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Àííîòàöèÿ. Äîêàçàíî, ÷òî ëþáàÿ ýëëèïòè÷åñêàÿ ñèñòåìà óðàâíåíèé âòîðî-
ãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè ñ äâóìÿ èñêîìûìè ôóíêöèÿìè
îò äâóõ ïåðåìåííûõ ïðèâîäèòñÿ ê îäíîìó èç óðàâíåíèé Ëàïëàñà èëè Áèöàäçå
â êîìïëåêñíûõ ïåðåìåííûõ. Óðàâíåíèå Ëàïëàñà èçó÷åíî äîñòàòî÷íî õîðîøî,
÷åãî íåëüçÿ ñêàçàòü îá óðàâíåíèè Áèöàäçå. Â íàñòîÿùåé ðàáîòå óñòàíàâëèâà-
åòñÿ ñâÿçü ìåæäó óðàâíåíèÿìè Ñòîêñà è Áèöàäçå. Êðîìå òîãî, äëÿ óðàâíåíèÿ
Ñòîêñà-Áèöàäçå ñî ñâåðõñèíãóëÿðíîé òî÷êîé â ìëàäøèõ êîýôôèöèåíòàõ íàé-
äåíî ðåøåíèå çàäà÷è Ïóàíêàðå â êëàññàõ ôóíêöèé, óäîâëåòâîðÿþùèõ óñëî-
âèþ Ãåëüäåðà. Ïîñëå ñâåäåíèÿ çàäà÷è Ïóàíêàðå ê çàäà÷å Ðèìàíà-Ãèëüáåðòà
èññëåäóþòñÿ âîïðîñû åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Ïóàíêàðå è ïðåäñòàâ-
ëåíèÿ ðåøåíèÿ â âèäå ÿâíîé ôîðìóëû (â çàâèñèìîñòè îò èíäåêñà ýòîé çàäà-
÷è).

Êëþ÷åâûå ñëîâà: Ñòîêñà-Áèöàäçå óðàâíåíèÿ, çàäà÷à Ïóàíêàðå, çàäà÷à òè-
ïà Ðèìàíà�Ãèëüáåðòà, îïåðàòîð Ïîìïåéó-Âåêóà.

Ââåäåíèå

Â òåîðèè ýëëèïòè÷åñêèõ óðàâíåíèé ñèñòåìà óðàâíåíèé Áèöàäçå [1]:{
u1xx − u1yy − 2u2xy = 0,

2u1xy + u2xx − u2yy = 0,
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çàíèìàåò âàæíîå ìåñòî. Êàê èçâåñòíî, ëþáàÿ ýëëèïòè÷åñêàÿ ñèñòåìà óðàâ-
íåíèé âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè ñ äâóìÿ èñêîìûìè
ôóíêöèÿìè îò äâóõ ïåðåìåííûõ ïðèâîäèòñÿ ê îäíîìó èç êîìïëåêñíûõ óðàâ-
íåíèé {

uzz̄ = 0,

uz̄z̄ = 0,

ãäå u = u1 + iu2, 2∂z = ∂x + i∂y îïåðàòîð Êîøè-Ðèìàíà .

Óðàâíåíèå uzz̄ = 0 õîðîøî èçó÷åíî, ÷åãî íåëüçÿ ñêàçàòü îá óðàâíåíèè
Áèöàäçå. Êàê ñëåäóåò èç ðàáîò Áî÷åâà Ï.Á. [2] è Ì. Òàõèðà è À. Äýâèñ [3],
óðàâíåíèå Áèöàäçå íåïîñðåäñòâåííî ñâÿçàíî ñ óðàâíåíèåì Ñòîêñà. Ñîãëàñíî
[3] ïëîñêèé ñëó÷àé óðàâíåíèÿ Ñòîêñà, êîòîðûé áàçèðóåòñÿ íà ôóíêöèè ïîòîêà
u1(x, y) è ôóíêöèè íàïðÿæåíèÿ u2(x, y) , èìååò âèä

u1xx − u1yy = −4ηu2xy,

−u1xy = η(u2yy − u2xx),

ãäå η - ïîñòîÿííàÿ. Ïîäñòàíîâêà 2ηu2 → u2 ïåðåâîäèò ýòó ñèñòåìó â ñèñòåìó
óðàâíåíèé Áèöàäçå.

