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Abstract. The article is devoted to a new approach to the series expansion
of iterated Stratonovich stochastic integrals with respect to components of the
multidimensional Wiener process. This approach is based on multiple Fourier—
Legendre series and multiple trigonometric Fourier series. The theorem on the
mean-square convergent expansion for the iterated Stratonovich stochastic in-
tegrals of arbitrary multiplicity is formulated and proved under the condition
of convergence of trace series. This condition has been verified for integrals of
multiplicities 1 to 5 and complete orthonormal systems of Legendre polynomi-
als and trigonometric functions in Hilbert space. The Hu—Meyer formula and
multiple Wiener stochastic integral were used in the proof of the mentioned
theorem. The rate of mean-square convergence of the obtained expansions is
found. The results of the article can be applied to the numerical integration of
Ito stochastic differential equations with non-commutative noise in the frame-
work of the approach based on the Taylor—Stratonovich expansion.
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1 Introduction

Let (92, F, P) be a complete probability space, let {F;,¢ € [0,T]} be a non-
decreasing right-continous family of o-algebras of F, and let w; be a stan-
dard m-dimensional Wiener stochastic process, which is Fy-measurable for any

t € [0,7]. We assume that the components WEZ) (¢ =1,...,m) of this process

Electronic Journal. http://diffjournal.spbu.ru/ 84



Differential Equations and Control Processes, N. 2, 2022

are independent. Consider an It stochastic differential equation (SDE) in the
integral form

t t

X = X0 + /a(XT,T)dT+ /B(XT,T)dWT, x) =x(0,w), weQ. (1)
0 0

Here x; is some n-dimensional stochastic process satisfying the equation ().
The nonrandom functions a : R” x [0,7] — R", B : R" x [0,T] — R™™ guar-
antee the existence and uniqueness up to stochastic equivalence of a solution
of the equation () [I]. The second integral on the right-hand side of () is
interpreted as the Ito stochastic integral. Let xy be an n-dimensional random
variable, which is Fy-measurable and M{ \Xo\z} < o0 (M denotes a mathematical
expectation). We assume that xy and w; — wq are independent when ¢ > 0.

It is well known [2]-[5] that It6 SDEs are adequate mathematical models of
dynamic systems of various physical nature under the influence of random dis-
turbances. One of the effective approaches to the numerical integration of Ito
SDEs is an approach based on the Taylor-It6 and Taylor—Stratonovich expan-
sions [2]-[13]. The most important feature of such expansions is a presence in
them of the so-called iterated It6 and Stratonovich stochastic integrals, which
play the key role for solving the problem of numerical integration of Ito SDEs
and have the following form

J Zl ) /¢k tk /¢1 tl th . th ), (2)
«T «
JH )i / () / r(t)dw™ . dw®), (3)
where 11(7),...,%,(7) are nonrandom functions on [t,T], w!” (1=1,...,m)
are independent standard Wiener processes and Wﬁo) =7T,01,...,2, =0, 1, ...,

m,

*
/ and /
denote It6 and Stratonovich stochastic integrals, respectively.

Note that ¢y(t7) =1 (I =1,...,k) and 41,...,9 = 0,1,...,m in the clas-
sical Taylor-Ito and Taylor—Stratonovich expansions [2]-[8]. At the same time
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Y(ir)=@t—-7)2(U=1,....k, ¢1,...,qo=0,1,...) and 41,...,ip = 1,...,m
in the unified Taylor—Ito and Taylor—Stratonovich expansions [9], [10] (also see
[11]-13]).

Effective solution of the problem of mean-square approximation of iterated
Stratonovich stochastic integrals (8)) based on multiple Fourier—Legendre series
and multiple trigonometric Fourier series composes the subject of the article.

Note that another approaches to the mean-square approximation of the
iterated It6 and Stratonovich stochastic integrals (2]) and (3)) can be found in
[2)-5], [14]-[31].

2 Expansion of Iterated Itd6 Stochastic Integrals of Ar-
bitrary Multiplicity k£ (k € N) Based on Generalized

Multiple Fourier Series Converging in the Mean

The results of this section are auxiliary to the proof of the main result of this
article (see Theorem 7 below).

Suppose that ¥1(7), ..., (1) € Lo([t, T]). Define the following function on
the hypercube [t, T]*

P(ty) .. r(ty), for tp <...<ty
K(tla"'7tk) - , (4)

0, otherwise

where t1,... &, € [t,T] (k> 2), and K(t1) = ¢1(t1) for t; € [t, T].

Assume that {¢;(7)}32, is a complete orthonormal system of functions in
the space Lo([t, T]). It is well known that the generalized multiple Fourier series
of K(t,...,t) € Lo([t, T]%) is converging to K(ty,...,t;) in the hypercube
t, T]* in the mean-square sense, i.e.

P1

Pk k
K(t,ote) =Y > Chg [ o)
=1

Jj1=0 Jk=0

=0,
Ly([t,TT%)

k
Cp s = / Kty te) [ on(t)dts .. dt, (5)
=1

[t, 1]
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is the Fourier coefficient,

1/2

1 /f2t1,-.- Odty - dty

Consider the partition {Tj}év:o of [t, T] such that

t=1<...<tv=T, Ayv= max A7; =0 if N =00, A7j=7Tj11—7;
0<j<N-1

(6)

Theorem 1 [11] (2006), [12]-[13], [32]-[52]. Suppose that every (T) (I=1, ...,

k) is a continuous nonrandom function on [t,T] and {¢;(x)}32, is a complete

orthonormal system of continuous functions in the space Lo([t,T]). Then

T (1) _ 1i T (010 )P1 Dk
™7 o Am, T :
where
D1 Dk k
TPlgy " =3 > G (H G
j1=0  jx=0 =1
= Lm0 gp(n)Aw) @k(nkmw&i“), (7)
(ll ..... lk)eGk
i1, i = 0,1,...,m, Lim. is a limit in the mean-square sense, J[w(k)]%t'"ik)

is defined by ([2),
Gk:Hk\Lk, Hk:{(ll,...,lk) : ll,...,lk:O, 1,...,N—1},

Lk:{(ll,...,lk)i li,..., =0, 1,..., N—1; lg%l (gsér) g,r=1,. k}’

T
(= [ ¢i(r)dw!?)
")

are independent standard Gaussian random variables for various i or j (in the
case when i # 0), Cj,.j, is the Fourier coefficient (bl), AWS—? = W%)H — W%)
(1=0,1,...,m), {Tj}jvzo is a partition of the interval [t,T), which satisfies the
condition ().
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Let us consider the transformed particular cases of Theorem 1 (see () for
k=1,...,5 [1I] (the cases k = 6,7 and the case of an arbitrary k (k € N) can
be found in [12]-[13], [32]-[52])

Tz = Lim. Z@lcﬁ , (8)
J1=0
J[w ]mz :p}ll?zr—I}oo ZOZO%< i S — Hi=izoy 1 Jz}> (9)
J1 J2

b1 P2 P3
leQ’L : (Z )
Ty ] Y= n L'le?hoo Z Z Z Clisgoin ( g Jz CJ33

J1=0 j2=0 j3=0

_1{2'122'2750}1{3'123'2}6](';3) o 1{2'2:2'3750}1{3'223'3}@('121) - 1{2'12'3750}1{3'1]'3}(:](;2))7 (10)

.....

—1g =20y Ly, 32}@3 C34 — L —iz0y 1 JS}Cjz Cy4
— L =i, z01 15, 34}C32 CJ3 o Lii,—ig201 15, 33}CJ Cy4)
~Lmioy G G = Loy LG+

L =i20y L=} Lis=iaz0} L a=ja} T Lin=iaz0y Liji=is} Lin=ia0} Lgo=ja) +

+ 1{i1=i4750} 1{j1=j4} 1{1'222'3750} 1{j2j3}> ) (1 1)

JW@]%{ ) = llpgloo Z Z Cis...in (H Cj

..... P
it} L= G G G = Loy L G G G -

Lz L G GG = Lo =i G G G —
iy L G G = Lmiio =i GG G —

1) (i5)

iz) ~(i iz)
—Li,=is 20 1), JS}le st C]4 — Lm0y 15 J4}CJ Cyz st
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—Lgi—isz0) 1{j3:j5}CJ(fl)CJ(;2)CJ('M) — Lgi,—is20) 1{]_4:]_5}@(_111)@(222)@(23) +

+L im0y Lo ity Lismiat G+ Lozl Limin Lismiviot L gsmint G+
+L im0y Lo L iamioro) Lzt G+ Linmisror Limin Linminiot L gamint G+
+ 145,20 L 1=y Liiamin0) Lot G+ Liinmisior L=y Liismisoy Lgimin G+
+L im0y L= L inmisro) Liamint G+ Linmioior Limin Linmiviot L gimint G+
+L im0y L= L ismioro) Lismint G+ Linmiosor Limio Linmisiot L gamint G+
im0y Lo L inmiso) Liamin G+ Linmioior Limio isminio L gimint G+

+1{i2=i3750} 1{j2=j3} 1{1'422'5750} 1{3'423'5}@('1“) + 1{1'222'4750} 1{j2=j4} 1{i3=i5750} 1{j3=j5}cj('1ll) +

+ 1{2'221'57&0} 1{j2:j5} 1{1'322'47&0} 1{1'31'4}(](;1)) ) (12)

where 14 is the indicator of the set A.

The convergence with probability 1 (the cases of Legendre polynomials and
trigonometric functions) [50] and convergence in the mean of degree 2n (n € N)
[13] are proved for the approximations J[th®)]\L-#PrP anq Jlyp®))iL-ire-pe
correspondingly (see (). As it turned out, Theorem 1 remains valid for the
systems of Haar and Rademacher—Walsh functions in the space Lo([t,7]) [L1],
[13]. Versions of Theorem 1 for iterated stochastic integrals with respect to
martingale Poisson measures and for iterated stochastic integrals with respect
to martingales are obtained in [13]. Another modification of Theorem 1 can
be found in [I3], where complete orthonormal with weight r(z) > 0 systems
of functions in the space Lo([t,T]) were considered. Application of Theorem
1 and Theorem 2 (see below) for the mean-square approximation of iterated
stochastic integrals with respect to the infinite-dimensional ()-Wiener process
is given in [39], [40].

Note that in [53], an analogue of Theorem 1 for the case of an arbi-
trary complete orthonormal system of functions in the space Lo([t,T]) and
U1(7), ..., () € Lo([t,T]) was considered. Another proof of the mentioned
analogue of Theorem 1 [53] can be found in [13] (Sect. 1.11), [44] (Sect. 15).

Let us consider the generalization of Theorem 1 for the case of an arbi-
trary complete orthonormal system of functions in the space Ls([t,T]) and

U1 (7), ..., Yp(T) € Lo([t, T]) using our notations [13] (Sect. 1.11), [44] (Sect. 15).
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In order to do this, let us consider the unordered set {1,2,...,k} and separate
it into two parts: the first part consists of r unordered pairs (sequence order of
these pairs is also unimportant) and the second one consists of the remaining
k — 2r numbers. So, we have

({igh 92}7 SR {927‘—17 g27‘:t}7 {gla ceey qk—2£})7 (13)
pa;; 1 pa;;c 2

where {g1,92, .-, 921,92, G1, - -, Q—2-} = {1,2,...,k}, braces mean an un-
ordered set, and parentheses mean an ordered set.

We will say that (I3) is a partition and consider the sum with respect to
all possible partitions

E : g1 ga,....gor—192r 1 Q21 * (14)

({Hg1.92}:-- {927 1,927 1 1 {a1 a5 —2r )

Below there are several examples of sums of the form (I4))

E : g9, — A12,

({91,92})
{91,92}=1{1,2}

E : Qgyg2g3gs = @1234 T Q1324 + A2314,

({{g91.92}{93.94}})
{91792793394}:{172)374}

g Qgiga,q1q0 = @12,34 T @13 24 + Q1423 + Q2314 + Q24,13 + A34,12,

({91,92}.{91,92})
{91,92,91,92}=1{1,2,3,4}

E Ag1g2,q192q5 — 12,345 T @13 245 + Q14,235 + Q15234 + Q23,145 + 24,135+

({91,92}:{a1,92-93})
{91,92,91,92,93}=1{1,2,3,4,5}

+@25,134 + 34,125 + A35,124 + 45123,

E Ag1g2,9394,1 — 312,34,51T 013,24 5101423 5012 35 47013 25 41015234+

({{91,92}{93,94}} {a1})
{91,92,93,94,91}={1,2,3,4,5}

+a1254,3+ Q15243+ A14,253 + Q15342+ @13 542 + A14.53.2 T A52,34,1 + A5324,1 + A5423 1-

Thus, we can formulate the following theorem.
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Theorem 2 [13] (Sect. 1.11), [44] (Sect. 15). Suppose that 1¥1(7), . .., ¥r(T)
€ Lo([t,T]) and {¢;(z)}32 is an arbitrary complete orthonormal system of
functions in the space Lo([t,T]). Then the following expansion

[k /2]

J[@/}(k)]gz,lt ) - ,1...1,prkri>oo Z Z Cjk J1 <H C] Z

Jj1=0 Jx=0

k—2r
% Z H {igy, = 19253’%} {Jggy 1= Jag H gj )

({{g1:92}:--192r— 1927“}} {a1,--9k—2,-})
{91,92,--:92r —1,929+91 s+ oy }=1{1, 27»»»-,16}

that converges in the mean-square sense is valid, where |x| is an integer part of
a real number x; another notations are the same as in Theorem 1.

The connection of the expression in parentheses on the right-hand side
of (IH) with Hermite polynomials is discussed in [13] (Sect. 1.10, 1.11), [44]
(Sect. 14, 15). A similar result can be found in [53].

Note that Theorems 1 and 2 allow us to calculate exactly the mean-square
approximation error for the approximations of iterated Ito stochastic integrals
(@) of arbitrary multiplicity k.

Theorem 3 [13] (Sect. 1.12), [45] (Sect. 6). Suppose that {¢;(x)}32, is an

arbitrary complete orthonormal system of functions in the space Lo([t, T]) and
(1), ..., Uk(T) € Lo([t, TY)), t1,...,ix = 1,...,m. Then

M{(J[w(k)](zl k) J[w ]11 Ak )Pyens p)2} _ / K2(t1,...,tk)dt1...dtk—

where J[p*) gf’lt"'ik)p """ P is the expression on the right-hand side of (IH) before
passing to the limit lim.  for the case py = ... = pp = p; i1,...,0 =

1,...,m; the expression
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means the sum with respect to all possible permutations (j1, . .., ji). At the same
time if j, swapped with j, in the permutation (ji, ..., Jx), then i, swapped with i,
in the permutation (i, ..., ix); another notations are the same as in Theorems
1, 2.

3 Expansions of Iterated Stratonovich Stochastc Inte-

grals of Multiplicities 1 to 4. Some Old Results

Let My([t,T]) (0 <t < T < 00) be the class of random functions &(7,w) & &

[t,T] x © — R, which satisfy the following conditions: £(7,w) is measurable
with respect to the pair of variables (7,w), & is F,-measurable for all 7 € [t, T1,
&, is independent with increments w,,n — w, for s > 7, A > 0, and

T
/M{(fT)z}dT<oo, M{(&)*} <oo forall 7€t T

t

We introduce the class Q4([t, T) of 1t6 processes ) re [t,T],i=1,...,m

of the form

n = nﬁ” + /asder /bsdwgi) w. p. 1, (16)
t t

where (a,)?, (bs)* € My([t,T]) and lim M{|b, — bT\4} = 0 for all 7 € [¢t,T]. The
S—T

second integral on the right-hand side of (I6) is the It6 stochastic integral. Here

and further, w. p. 1 means with probability 1.

Consider a function F(z,7) : R x [t,7] — R for fixed 7 from the class
Cy(—00, 00) consisting of twice continuously differentiable in x functions on the
interval (—oo, 0c0) such that the first two derivatives are bounded.

The mean-square limit

T
N-1
L/ o . .
lel_>m Z F (5 (777('? + 777(;11) 77—]') (ngl - Wg)) cgc/ F(nq(—z)aT)dWS—l) (17>
=0 !

is called [54] the Stratonovich stochastic integral with respect to the component
w (Il =1,...,m) of the multidimensional Wiener process w,, where {Tj}j.v:()
is a partition of the interval [t, T'|, which satisfies the condition (@).
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It is known [54] (also see [2]) that under proper conditions, the following
relation between Stratonovich and Ito stochastic integrals holds
« T T

) 1 oF
| P nawt = [ Pl naw 4 S1 [ rbar 9

t t t
w. p. 1, where 14 is the indicator of the set A and i, =1, .

A possible variant of conditions under which the formula (IE]) is correct,

for example, consisits of the conditions 7" € Qq ([t, 1)), F(np, T) € Mao([t, 1)),
F(x,7) € Cy(—00,00) (for fixed 7), where i = 1,...,m.

As it turned out, approximations of the iterated Stratonovich stochastic
integrals (3 are essentially simpler than the appropriate approximations of the
iterated Ito stochastic integrals (2) based on Theorems 1 and 2. For the first
time this fact was mentioned in [11] (2006).

According to the standard connection (I§) between It6 and Stratonovich
stochastic integrals, the iterated Itd6 and Stratonovich stochastic integrals (2))
and (B)) of first multiplicity are equal to each other w. p. 1. So, we begin the
consideration from the multiplicity & = 2 (the case k = 1 is given by (8))).

