ ïîçâîëÿåò õðàíèòü íà ïðåäûäóùåì ñëîå çíà÷å-
íèå óêàçàííîé ñóììû, ÷òî ïî êîëè÷åñòâó îïåðàöèé íå óñòóïàåò äâóõñëîéíîé
ñõåìå.

Àïïðîêñèìèðóÿ 1
ν2

t∫
0

e−
1
ν (t−τ)u(x, τ)dτ ñóììîé

1
ν

pj+α∑
s=1

(
e
− 1
ν tj+α−s

p − e−
1
ν tj+α−s+1

p

)
u
s
p òàêèì îáðàçîì, ïðè p = 2 íà j + 1

2−ì ñëîå

ðåêóððåíòíàÿ ôîðìóëà äëÿ áûñòðîãî ñ÷åòà ïðèìåò âèä:

1

2
Sj+

1
2 =

1

2ν2

j∑
j ′=0

e−
1
ν (tj−tj ′)yj+

1
2τ =

1

2ν

2j∑
s=0

(
e−

1
ν tj− s2 − e−

1
ν tj+ 1−s

2

)
y
s
p =
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=

(
1− e− τ

2ν

)
ν

yj+
1
2 + e−

τ
2ν

1

2
Sj,

ãäå S0 = 0.

Íà âòîðîì ýòàïå íàõîäèì ðåøåíèå yj+1
i1,i2

. Äëÿ ýòîãî, êàê è â ïåðâîì ñëó÷àå,

ïðè êàæäîì çíà÷åíèè i1 = 1, N1 − 1 ðåøàåòñÿ çàäà÷à

A2(i1,i2)y
j+1
i1,i2−1 − C2(i1,i2)y

j+1
i1,i2

+B2(i1,i2)y
j+1
i1,i2+1 = −F j+1

2(i1,i2), 0 < i2 < N2, (6.8)

yj+1
i1,0

= κ21(i1h1, tj+1)y
j+1
i1,1

+ µ21(i1h1, tj+1),

yj+1
i1,N2

= κ22(i1h1, tj+1)y
j+1
i1,N2−1 + µ22(i1h1, tj+1),

A2(i1,i2) =
(a2)i1,i2
h2

2

, B2(i1,i2) =
(a2)i1,i2+1

h2
2

,

C2(i1,i2) = A2(i1,i2) +B2(i1,i2) +
ε

τ
− τ

2ν2
+ d2(i1,i2) +

1

2ν
,

F j+1
2(i1,i2) =

ε

τ
y
j+ 1

2

i1,i2
+

1

2ν2

j−1∑
j ′=0

e−
1
ν (tj−tj ′)yj

′+1τ + ϕ2(i1,i2).

κ21(i1h1, tj+1) =

(a2)i1,1
h2

(a2)i1,1
h1
− 0.5h2τ

2ν2 + 0.5h2d
j+1
−2,i1

+ 0.5h2

2ν + 0.5h2ε
τ

,

κ22(i1h1, tj+1) =

(a2)i1,N2

h2

(a2)i1,N2

h2
− 0.5h2τ

2ν2 + 0.5h2d
j+1
+2,i1

+ 0.5h2

2ν + 0.5h2ε
τ

,

µ21(i1h1, tj+1) =
µ̃−2(i1h1, tj+1) + 0.5h2ε

τ yj0
(a2)i1,1
h1
− 0.5h2τ

2ν2 + 0.5h2d
j+1
−2,i1

+ 0.5h2

2ν + 0.5h2ε
τ

,

µ22(i1h1, tj+1) =
µ̃+2(i1h1, tj+1) + 0.5h2ε

τ yjN2

(a2)i1,N2

h2
− 0.5h2τ

2ν2 + 0.5h2d
j+1
+2,i1

+ 0.5h2

2ν + 0.5h2ε
τ

.

Íà j + 1−ì ñëîå ðåêóððåíòíàÿ ôîðìóëà äëÿ áûñòðîãî ñ÷åòà èìååò âèä:

1

2
Sj+1 =

1

2ν2

j∑
j ′=0

e−
1
ν (tj−tj ′)yj+

1
2τ =

1

2ν

2j+1∑
s=0

(
e
− 1
ν tj− 1−s

2 − e−
1
ν tj+ 2−s

2

)
y
s
p =

=

(
1− e− τ

2ν

)
ν

yj+1 + e−
τ
2ν

1

2
Sj+

1
2 .

Êàæäàÿ èç çàäà÷ (6.7), (6.8) ðåøàåòñÿ ìåòîäîì ïðîãîíêè [26].
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Numerical methods for solving the second boundary value problem

for a multidimensional Sobolev type equation

M.KH. Beshtokov

Department of Computational Methods, Institute of Applied Mathematics and
Automation, Kabardino-Balkaria Scienti�c Center of the Russian Academy of

Sciences,
Department of Computational Methods, North-Caucasus Center for

Mathematical Research, North-Caucasus Federal University

Abstract. The second boundary value problem is investigated for a
multidimensional Sobolev-type di�erential equation with variable coe�cients. The
considered equation is reduced to an integro-di�erential equation of parabolic type
with a small parameter. For an approximate solution of the obtained problem, a
locally one-dimensional di�erence scheme is constructed. Using the method of
energy inequalities, an a priori estimate is obtained for the solution of a locally
one-dimensional di�erence scheme, which implies its stability and convergence.
For a two-dimensional problem, an algorithm is constructed for the numerical
solution of the second boundary value problem for a partial di�erential equation
of Sobolev type.

Keywords: boundary value problems, a priori estimate, integro-di�erential
equation, Sobolev type di�erential equation, locally one-dimensional scheme,
stability. convergence.
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