Íåêîòîðûå ôàêòû èç ðàáîò [2], [3] î ñâåäåíèè óðàâíåíèÿ Ñòîêñà â ïëîñêîì
ñëó÷àå ê óðàâíåíèþ Áèöàäçå ìû ïðèâîäèì íèæå. Àâòîðàìè ðàáîòû [3] òàêæå
ðàññìîòðåíû íåêîòîðûå êðàåâûå çàäà÷è. Ââîäÿ ìàòðèöû

A =

(
1 0

0 1

)
, B =

(
0 1

−1 0

)
, C = −A =

(
−1 0

0 −1

)
, u =

(
u1

u2

)
,

âûøåïðèâåäåííóþ ñèñòåìó óðàâíåíèé Áèöàäçå ìîæíî ïðåäñòàâèòü â ìàòðè÷-
íîé ôîðìå

Auxx + 2Buxy + Cuyy = 0. (1)

Â ðàáîòå [4] äëÿ óðàâíåíèÿ Ñòîêñà-Áèöàäçå ðåøåíèå çàäà÷è Ïóàíêàðå

p1ux + p2uy + qu = g(x, y), (x, y) ∈ Γ (2)

ãäå p1, p2, q äåéñòâèòåëüíîçíà÷íûå ìàòðè÷íûå ôóíêöèè ñ ðàçìåðíîñòüþ 2×2
è g(x, y) äåéñòâèòåëüíîçíà÷íûé âåêòîð çàäàííûé íà êîíòóðå Γ, íàõîäèòñÿ èç
êëàññà C4(D). Ïîêàçàíà åäèíñòâåííîñòü ðåøåíèÿ ñèñòåìû óðàâíåíèé Áèöàä-
çå (1) ñ êðàåâîé çàäà÷åé (2), èìåþùåé ÷åòûðå äîïîëíèòåëüíûõ îäíîòî÷å÷íûå
óñëîâèÿ. Àâòîð òàêæå ïîêàçûâàåò ñïîñîá ïîñòðîåíèÿ ðåøåíèÿ, íî ÿâíîãî âèäà
íå ïðèâîäèò.
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Íåêîòîðûå êðàåâûå çàäà÷è äëÿ êîìïëåêñíûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà â êîëüöåâîé îáëàñòè áûëè ðàñ-
ñìîòðåíû T. Vaitekhovich [5]. Çàìåòèì,÷òî âíóòðè åäèíè÷íîãî êðóãà êðàåâàÿ
çàäà÷à äëÿ óðàâíåíèÿ Áèöàäçå ðàññìîòðåíà À. Áàáàÿíîì. Èì áûëî äîêàçàíî,
÷òî îíà ÿâëÿåòñÿ í¼òåðîâîé. Íåêîòîðûå êðàåâûå çàäà÷è òàêæå ðàññìîòðåíû
â ðàáîòàõ Á.Á.Îøîðîâà [10], S.Hizliyel è M. Cagliyan[11] è äð.