The following three theorems adapt Theorems 1, 2 for the integrals (3]) of
multiplicities 2 to 4.

Theorem 4 [13], [32], [33], [48]. Suppose that Y1 (7),12(T) are continuously
differentiable functions on [t,T] and {¢;(x)}32, is a complete orthonormal sys-
tem of Legendre polynomials or trigonometric functions in the space Lo([t,T)).

Then, for the iterated Stmtonom’ch stochastic integral of second multiplicity

J*[¢ 2122 /@/Jg tz/ ¢1 tl th th

the following expansion

P11 P2
J*W(z)]g’lﬁy — lim chj2j1 C}fl) C(”)
p1,p2—00 4 _
71=0 72=0
that converges in the mean-square sense is valid, where i1,79 = 0,1,...,m;

another notations are the same as in Theorems 1, 2.

Theorem 5 [13], [32], [33], [48]. Suppose that {¢;(x)}32, is a complete or-

thonormal system of Legendre polynomuials or trigonomertic functions in the
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space Lo([t,T]). Furthermore, let the function o(T) is continuously differen-
tiable at the interval [t,T] and the functions ¥1(7), 1¥3(T) are twice continuously
differentiable at the interval [t,T]. Then, for the iterated Stratonovich stochastic
integral of third multiplicity

* x13 s t2

PO = [ valta) [ valta) [ on)awl il

t t t

the following expansion

P
wp,(3)1 (Frizis) _ - (2)(i)
J W( )]T,lt2 V= 1}-}_-& Z 231G 122 Gy (19)
2,J3=
that converges in the mean-square sense is correct, where 1,192,123 = 0,1,...,m;

another notations are the same as in Theorems 1, 2.

Theorem 6 [13], [32], [33], [48]. Suppose that {p;(x)}52, is a complete
orthonormal system of Legendre polynomials or trigonometric functions in the
space Ly([t,T]). Then, for the iterated Stratonovich stochastic integral of fourth
multiplicity

xta xt3 xt2

11222324 // / / thl th th dwt()

the following expansion
p
D M
J1,J2:735

that converges in the mean-square sense is valid, where i1,19,13,14 = 0,1, ..., m;
another notations are the same as in Theorems 1, 2.

4 Expansion of Iterated Stratonovich Stochastic Inte-
grals of Arbitrary Multiplicity & (k € N)
In this section, we prove the expansion of iterated Stratonovich stochastic inte-

grals (3] of arbitrary multiplicity k& (k € N) under the condition of convergence
of trace series.
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Let us introduce some notations and formulate some auxiliary results. Con-
sider the Fourier coefficient

T (23
Clpoit = /wk(tk)%(tk)---/wl(tl)%(tl)dtl---dtk (20)

corresponding to the function (), where {¢;(z)}32, is a complete orthonor-
mal system of functions in the space Lo([t,T]). At that we suppose ¢g(x) =
1//T —t.

Denote
def

(g ()

Lito ti41

def /¢k tr ¢]k tk /wl—i—l ti+1 ¢]l+1 tl‘f'l /wl t wl 1(tl)

Cjk---lerljljljlfQ---jl

X /%—2(751—2)%_2(751—2) o / U1 (1)), (t)dty ... dti_odtit;y ... dt, = (21)

tiyo tiy1

= VT /@/Jk tr) i (tr) - /@/Jm tre1) @y (ty) /¢z )1 (tr) o () ¥

X /¢l—2(tl—2)¢jl_2(tl—2)---/¢1(t1)¢j1(t1)dt1---dtz—zdtltHl---dtk =
t t

= \/ﬁc_jk...jl.g_lojl—%-'jl’

i.e. VT —tCy.ji0jis..is s again the Fourier coefficient of type (20) but with
a new shorter multi-index jx ... j;+10j;_2 ... j1 and new weight functions (1),

s Yia(T), VT =t 1 (T)i(7), i (7), -, ¢w(7) (also we suppose that
{l,1 — 1} is one of the pairs {g1, 92}, ..., {g2r-1, 92} (see (I3)))).

Let
def

Cleodirrfigigi—s-in
(]l]l)m]m
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tiy2 L1

T
‘Le‘c/?ﬂk(tk)@k(tk).../¢z+1(tz+1)¢jl+1(tl+1)/¢l(tz)¢l—1(tl)¢jm(tl)x

t ta
X /@/}l_g(tl_g)qul_Q (tl_g) ... / U (tl)gﬁjl (tl)dtl .. dtl_thltl+1 coodt, = (22)
t t

= Cjr..jivrimii—sr>

i.e. Cy jivrjmjis.jr is again the Fourier coefficient of type (20) but with a new

shorter multi-index jx ... jix1JmJji—2 - - - j1 and new weight functions ¥ (7), ...,

wl—Q(T)a wl—l(T)wl(T)a wl-l-l(T)a SRR ¢k(7> (alSO we Suppose that {la [ — 1} is one
of the pairs {g1, g2}, ..., {9271, g2, } (see ([13))).

Denote
def

(7@)

heegedn

q#£91,92,-,92r—1,92r

=Y > Y G

jggr,1:p+1jg2r,3:p+1 j93:p+1 jg1:p+1

(23)

Jg1 =925 09271 =92,

Introduce the following notation

A (p) def 1 - -
Si {Cjkp---jq---jl - 51{9212921714-1} Z Z

q#gl7gg,..-7g2r—1192r } j927‘—1:p+1 j927‘—3:p+1

i i i i Cior

Jggip1=PF1 Jgy_g=p+1 Jgs=p+1 jg =p+1 (JggyJgar_1 ) ()sdgy =dag-dgg, 1 =Jgay

Note that the operation S; (I =1,2,...,r) acts on the value

cw

jk...jq...jl

(24)

q#91,92;--,92r—1,92r

as follows: S; multiplies (24) by 14, g, ,+1}/2, removes the summation

(0.9]

>

ooy =P+1
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and replaces

Cjk---jl (25)

J91=Dg2>:J g2 —1=Jg2r

with

Cjk--'jl (26)

(Jggidga1_1) () sdgy =dag r-dgg, 1 =Jgay

Note that we write

)
(jgljgl)m(')vjm :jgz

Cjk...jl = Cjk...jl

(jgljgg)m(')vjm :jgz

9
(j91j91 )mjmajgl :j_(12

Cjk...jl = Cjk...jl

(j91 jgz )mjmajgl :j_(12

Clpi

(jgljgg)m(')v(jggjghl)m(')a.jgl :jgg a.jgg :jg4

Y

(jgljgl )m(')(jggj% )m(')vjm =Jg9:J93=Jg4

= Cjk...jl

Since (26]) is again the Fourier coefficient, then the action of superposition

S1Sm on (25) is obvious. For example, for r = 3

535,84 CW

Jk--Jq-+-J1
q¢917927"'7g5796

3
1
- ? H 1{9252925714-1}0]';9...]'1 :
! UgzJg1 )m(')(jﬂjgs)m(')(jgﬁj%)m(')ngl =Jg9:J93=J94°J95 =T e
~(p) _
5351 Cjk...jq...jl =
q#glagQF"ag«%gG

1 o0
:?1{962954‘1}1{92:914‘1} Z Cjk---jl )

j93 =p+1 (jQngl )m(')(jggj% )m(~),jg1 =Jgq a.jgg =Jg, 7jg5 :ng
~(p) _
S2 Cjk...jq...jl -

q¢917927"'7g5796
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1 o o
_51{942934‘1} Z Z Cjk---jl

jgl =p+1 j95:p+1 (jg4jg3)m(')ajgl :jgg ajg3 :jg4 ajg5 :jgﬁ

Theorem 7 [48], [49]. Assume that the continuously differentiable func-
tions Yy(7) : [t,T] - R (I = 1,...,k) and the complete orthonormal system
{0;(x)}32 of continuous functions (¢o(x) = 1/ 1" —t) in the space La([t,T])

are such that the following conditions are satisfied:

1. The equality

s S to
1

5/@1(t1)@2(f1)dt1 = Z/(I)Q(t2>¢j(t2>/(I)l(t1>¢j(t1)dt1dt2 (27)

¢ 7=0 % ¢

holds for all s € (t,T], where the nonrandom functions ®1(7), ®o(7) are con-
tinuously differentiable on [t,T] and the series on the right-hand side of (27))

converges absolutely.

2. The estimates

/ i
/ ¢ (T)®1(7)dT 1/2+a / ¢j (1) Po(T)dT| < ]1}2(2

\IIQ(S)

Z/@z T)o;(T / ®1(0)9;(0)dodr| < "

—p+1

hold for all s € (t,T) and for some a,, 5 > 0, where ®1(7), Po(7) are continu-
ously differentiable nonrandom functions on [t,T], j,p € N, and

T

T
/xpf(ﬂdf < o0, /\%(7)\ ir < oo.
t

t
2
=0
q791,92,--92r—1,92r
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holds for all possible g1, go, - .., 921,92 (see (@) and ly,ls, ..., 15 such that
liloy. . lg € {1,2, ...orh iy >y > ... > 1g,d=0,1,2,...,7 — 1, where
r=1,2,...,[k/2] and

Jk---Jg--J1
4791,92,--92r—1,92r

A def =
511512 cee Sld {C(p) } - Cj(f.).-jq-..jl
qFG1,925--,92r—1,92r

Then, for the iterated Stratonovich stochastic integral of arbitrary multiplic-

ity k

ford = 0.

« T s t2
PO = [ o). [ e a9
t t
the following expansion
. . p k .
PP =Vime 3 Ci Hc}?’ (29)
i yeensfi= —

that converges in the mean-square sense is valid, where

T ta
Clpoit = /wk(tk)%(tk)---/wl(tl)%(tl)dtl---dtk (30)
t t
15 the Fourier coefficient, l.i.m. is a limit in the mean-square sense, i1, ..., =

0,1,...,m,
T
= [ oxtryiwt
t

are independent standard Gaussian random variables for various i or j (in the

case when i # 0), wl = 7.

Proof. The proof of Theorem 7 will consist of several steps.
Step 1. Let us find a representation of the random variable

D k .
> Cua 16
=1

J1,---,3x=0
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that will be convenient for further consideration.

Let us consider the following multiple stochastic integral

N-1 k
in.wix) def
Jl[(b]gzlt VL Z (75,5 T H (31)
N—)oo ) .
J1s-J=0 =1
Jq#ip; a#p; ¢:p=1,...k
where we assume that ®(¢1,...,%;) : [t,T]" — R is a continuous nonrandom
function on [t, T]*. Moreover, Awg) = W%)H — W%.) (1=0,1,...,m), {Tj}j-vzo is
a partition of the interval [¢,T], which satisfies the condition (@), iy,...,i; =

0,1,....m

The stochastic integral with respect to the scalar standard Wiener process
(17, = ... = ix # 0) and similar to (31I) was considered in [55] (1951) and is
called the multiple Wiener stochastic integral [55]. Note that the following well

known estimate

M {(J’[CD](“ “”)2} <Oy / Ot ... t)dt ... dt (32)

[¢, 1]

is correct for the multiple Wiener stochastic integral, where .J’ [(D] ) is defined

by (BI) and C}, is a constant.

From the proof of Theorem 1 (see the proof of Theorem 5.1 in the mono-
graph [11] (2006) in Russian or proof of Theorem 1.1 in the monograph [13] in
English) it follows that (7)) can be written as

Jp®-®) = , Lim, Z ZCM 3 [bg i le ™, (33)

..... PE—> 00
Jj1=0 Jr=0

where J'[¢;, . . (;Sjk] U--it) §s the multiple Wiener stochatic integral defined by
BI) and J[y* ] (i ”“) is the iterated Ito stochastic integral (2).

Let us consider the following multiple stochastic integral

N-1 k
41...0) def ;
J[@] = Lim. S @) [[aw, (34)
% =0 =1
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where we assume that ®(¢1,...,%;) : [t,T]* — R is a continuous nonrandom

function on [t, T]*. Another notations are the same as in (3I)).

The stochastic integral with respect to the scalar standard Wiener process
(17 = ... = ix # 0) and similar to (34)) (the function ®(¢y,...,t;) is assumed
to be symmetric on the hypercube [t, T]*) has been considered in the literature
(see, for example, Remark 1.5.7 [56]). The integral (B4]) is sometimes called
the multiple Stratonovich stochastic integral. This is due to the fact that the

following rule of the classical integral calculus holds for this integral
J[@) ™ = Tl @) . Tl w1,

where ®(t1,...,tx) = p1(t1) ... pr(tx) and
T

Tttt = [amawid @=1...p).

¢

Theorem 8 [13] (Sect. 1.9), [44] (Sect. 13). Suppose that ®(tq,...,tx) :
t,T]* — R is a continuous nonrandom function on [t, T|*. Furthermore, let
{9(x)}320 be a complete orthonormal system of functions in the space La([t,T]),
each function ¢;(x) of which for finite j is continuous at the interval [t, T except
may be for the finite number of points of the finite discontinuity as well as ¢;(x)

right-continuous at the interval [t,T)]. Then the following expansion
[k /2]

(@) =, Z Z% i (H G Z

Jj1=0 J&=0

k—2r
% Z Hl{ngS =g 20 G, = g ) H Cj )

({{g1.92}>-{92r— 1q2r}} {a1,ap—2r}) =1
{91,92:+-92r—1,92r91-q—27 }={1,2,....k}

converging in the mean-square sense is valid, where J’[@];lt 2

Wiener stochatic integral defined by (31)),

C]k]l - / tla e H qul tl dtl

[t, 1]

15 the multiple
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is the Fourier coefficient. Another notations are the same as in Theorems 1, 2.

Introduce the following notations

p=1
sl+3 sl+2
/¢I€ tk / 77bSH-2 Sl—|—2 / djSl s1+1 ¢5l+1( SH—I)
o1 Loy +3 Loy 42
/wsl 1 Sl 1 /¢31+2 81+2 /wsl s1+1 ¢51+1( 81+1)><
sl+1
/ ¢Sl 1 31 1 /% tl th "'dWZ?ll)dtSl*ldWij) ..
dwy it dw, Y dw (36)

where (s7,...,51) € Agy,

Ap = {(Sl,...,Sl) c s >8-1+1,...,8 >s +1; 31,...,51:1,...,k—1},

(37)

l=1,2,...,[k/2],i1,...,9x = 0,1,...,m, [x] is an integer part of a real number
x, 14 is the indicator of the set A.

Let us formulate the statement on connection between iterated Stratonovich

and It6 stochastic integrals (B]) and (2)) of arbitrary multiplicity k.

Theorem 9 [41] (1997) (also see [11]-[13], [32], [33]). Suppose that every
(1) (I =1,...,k) is a continuous nonrandom function at the interval [t,T].
Then, the following relation between iterated Stratonovich and Ito stochastic
integrals [B) and (2) is correct

[k/2]

J*[¢ ]11 Ag) _ 11 k) +Z Z J[¢ ]zl AE)[Sryeees s1) W. p. 1’

(38)
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where Y is supposed to be equal to zero.
0

Consider ([B3)) for ®(ty,...,tx) = K, p(t1,...,tr) and without passing to
the limit lLim. (see the proof of Theorem 8 in [I3] (Theorem 1.13) or [44]

P1y-sPE—00

(Theorem 9))

[k/2]
T Koy ™ = Ty 7™ =3 (-1)
r=1

X > 11 Lii,, = ig, #0} %

(HLg1.92 920~ 1,920 1401 vag—2r ) 8=1
{91,92,--92r—1:92r41 -2k —2r } ={1,2,....k}

J[Kgl -g2r,q1-.-qk— 27’]( ql'"iqk—Qr) (39>

Pk Tt

w. p. 1, where J'[ K, ,, glt“'i’“) is the multiple Wiener stochastic integral (31]),
J[Kp,..p g}t”'i’“) is the multiple Stratonovich stochastic integral (34]),

KPl---Pk (t17 e Z Z C]k J1 H ¢]l tl (40>

51=0 Jx=0
k—2r
Kttty s gy, Z chk i H {Joge = o, } H Djy (L)
71=0 =0
(41)
Passing to the limit Lim. (p; =...=pr = p) in (B9), we get w. p. 1
(see Theorems 1, 2) R
P k [k/2]
Lim. jh%;_ocjkmﬁgg}j = J[pW)pL-) ~Lim. ;(_1)T><

X Z H 1{i925_1: igzs 750} X

({{g1-92} s {92r—1:927 1} a1 vap—2,})  5=1
{91,92,-92r—1:92741»-- 2k —2r } ={1,2,....k}

(igr i )
91---92r,q1.--Qk—2 1%k —2r/
X J[Kpp ' T]

3
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[k/2]
i SRR SRS ST
J1yeesJe=0 r=1

r k—2r
8 Z H {ig2s—1: igzs#o}l{jgzs jq?s} H CJ )’ 42

({{o1, 92} ----- {92r—1:92r 3} a1 vap—2,})  $=1
{91,92:--,92r—1,92r,01 - Qs —2,7 y={1,2,....k}

where .J W(k)]glt'”i’“) is the iterated Ito stochastic integral (2)).

If we prove that w. p. 1

[k/2] [k/2]
I S > Cn Y1)
(8ryees81)EAL J1s-Jk=0 r=1

k—2r
x Z H {Zggs 1= 19253’%} {ngs 1= ]gQS} H Cj )7 43

({{91- 02} ~~~~~ {92r— 1qzr}} {a1,a,_or}) S=1
{91,92:-,92r 1,927,015+ —27 y={1,2,....k}

then (see (42), (43)), and Theorem 9)

k
lp1_>I£ Z C]k J1 HCJ
J1se5J5=0
[k/2] 1 S
—JW 11 Zk +ZQT Z J[w(k)]jf’lt---lk SpyeeyS J*W ]21 Zk (44)

(Sr7 aSI)EAk r

w. p. 1, where notations in (44]) are the same as in Theorem 9. Thus Theorem 7

will be proved.

From (B9) we have that the multiple Stratonovich stochastic integral
J [Kplmpk]glt“'i’“) of multiplicity & is expressed as a finite linear combination of the
multiple Wiener stochastic integral J'[K), . pk]glt'“i’“) of multiplicity & and multi-
ple Stratonovich stochastic integrals J[Kj, g d' %= QT];t o) of multiplicities

k—2,k—4, ..., k—2[k/2]. By iteratively applying the formula (39) (also see
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(@)—(I2)), we obtain a representation of the multiple Stratonovich stochastic in-
tegral of multiplicity k£ as the sum of some constant value and multiple Wiener

stochastic integrals of multiplicities not exceeding k

i = Il

[k/2]

+ Z Z H 1{i925—1 - igzs #0} X

r=1 ({{91.92},{92r—1,92r}}-Aa1,-ap—2, ) s=1
{91,925-:929—1:927:41 >+ Qe — 29 Y =11,2-. .,k }

X (B gt tecar] ook (45)
w. p. 1, where K, (t1,...,tx) and Kp\ 5T % (¢, ... ty_, ) are defined

by the equalities (40, (@)

From (45) we have the following generalization of (d7)—(50) (see below) for
the case of an arbitrary k (k € N)

Z Z C]k g1 H Cj Z Z C]k 31 : Cjzk) -

J1=0 Jr=0 71=0 r=0
p1 Pk
B / Zl ’Lk
" Pk [k/2] s
+ E E Cjk...jl § : z : Hl{igzsq: ing#O}X
Jj1=0 Jk=0 r=1 ({{g1, 92} ----- {92r— 1,920 3140100k —2,3)  5=1

{91:92,- 927 —1:927 41027 }={1,2,....k}
/ . qu 2r)
>< 1{-]’925,1: jQQS}J |:¢.7q1 * ¢]qk o W. p- 1- (46)

The formulas (45)), (46) can be considered as new representations of the
Hu—Meyer formula for the case of a multidimensional Wiener process [57] (also
see [56], [58]) and kernel K, ,, (t1,...,t;) (see (&0)).

For example, for k = 2,3,4,5 we have from (46) w. p. 1
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D1 D2

Z Z Cjzjl Cj(fl)gj(;Q) - Plpz 721;2 + Z Z Cjzjll{zl 12750}1{]1 =ja}> (47)

J1=0 j2=0 J1=0 j2=0

P1 P2 D3

Z Z Z CJSth 31 32 Cj3 = J,[Kplpzp?, %1;213)_{_

J1=0 j2=0j3=0
b1 P2 D3 (ia) (i)
+ Z Z Z stjzjl (1{2'12'2750}1{3'1]'2}JI [gbjs]T,gt + 1{2'2:2'3750}1{3'2:]'3}‘], [gbjl T,lt +

71=0 72=0 73=0

+]‘{i1i3750}1{j1j3}‘]/[¢j2]§2,2t)> ’ (48)

Z Z 0]413]2]1 31 ]2 Cj(;3)<}(4 1) — Jl[Kp1p2p3p4 %1;22324)‘}_

J1=0 Jja=0
= Z Z CJ4J3J2]1 (1{21 22750}1{31 Jz}J [¢J3¢J4] 2314
J1=0 Ja=0

14, mitor L) T 1020500 + Livminzoy Limi I 10505 12
1 im0t L gamso) T 107 D1 + Lpipminioy Lami 107 01 1
+1{23 147&0}1{13 ]4}‘][¢31¢J2 2122

120y L =i} Lis=ia20} L Gs=ja} + Lin=is 20} L {gi=ja} Lin=isr0} L (jo=jn} +

+ 1{2'122'47&0} 1{j1:j4} 1{2'221'37&0} 1{j2j3}> ) (49>

Z Z Cj5j4j3j2j1 Cjo C](;B)CJ('24)QJ(;5) - J/[Kp1p2p3p4p5]gz,ltMBWS)+

Jj1=0 J5=

+Z ZCJ5j4j3j2j1 (1{21 12750}1{]1 JQ}J [¢]3¢]4¢]5 231415

Jj1=0 Js=0

+Lgimia0) L=} T [05 0,055 ] 121425 + Lii—i0y L= I 052900 O]y pes) 1

o=z Lo} [ 03,050l Faroia) 4 Lisigr0y Lja=ja}J [05,05u sl as) |
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Lm0y L ami T (05,05, D)0 ™+ Lpiamiioy Lijaminy 165 03,8000+
+1g,—i,200 1, 34}J [%1%2%5 mm + Lgis=isr0y Ly JS}J [¢11¢J2¢J4] oy T
+1i,- 157&0}1{]4 i (651850500 +
L1, i 0y Lo Liamiipoy Linmgay 7 10507 +
L3, a0y s =gy Limisoy Lisminy I [ 057 +
143,20} L=y Ltmisoy Ljumsiny I [0 +
L3, iy 0y s =gy Liamisoy Ljnmsy I [ 0557 +
L1, iy 0y L= Liaminioy Linmsny 7 [0 1 +
L1, iy 0y L= Liaminoy Lemsny I 1007 +
143,20y s =gy Ltamiaroy Ljnmsiny I [ 05577 +
+1{Z-1:Z-4¢0}1{j1:j4}1{¢2:i5¢0}1{j2:j5}‘], [@'3]%315)"‘
143,20y Ly =gy Limisoy Ljsminy I[85 +
+1{Z'1:Z'57£()}1{j1:j5}1{2'221'3750}1{j2:j3}J, [@4]%2"‘

+ 141,20 L 1o ity Linmsiny I [05) 00+
+1 im0} L (=i} Liisminio L=y [0 72+
1t 20) L gy Lt LGy 7 107,500+

+L iyt 0y L= Lismioro) Lgsmin) 7[00 +

+ iy 0p Loy Lissmioor Lgsmin 7[00 )7 ) : (50)
Further, we will use the representation (@) for py = ... = py = p, i.e.
p k p
S oCan IS = Y Gl bl
J1reenrji=0 I=1 1y ji =0
P [k/2]

H 1{1'92571: igy, 70} X

J1se-Je=0 r=1 ({{o1.92}:-{92r— 1,927 1} {1, a—2r}) $=1
{91,92,--92r—1:92r41»-- 2k —2r } ={1,2,....k}

+
(]
§Q
’
(]
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Zq 2,«)
X 1{j925—1: j92s}J/[¢qu . gb]% 2T] i w. p. 1. (51)

Step 2. Let us prove that

X0
§ :Cjk---lerljljlfl---jerljljsfl---jl =0 (52)
71=0
or
p 00
E Cli sttt odortijomtogt = — E  Chvisiijisodoriiiisogs  (53)
71=0 Ji=p+1

wherel —1>s+1,peN.

Our further proof will not fundamentally depend on the weight functions
P1(7), ..., (7). Therefore, sometimes in subsequent consideration we write
Y1(7), ..., ¥e(7) = 1 for simplicity. Using the integration order replacement,

we have

Cjk---lerljljlfl---jerljljsfl---jl -

tiy2 tiy1

/¢]k tk /¢]l+1 tl—i—l /¢]l tl /¢jl 1 tl 1
s+2 s+1
/¢Js+1 s+1 /¢Jz /¢js ls— 1
/(bj1 t1 dt1 St qdtgdtyy ... dt_dtidt;yq ... dty, =
s+1
/¢Js+1 s+1 /gb]z /gb]s 1 ls— 1 /Qb]l tl dtl dts 1dt X
/¢]s+2 8+2 /¢]l 1 tl 1 /¢jz tl /¢Jz+1 tl—i—l
s+1

. / quk tr)dty . .. dtpdtydty 1 .. dtgo | dtsiq =

te—1

Electronic Journal. http://diffjournal.spbu.ru/ 108



Differential Equations and Control Processes, N. 2, 2022

s+1
/¢]s+l s+1 /¢jz /¢j3 s 1 /¢j1 tl dtl cdtg_qdtgx

(;Js 1- Jl(t )
/% t) /¢]l+l 1) - /%k te)dty . .. dtieq X
s+1 tk 1 P
ij Jz+1(tl)

( )

s+3
X / Gjiy (1) / Gjoro(tor2)dtsio. . di_1dly | dtep =
s+l

s+l P
\ lefl---js:_rz(tlvts-ﬁ-l) /
s+1
/¢Js+1 s+1 /@z 1---j1(t8)dts><
X /%’z ) Hio iy 8)Qjy s (B, ts1 ) dtydt gy . (54)
ts+1

Applying the additive property of the integral, we obtain

s+3
Qjiygura Ly tstn) /% (ti1) /@ wo(tsy2)dtsg .. dt =
s+1 5+1

s+4 s+3
/¢Jz 1 tl 1 /¢js+3 s+3 /¢]S+2 s+2 dts+2dts+3 -dtl—l_
s+l

s+1
S+4 ts+1
/¢jl 1 tl 1 /¢]s+3 5+3)dt5+3 dtl 1/¢]5+2( 5+2)dts+2
tst1 ts+1 t
d
Zhl 1- Js+2 q](l z js+2(t8+1) d < oo. (55)

m=1
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Combining (54)) and (B3)), we have

p
> Chrdivdiiirodussiijes s =
Ji=0
d s+1
= Z /¢]5+1 s+1 qjl 1. js+2 S+1 Z/%l js 1jl(ts)dts><
=1
x / 0400 i (WA (0t | (50

ts-l—l

Using the generalized Parseval equality, we obtain

00 terl
Z / ¢Jz(t )GJS 1. 31 dt /¢Jl tl Tk ]l+1(tl)h§l)1 j+2(tl)dtl -
jl:O 3 terl

1{T<ts+1}stfl---jl (7_) ’ 1{T>ts+1}ij---jl+1 (T)h;?jz,.,js+2 (T)dT = 0. (57)

I
T t—

From (B0) and (57) we get

p
Z Cjk---lerljljlfl---jerljljsfl---jl =
J1=0
d T s+1
_Z /¢]S+1 s+1 C]]l 1. Js+2 s+1 Z /¢jl 1.,_j1(t5)dts><
m=1 Ji=p+1 %
x / O3t i (WORG"] o (0) Al | (59)
terl

Combining Condition 2 of Theorem 7 and (54)—(56), (58), we have

p

E :Cjk---lerljljlfl---jerljljsfl---jl =

J1=0
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s+1
= Z Z /¢Js+1 s+1 q]u N (2 /% Gootos (Es)dtgX

Ji=p+1m=1 +

X /¢jl(tl)ij--~jl+1(tl)hg'lmz...jsﬂ(tl)dtldts—i—l =

terl

tiy2 L1

_Z/quktk /¢Jl+1tl+1 /¢]ztl /¢]z1tll"'
Ji=p+1%

s+2 s+1

/¢Js+1 s+1 /¢Jz /¢js ls— 1

/ ¢ (t)dty . .. dt,_ydtdte .. dt_dtdt ... dty, =

= - E , Cjk---lerljljlfl---js+1jljsfl---j1‘ (59)

Ji=p+1

The equality (59) implies (52), (53).
Step 3. Using Conditions 1 and 2 of Theorem 7, we obtain

t
P 1+2

ZC]k JiJijiji-2-- g1 /¢k 122 ¢jk tk /wl i1 ¢jl+1 (tl—i—l)
Ji=0
L1
XZ/%U%U /% 1(ti—1) @ (t1-1) X

21=0 7%

X /¢z(t1—2)¢ﬁ2(t1—2)--~/¢1(t1)¢j1(t1)dt1-.-dtz_zdtz_1dtzdtz+1.-.dtk =
t t

T tita
:/W(tk)qﬁjk(tk)---/¢l(tz+1)¢jz+1(tl+1)><
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tiy1

XZ/M t) o (k) /wz 1(t-1) @, (ti-1) ¥

jlot

-1 2
X / Vi(ti-2)Pj_,(t1—2) - -/¢1(t1)¢j1(t1)dt1 oAb _edly_ydbdty .. dE—
t t

0
- § , Cjk---jl+1jljljl72---j1 =

Ji=p+1

1 (0.]
= 5Ckin — Y Ch v (60)

GG g

Step 4. Passing to the limit 1.i.m. in (5I)), we have (see (33)))

P—+00
i > Ol () = T
J1seJk=0
[k /2]

T Z Z H 1{1'92571 - igzs #0} X

r=1 ({{o1.92}:{92r—1,927}}{a1,ap—2r}) $=1
{91,925-:929—1:927:91 >+ Qe — 29 Y =11,2-- 1,k }

. g QT)
x 1.i.m. Z Ciyoit H 1{3(]25 jggs}J/[¢jq1 o Do i w. p. 1.

p_)OO
jla a]k =0

(61)

Taking into account (53) and (60), we obtain for r =1

p
Z‘1 2)
1{201— qu#o}l 1.1 Z Cjkjl]'{Jql: jgg}J,[¢jq1 ’ gb]qk 2] =

p—00

jl,...,jk:O
p
- _1{1'91:1'92750}11?1_}% E : § : Ccn o Lig> g1y %
qu—p—i—ljl ~~~~~ Jqseees =0 3912392

qa#91 qz

ZQk 2)
><J/[¢qu. Dy 2] +
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|
+1{Zg = Zg 750}1}91_}% § : §C]k]1
J1s-5dqs--2d =0
#9192

Ligo—gi+1} %
(-7.(]2-7.(]1 )m(')ajgl = -7.(]2

Zq 2)
XJ/[¢jq1 ' ¢]qk 2] -

p

_1{1'91: ig, ;éo}lpl_fg Z Z Cjk~-j1

]gl_p+1 J1sesdqs-sd =0
q7#91 qg

Ligy=g,+1} %

jgl = jg2

Z‘I 2)
XJ/[¢jq1 ' ¢]qk 2] =

p
- _1{i91: 1923'50}1171_}0% § : § : Cjk-'-jl . . X
jgl =p+1 1:--23q5-Jp =0 .7_(]1: .7_(]2

a#91» qz

lgy_y)
XJ/[¢jq1 : ¢]qk 2 o +

o _ . Lig—gi+1} X
(Jga a1 )m(~),]g1: Jgy

p
. 1
+1{i91= zngé()}lp;g Z icjkjl

J1se2dqs--:J =0

791,92
Zq 2)
<SG, o by ra = (62)
1 i1 g1 (P)g1,92(igy ---iq), )
= 51{gz=91+1}¢][¢(k)]§r,t Wil + 1{2 = i, #O}IPL?O RTt T (63)

w. p. 1, where J[w(k)]gflt"'ik)[gl] (g1=1,2,...,k—1) is defined by (34),

)

p

(p)g1,92(igy --iq)_5) 2 : ~(p) / gy o)
RT,t - Cjqujl J [gqul : gb]qk 2 :
s =0 4791,92
791,92

Let us explain the transition from (62)) to (63)). We have for go = g1 + 1
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X
(Jagdg1 ) ()sdgy = Jay

S |
1, _ l.im. —C
{ig, = ig, 70} 500 E : o k-
J1s-5dqs--2J =0
791,92

Z‘I 2)
XJ/[¢jq1 ' ¢]qk 2] =

1
= 5 Liy, = ig, 201 gg Z Cip.rir X
P JE=0 (j92j91)m07j91: j92
q;éql 92
0 gy )
Q0T 0y 0 Ja T =
1 p p

X

(jggjgl )mjml 7jgl = j92

= 51{1-91: g, 7&0}1}91_}0% Z Z Cltoi

11 5---5 2Jqs k= ijl_o
a#91:92

0 Zq 2)
X ](m) J/thn ) ¢3% 2 =

1 p p

= 51{1-91: g, 7&0}1}91_}0% Z Z Cltoi

11 5---5 2Jqs k= ijl_o

X

(jggjgl )mjml 7jgl = j92

#9192
!/ Olql ZQk_g)
X S Djy Dy - Py o)1t = (64)
1 Q...
= W w1, (65)
where
Cjk---jl =
(.jggjgl)mjmlnglz jg2 ,g2=g1+1
T 91+3 g1+2
:/¢ (tk)(byk tk / ¢l g1+2 ¢Jq1+2 91+2 / @/ng+1 g1 @/’91( gl)¢3m1( gl)
t
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91 l2
X /wl(tgl—l)gbjgll (tgl—l) ce / ¢1 (tl)qul (tl)dtl .. ~dtgl—1dtgldtgl+2 ce dtk,
t t

(
VT =1 if j, =0

T T
C](.Z)l — /(pjml (T)dwgo) = /(pjml (T)dT = X 7
t t

0 if juy, #0

The transition from (64)) to (63) is based on (33)).
By Condition 3 of Theorem 7 we have (also see the property (82) of multiple

2
q#91,92

Wiener stochastic integral)

P

. (P)g1.92(igy gy )\ 2 : ~(p)

Z}E&M {(RTJ P ) } < Kplglglo E (Cjk...jq...jl
J1s--5dqs-J =0

q47#91.92

where constant K does not depend on p.