1. Ïîñòàíîâêà çàäà÷è Ïóàíêàðå (çàäà÷à P). Â íàñòîÿùåé ðàáîòå
ðàññìàòðèâàåòñÿ óðàâíåíèå

Auxx + 2Buxy + Cuyy +
a

2rn
ux +

b

2rn
uy + cu = f, (3)

ñ ìàòðè÷íûìè ìëàäøèìè êîýôôèöèåíòàìè

a =

(
−Re(eiαa0)− rnϕ1 −Im(eiαa0)− rnϕ2

Im(eiαa0) + rnϕ2 Re(eiαa0) + rnϕ1

)
,

b =

(
Im(eiαa0) + rnϕ1 −Re(eiαa0)− rnϕ2

Re(eiαa0) + rnϕ2 Im(eiαa0) + rnϕ1

)
, f =

(
f1

f2

)
,

è ìàòðèöà c = (cij), i, j = 1, 2 ñ ýëåìåíòàìè c11 = ϕ1Re(eiαa0)−ϕ2Im(eiαa0)+
(ϕ2

1 − ϕ2
2)|z|n−1, c22 = ϕ2Re(eiαa0) + ϕ1Im(eiαa0) + 2ϕ1ϕ2|z|n−1, c12 = c21 = 0,

ïðè÷åì, ãäå a0 ∈ C(D), ϕ(z) = ϕ1(x, y) + iϕ2(x, y) - àíàëèòè÷åñêàÿ ôóíêöèÿ,
z = reiα è ñ ïðàâîé ÷àñòüþ f ∈ C(D). Ñëåäîâàòåëüíî, 2 × 2 ìàòðè÷íûå
êîýôôèöèåíòû a, b, c ∈ C(D).

Ïîä ðåøåíèåì óðàâíåíèÿ (3) ïîíèìàåòñÿ ôóíêöèÿ u , ïðèíàäëåæàùàÿ
ñîáîëåâñêîìó ïðîñòðàíñòâó W 1,p(D ∩ |z| > ε}) ïðè ëþáîì ε > 0 è óäîâëå-
òâîðÿþùàÿ óðàâíåíèþ (3) â îáîáùåííîì ñìûñëå.

Äëÿ ýòîãî óðàâíåíèÿ â êëàññå Cµ(D), 0 < µ < 1− 2/p, p > 2 ñòàâèòñÿ
ñëåäóþùàÿ çàäà÷à Ïóàíêàðå.

Çàäà÷à P. Íàéòè ðåøåíèå óðàâíåíèÿ (3) â êëàññå

u, p1ux + p2uy + qu ∈ Cµ(D), 0 < µ < 1− 2/p, p > 2,

óäîâëåòâîðÿþùåå íà Γ ãðàíè÷íîìó óñëîâèþ (2), ãäå p1, p2, q, g ∈ Cµ(Γ),
ïðè÷åì

p1 =
1

2

(
0 0

G0
2 −G1

2

)
, p2 =

1

2

(
0 0

−G1
2 G0

2

)
,

q =

(
G0

1 −G1
1

−G0
2ϕ1 +G1

2ϕ2 −G0
2ϕ2 +G1

2ϕ1

)
, g =

(
g1

eωg2

)
, u =

(
u1

u2

)
,
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pj, j = 1, 2, q, äåéñòâèòåëüíîçíà÷íûå ìàòðè÷íûå ôóíêöèè ðàçìåðíî-
ñòè 2× 2 , è g(x, y) äåéñòâèòåëüíîçíà÷íûé âåêòîð, çàäàííûé íà êîíòóðå
Γ.

Çàìåòèì, ÷òî Gk = G0
k + iG1

k, g = g1 + ig2.

Òàê êàê ýòó çàäà÷ó ìû ðåøàåì ñâåäåíèåì ê çàäà÷å Ðèìàíà�Ãèëüáåðòà,
ïðèâîäèì íåêîòîðûå óòâåðæäåíèÿ èç êëàññè÷åñêîé òåîðèè.

2. Êëàññè÷åñêàÿ çàäà÷à Ðèìàíà�Ãèëüáåðòà. Ïðåäâàðèòåëüíî íà-
ïîìíèì õîðîøî èçâåñòíûå ðåçóëüòàòû îòíîñèòåëüíî êëàññè÷åñêîé çàäà÷è
Ðèìàíà� Ãèëüáåðòà, ïîëó÷åííûå â ìîíîãðàôèÿõ Í.È. Ìóñõåëèøâèëè[7] è
À.Ï. Ñîëäàòîâà [8]: íàéòè àíàëèòè÷åñêóþ â îáëàñòè D ôóíêöèþ φ(z), êîòî-
ðàÿ íà ãðàíèöå Γ = ∂D óäîâëåòâîðÿåò óñëîâèþ

ReGφ
∣∣
Γ

= g, (4)

ãäå ôóíêöèÿ G = α + iβ ∈ Cν(Γ) âñþäó îòëè÷íà îò íóëÿ . Åñëè g(z) ≡ 0,
òî çàäà÷à Ðèìàíà�Ãèëüáåðòà íàçûâàåòñÿ îäíîðîäíîé; â ïðîòèâíîì ñëó÷àå åå
íàçûâàþò íåîäíîðîäíîé. Â äàëüíåéøèì, ìû âîñïîëüçóåìñÿ êîìïàêòíûì èç-
ëîæåíèåì À.Ï. Ñîëäàòîâà îòíîñèòåëüíî ðåøåíèÿ çàäà÷à Ðèìàíà-Ãèëüáåðòà.

Â äàëüíåéøåì ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèÿ G(t) 6= 0 âñþäó íà Γ . Â
äàííîì ðàçäåëå ýòó çàäà÷ó ðàññìîòðèì äëÿ îäíîñâÿçíîé îáëàñòè D , îãðà-
íè÷åííîé ïðîñòûì êîíòóðîì Γ . Â ñëó÷àÿ, êîãäà îáëàñòü D ÿâëÿåòñÿ åäè-
íè÷íûì êðóãîì, çàäà÷à (4) ëåãêî ñâîäèòñÿ ê çàäà÷å ëèíåéíîãî ñîïðÿæåíèÿ è,
ñëåäîâàòåëüíî, äîïóñêàåò ýôôåêòèâíîå ðåøåíèå. C ýòîé öåëüþ ôóíêöèþ φ
ïðîäîëæèì â îáëàñòü D′ = {|z| > 1} , ïîëàãàÿ

φ(z) = φ(1/z̄), |z| > 1.

Î÷åâèäíî, òàê ïðîäîëæåííàÿ ôóíêöèÿ áóäåò àíàëèòè÷åñêîé â C\Γ = D∪D′
êëàññà Cµ

0 (D∨D′) . Îíà óäîâëåòâîðÿåò óñëîâèþ φ = φ∗ , ãäå φ∗ îïðåäåëÿåòñÿ
ñ ïîìîùüþ èíâåðñèè

φ∗(z) = φ(1/z) (5)

Îïåðàöèÿ φ → φ∗ ÿâëÿåòñÿ ëèíåéíîé íàä ïîëåì R è èíâîëþòèâíîé, ò.å.
(φ∗)∗ = φ . Èç îïðåäåëåíèÿ (5) ñëåäóåò, ÷òî

φ±∗ (t) = φ∓, t ∈ Γ. (6)

Â ÷àñòíîñòè, êðàåâîå óñëîâèå (4) äëÿ òàê ïðîäîëæåííîé ôóíêöèè φ ïåðåïè-
øåòñÿ â ôîðìå:

Gφ+ +Gφ− = 2g. (7)
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Âåðíî è îáðàòíîå: åñëè φ ∈ Cµ
0 (D ∨D′) åñòü ðåøåíèå ýòîé çàäà÷è ëèíåéíîãî

ñîïðÿæåíèÿ, ïîä÷èíåííîå äîïîëíèòåëüíîìó òðåáîâàíèþ φ = φ∗ , òî ñóæåíèå
φ íà D ñëóæèò ðåøåíèåì çàäà÷è (4).

Î÷åâèäíî, çàäà÷ó (7) ìû ìîæåì ïðåäñòàâèòü â ôîðìå (4) ïî îòíîøåíèþ
ê êîýôôèöèåíòó G̃ = −G/G . Èìååò ìåñòî ñëåäóþùàÿ ëåììà.