Thus

gy o)
1{i91: iy, 2oylim. Z Cj,... jll{jgl_ Jay} /[¢qu : @qk ) =

pP—00

1 21...1 1
- 51{92291+1}J[¢(k)]§“,t i w. p. L.

Involving into consideration the second pair {gs, g4} (the first pair is

{g1,92}), we obtain by analogy with (62) for r = 2

2
ql{i9251_ igzﬁ'éo}lpl_gg Z Cjk ﬁH Ugge 1= jgzs}x

qu 4)
XJ/[¢jq1- quqk 4] -
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2
- H 1{i925—1 = gy, 70} X
s=1

p 2
: 1
Xl:g Z ZCjk---jl H 1{9252925—1+1}_
g J15--0dqs- 35 =0 (Jgadgy ) () (dggdgs )™ ()ng Jgg 93 = Jg, s=1
97#91:92:93:94
1 00
5 Z C]k Ji1 1{g4:gg+1}_
Jg1 =P+ (jg4jgg)m(')ng1: Jgo:J95= Ja,
1 00
_5 Z Cjk-'-jl 1{92=g1+1}+
Jgz=p+1 (jg2jgl)m('),jg1: Jgg:J93= Jay
00 00 )
g
+ > > G TGy -+ bsy Jrt 0 = (66)
Joy=p+1 jgy =p+1 91 = JayJay = Joy
= T o T 02
s=1
( )91792793794(2'(11...iqk74) (67)

+ H 1{2'92571: i925 750}1 1.111. RTt
=1

def def

W. P. 1 where gs = 82, g1 = Si,

p—00

(s2,81) € Ak, J[w(k)]%t”'i’“)[sr‘"sl] is defined by

(B6) and Ag o is defined by (37),

. . p
R(p)glag%g&g‘l(lql""qu_4) — Z C_f(p) _
Tt JheJigeeen
TR G- rdp =0 4791,92,93,94
q75<71 92:93:94
~(p) ~(p)
519 g S29 Ol s X
47#91,92,93,94 47#91,92,93,94
XJ/[¢' ¢ ] qu 4)
Jar ° Jaj,_4
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Let us explain the transition from (66) to (67). We have for g» = ¢1 + 1,
g1=9g3+1
S
i ¥ e,

J1seeesdqs--sJf=0
47#91:92,93,94

X
(jggjgl )m(')(jg4jg3) ~( )a]gl ]g2 5.793 jg4

gy y)
X H 1{2.92571: lgys 7£O}J,[¢jq1 ) ¢j‘1k 4 =
=1

X
(Jgadgr )mO(jg4jg3)m0,j91: JgoJg5= Jay

1 =
= zllm Z Cjk---jl

q;éql qg 93,94

2
0) -(0 o)
" q 1{i925—1: gy, 750}6(() )C(() )J/[gﬁqu : gb]% 4 =

X

(j92j91 )mjml (jg4jgg )mjmg 7jg1 = jg2 ajgg = jg4

1
= Elpl_glo Z Z Jk-J1

1050870 Jmy 5Jma =0
q;ﬁg1 92,93-94

2
(0) ~(0) wlay_y)
" q 1{i92s—1: ig2s#0}ijl ij3 J/[gqul ’ gb]qk 4 =

X

(]gg]gl )m]ml (Jg4jgg)m]m3 7]g1 ]g2 a]gg jg4

1
= lel_}o% Z Z CJk J1

1050870 Jmy 5 Jma =0
q;ﬁg1 92,93-94

2
Oqu1 ’Qk74)
x H 1{i925—1: Z'4‘7257'50}J/[¢jml gbjm3 gbj‘h ’ quqk 4] - (68)
s=1
1 ’LlZ 592,581
= Wl wp. 1, (69)

The transition from (G8) to (69) is based on (33)).
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Note that

Cin = Cj,..y

(jggjgl)mjml ajglz jg2 (jgljgl)mjml ajglz j_(12

is the Fourier coefficient, where go = g1 + 1. Therefore, the value

Clpoi

(ngjgl )mjml (jg4jgg)mjm3 7jg1 = j92 7jg3 = jg4

= Cjk...jl

(jgljgl )m.]ml (.jgg.jgg)mjmg 7jg1 = jg2 a.jgg = jg4

is determined recursively using (22)) in an obvious way for go = ¢; + 1 and
g1 =g3+ 1L
By Condition 3 of Theorem 7 we have (also see the property (82) of multiple

Wiener stochastic integral)

gy i 2
hm M { (R;{))tglag%g3vg4( q1 Qk_4)) } <

P—00 ’ o

2
D
< K lim Z (C](f.)..jq...jl > *
p—00 4#91,92,93,94

J1ro Jq>--. Jji =0
2 2
~(p) ~(p) -
+ <S1 {Cjk.,.jq...jl }) + (Sg {Cjk---jq---jl }) —0,
4#91,92,93,94 4#01,92,93,94

97#91,92,9394
where constant K is independent of p.

Thus

2 P 2
H 1{2.92571: igzs#o}lz.)l—.glo' Z Cjk"'jl H 1{]'92571: j-‘lzs}x

jla"'ajk:O

2
(iq1---iq ) 1 21...1%)|S2,S
XJ,[¢jq1 e ¢jqk,4 T,t o - Z H 1{925292571"‘1}‘][1?(]{)]%115 k)[ ’ 1] w. p 1’

s=1

def

where g3 def S2, g1 = S1, (S2,81) € Ao, J[zb(k)]glt"'i’“)[s%sl] is defined by (B6]) and

Ay 2 is defined by (B7).

Electronic Journal. http://diffjournal.spbu.ru/ 118



Differential Equations and Control Processes, N. 2, 2022

Involving into consideration the third pair {gs, g5} ({91, g2} is the first pair
and {g4, g3} is the second pair), we obtain by analogy with (66]) for r = 3

3
H 1{i925—1: ig%;«éo}l 111 Z Cjk J1 H gy 1= qus}x
s=1

p—>OO
.]15 Jk 0

Zq 6)
XJ/[¢jq1 ' ¢]qk 6] =

- H 1{i925—1 = gy, 70} X

s=1
p
) 1
x1.i.m. E _Cjk---jl X
p—00 23 o o o .
J1s-edqssd (392391)m(')(]g4]g3)m(')(]gﬁj!];’,)m(')v]ql 392’](13 3047395 396
a#91,92:93> <74 <75 ‘16
X H 1{925292571"‘1}_
s=1
00
L E C
_ﬁ Jhe--J1 1{94=g3+1}1{96295+1}_
j(]1:p+1 (-]94.]93)/_\/(')(]96-]95)m(.)hjgl: -]92 7]93: -]94 7.]95: ]96
Cjk---jl 1{92:g1+1}1{96:95+1}_
jg3:p+1 (Jggjgl)m(')@gﬁ]g5) ()ng 3027303 30473952396
00
E : Cjk---jl 1{92:gl+1}1{94293+1}+
Jgs =p+1 (Jg2Jg1 ) () gy dgz ) ()idgy = Jag gy = Joy-das= Jag

o _ . 1{96:95+1}+
(JggTgs ) ()sdgy = JagsJas = Joysdas = Jog

1 & %)
+§ Z Z Cjk---jl

j93:p+1 jgl =p+1

I o
+3 > > Ci  Homgernt

Jgs=p+1 jg =p+1 (JggJgsz )™ ()Jql Jgo:Ja3= Jag:das= Jag

1 o0 0.}
+§ Z Z Clpeoi o Ligp=gi 11}~

Jgs=D+1jgs=p+1 (Jggdgy ) ()ng Jay:Ja3= Jagdas= Jgg
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- i i i Civ

jg5:p+1 jg3:p+1 jgl =p+1

jg1: jg2 aj93: jg4 7jg5: ng

(iqy g, g)
X‘]'[quﬂ“'%k,(;]nt ho) _
1 £ o
- ? H 1{9252925714'1}J[w(k):l5271t“'2k)[83752,81]_l_
s=1

3
. (p)glagQr"agSagﬁ(iiﬂ"'iQkfﬁ)
+ H 1{2'!]2571: ,'925750}1.1.111. RT,t
s=1

pP—00

w. p. 1, where gai € sii i = 1,2,3, (s3,0,81) € Apg, J®)py s

defined by (B6) and Ay 3 is defined by (37),

) ) p
R(p)glagQr“agfngﬁ(Zih"'ZQkfg) — _C_Y(p) ) )
Tt § : Jowwegeeedn

J1seeesdqs-sd =0
q#91:92:---:95,96

~(p)
}+&{Cm%nl +
q#gl7927'“ag5agﬁ Q#glagQr“agi"ngﬁ

~(p)
T34 Gl
q#.gl?gQa"'ag«%gG
q#gl7927'“ag5agﬁ }

~(p)
} — 535 {Cjk---jq---j1
q#91,92;-++,95:96

(igy--iq, )
}> J/[¢qu o 'gbj%—e Tatl I

By Condition 3 of Theorem 7 we have (also see the property (82) of multiple

+
q¢917927"'7g5796

eogedn

+&{C@

]k---jq---jl

—S5S, {C@

—595) {C](f-)--jq"-jl

Q#glagQa“'ag«%gG

Wiener stochastic integral)

Gy 2
lim M {(Rgigl’g%'“’%’%(% qk_s)> } <

P—00 _
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2
P
. ~(p)
SKlim o ) (0%...@...3-1 ) +
4#91,925-+,95:96
q7#91,92;-:95,96
2 2
q#91,92,--.95:96 q#91,92,--,95:96
2
<S351 {C]k...]q-..]l }) (S?’S? {C]k---] 1
4791,92+--:95,96
2
D) _
(SQSl {Cjk...jq...jl }) =0,
4#91,925-+:95,96

J1s--2dqse-Jd =0
~(p)
+ (Sl {Cjk...jq.-.jl
2
. }> —|—
4791,92;--,95:96
2
4791,925--:95:96
where constant K does not depend on p.

Thus

3
ll;i_.)g. 1_[1 1{,'928_1: iggﬁéo}lpl_)g Z Clpovis H 1{3% = Jog, }
S=

.]17 Jk =0

3
Zq 1 21...1%)[S3,52,51
XJ’[gqul, gb]qk 6] ) ?H 1{9252923—14-1}‘][77&(@];,15 s | w. p. 1,
s=1

where g9;_1 def si; 1 =1,2,3, (s3,52,51) € Ags, J[¢(k)]gfjt---ik)[%s?’sl] is defined by
(B6) and Ay 3 is defined by (37).

Repeating the previous steps, we obtain for an arbitrary r (r = 1,2, ...,

[k/2])
H {01 L0 > o ﬁHl{agM o}

.711 a]k 0

Zq ’r‘
XJ/[¢jq1 : (fquk 27« = H 1{2‘123 = ngs#O}X
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p
1
ime 2 G| :
J1seendgqsesdl=0 ]gzjgl)m()"'(jgzr]gzr_l)m()1.7(]1 Jq2a a]qu 1 quT
4791:92+-92r—1:92r
r T)
X H 1{925292571+1}‘]I[¢qu ) ¢3% zr] e +
s=1
d 1 1 R( )911921'-'1927‘—1792r(iq1---iqkizr) - 70
+ 16, = i, 20Lim By, ~ (70)
Hl{QQS =02s— 1+1}J|:w( )](llt zk)[sml",SI]—’_
d 1 R( )917927"'7927‘—17927‘(7;(11-'-iqkizr) 1
+11 16, =, 2olim Ry, (71)

p—00

w. p. 1, where g9;_1 d:efsl-; i=1,2,....mr=12...[k/2], (S,...,51) € Ap,
J[ip®))Si-illsrsil g Gefined by (B6) and Ay, is defined by (1),

Tt

p

R(p)gl7927---7927"717927“(%1 gy o) _ Z (- )TC'
Tt JkeJg---J1

J15--3qs--3=0
q#91:92+--:92r—1:92p

_l_

q#91,925--:92r—1,92r

r

—}—(—1)T_1 Z Sll C_fj(lf)qul

h=1

+

q#£91,925--:92r—1,92r

_|_

—|—(—1)T_2 Z Sllslz C_(J(f)qul

q#91,92,-92r—1,92r

1 E : ~(p)
+(_1) ShSlz e 'Sr 1 Cjk...jq...jl X
l1,lgslp =1 Q7£91a92a---a92r71,92r
ll>l2> >l q
!/ qu QT)
X J |:¢jq1 . ¢jqk o . (72)
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Let us explain the transition from (70) to (7I). We have for g» = ¢ + 1,
s Gor = Gor—1 + 1

X
(jggjgl )m(')"'(jggrjggT_l )m(')ngl = j92 7"'7j92r_1 = ngT

p
| 1
Lim > G

1y =0
947#91:92;--:92r—1:92r

. / g T)
X H 1{2.92571: lgy, 7£O}J [¢qu ) ¢3‘1k 2r =
s=1

X

(Jgadgy ) 0. (Jga, dggy— 1)m0ajgl— Jgg r+3Jag,. 1= Jag,

1 p
= —l.im. Z Cjk---jl

4 (0) L (igq--iq 7270) -
X H 1{7;-(]25—1: 7;925 750} <<—0 ) J [gqul T gquk—?r Tut ' o
s=1

1 p p

B ylpl—}o% Z Z H 1{i925—1: by, #0} %

jlv»»»-,j(]-,----]k =0 jmlajmg"'vjmgrflzo s=1
4#91:92+--:92p—1:92r

X

(Jagdgr ) ~dmy - (g, Jagy 1) ¥Imoy_13day = Jayredag, 1 = Jay,

0 0 (g --ig ,Qr)
%O qj N o B

1 p p

= ylpl_glo Z Z H 1{i925—1: U2, A0} %

1o0qr53k=0  Jimy sJmgeesmeg, =0 $=1

XCj X

(Jagdgr ) ~imy - (o, Jagy 1) ¥Imo,_15day = Jaygredag, | = Jay,

o1

OO qul A 2T)

X Jl[¢jm1 ¢jm3 e '¢jm2r—1¢jq1 ) ¢J‘Zk 2 = (73)

—JW Nl 1 (74)
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The transition from ([73)) to (74) is based on (33)).
Note that

Cjk...jl = Cjk...jl

(jggjgl)mjmlajgl = j92 (jgljgl)mjmlajgl = j92

is the Fourier coefficient, where go = g1 + 1. Therefore, the value

Cltoi

(jggjgl)mjml "'(j92dj92d—1 )mijd—l 7jg1 = jg2 a-'-aj92d71 = ngd

= Cjk---jl

(Ggrdgr )¥Tmy -+ Uggg 1 Jang 1) Vdmog_yday = Jagssagy = Jagg

is determined recursively using (22)) in an obvious way for ¢o = ¢1 + 1, ...,

9od =Goq—1+1land d=2,...,r.
By Condition 3 of Theorem 7 we have (also see the property (82) of multiple

Wiener stochastic integral)

T 2
lim M {(Rgigl’gz’""g”“g?’“( - quT)) } <

p—00
p 2
< K lim > ow I
P00 Jke--Jq--J1
F1sensdqse-sdf =0 q791,925--:92r—1,92r
4791592+ 92r—1,92r
r 2
E : ~(p)
+ Sll Cjk...jq...jl +
l1=1 47#91,92;---:92r—1,92r
r 2
§ : ~(p)
+ ShSlz Cjk...jq...jl +
Ig,lp=1 qF91,925--:92r—1,92r
l1>l2
2

+ Z 511512 - Slrfl C_'](-p)

Ee-Jg---J1

Iyl 1=1 47#91,92;--:92r—1,92r

1 >lo>. > q

where constant K does not depend on p.
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So we have
T
H 1{1.925,1: iQQS #O}]‘pl_}o% Z Cjk '71 H {‘]gQS 1 ngs}X
s=1 1., 7=0

Zq 27«)
XJ/[gqul : quqk 27‘] - —
H1{92s o 1+1}J[,¢}( )](l,lt k) [Sryee81] w.p. 1, (75)

where ¢o;_1 def sip 0= 1,2,...,mr = 1,2,...,[k/2], (Sp,...,51) € Ap,,
J ™) gglt wlsrs1l 5o defined by () and Ay, is defined by (37).

Note that

Z A91793 7777 92r—1 =

({{g1:92}:--192r— 1g2T}} {a1,--ap— zr}) go=g1+1,93=¢g2+1,....92,=g2,—1+1
{91:92:-92r—1,92r01 @27 }={1,2,....k}

- Z ASl,SQ ..... Sp9 (76)

where Ay 4, A, 5.5, are scalar values, goj—1 = 551 = 1,2,...,r; r =

----- g2r—19

1,2,...,[k/2], Ay, is defined by (31).
Using (61]), (73), (76), and Theorem 9, we finally get

- . (i1) - (i1) )
) . 11 1k
lpl_}glo Z Cj, ]1Hle _1151—3% Z Ci, chjl Cjk =
J1se-sJx=0 =1 J1seeJk=0

’Lll 1 le Spyeeey S1 * ’Lll
= TR 3T D TRl = g ()

w. p. 1, where J[(* )]gfjt--ik)[sr ----- “l i defined by (B6). Theorem 7 is proved.

Let us make a number of remarks about Theorem 7. An expansion similar to
(29) was obtained in [57], where the author used a definition of the Stratonovich
stochastic integral, which differs from (7). The proof from [57] is somewhat
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simpler than the proof proposed in this article. However, in our proof, we
essentially use the structure of the Fourier coefficients (80) corresponding to
the kernel K (t1,...,t;) of the form (4). This circumstance actually made it
possible to prove Theorem 7 using not the condition of finiteness of trace series,
but using the condition of convergence to zero of explicit expressions for the
remainders of the mentioned series. This leaves hope that it is possible to

estimate the rate of convergence in Theorem 7 (see Theorems 14-17 below).

Note that under the conditions of Theorem 7 the sequential order of the

jQQT,1:p+1jQQT,3:p+1 jg3:p+1jg1:p+1

series

in (23)) is not important. We also note that the first and second conditions of
Theorem 7 are satisfied for complete orthonormal systems of Legendre polyno-
mials and trigonometric functions in the space Ls([t, T]) (see the proofs of The-
orems 11-13 below). Note that in the proofs of Theorems 4-6, 11-13 the condi-
tions of Theorem 7 are verified for various special cases of iterated Stratonovich
stochastic integrals of multiplicities 2 to 5 with respect to components of the

multidimensional Wiener process.

Taking into account the modification of Theorem 1 for the case of integ-
ration interval [t, s] (s € (¢,T]) of iterated Ito stochastic integrals (see Theo-
rem 1.11 in [13]), we can formulate an analogue of Theorem 7 for the case of
integration interval [t, s] (s € (¢t,T); the case s = T is considered in Theorem 7)

of iterated Stratonovich stochastic integrals of multiplicity k& (k € N).

Denote

def

C_'(p) ()

Geodgedn

4791,92;--,92r—1,92r
00 00 00 00

EAED YD DR W W e A )

jgg,__lzp""l jgg,__3:p+1 j93:p+1j91 =p+1

J91= 092>+ D g2 —1 = D92
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and introduce the following notation

[ee] [ee]
def 1, D
- 5 {921=g21-1+1}
q#91,925--92r—1,92r

Joapr—1=P 1 Jgy, s =p+1

Si {C;f.)..jq...jl(s)

)
(ggidgni_1 ) () sdgy =dggr--sdgg, 1 =Jgay

co Z Z < Z Z Cjk---jl(s)

Jogpy1 =P Jgy 3=p+1 Jg3=p+1 Jgy =p+1

where [ =1,2,...,r,

Cjk---jl (S)

(jgzljgglfl )f\,()

is defined by analogy with (21I),
Cjpjr(8) = / () s, (tr) - .. / i (t)) s, (1) dLy . . . dty.. (78)

Theorem 10 [13], [48], [49]. Assume that the continuously differentiable
functions Yy(7) : [t,T] = R (l=1,...,k) and the complete orthonormal system
{0i(x)}320 of continuous functions (¢o(x) = 1/\/T —t) in the space Lo([t, T))
are such that the following conditions are satisfied:

1. The equality

s S to

%/(Dl(tl)(bg(tl)dtl = jzo/@g(t2)¢j(t2)/@1(t1)¢j(t1)dt1dt2 (79)

t t

holds for all s € (t,T], where the nonrandom functions ®1(7), ®2(7) are con-

tinuously differentiable on [t,T] and the series on the right-hand side of ([79)

converges absolutely.

2. The estimates

U, (s) / Wy (s, 7)
1/2+a’ /¢j(9)¢2(8)d9 < j1/2+a

/¢j(7)<131(7')d7 <
/ J
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3 [ /1@m> < T

—p+1
hold for all s, 7 such thatt < 7 < s < T and for some a, 3 > 0, where ®1(7),
Oo(7) are continuously differentiable nonrandom functions on [t,T], j,p € N,

and

[ 10t nldr < oo, [ ()] dr < o

forall s € (t,T).
3. The condition

p
plggo Z <511512 9, {C](kp.)..jq...jl(s)

J1s-dqs 3 =0
q791:92>+-92r—1,92r

2
=0
q#91,92;--,92r—1,92r

holds for all possible g1, go, - .., 921,92 (see (@) and ly,ls, ... 15 such that
liloy ... lg € {1,2, ...;rh, lp >l > ... > 1g,d=0,1,2,...,7 — 1, where
r=1,2,...,[k/2] and

Jke-Jg---J1

Sllslg . ~-Sld {C(-p) S (S)

def =(p)
} = Cjk...jq...jl(s)
A#91,92;-,92r—1,92r

Then, for the iterated Stratonovich stochastic integral of arbitrary multiplic-

ity k

q#£91,925-,92r—1,92r

ford = 0.

J Zl k) /’g/}k tk / ’g/)l tl th . th , (80)

the following expansion
. p k .
T [@/}(k)]gz’%...%) — 11_>1g10 | Z Cjk--.jl(s) H C](llz)

that converges in the mean-square sense is valid, where s € (t,T), Cj,. ;,(s)

is the Fourier coefficient ([8), Lim. is a limit in the mean-square sense,
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T
= [ ox(ryiwt

are independent standard Gaussian random variables for various i or j (in the

case when i # 0), wl = 7.

In Sect. 2.1.2 of the monograpth [13], the following formula is proved

T

% / Yi(t)ga(t)dt =Y Oy, (81)

t J=0

where . t
Cij = [ wa(ta)p;(ta) [ i(t1)e;(t)dtidty,
[t |

{#;(%)}32y is a complete orthonormal system of Legendre polynomials or
trigonometric functions in the space Lo([t,T]), the functions (1), 12(7) are

continuously differentiable at the interval [t, T7.

Moreover [13] (Sect. 2.1.2), the following estimate

.¢]

> Oy

Jj=p+1

C
< > (82)

holds under the above assumptions, where constant C' does not depend on p.

The relations (RI) and (82) have been modified as follows [13] (Sect. 2.7,
2.9)

%/¢1(t1)¢2(t1)dt1 = Zij(S), (83)

J=0

C 1
=7 ((1 — 22(s))"/* " 1) | o

where (83) holds for the case of Legendre polynomials or trigonometric functions

and (84)) holds for the case of Legendre polynomials, s € (¢,7T) (s is fixed, the

> Clils)

Jj=p+1
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case s = T corresponds to (8I)) and (82))), constant C' does not depend p, the

functions 11 (1), (1) are continuously differentiable at the interval [¢, T7,

Cy5(s) = / ba(t2) (1) / (), (11) b,

T+t 2
= — . 85
O O P (55)
For the trigonometric case, the estimate (84)) is replaced by [13]
= C
Y Cls)] < =, (86)
j=pi1 P
where s € (t,T), constant C' does not depend on p.
Note the well known estimate for the Legendre polynomials
K :
1Pi(y)| < ye(=1,1), jeN, (87)

VIF = A
where P;(y) is the Legendre polynomial, constant K does not depend on y and
7.

Using (87), we obtain the following useful estimates for the case of Legendre
polynomials [13] (Sect. 1.7.2, 2.2.5)

/ W(7)bs(7)dr| < Q( ! + 1), (88)

7\ (1= (2(2))HH
f c I
/w(r)@(f)m < <(1 — ot 1), (89)

T

/@/J(T)gbj(T)dT < C( ! + ! + 1), (90)

JA\@ =@V (1= (2(v)P)1

where j € N, z(x),2(v) € (—=1,1), z,v € (t,T), v < x, ¥(7) is a continuously

differentiable function at the interval [t, T'], constant C' does not depend on j.

Electronic Journal. http://diffjournal.spbu.ru/ 130



Differential Equations and Control Processes, N. 2, 2022

For the case of trigonometric functions, we note the following obvious esti-

mates
/¢(7)¢j(7)d7 < % (91)
/ (T)pi(1)dr| < % (92)
/ (T)d;(T)dr| < % (93)

where j € N, z,v € (t,T), v < z, the function ¢(7) is continuously differentiable
at the interval [¢,T], constant C' does not depend on j.

5 Expansion of Iterated Stratonovich Stochastic Inte-

grals of Multiplicity 3

In this section, we present a simple proof of an analogue of Theorem 5 based

on Theorem 7. In this case, the conditions of Theorem 5 will be weakened.

First, we show that the equalities

5 [nnemar=3" [©000) [ o0 @0 o

t 7=0 t
) ot t2
1
5/@1(7)@2(7)617: Z/¢1(9)¢j(9)/¢2(7)¢j(7)d7d9a (95)
t =04 0
hold for all 1,y such that t < t; < ty < T, where {¢,(x) 720 is a complete
orthonormal system of Legendre polynomials or trigonomertic functions in the
space Ly([t,T]), the nonrandom functions ®1(7), ®5(7) are continuously differ-
entiable on [t,T] and the series on the right-hand sides of (04)), (O5) converge
absolutely.
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From (83]) we get

% / Dy (7)Po(7)dr = z_g / Dy ()04 (7) / ®1(0)¢;(0)dbdr, (96)
|7

3 / D1 (7)Po(7)dT = 2 / Dy ()04 (7) / ®1(0)p;(0)dbdr. (97)

t
Subtracting (96) from (O7), we obtain

to

% / Oy (7)Po(r)dT =Y / Dy (7)9;(7) / ®1(0)p;(0)dOdr =

t =0
ty

=2 / ®o(7)95(7) / &1 (0)¢;(0)dOdT+

7=0 ¢ t

s / D7) (7) / @,(6)0;(6)dbdr. (98)

=0 t

Generalized Parseval’s equality gives

00 T T
— Z/1{t1<7<t2}@2(7)¢j(7)dr/1{9<t1}q>1(9)¢j(5)d9:
t

T
= /1{t1<7<t2}q)2(7_)1{7<t1}(1)1(T)dT:0' (99)

t

Combining (98)) and (99), we obtain (04)). The equality

/t2<1>2(7)¢j(7)/T<I>1(9)¢j(9)d<9d7: /tzq)l(‘g)(fbj(‘g)i¢2(7)¢j(7)d7d9
: i t 0
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completes the proof of (OF]).
Theorem 11 [48], [49]. Suppose that {¢;(x)}32y is a complete orthonor-

mal system of Legendre polynomials or trigonometric functions in the space
Lo([t, T]). Furthermore, let 11(T),1v2(T),13(T) are continuously differentiable
nonrandom functions on [t,T|. Then, for the iterated Stratonovich stochastic

integral of third multiplicity

J* g3 iizis / ws(ts / st / Gy () dw D dw P dw!®  (100)

the following expansion

p
WO =L 3 Cam 6
1.J2,J3=

that converges in the mean-square sense is valid, where i1,19,13 = 0,1,...,m,

T 3 to
Clsjojn = / V3(t3) by, (t3) / Pa(ta) by, (t2) / V1 (t1) b, (t1)dt dtadts

T
= [ orawt)

are independent standard Gaussian random variables for various i or j (in the

and

case when i # 0); another notations are the same as in Theorem 1.

Proof. As follows from Sect. 4 (see (RI)—(84), (86), (8]), [R9), (@), (©2)),
Conditions 1 and 2 of Theorem 7 are satisfied for complete orthonormal systems
of Legendre polynomials and trigonometric functions in the space Lo([t,T])
(o = 1/2, 8 =1). Let us verify Condition 3 of Theorem 7 for the iterated
Stratonovich stochastic integral (I00). Thus, we have to check the following
conditions

2
ph_ff}oz ( Z CJ33131) =0, (101)

J3=0 \ji=p+1
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2
ph_ff}oz ( Z CJ3J331) =0, (102)

J1=0 \jz=p+1
2
ph_{goz ( Z lejzjl) = 0. (103)
Jj2=0 \ji1=p+1
We have
p o0 2
z(z@m)
J3=0 \j1i=p+1
- 2
Z /@/13 t3)dj,(t3) /@/12 t2)d;, (t2) /@/11 t) o (t)dtidtadts | =
J3=0 \Jj1=p+1%
(104)
2
¢3 t3)@j,(t3) /¢2 t2)@j (t2) /% t1)¢;, (t1)dtidtadts | <
Ji=p+1%
(105)
Z /¢3 t3) by, (t3) Z /% t2)d;, (t2) /¢1 t) g (t)dtidtadts | =
J3=0 Ji=p+17
(106)

2

¢ (t3) Z /% t2) oy, (t2) /¢1 t) o (t)dtdty | dts < (107)

<= =0 (108)

= =

if p — 00, where constant K does not depend on p.

Note that the transition from (I04)) to (L05) is based on the estimate (84)
for the polynomial case and its analogue (8@]) for the trigonometric case, the

transition from (I06]) to (I07) is based on the Parseval equality, and the tran-

sition from (I07) to

(I08) is also based on the estimate (84) and its analogue

(B6) for the trigonometric case.

By analogy with the previous case we have
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J1=0 \Jjs=p+1
) o T ts t 2
= ( > ¢3(t3)¢j3(t3)/¢2(t2)¢j3(t2)/¢1(t1)¢j1(t1)dt1dtzdt3> =
71=0 \Js=p+17%

. T
Z /1/11 t1) ey, () /@/12 t2) @), (t2) /@/13 t3)0j, t3)dt3dt2dt1>

J1=0 (JSP‘H +

109

T
/% t1) ey, () Z /¢2 t2) b, (t2) /¢3 t3)@j, (3 dt3dt2dt1)

Js=p+1y

J3=p+1;

(110)
0 T
< ( [t 3 / () (1) / Dalts) o (1 dtgdtgdtl)
t

T
= /1?%(?51) Z /¢2 to ¢]3 t2 /wl l3 ¢J3 t3 dt3dt2 dtl (111)
t

.73 P-i-l t

<

= =

— 0 (112)
if p — 00, where constant K is independent of p.

The transition from (I09) t
(B4), (8G) for the value

Z /¢2 b2 ¢j3 t2) /¢3 i3 ¢j3 t3)dtsdts

Js=p+1ly

o (II0) is based on analogues of the estimates

for the polynomial and trigonometric cases, the transition from (I11) to (I12)
is also based on the mentioned analogues of the estimates (84]), (8al).

Further, we have

J2=0 \j1=p+1
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2

= ( > ¢3(t3)¢jl(t3)/¢2(t2)¢jz(t2)/¢1(t1)¢jl(t1)dt1dt2dt3 =

J2=0 \J1i=p+17%

<.
o

P o L
Z Z /% ta) By, (t2) /% t1)dj, (t dtl/% t3)dj, (L3 dt3dt2>
113

jo= (]1p+1 t

I
M@

|
o

n=p+1%

<.

2

T
/% ta) ), (t2) Z /¢1 t1)oj, (1 dtl/% t3)bj, (L3 dt3dt2)
(114)

<

Mg

/% t2)0j, (t2) Z /1?1 t)oj (L dt1/¢3 t3)0j, (L3 dt3dt2)

J2=0 n=p+1%

/% (t2) Z /1/11 t) g (b dt1/¢3 t3)0;, (ta)dts | dta.  (115)

ji=p+17
The transition from (I13)) to (I14]) is based on the estimates (88), (89)
and its obvious analogues (91]), (O2)) for the trigonometric case. However, the
estimates (88)), (89) cannot be used to estimate the right-hand side of (115,
since we get the divergent integral. For this reason, we will obtain a new

estimate based on the relation [13] (Sect. 2.2.5)

z , ()
[ oeostsias === [ pgu

BENTES ((PJH( (7)) = P (2(2)))y () -

| Bl - le(y))zb’(U(y))dy) : (116)

where x € (t,T), j > p+ 1, z(x) is defined by (BH), Pj(z) is the Legendre

polynomial, ¢ is a derivative of the continuously differentiable function (s)
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with respect to the variable u(y),

T—t T+t
+ 5

From (87) and the estimate |Pj(y)| < 1, y € [—1, 1] we obtain

€ —€ —€ C
B = RGP < 1RO < g (17

where y € (—1,1), j € N, and ¢ is an arbitrary small positive real number.

Combining (IT6]) and (I17), we have the following estimate

S C 1
t/%(T)@'(T)dT < i <(1 — 2(s)) /A + 1>, (118)

where s € (t,T), z(s) is defined by (85)), constant C' does not depend on j.

Similarly to (II8]) we obtain

T . 1
/%(T)@(T)dT < i ((1 ~ 2(s)) + 1), (119)

S

where s € (t,T), constant C' is independent of j.
Combining (88)) and (I19), we have

/Swl(T)qu(T)dT/ng(T)@'(T)dT <

< L L +1 ! +1 (120)
722\ (1 = 22(s))1/A—</4 (1= 22(s))1/" ’

where s € (t,T), z(s) is defined by (83), constant L does not depend on j.

Observe that

0
0

1 dx 1
> =5 | am e e (121)

J=p+1 D
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Applying (I20) and (I21)) to estimate the right-hand side of (I13]) gives
p 0 2
K
(3 ) <5 o 2
J2=0 \j1i=p+1
if p — oo, where ¢ is an arbitrary small positive real number, constant K is
independent of p.

The estimation of the right-hand side of (I15) for the trigonometric case is
carried out using the estimates (O1I), (02). At that we obtain the estimate (122)

with € = 0. Theorem 11 is proved.

6 Expansion of Iterated Stratonovich Stochastic Inte-

grals of Multiplicity 4

Theorem 12 [48], [49]. Suppose that {$;(x)}32, is a complete orthonormal sys-
tem of Legendre polynomials or trigonometric functions in the space Lo([t,T)).
Furthermore, let Y1 (7),...,%4(T) are continuously differentiable nonrandom
functions on [t,T]. Then, for the iterated Stratonovich stochastic integral of

fourth multiplicity

J*[¢(4)]¥3t...¢4) _ /*TM(M) N /*

the following expansion

t

Gi(t)dwi . dwlY (123)

p
Sy = 1;3—}%10' | Z CipinGj -G,
that converges in the mean-square sense 1s valid, where i1,...,14=0,1,...,m,

T by
Ciyi = /¢4(t4)¢j4(t4)-~-/¢1(t1)¢jl(t1)dt1...dt4
t t

and
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T
— [ omawt?
t

are independent standard Gaussian random variables for various i or j (in the

case when i # 0); another notations are the same as in Theorem 1.