Ëåììà 1. Ïóñòü æ = IndΓG , òàê ÷òî ôóíêöèÿ a(t) = argG(t) −
æ arg t ∈ Cµ(Γ) , è ïóñòü

R(z) =

{
1, |z| < 1,

z2æ, |z| > 1,
H(z) =

1

2π

∫
Γ

π − 2a(t)

t− z
dt. (8)

Òîãäà ôóíêöèÿ
X(z) = R(z)eH(z)−H(0)/2 (9)

ÿâëÿåòñÿ G̃ -êàíîíè÷åñêîé è îáëàäàåò ñâîéñòâîì

X∗(z) = X(z)z−2æ. (10)

Äîêàçàòåëüñòâî.

Â êëàññå ìíîãî÷ëåíîâ Pn ââåäåì îïåðàöèþ

p̂(z) = znp∗(z), (11)

êîòîðàÿ äåéñòâóåò ïî ôîðìóëå (c0 + c1z+ . . .+ cnz
n)∧ = cn+ cn−1z+ . . .+ c0z

n

è, î÷åâèäíî, èíâîëþòèâíà: (p̂)∧ = p .

Èç (10) è îïðåäåëåíèÿ (11) íåïîñðåäñòâåííî ñëåäóåò, ÷òî

(Xp)∗ = Xp̂, p ∈ P−2æ. (12)

Óòâåðæäàåòñÿ, ÷òî íà åäèíè÷íîé îêðóæíîñòè èìååò ìåñòî ñîîòíîøåíèå[
tp(t)

G(t)X+(t)

]
= − tq̂(t)

G(t)X+(t)
, q ∈ P2æ−2, t ∈ Γ. (13)

Îáðàòèìñÿ ê èñõîäíîé çàäà÷å (4) è ðàññìîòðèì êëàññ P 0
n = {p ∈ Pn, p̂ = p} .

Î÷åâèäíî, ëþáîé ýëåìåíò p ∈ Pn åäèíñòâåííûì îáðàçîì ïðåäñòàâèì â âèäå
p = p0 + ip1 , ãäå p1 ∈ P 0

n , òàê ÷òî R - ëèíåéíîå ïîäïðîñòðàíñòâî P 0
n ⊆ Pn

èìååò ðàçìåðíîñòü n+ 1 .

Òåîðåìà 1. Â óñëîâèÿõ ëåììû 1 âñå ðåøåíèÿ çàäà÷è (4) â êëàññå Cµ(D)
îïèñûâàþòñÿ ôîðìóëîé

φ(z) =
X(z)

πi

∫
Γ

g(t)

G(t)X+(t)

dt

t− z
+X(z)p(z), p ∈ P 0

−2æ, (14)
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ãäå ôóíêöèÿ g óäîâëåòâîðÿåò óñëîâèÿì îðòîãîíàëüíîñòè∫
Γ

g(t)

G(t)X+(t)
q(t)dt = 0, q ∈ P 0

2æ−2. (15)

Î÷åâèäíî, ïðè æ ≤ 0 ðàçìåðíîñòü ïðîñòðàíñòâà P 0
−2æ íàä ïîëåì R ðàâíà

−2æ + 1 . Àíàëîãè÷íî ïðè æ ≥ 0 ðàçìåðíîñòü ïðîñòðàíñòâà P 0
2æ−2 ðàâíà

2æ − 1 . Âî âñåõ ñëó÷àÿõ èíäåêñ çàäà÷è (4) ðàâåí −2æ + 1 è, â ÷àñòíîñòè,
âñåãäà îòëè÷åí îò íóëÿ.