Proof. As follows from Sect. 4 (see (8I)—(84), (84), (88), (8I), (@), (92)),
Conditions 1 and 2 of Theorem 7 are satisfied for complete orthonormal systems
of Legendre polynomials and trigonometric functions in the space Lo([t,T])
(o = 1/2, 8 =1). Let us verify Condition 3 of Theorem 7 for the iterated
Stratonovich stochastic integral (I23)). Thus, we have to check the following

conditions

2
S (z c) 0 i
J1

J3:J4=0 =p+1
p
ph_glo Z ( Z CJ43132]1> (125)
J2,J4=0 \j1=p+1
p 00
ph_glo Z < Z lej3jzjl> (126)
J2,J3=0 \j1=p+1
p o0
S (z c) 7
J1,Ja=0 \j2=p+1
p 00
> (z c) 12
J1,J3=0 \j2=p+1
p 00
ph_glo Z ( Z stj3jzjl> (129)
J1,J2=0 \jz=p+1
ph_glo (j 03231]2]1> (130)

ph_glo ( Cj1j2j2j1> =0, (131)
J2=p+1 j1=p+1
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(0.} 0 2

ph_glo ( Z Z Cj3j3j1j1> =0, (132)
Js=p+1 j1=p+1

00 2

plggo< Z Cj3j3j1j1 o ) =0, (133)

Jjz=p+1 (1)~ ()

oo

( \
llglo Z Cj3j3j1j1 =0, (134)
P j1=p+1 (J3g3) ()
2
lim Ciivinis —0, (135)
pee jl—p—|—1 (j2j2)m(')/

where we use the notation (21) in (I33))—(135).

Applying arguments similar to those we used in the proof of Theorem 11,

we obtain for (124))

p 00 2 p
Z ( Z Cj4j3j1j1> = Z /'@/}4 17 ¢j4 t4 /'@/}3 ts3 (,75]3 t3

J3,34=0 \j1=p+1 73,J4=0 \ j1=p+1 +
t3 to 2
< / Un(t) by, (£2) / b1 (0) b5, (1) dtdtadtsdty | = (136)

/W ta)d, (ta) /% t3) by, (t3) ¥

J3:J4=0 \ '}

X Z /wg t2 ¢]1 t2 /wl tl ¢]1 tl)dtldtgdtgdt4 S (137)

Ji=p+1%
/1?4 ta)dj, (ta) /¢3 t3)dj, (t3) X

J3,J4=0 t

X Z /¢2 to ¢]1 t2 /¢1 t1 ¢]1 tl)dtldthtgdt4 = (138)

=p+1%
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= / L, <ty 3 (t0) 5 (t3) X

[t,T7]?
2
X Z /¢2 t2 gb]l t2 /¢1 tl gb]l tl)dtldtz dtgdt4 (139)
n=p+1%
K
< 2 0 (140)

if p — 00, where constant K is independent of p.

Note that the transition from (I36)) to (I37) is based on the estimate (84]) for
the polynomial case and its analogue for the trigonometric case, the transition
from (I38) to (@) is based on the Parseval equality, and the transition from ()
to (I40) is also based on the estimate (84]) and its analogue for the trigonometric

case.

Further, we have for (I25)

P 00 2 D 00 T ty
Z ( Z Cj4j1j2j1> - Z Z /'@/}4@4)@51'4(754)/@/J3(t3)¢j1(t3)><
J2,74=0 \j1=p+1 J2:Ja=0 \J1=p+1% f
i3 ta 2
></¢2(t2)¢j2(t2)/¢1(t1)¢j1(tl)dtldtzdt3dt4 = (141)
t

b

_ 3 / a0y, (£) / o) b3, (£2) %

J2,Ja=0 \Jj1=p+1%

lo [ 2
></¢1(t1)¢j1(t1)dt1/¢3(t3)¢j1(t3)dt3dt2dt4 = (142)
/W ta)dj,(t4) /% ta)@j, (t2) X
J2:.J4=0 \ '}
2
X Z /% t1)d; (t dtl/% t3)@j, (t3)dtsdtadty | <

n=p+17
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<> / balte)dn(t) / Polta) b (£2) %

X Z /¢1 t)oj, (1 dt1/@/13 t3) @, (t3)dtsdtadty | =

Jl—p+1

_ / 1ggy oty 02 (£2) 02 (£) X

[t,T]?
2

X Z /wl t1) o) (4 dtl/% t3)@j, (t3)dts | dtadty <

=p+1%

K
p2—6
if p — oo, where ¢ is an arbitrary small positive real number for the polynomial

< — 0 (143)

case and ¢ = 0 for the trigonometric case, constant K does not depend on p.

The relation (I43)) was obtained by the same method as (I40). Note that
in obtaining (I43) we used the estimates (90), (II8) for the polynomial case
and (91)), ([@3) for the trigonometric case. We also used the integration order
replacement in the iterated Riemann integrals (see (I41l), (142)).

Repeating the previous steps for (126]) and (127), we get

p 00 2 p
Z ( Z Cj1j3j2j1> = Z /'@/}4 7 ¢j1 t4 /'@/}3 ts3 qug t3

J2,J3=0 \j1=p+1 J2,J3=0 \Jj1=p+17%

2

X/¢2(t2)¢j2(t2)/wl(t1)¢j1(tl)dtldthtgdt4 =

p

= Z /% t3) 0, (t3) /¢2 t2) sy (t2) %

32 J3=0 \J1=p+17%
T 2

< / b1 (05 (1) / ()65, (t2) dbadtadty | —

t3
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V3(t3)Pjs(t3) [ a(ta)dy,(t2)x
J2,J3= 0(/ ’ / ’

2
X Z /77/}1 t1)d; (t dt1/¢4 ta)dj, t4)dt4dt2dt3> <

T

i (/¢3(t3)¢j3(t3)j¢2(t2)¢j2(t2)><

j27j3:0 t

2
X Z /¢1 t)oj, (1 dt1/l/14 t1)0j, t4)dt4dt2dt3> =

IA

_ / 11yt U3 (£3)103 (1) X

[t,T]?

2
Z /% t1)oj, (1 dtl/% ta)@j, (ta)dty | dladts <
Ji=p+1%

<= =0 (144)

= =

if p — 00, where constant K does not depend on p;

p 00 2
Z ( Z Cj4j2j2j1> — Z /QM (7} ¢]4 t4 /¢3 i3 ¢jg t3
J1,54=0 \j2=p+1 J1,J4a=0 \J2=p+17%

i3 to 2
X / Va(ta) By, (t2) / ¢1(t1)¢j1(tl)dtldtgdtgdt4> -

Z /W ta)dj,(t4) /M t1)dj, (1) x
J1,Ja= 0 J2=p+17%

2
X ¢2 (t2)¢j2 (t2) ¢3 (t3)¢j2 (t3)dt3dt2dt1dt4) =
[
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/¢4 ta)d;, (ta) /% t1) ey, (t1) %

J1:Ja=0 \ %
2
X Z /% t2)0j, (t2) /¢3 t3) @, (ta)dtsdtadtidty | <
J2=p+1 t
00 T tq
< Y | [oten / D1t (1)
j17j4:0 t
2
X Z /% t2) @), (t2) /% t3), (ts)dtsdtadtidty | =
Je=p+1y
— [ Luceosin)x
[t,172
2
X Z /¢2 to gb]Q t2 /¢3 t3 gb]Q tg)dtgdtz dtldt4 (145)
Jo=p+1y

Note that, by virtue of the additive property of the integral, we have

Z /¢2 1) ¢]2 t2 /¢3 t3 ¢32 t3 dtgdtz = (146)

Jo=p+1 t

/¢3 t3)d;, (t3) /¢2 t2)@j, (t2)dtadts—

12—p+1

- Z / V3(t3) b, (t3) / Ua(ta) @y, (to)dtadts—

- Z /% t3), (3 dt?,/wz t2) b, (t2)dts. (147)

32 p+1 t

However, all three series on the right-hand side of (I47) have already been
evaluated in (I40) and (I43). From (I45) and (I47) we finally obtain
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p 00 2
K
Z ( Z Cj4j2j2j1> < p2_€ — 0 (148)

J1,J4=0 \j2=p+1
if p — 00, where ¢ is an arbitrary small positive real number for the polynomial

case and ¢ = 0 for the trigonometric case, constant K does not depend on p.

In complete analogy with (I43]), we have for (128

» o 2 ) W T ty
Z ( Z Cj2j3j2j1> - Z Z /'@/}4(t4)¢j2(t4)/’Q/J3(t3)¢j3(t3)><
J1,J3=0 \j2=p+1 J1,43=0 \Ja=p+17 f

2

t3 to
X [ ba(ta)dj,(ta) | i(t1)dy, (t1)dtrdtadtsdty | =
[ |

p o0

- Z Z /¢3(t3)¢j3(t3)/¢2(t2)¢j2(t2)><

jlaj3:O j2:p+1 t
2

to T
X/¢1(t1)¢j1(t1)dt1dt2/¢4(t4)¢j2(t4)dt4dt3 =

- Z /¢3t3 s (t3) /¢1 t1) g (t) x

jla]3: J2=p+17%
ts T 2
X / Pa(t2) @y, (t2)dtadty / Va(ta) g, (ta)dtadts | =

t3

/¢3 t3) by, (t3) /% 1)y, (t1) %

]1.73 =0 t
2

X Z /% ta)dj, (t2)dtadly /¢4 ta)dj,(ta)dladts | <
J2 p—l—ltl
- T

> /¢3(t3)¢j3(t3)/¢1(t1)¢j1(t1)><

j17j3:O t

IA
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2
X Z /% t2) @), (L dt2/@/14 ta) s, (ta)dtadt dts | =
Je=p+1y
= / Ls, <ty 05 (E3) 17 (1) X
(t.T]?
w13 T 2
X Z /¢2(t2)¢j2(t2)dt2/@/J4(t4)¢j2(t4)dt4 dtidts <
j2:p+1t1 ts
K
<3z o 0 (149)

if p — 00, where ¢ is an arbitrary small positive real number for the polynomial

case and ¢ = 0 for the trigonometric case, constant K does not depend on p.

We have for (129)

i ( i Cj3j3j2j1>2 _y ;i /T (ts)dj, (ta) ]w (t3)js(t3) x

J1,J2=0 \jz=p+1 3132 0 \Js f

2

/% t2) @), (t2) /¢1(t1)¢jl(t1)dt1dt2dt3dt4 =
t

OO

T
_ / r(t) oy, (1) / alt2) b, (1) X

Juj2= 0 J3=p+17%

T T 2
X /w (t3)¢j3(t3) w (t4)¢j3(t4)dt4dt3dt2dt1 =

ta

/% t1) ey, (1) /% t2) by, (t2) X
J1.J2=0 \ '}
T 2
X Z / (t3)s, (t3) / Vi(ts) by, (ta)dtadtsdtadty | <

Ja=p+ly by
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< Y | [ et [atsn e

j17j2:o t

T T 2
X Z / t3 gb]g tg)/¢4(t4)¢j3(t4)dt4dt3dt2dt1 =

Js=ptly, ty
— [ L))
[t.T]?
2
X Z /% t3)9j, (t3) /¢4 t4) @), (ta)dtsdts | dtadty. (150)
Js=p+1ly,

It is easy to see that the integral (see (I50))
T T
/ V3(t3) 95, (t3) / Va(ta) s (ta) dtadts
i

is similar to the integral from the formula (I4€) if in the last integral we sub-

stitute ¢4, = T. Therefore, by analogy with (I48]), we obtain

p 00 2
K
Z ( Z Cj3j3j2j1> < F — 0 (151)

J1,.J2=0 \Jz=p+1
if p — oo, where ¢ is an arbitrary small positive real number for the polynomial

case and ¢ = 0 for the trigonometric case, constant K does not depend on p.

Now consider (I30)-(132). We have for (I30) (see Step 2 in the proof of
Theorem 7)

% % 2 P % 2
(Z Z Cj2j1j2j1> = (Z Z Cj2j1j2j1) <

Jo=p+1 j1=p+1 J1=0 jo=p+1

M-

00 2
< (p+1 ( Z Cj2j1j2j1> : (152)

J1=0 \jo=p+1
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Consider (I28)) and (T49). We have

p 00 2 D 00 2
> < > Cjzj1j2j1> =) (Z Cj2j3j2j1>

J1=0 \jo2=p+1 J1,73=0 \ja=p+1

IA

J1=J3

p 00 2 K
< Z (Z Cj2j3j2j1> < 9 o7 (153)

J1,J3=0 \Jj2=p+1 p
where ¢ is an arbitrary small positive real number for the polynomial case and

e = 0 for the trigonometric case, constant K does not depend on p. Combining
(I52) and (I53)), we obtain

2
— - P+ DK _ K
(33 ) <CEDE I o

— nl—e
Je=p+1 j1=p+1 p

if p — 00, where constant K7 does not depend on p.

Similarly for (I3T]) we have (see (I127), (I48))

00 0 2 D 00 2
(Z Z Cj1j2j2j1> = (Z Z Cj1j2j2j1) <

Jo=p+1 j1i=p+1 j1=0 jo=p+1
p 00 2
< (p+ 1) Z ( Z Cj1j2j2j1> J (154)
J1=0 \jo=p+1
p o0 2 p o0 2
3 ( 3 o) -y (z c) -
j1=0 \jo=p+1 J1,J4=0 \j2=p+1 J1=J4
p 00 2 K
<y (z o) < K (155
Jrdi=0 \jo=pt+1 P

where ¢ is an arbitrary small positive real number for the polynomial case and

e = 0 for the trigonometric case, constant K does not depend on p. Combining
(I54) and (I55]), we obtain

2
—~ « )K _ K
( Z Z Cj1j2j2j1> < (p+ ) < : — 0

2—e — l—¢
jompt1ji=pt1 p p
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if p — 00, where constant K7 does not depend on p.

Consider ([I32)). Using (60), we get

00 o0 00 00 o0 P
E : E - Cligjsjip = E E Clsjsuin — E : E Clyjajijs =

Jjs=p+1j1=p+1 Js=p+1j1=0 Jz=p+1j1=0

1 < © P
5 Z JaJsguin Z ZCj3j3j1jl7 (156)

(i) () Jz3=p+1j1=0

where (see (21))

Cj3j3j1j1

(1)~ ()

T 121 3
= / Ua(ts) By (ta) / V3(t3)Pjy(t3) / Vo (b2) Y (t2)dtadtsdty.

From the estimate (82) for the polynomial and trigonometric cases we get

- C
Z Clsjajuin < —, (157)
ja=p+1 (J1d1)~ () p
where constant C' is independent of p.
Further, we have (see (I51)))
p 2 p e 2
(Z Z Cj3j3j1j1> < (p+ 1) Z ( Z Cj3j3j1j1> =
J1=0 js=p+1 J1=0 \Jz=p+1
p 0 2
=(p+1) ) ( > Cj3j3j2j1> <
J1,92=0 \Jz=p+1 J1=J2
p 00 2
< (p+ 1) Z ( Z Cj3j3j2j1) < p2e < pl—e’ (158)
J1:.J2=0 \Jjs=p+1

where constant K; does not depend on p.

Combining (I56)—(I58), we obtain

2
0 0 K
( Z Z Cj3j3j1j1> < pl_zg — 0

Js=p+1j1=p+1
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if p — 00, where constant Ky does not depend on p.

Let us prove (I33)—(I35). It is not difficult to see that the estimate (I57)
proves (I33).

Using the integration order replacement, we have

0
E  Clisjsivin

Ji=p+1

Z /¢4(t4)@/13(t4)/%(tz)qul(tz)/¢1(t1)¢j1(t1)dtldt2dt4 _

(Jajs)(+)

i=p+1
. T T to
= > [ | watte) [nteounteiins ) oste2) [ nteontdnde, (159
Ji=p+1% t t
Z Cj1j2j2j1 -
Gi=p+1 (J2j2) ()

= /¢4 ta) @) (t1) /¢3 t3)a(t3) /1/11 t1)pj, (t1)dtrdtsdty =

i=p+1%

= Z /¢4 ta) @) (1) /¢1 t1)oj, (1) /¢3 t3)¥a(ls)disdtrdly =

i=p+1%

Z /@/14 ta)dj (ta) /@/11 t1)oj, (1) / / V3(t3) 1o (ts)dtsdt dty =

Z Ya(ty) | Ws(ts)a(ts)dts | ¢;,(ta) | ¥i(t1)e;, (t)dtidty— (160)
J(oan] j

n=p+1%
t4

— Z /% ta) oy, t4/ ¢1(t1)/ Vs(ts)iha(ts)dts | dj,(t1)dtrdts.  (161)

Applying the estimate (82)) (polynomial and trigonometric cases) to the
right-hand sides of (I59)—(I61)), we get
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o

C
Z Cj3j3j1j1 < —, (162)
ja=p+1 (J3j3)~ (") p
- C
Z Cj1j2j2j1 < —, (163)
J=pt1 (ogz)n ()| P

where constant C' is independent of p. The estimates (I62), (I63) prove (I34),
(I35). The relations (I24)—(I3%) are proved. Theorem 12 is proved.