Îáðàòèìñÿ ê îáùåìó ñëó÷àþ îäíîñâÿçíîé îáëàñòè D . Ïóñòü ïðîñòîé êîí-
òóð Γ = ∂D ïðèíàäëåæèò êëàññó C1,µ , òîãäà ïî òåîðåìå Êåëëîãà êîíôîðì-
íîå îòîáðàæåíèå w = ω(z) ýòîé îáëàñòè íà åäèíè÷íûé êðóã D0 ïðèíàä-
ëåæèò êëàññó C1,µ(D) èëè, ÷òî ðàâíîñèëüíî, åãî ïðîèçâîäíàÿ ω′ ∈ Cµ(D) .
Çàôèêñèðóåì òî÷êó z0 ∈ D , òàêóþ ÷òî ω(z0) = 0 .

Òåîðåìà 2 Ïóñòü æ = IndΓG , òàê ÷òî ôóíêöèÿ a(t) = argG(t) −
æ arg t ∈ Cµ(Γ) , è ïóñòü X(z) = eA(z) , ãäå ôóíêöèÿ A ∈ Cµ(D) îïðåäåëÿ-
åòñÿ êàê ðåøåíèå çàäà÷è Äèðèõëå

ImA+ =
π

2
− a, ReA(z0) = − 1

2π

∫
Γ

a(t)|ω′(t)|d1t. (16)

Òîãäà âñå ðåøåíèÿ çàäà÷è (4) â êëàññå Cµ(D) îïèñûâàþòñÿ ôîðìóëîé

φ(z) =
X(z)

πi

∫
Γ

f(t)

G(t)X+(t)

ω′(t)dt

ω(t)− ω(z)
+X(z)p[ω(z)], p ∈ P 0

−2æ, (17)

ãäå ôóíêöèÿ f óäîâëåòâîðÿåò óñëîâèÿì îðòîãîíàëüíîñòè∫
Γ

f(t)

G(t)X+(t)
q[ω(t)]ω′(t)dt = 0, q ∈ P 0

2æ−2. (18)

3. Ðåøåíèå çàäà÷è P. Èç èçëîæåííîãî âûøå ñëåäóåò, ÷òî óðàâíåíèå
(3) óäîáíî ñâåñòè ê êîìïëåêñíîçíà÷íîé ôîðìå ñ ïðèìåíåíèåì îáîçíà÷åíèé
u(z) = u1(x, y) + iu2(x, y), 2 ∂z = ∂x + i∂y, f1(x, y) + if2(x, y) = f(z). Â
ðåçóëüòàòå, ïîëó÷èì óðàâíåíèå

uz̄z̄ +
a0

ρ
uz̄ + b0u = f (19)

ãäå
ρ(z) = z̄|z|n−1, n > 1

ñ êîýôôèöèåíòàìè a0 ∈ C(D) è

b0 = −(
a0

ρ
ϕ+ ϕ2)
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è íåêîòîðîé ôóíêöèåé ϕ(z) ∈ C(D) , àíàëèòè÷åñêîé â îáëàñòè D.

Àíàëîãè÷íûì îáðàçîì ãðàíè÷íîå óñëîâèå (2) çàäà÷è Ïóàíêàðå ïðåîáðà-
çóåòñÿ â óñëîâèå êðàåâîé çàäà÷è òèïà Ðèìàíà� Ãèëüáåðòà

G1u
∣∣
Γ

= g1, G2e
−ω(uz̄ − ϕu)

∣∣
Γ

= g2, (20)

ãäå ôóíêöèè Gk, gk ∈ Cν(Γ) , ïðè÷åì G1 è G2 âñþäó îòëè÷íû îò íóëÿ. Çà-
ìåòèì, ÷òî

Gk = G0
k + iG1

k, k = 1, 2.