7 Expansion of Iterated Stratonovich Stochastic Inte-

grals of Multiplicity 5

Theorem 13 [48], [49]. Suppose that {¢;(x)}32, is a complete orthonormal sys-
tem of Legendre polynomials or trigonometric functions in the space Lo([t,T)).
Furthermore, let 1(7),...,¥5(T) are continuously differentiable nonrandom
functions on [t,T]. Then, for the iterated Stratonovich stochastic integral of
fifth multiplicity
« T s t2
P = [ st [ oawawl® (6

t t

the following expansion

p
J*W(S)]T,t = l.i.m. Z st)..-jlcj(l“) . 'CJ(SS)

p—0o0

that converges in the mean-square sense is valid, where i1,...,15=0,1,...,m,

T to
Cis.n = /¢5(t5)¢j5(t5)---/¢1(t1)¢j1(t1)dt1---dt5

and
T

= [ ox(ryint

t

Electronic Journal. http://diffjournal.spbu.ru/ 151



Differential Equations and Control Processes, N. 2, 2022

are independent standard Gaussian random variables for various i or j (in the

case when i # 0); another notations are the same as in Theorem 1.

Proof. Note that in this proof we write k instead of 5 when this is true
for an arbitrary k (k € N). As follows from Sect. 4 (see (8I)—(84), (86), (8S),
®9), (@), ([@2)), Conditions 1 and 2 of Theorem 7 are satisfied for complete
orthonormal systems of Legendre polynomials and trigonometric functions in
the space Lo([t,T]) (a =1/2, = 1). Let us verify Condition 3 of Theorem 7
for the iterated Stratonovich stochastic integral (I64]). Thus, we have to check

the following conditions

p o0
lim > Chi =0, (165)
p—ooo L . S
quv.]qga.]quo j91:p+1 Jg1= 92
2
p o0 00
lim E E E Cls..jx =0, (166)
pP—00 ) ) L
Ja1 =0 Jg1 :p—i—l .793 :p+1 Jg1=Jg2 7]_!]3—.]94
2
P o0
lim > Ci,i =0, (167)
P—+00 o . S
(-7.(]2.7.(]1)m(')h]gl239213932394792:gl+1

qu =0 jgg =p+1

where ({gla 92}7 {937 94}7 {QI}) and ({917 92}7 {Qh q2, Q3}) are partitions of the set
{17 27 SRR 5} that is {gla 92, 93, 94, Q1} = {gla g2, q1, 42, Q3} = {17 27 sy 5}7 braces

mean an unordered set, and parentheses mean an ordered set.

Let us find a representation for Cjk---jl‘ L that will be convenient
.7,(]1_]927 92>gl+1

for further consideration. Using the integration order replacement in the Rie-

mann integrals, we obtain
T li2 ti+1 7] to

/ ht) . / B (b)) / () / ha(hy). / ha (b))t .

t
cdt_dtdt .. dt, =

tiy2 ti41 ti41 L1 L1

_ /T he(te) . / B (f) / I (t) / ho(ts) .. / B (f1) / (1)t x

t t 1 ti—2 t1—1
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thl—l - dtzdtldtl+1 NN dtk —

T 12 li+1 li+1 li+1 li+1
= /hk(tk) e / hl+1(tl+1) / hl(tl)dtl / hl (tl) / hQ(tQ) e / hl—l(tl—l) X
t t t t 1 ti_o

Xdt;_q...dtadt1dt; 1 ... dtp—

T tit2 tit1 tit1 ti1 ti—1
—/mmy”/mﬂm@/ﬁﬁg/@@y”/mﬂmg!/Mm% «
t t t t ti_o t
)ity . dbsdbydty .ty =
T s i iy
:/mwy“/MAMQQ/mmﬁ /mﬂmgm
t t t t

ta

“/fﬂthuxmqﬁHy“dm—

t

T tyo ti t t
— / hi(tx) - - . / hiy1(tisq) / hi—1(t;—1) / hy(t;)dt; / hi—a(t;—2) ...
t t ¢ ¢ t
to
. /hl(tl)dtl codb_odty_qdtyyy .. diy, (168)
¢
where 1 < [ < k and hy(7), ..., hi(7) are continuous functions on the interval

[t, T]. By analogy with (168)) we have for [ = k

T t to

/ﬁﬁg/mquy”/m@wm”dmmu:

t t t

T T
/ /hg /hl 1(t—1 /hl t)dtydt;—q . . . dtadt; =
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T T T T
= /hl t)dt; /h1 t1) /hg(tg).../hl_l(tl_l)dtg_l...dtgdtl—
t ty ti—2

T T ti—1
—/h (t) /h2 ts). /hl (1) /hl(tl)dtl dty ;... dtsdt, =
t ti— t

to

T
hy(t))dt /hl 1(ti-1) /h1(t1)dt1 Lt —
/

I
Tt~ 7

T ti—1 ti—1 to
- / By (t1) / hy(8)dt, / By a(ts) . .. / ho(t)dty .. dtyy. (169)
t t t t

The formulas (I68), (I69) will be used further. Our further proof will
not fundamentally depend on the weight functions ¥ (7), ..., ¥ (7). Therefore,
sometimes in subsequent consideration we write ¢1(7),...,¥k(7) = 1 for sim-
plicity.

Let us continue the proof. Applying (I68) to Cj, i1 jersjijs
precisely to hs(ts) = 9s(ts)p;(ts)), we obtain for [+1 < k,s—1>1,1—1> s+1

,..j; (more

0
E : Cjk---lerljljlfl---jerljljsfl---jl - (170)

Ji=p+1

tiyo tiy1

0 T
— Z / tk /¢Jl+1 tl+1 /¢jz tl /Qb]z 1 tl 1
Ji=p+1%
tsio tst1
/¢]s+1 s+1 /¢3l /¢35 ts— 1

../qul t)dty ... dtydtdte ... db_ydbidt,, .. dt, =

tiy2 L1

Z /@k t) - /%H tiv1) /% t) /% (1)

Ji=p+17%
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s+2 S+1 5+1
/¢Js+1 S+1 /¢Jz /¢js s 1

. / i (L) dty . dt_ydtery .. db_dtdt, . dt—

tiy2 ti41

- Z /%c t) - /%H ti+1) /% t) /% (ti-1)

]z—p+1

s42 tsy1 ts—1
/¢]S+1 s+1 /¢js ls— 1 /¢]l dts /¢js—2(t3_2)"'
t

/¢31 t)dty ... dte_odt,_qdtey ... dt_1ddty ... dE, =

- E : Ajk---lerljljlfl---jerljljsfl---jl - E , Bjk---jl+1jljl71---js+1jljsfl---jl'

Ji=p+1 Ji=p+1

Now we apply the formula (I68) to

Ajk---jl-i—ljljl—l---js+1jljs—1---j1 and Bjk---jl+1jljl—1---js+1jljs—1---j1
(more precisely to hy(t;) = ¢i(t;)¢;,(t;)). Then we have for [ +1 <k, s —1>1,
[—1>s+1
o0
Z Clteeietfidiotodsstfijomtot. =

Ji=p+1

4
/ ZFIEC[ 1y ooy bse 1,t8+1,...,tl_1,tl+1,...,tk)x

[t,T]k—z d=1

X H % Cb]g dtl cdtg_ qdtgyq ... dt_qdtyq ... dty =

g;ﬁl s

4 4
_ *(d) E:
o Z Cjk---jl-‘rljl—l---js-i—ljs—l---]1 CJk---Jq---Jl

: (171)

q#l,s
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where
FV(t, oty tants ooy timty tigy oo t) =
0 tst1 tiy1
= 1oty <t <ot <t <<ty ) Z /@/}S(T)Qsjz(T)dT/¢l(7)¢jl(7)d7
Ji=p+1 t t

(172)
EP(tr, .. to st - tl Lty tk):

- 1{t1< L1 <tgp1 <. <t—1<ti1<.. <tk} Z /¢S qb]l d7/¢l qb]l )

Ji=p+1 %
(173)
FO (1, ot tasts ooy oty tigy oo f) =
ti+1
1{t1< Lteo1<tsp1<..<ti1<tip1<..<tp} Z / ws ¢]l ) / wl(7)¢jl(7)d7
Ji=p+1 % +
(174)
FIS4)<t17 SR ts—h ts—l—lv s 7tl—17 tl—i—la cey tk) =
50 t5+1 ti—1
= =L <<ty <ty <<t <t <<t} Z / %(T)%(T)dT / wl(T)¢jl(T)dT
Ji=p+1 t t
(175)

By analogy with (I71) we can consider the expressions

Z lejk—l---jzjw (176)

Ji=p+1
Z Clteeirriifiot.-ddi (I+1<k), (177)
Ji=p+1
> Chigirdonidergs (s—1>1). (178)
Ji=p+1

Then we have for (I76)—(I78) (see (168), (I69))

Z Clijergoii = / Z Gl()d)(t% o tie1) ¢g<tg)¢jg<tg)dt2 coodtp_q,

Ji=p+1 it T]h-2 d=1 g=2
(179)
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00 2
d
Z Cliojiijeofofi = / Z E]S )(t2, ot b, ) X

Ji=p+1 (#7742 d=1

X Qﬂg ¢]q dtg dtl_ldtH_l .. .dtk, (180)
q7fl
00 4
Z lejkfl---js+1jlj571---j1 — / Z D tl, ce S 1 t5+1, ce ,tk_l) X

Ji=p+1 [t 7] d=1

X Hng ty)dty ... dty ydteyy ... dt_ i, (181)
qsfs

where

to
G( )(tz,.. A 1) = ]-{t2< <tp—1} Z /¢k quz /¢1(7)¢jz(7)d7
t

GO (ty, . 1) = ~e ) Z / Yx(7) 5 ()l / $1(F) i (r

EW(ta, ... it b, t) =

ti41
- 1{t2< <t <t <. <tk} Z /¢l Qb]l d7/¢1 Qb]l
Ji=p+1 %
ED(ta, .ttt 1) =
li—1
1{t2< <t <4< <tk} Z /¢l qul d7/¢1 qul
Ji=p+1 %

DMV (ty, .o totytort, oo b)) =

s+l
- 1{t1< g1 <tgp1<...<lp— 1} Z /wk ¢jl dT//(pS ¢]l
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D (ty, .. totytor, oo to1) =

ts—1
1{t1< Lty <tgp1<..<tp—1} Z /wk ¢yl /st( )¢jz(7>d7a
t

D (ty, .. totytorty .o ti1) =

ts+1
1{t1< o1 <tgp1<..<tp— 1} Z /wk ¢]l /¢5(7)¢]l(7-)d7_
Ji=p+1 % t

DW(ty, .. totytorty .o ti1) =

1{t1< g1 <tgqp1<..<Cp— 1} Z /wk ¢jl d7_/¢s ¢jl

Now let us consider the value Cj, . jl‘ o B . 'To do this, we will make
.7,(]1_]921 92_gl+1

the following transformations

T tigo tia1 t ti—1 ty
/ h(t) .. / B (ha) / () / Bt 1) / ha(ts) .. / ha (b))t -
t t t t t t
by odty dtydty .. dty =
T 12 li+1 li+1 li+1
= /hk(tk).../hl+1(tl+1)/hl(t1>/h2(t2).../hl_g(tl_Q)X
t t t 131 ti—3
tl+1 tl+1
/ / tl 1 / / tl dtldtl 1dt;_o .. .dtadt dt;yq ... dty =
tiy2 ti41 ti1 tir1
:/hk(tk).../hl+1(tl+1) /hl(tl>dtl/hl(tl_1)dtl_1 /hl(tl)x
t t t t t
tig1 tig1
X / hg(tg) . / hl_z(tl_g)dtl_g coodtodtidty L. dt—
t t;—3

Electronic Journal. http://diffjournal.spbu.ru/ 158



Differential Equations and Control Processes, N. 2, 2022

T tiya tiy1 ti+1 ti+1
_ / hi(ty) - / B (ta) / h(t)dts / hy(t) / ho(ts) . ..
t t t t 3]
tl+1 ti—o
. / hi_a(t_s) / hi(ti)dtis | dtis ... dtsdtidty, . . . dt—
ti_s3 t
T tiya tiy1 t1—1 ti+1
—/hk(tk)---/hz+1(tl+1) /hl(tl—l)/hl(tl)dtldtl—l /h1(t1)><
t t t t t
ti11 ti41
X /hg(tg).../hl_g(tl_Q)dtl_Q...dthtldtl+1...dtk+
1 ti—3
T ti42 ti+1 tiy1 t1+1
+/hk(tk).../hl+1(tg+1)/hl(tl)/hg(tg).../hl_g(tl_g)x
t t t t1 li—3
ti—2 ti—1

X / hl(tl—l) / hl(tl)dtldtl_l dt;_o...dtodtdty ... dt, =

t

T tiya ti41 L1 ti41

=/h (tr) .. /hl+1 ti+1) /hl tr) dtl hz(t1—1)dt1—1 /hl—2(t1—2)><

t t

ti—2
X /hl 3 tl 3 /hl tl dtl dtl 3dtl thl—i—l dtk—
t

t
T tiyo ti1 L1
/hk -/hl+1(tz+1) /hl(tz)dtl /hz—2(tl—2)><
t t t t
ti—o ti—2 ty
X /hl(tl_l)dtl_l /hl_g(tl_3>.../hl(tl)dtl...dtl_gdtl_gdtl+1...dtk—
t t
tiyo t11 t1—1
/ (tr) - /hl+1 tiv1) /hl(tz—1)/hl(tz)dtzdtl—1 X
t t t t
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tig1 ti—o to
X / hl_2(tl_2) / hl_g(tl_g) ca / hq (tl)dtl coodty_sdt;_odtyyq ... dt+
t t t
T tiyo L1 li—2 li—1
+ / hi(ty) - - . / hip1 (i) / hi—o(ti—2) / hy(ti—1) / hy(t)dtdt; -, | X
t t t t t
ti—2 tg
X / hl_g(tl_g) ce / hl (tl)dtl .. .dtl_gdtl_gdtl_H .. .dtk, (182)
t t

where [+1 < k,1—2 > 1, and hy(7), ..., hi(7) are continuous functions at the
interval [t,T]).

Applying (I82) to Cj, . iiiis...ir» We obtain for [ +1 <k, 1 —2>1

X0
E Gt izt =

Ji=p+1
4
/ ZH(d)(tl,...,tl_g,tHl,...,tk)X
g2 =1

k
X H bty @y, (tg)dty . .. dty_odtyy .. . dty, =

4 4
_ s (d)
ZCM Ji+1Ji—2--J1 ZCjk...jq...jl ) (183)
=1 d=1 q#l=1,l
where
HO(t, o tio, b, - ty) =
ti1 i1
= Lt<.<tia<tin<..<t) Z / T) s (T)dT /@/}l_l(f)qul(T)dT, (184)
Ji=p+1 % 4
HP (t, o tio, b, - ty) =
i1 t_o
1{t1< Lt <tip1<..<tp} Z / ( )%(T)dT/¢l—1(7)¢jz(7)d7, (185)
Ji=p+1 % s
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HZ()?’)(tl, - ,tl_Q, tl_l,_l, e ,tk) =

ti+1 T
= _1{t1<...<tl_2<tl+1<...<tk} Z /¢l—1(7)¢jl(7)/¢l(9)¢jl(9)d0d77 (186)
Ji=p+1 % t

HO (b, tiay b, .o ty) =
- 1{t1< Lb—a<tip1<.. <tk} Z /¢l 1 gb]l /¢l gb]l )dadT (187)
Ji=p+1 7%

By analogy with (I83) we can consider the expressions

Z Cjk~--jl+1jljw (188)

Ji=p+1

Z lejljkfl--jl' (189)

Ji=p+1

Then we have for (I88), (I89) (see (I82) and its analogue for ¢, =T)

Z Cjk---jl-i—ljljl - / t37 e H ng dt?) dt,  (190)

Ji=p+1 it 7]k
%) 4 k—2
Z lejljk—2---j1 - / Z M tl) e 7tk—2) %(tg)% (tg)dtl o dtp_o,
Ji=p+1 = d=1 g=1

where

Lp(ts, .-y tk) = jye <t} Z / Va(7) s (T / U1(0)9;,(0)dbdr,

M (.. o) =

ST, Z / Yu(7) 5 ()T / pa(T)a(r

Electronic Journal. http://diffjournal.spbu.ru/ 161



Differential Equations and Control Processes, N. 2, 2022

MP(t, ... ths) =

tg—2

i< <o) Z /@/’k T)$5 (T dT/@/’k 1(7) ¢ (T)dr

M (... ths) =

1{t1< <tp—2} Z /wk 1 ¢jl /wk ¢]l dedT

M(4>(t1, i) =

1{t1< <tr—2} Z /W 1 ¢jl /wk ¢]l dedT

Ji=p+1 %

.. xx(d) .
It is important to note that C’]k reiraivy Cinirsiray (d=1,...,4) are

Fourier coefficients (see (I7T)), (I83))), that is, we can use Parseval’s equality in
the further proof.