Äëÿ ðåøåíèÿ çàäà÷è (19),(20) âîñïîëüçóåìñÿ èíòåãðàëüíûì îïåðàòîðîì
Ïîìïåéó- Âåêóà ([6], ñ.31)

(Tf)(z) = −1

π

∫
G

f(ζ)d2ζ

ζ − z
, (21)

ãäå çäåñü è íèæå d2ζ îáîçíà÷àåò ýëåìåíò ïëîùàäè. Åñëè f ∈ Lp(D), p > 2 ,
òî ôóíêöèÿ U = Tf ïðèíàäëåæèò ñîáîëåâñêîìó ïðîñòðàíñòâó W 1,p(D) è
óäîâëåòâîðÿåò óðàâíåíèþ Uz̄ = f , ïðè÷åì îïåðàòîð T îãðàíè÷åí

Lp(D)→ W 1,p(D)

.

Äëÿ êîýôôèöèåíòà ïðè uz̄ , ôèãóðèðóþùåãî â (19 ), îòìåòèì ñëåäóþùèé
ðåçóëüòàò [9].

Òåîðåìà 3. Ïóñòü

A =
a0

ρ
, A0(z) =

a0(z)− a0(0)

ρ
.

Åñëè A0(z) ∈ Lp(D), òîãäà ôóíêöèÿ TA ñóùåñòâóåò, óäîâëåòâîðÿåò
óðàâíåíèþ (TA)z̄ = A â îáëàñòè D0 è ïðåäñòàâèìà â âèäå (TA)(z) =
−a0(0)ω + h(z), ãäå ïîëîæåíî

ω =
2

(n− 1)|z|n−1
; h(z) = (TA0)(z) +

1

πi

a0(0)

(n− 1)

∫
∂D

1

|ζ|n−1

dζ

ζ − z
.

Òåîðåìà 4. Ïóñòü A0(z) ∈ Lp(D) è Re a0(0) ≤ 0 . Òîãäà ïðè e−a0(0)ωf ∈
Lp(D) ëþáîå ðåøåíèå u óðàâíåíèÿ (19) â îáëàñòè D0 , äëÿ êîòîðîãî

U = uz̄ − ϕu ∈ Lp(D),

äàåòñÿ ôîðìóëîé

u = eTϕφ1 + (eTϕTe−TA−2Tϕ)φ2 + (eTϕTe−TA−2TϕTeTA+Tϕ)f, (22)
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ãäå ôóíêöèè φ1, φ2 àíàëèòè÷íû â îáëàñòè D0 , ïðè÷åì ea0(0)ωφ2 ∈ Lp(D) , è
îïðåäåëÿþòñÿ îäíîçíà÷íî ïî u .

Òåïåðü ðàññìîòðèì çàäà÷ó Ðèìàíà- Ãèëüáåðòà (31) äëÿ óðàâíåíèå Áèöàä-
çå (19). Ïîñëå íåêîòîðûõ ïåðåîáðàçîâàíèé ïðèõîäèì ê êëàññè÷åñêîé çàäà÷å
Ðèìàíà� Ãèëüáåðòà [7] äëÿ àíàëèòè÷åñêèõ ôóíêöèé φ1, φ2 :

G̃kφk

∣∣
Γ

= g̃k, k = 1, 2, (23)

ãäå ôóíêöèè G̃1 = G1e
−Tϕ−h, G̃2 = G2e

Tϕ, g̃j = g̃j(gj, f) , ïðè÷åì Gj ∈
Cν(Γ) âñþäó îòëè÷íà îò íóëÿ. Ïóñòü êîíòóð Γ ïðèíàäëåæèò êëàññó C1,ν è
ôóíêöèÿ ζ = α(z) îñóùåñòâëÿåò êîíôîðìíîå îòîáðàæåíèå îáëàñòè D íà
åäèíè÷íûé êðóã |ζ| < 1 . Òîãäà ïî òåîðåìå Êåëëîãà [7] ýòà ôóíêöèÿ ïðèíàä-
ëåæèò êëàññó C1,ν(D) . Ñ÷èòàÿ êîíòóð Γ îðèåíòèðîâàííûì ïðîòèâ ÷àñîâîé
ñòðåëêè, ââåäåì èíäåêñ Êîøè

æk =
1

2π
argGk

∣∣
Γ

=
1

2π
arg G̃k

∣∣
Γ
, k = 1, 2.

Èñïîëüçóÿ òåîðåìó 2 äëÿ êëàññè÷åñêîé çàäà÷è Ðèìàíà� Ãèëüáåðòà ñôîð-
ìóëèðóåì ðåçóëüòàò îòíîñèòåëüíî çàäà÷è (23).

Òåîðåìà 5. Ïóñòü

æk = IndΓGk, k = 1, 2

, òàê ÷òî ôóíêöèÿ

ak(t) = argGk(t)− æk arg t ∈ Cµ(Γ)

, è ïóñòü Xk(z) = eAk(z) , ãäå ôóíêöèÿ Ak ∈ Cµ(D) îïðåäåëÿåòñÿ êàê ðåøå-
íèå çàäà÷è Äèðèõëå ImA+

k = π
2 −ak, ReAk(z0) = − 1

2π

∫
Γ ak(t)|ω

′(t)|d1t, k =
1, 2.

Òîãäà âñå ðåøåíèÿ çàäà÷è (23) â êëàññå Cµ(D) îïèñûâàþòñÿ ôîðìóëîé

φk(z) =
X(z)

πi

∫
Γ

gk(t)

Gk(t)X
+
k (t)

ω′(t)dt

ω(t)− ω(z)
+Xk(z)p[ω(z)], p ∈ P 0

−2æk
, k = 1, 2

(24)
ãäå ôóíêöèÿ gk óäîâëåòâîðÿåò óñëîâèÿì îðòîãîíàëüíîñòè∫

Γ

gk(t)

Gk(t)X
+
k (t)

q̃[ω(t)]ω′(t)dt = 0, q̃ ∈ P 0
2æk−2, k = 1, 2. (25)

Òåîðåìà 6. Ïóñòü æk = IndΓGk < 0, k = 1, 2 è â çàäà÷å (P) ôóíêöèè

pj, j = 1, 2, q, g ∈ Cµ(Γ), µ = 1− 2

p
, p > 2
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è âûïîëíÿþòñÿ óñëîâèÿ òåîðåì 3,4, à òàêæå óñëîâèÿ ðàçðåøèìîñòè (25).

Òîãäà çàäà÷à Ïóàíêàðå (P) äëÿ óðàâíåíèÿ (14), ò.å. çàäà÷à (14), (P) â
êëàññå Cµ(D), 0 < µ < 1 − 2/p èìååò åäèíñòâåííîå ðåøåíèå, êîòîðîå
äàåòñÿ ôîðìóëîé (22), â êîòîðîì ïðîèçâîëüíûå àíàëèòè÷åñêèå ôóíêöèè
φk, k = 1, 2 îïðåäåëÿþòñÿ ôîðìóëàìè (24).
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Poincare problem for the Stokes-Bitsadze equation with
supersingular point in the junior coe�cients

Fedorov Y.S.
National Research University MPEI

FedorovYS@mpei.ru

Abstract. It is proved that any elliptic system of second order equations with
constant coe�cients and two functions from two variables is reduced to one of
the Laplace or Bitsadze equations in complex variables. The Laplace equation has
been studied well enough, which cannot be said about the Bitsadze equation. This
paper establishes the relationship between the Stokes and Bitsadze equations. In
addition, for the Stokes-Bitsadze equation with a supersingular point in junior
coe�cients the solution of the Poincare problem in the classes of functions
satisfying the Gelder condition is found. After reducing the Poincare problem to
the Riemann-Hilbert problem the singularity of the solution of Poincare's problem
and representation of the solution by an explicit form (depending on the index of
the problem) are investigated

Keywords: Stokes-Bitsadze equations, Poincare problem, Riemann-Hilbert type
problem, Pompeiu-Vekua operator.
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