Combining the equalities (I7T))—(I75) (the case g2 > g1 +1), using Parseval’s
equality and applying the estimates for integrals from basis functions that we

used in the proof of Theorems 11, 12, we obtain for (I'71))

2
P 00
> > Chi =
Jay:Jag:Jas=0 \Jgy =p+1 Jg1=Jgg:92>91+1
2

- Z Z Cj5---j1

J1seerdqreesd5=0 jgl =p+1

jgl :jgg 792>gl+1

#9192
p 4 2
= <
) ZC <
T seeesdqse-ss d=1 q#91,92
q75917<72
00 4 2
d)
< § § 4 _
- Cj5jqj1
1 semrigsd5s=0 \d=1 q#91,92
q47#91:92
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_ / ng (t1, sty 1y tgiits - oo tgy 1 tgpits - t5)X

jl 7777 jq,...,j5:0 t ]
a#91,92 )

5
x T walte)es, (t)dts .. dtg,adty .. dtg, 1dtg,. ... dts | =

4 2
= ( S OED (b, g1t g1t ,t5)> %

thl .. -dtgl—ldtgl—l-l .. 'dtgg—ldtgg+1 Ce dt5 <

=~

d=1,.

2
§4Z/ <Fp(d)(t1,...,tgl_l,tgl_H,...,t92_1,t92+1,...,t5)> X
TP

thl .. -dtgl—ldtgl—l-l .. 'dtgg—ldtgg+1 .. dt5 <

K

S p2—5

— 0 (192)

if p — 00, where ¢ is an arbitrary small positive real number for the polynomial
case and € = 0 for the trigonometric case, constant K does not depend on p.
The cases ([L76)-(I78) are considered analogously.

Absolutely similarly (see (I92)) combining the equalities (I83)—(I87) (the
case g» = g1 + 1), using Parseval’s equality and applying the estimates for

integrals from basis functions that we used in the proof of Theorems 11, 12, we
get for (I83)

2
P o0
> > Chi =
Jay:JagsJas=0 \Jgy =p+1 Jg1=Jgq-92=91+1
2

- Z Z Cj5---j1

J1seerdqseesd5=0 jgl =p+1

jgl :jgg 792:gl+1
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D 4 2
_ sx(d)
-y (xal s
jl,...;jé'q,....jg):() d=1 791,92
4791.92
00 4 2

sx(d) _

< > (el ) -

71,...,;(1 ...... js=0 \ d=1 4#91,92
4791:92
00 4
= Z ZH;()d)(tla'"atg1—17tgl+2a---at5)><
i\l
2
5
< T walt)es,(t)dty . dtgadty .. dts | =
q;ﬁqg:l?gz
4 2
= (Z H O (ty, .ty 1, g po, ,t5)> dty...dty, _ydtyo...... dts <
d=1
gk

K
p2—5

< — 0 (193)
if p — oo, where ¢ is an arbitrary small positive real number for the polynomial

case and € = 0 for the trigonometric case, constant K does not depend on p.
The cases (188)), (I89) are considered analogously.

From (192), (I93) and their analogues for the cases (I'76)—(I78), (I8]), (I89)

we obtain )
p

> > Ci

qu 7jq2 aquzo j91:p+1

(194)

Jg1=Jgs
where constant K is independent of p. Thus the equality (I65) is proved.

Let us prove the equality (I60). Consider the following cases
Lgp>a+lga=g9g+1 2.¢o=g+1 91>9g3+1,
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32>+, g10>g93+1, 4 go=g1+1, g4=g3+1

The proof for Cases 1-3 will be similar. Consider, for example, Case 2.

Using (B9), we obtain

2
p 0 o0
§ : § : § : Cj5---j1 -
Ja1 =0 \Jgy =p+1jg3=p+1 Jo1=J9:J95=J94:94> 93+ 1,92=g1+1
2
D o0 p
= E : E : § :Cj5---j1 -
quz() Jg1= +1193_O jgl:-]92’-793:j947g4>g3+1792:gl+1
2
b p o0
= > E > G < (195)
qu =0 =0 .]g +1 Jg1=Jgo 7Jg3:Jg4794>93+1792291+1
2
p p o0
<(p+1) E Cisi =
—OJgg—O Jg=p+1 Jo1=Jg9:J95=0g4:94> 93+ 1,92=g1+1
2
p p 00
Dy Y > Ciyi <
Ja1=0 jgg:dga=0 \Jjg, =p+1 Jo1=Jg2-94>93+1,92=g1+1 Jos=Jos
2
p p 00
DY D > Ciyi (196)
Jg1=Jg9:94>93+1,92=g1+1

quz() jg3ajg4:0 j91:p+1

[t is easy to see that the expression (I96) (without the multiplier p + 1)
is a particular case (g4 > g3 + 1,92 = g1 + 1) of the left-hand side of (I94)).
Combining (I94)) and (I96), we have

P o0 0 2
> 2 2 Cia <
qu =0 jgl :p—|—1 ]q3:p—|—1 jgl :j927j93:jg47g4>g3+1792:gl+1
+ 1)K K
LA DK K (197)

p2—a — pl—e

if p — 00, where constant K7 does not depend on p.
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Consider Case 4 (g2 = g1 + 1, g4 = g3 + 1). We have (see (60))
2

o0 (0.9]

)N IDSED DA

=0 \Jg; =p+1Jgz=p+1

Ja1
2
p oo oo p
=21 2 > | Civir =
Jgy =0 =0

g =P+l \Jgs=0  Jjgs= Jo1=Jagg:d95=J a4

jgl :jgg ajg3 :jg4

2
p 1 0 p 50
- Z 5 Z st---jl - Z Z Cj5---j1 <
Jg1 =0 Jg1=p+1 jglzjgga(jg3jg3)m(') jggzojsq:p-i-l Jo1=Jga:Jg3=Jgs
2
1 p o0
<52 | 2 G + (198)
j‘Zl:O jgl_p+1 jglszQv(jggjgg)m(')
2
p p 00
+2Z Z Z Cj5---j1 (199)
jglzjggajg3:jg4

quz() jg3:0j91:p+1
An expression similar to (I99) was estimated (see (I95)—(197)). Let us
estimate (198). We have

p

Z Z st---jl

qu =0 jgl =p+1

jgl :j92 v(jggjgg)m(')

p

=T-0> | > Ci.i

quzo jg1:p+1

<T-0) > | > Cia

qu =0 jg3:0 jgl =p+1

<

j91 :jgg ’(jg3j93)m0

: (200)

Jo1 :j927(j93j93)mj93

where the notations are the same as in the proof of Theorem 7.

The expression (200) without the multiplier 7' — ¢ is an expression of type
(I24)—(129) before passing to the limit lim (the only difference is the replace-
p—00

ment of one of the weight functions 1(7), ..., ¥4(7) in (I24)—(129) by the prod-
uct Y1 (T)(7) (I =1,...,4). Therefore, for Case 4 (9o = g1+ 1, g1 = g3+ 1),
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we obtain the estimate

b

> i i Cls.w

jq1:O jg1:p+1j93:p+1

IA

.jgl :jgg 7jg3 :jg4 7942934-1,92:914-1

K
pl—s’

< (201)

where constant K is independent of p.

The estimates (I97), (201)) prove (I66). Let us prove (I67). By analogy
with (200) we have

p

D ca

qu =0 j93:p+1

(ngjgl)m(')ajgl :jgg 7jg3:jg4592:gl+1
p

- Z Z st---jl

qu =0 jg3:p+1

(j91j91 )m()’]q3 :jg4vg2:gl+1

b

=T-0Y | X Cia

quzo j93:p+1

<T@ -0 > | X Ciu

qu =0 jgl =0 j93:p+1

<

(jgljgl)monggzjgzl792:gl+1

(202)

(Jg1dg1 ) Igy sdg3=lgs-92=91+1

Thus, we obtain the estimate (see (200) and the proof of Theorem 12)

2
b

Z Z Clis...jn

qu =0 jgg =p+1

<

(jggjgl )m(')ngl :jgg ajg3 :jg4792:gl+1

K

< p2—a ?

(203)

where ¢ is an arbitrary small positive real number for the polynomial case and

e = 0 for the trigonometric case, constant K does not depend on p.

The estimate (203)) proves (I67). Theorem 13 is proved.
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8 Estimates for the Mean-Square Approximation Error
of Iterated Stratonovich Stochastic Integrals of Mul-
tiplicity k& (k € N)

In this section, we estimate the mean-square approximation error in Theorems 7,

10 for iterated Stratonovich stochastic integrals of multiplicity k£ (k € N).
Theorem 14 [13], [48], [49]. Suppose that every ¥ (t) (I =1,...,k) is a con-

tinuously differentiable nonrandom function at the interval [t, T]. Furthermore,
let {¢;(x)}32y is a complete orthonormal system of Legendre polynomials or

trigonometric functions in the space Lo([t,T]). Then the following estimates

» \?
M (J*[w DY MH@?Z”) < Kox

jla a]k =0 =1

[k /2]

gy oo 2
% - + Z Z M { (Réﬁj’iglag%-“afhr—lafhr( q1 qur)> } :

r=1 ({{g1, 92} ----- {92r— 1(12r}} {a1,ap—2.1)
{91:92,-92r—1:92741»-- 9 —_9r 1 =1{1,2,....k}

(204)

k 2
(701 = 3 e 0I14Y) b < R

.]17 7.]k 0 =1

[k/2]

(58 x )

r=1 ({{9192} ----- {92r—1,92r 3} {a1,--a—2,1)
{91,92,--:92r —1,92r41 s+ —2p }={1,2,...,k}

(205)

hold, where s € (t,T] (s is fired), p € N, iy,..., i, =1,...,m,

R(p)917927---7g2r—1792r(iq1---iqk_QT) . R(p)glaQQa---aQQT—l192r(iq1---iqk_gr)
st I A% 7

R 9

T=s
(p)gl 3925--.92r—1,92r (iql

RTvt ...iqk—Qr) is deﬁned by ( ) J*[¢ ] (1...9x) and J*['@/}(k)]gl’%lk) are
iterated Stratonovich stochastic integrals (28) and (E (), Cj..gy and Cj,.._;,(s) are
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Fourier coefficients (20) and (T8)), constants K1, Ks(s) are independent of p;

another notations are the same as in Theorems 1, 7, 10.

Proof. Note that Conditions 1, 2 of Theorems 7, 10 are satisfied under the
conditions of Theorem 14 (see (81])-(84), (86), (88)-(©3))). Then from the proof

of Theorem 7 we have that the expression (77) before passing to limit 1.i.m.

P—00
has the form
p k
Zl ’Lk
Y. G H = J[pW)L Py
jlu 7.7k:0 =1
[k/2]
—l— Z( ][w(k) (il---isl71i51+2---isrflierrZ---ik)p_l_
Tt
(Sru usl)EAkr
R(p)glagQa---ag%“flagQT(ith"'iqk_gT) 9
+ T4 , (206)
({{91.92}:-{92r—1.92¢}}:{a1, - a—2r })

{91,925-:92r—1:927-41 -+ qk— 2y } =11,2,---,k }

where J[p(*) g}t'”i’“)p is the approximation for the iterated It stochastic integral
(@), which is obtained using Theorems 1, 2, i.e.

[k/2]

P k _
S — 3 Cjk...ﬁ(HCﬁ Z
=1

.]17 Jk =0

r k—=2r
X Z H 1{1'92571: ngS;Ao}l{ngSil: Jog. } 111 C;:qu)>’ (207)

({{o1.92}-{g2r—1.920 3} {a1 a2, })  5=1
{91,92:--:92r — 11,9291+ — 2, }={1,2,....k}

I [zb(k)]gf,ltmisl_lisﬁzmisr_lisrﬁ"'ik)p is the approximation obtained using (207) for the

iterated Ito stochastic integral J[p®*) gflt---ik)[sm--"sl] (see (B4)).
Using (206) and Theorem 9, we have

p k
(i) _
S o I =
jla"'ajk:O =1

[k/2]

J Zl ’Lk + Z Z ][¢(k)]gfjt...isl_1i51+2...i5T_1iST+2...ik)+

(8ryees81)EAL
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1 (i1.- s —10sy 42+ Tsp—1lsp+2-- k)P
+ Z 7( W ] -

[[w(k)]gfjt...isl1i51+2...i5T1i5T+2...ik)> +

[k/2]

(P)g1,925-+5 gQTflngT(iql'"iqk,QT)
2 2. Rr, -

r=1  ({{o1, 92} ----- {92r—1.92r} a1, a5 _2r 1)
{91.92:-:92r —1,92¢+41 5@ — 20 }={1,2,....k}

= JRlg ™ + (JW’”J%"“”’ - W]&fi;'“)) +

_I[w(k):lgijt...isl1Z.sl+2...l.sr1iST+2...ik)> +

[k/2]

+) > e )

r=1  ({{g1.92}, {92, — 1927“}} {a1:--ax—2,1)
{91.92,-:92r—1:921+q1 5@ — 2 }={1,2;....k}

W. p 1’ Where we denote J[/Ip(k)]%’lt%)[sr ..... 81] as ][w(k)]géjt...isl71’L'51+2...iST,1i5T+2...ik).

In [13] (Sect. 1.7.2, Remark 1.7) it is shown that under the conditions of

Theorem 14 the following estimate

o o EAY
M {(J[w(k)]gz}t...zk) B J[w(k)]%lt”%)p)z} - k!Pk(Z t) (200)

holds, where J [w(k)]gfjt"'i’“) is defined by @), J[y™ g’lt"'i’“)p has the form (207]),
peN, i,...,4=1,...,m, constant P, depends only on k.
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Applying (209), we obtain the following estimates

{(m |G- JW’“]%};“))Q} << (210)

p

2
M ([[’g/}(k)]{(zflt.“isl1i51+2“'i87‘1i87‘+2“2k I[¢ :|11 Zsl 1251+2 ZST 1157‘4‘2 zk)> S

where p € N, constant C' does not depend on p.
From (208)), (210), (211) and the elementary inequality

(a1+a2—|—...+an)2Sn(a%—l—a%—i—...—l—ai), n €N

we obtain (204]).

The estimate (207)) is obtained similarly to the estimate (204) using Theo-
rem 1.11 in [I3], Theorem 10 and the estimate [13] (Sect. 1.8.1, Remark 1.12)

k
| | p
where
u k) /¢k tk /¢1 141 dwt _ dwt ’
- [k/2]
JW ]Zl k)P _ Z - ]1 (HCJ Z
Tlyeees jk:O

k—2r
% Z H {igy, = igy 70} Loy = uy.} H qul )

({{g1,92}s-{92r—1.927 3} {a1 v —2,. 1) $=1
{91,92:-92r—1,9201 - Qs —27 }={1,2,....k}

where s € (¢,T] (s is fixed), C},. ;,(s) is the Fourier coefficient (78), p € N,

i1,...,1 = 1,...,m, constant P, depends only on k; another notations are the

same as in Theorems 2, 10. Theorem 14 is proved.
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9 Rate of the Mean-Square Convergence for Expansions
of Iterated Stratonovich Stochastic Integrals of Mul-
tiplicities 1 to 5

In this section, we consider the rate of convergence for approximations of iter-
ated Stratonovich stochastic integrals. It is easy to see that in Theorems 11-13
the second term in parentheses on the right-hand side of (204) is estimated for
k = 3,4,5. Combining these results with Theorem 14, we obtain the following

theorems.

Theorem 15 [13], [48], [49]. Suppose that {¢;(x)}32, is a complete ortho-
normal system of Legendre polynomials or trigonometric functions in the space
Lo([t, T]). Furthermore, let 1(T),¥2(T),3(T) are continuously differentiable
nonrandom functions on [t,T]|. Then, for the iterated Stratonovich stochastic

integral of third multiplicity J*[¢® ] (irizia) defined by (B)) the following estimate

2
M (J*[ 111213 Z 03332]1 jz Cj;3)> <

J1,J2,93=0

S| Q

18 fulfilled, where p € N, 11,190,173 = 1,...,m, constant C' is independent of p;
another notations are the same as in Theorem 1.

Theorem 16 [13], [48], [49]. Let {¢;(x)};y be a complete orthonor-
mal system of Legendre polynomials or trigonometric functions in the space
Lo([t, T]). Furthermore, let 1¥1(7),...,14(T) be continuously differentiable non-
random functions on [t, T]. Then, for the iterated Stratonovich stochastic inte-

gral of fourth multiplicity J*[ ] (i1-.-a) defined by (B)) the following estimate

2
* 21 Z4 n C
(B 3 ) el

.]17 7.]4 0

holds, where p € N, i1,...,14 = 1,...,m, constant C' does not depend on p, €

18 an arbitrary small positive real number for the case of complete orthonormal
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system of Legendre polynomials in the space Lo([t,T]) and ¢ = 0 for the case of
complete orthonormal system of trigonometric functions in the space Lo([t, T]);

another notations are the same as in Theorem 1.

Theorem 17 [13], [48], [49]. Assume that {¢;(x)}32, is a complete or-
thonormal system of Legendre polynomials or trigonometric functions in the
space Lo([t,T]) and Y1 (7),...,¥5(T) are continuously differentiable nonrandom
functions on [t, T]. Then, for the iterated Stratonovich stochastic integral of fifth
multiplicity J*[©® ] (i1...i5) defined by [Bl) the following estimate

2
is C
G St R O =

.711"'1.70_0

s valid, where p € N, 11,...,15 = 1,...,m, constant C is independent of p, €
1s an arbitrary small positive real number for the case of complete orthonormal
system of Legendre polynomials in the space Ly([t,T]) and ¢ = 0 for the case of
complete orthonormal system of trigonometric functions in the space Lo([t, T]);

another notations are the same as in Theorem 1.
We should also note the following theorem for the case k = 2.

Theorem 18 [13] (Sect. 2.8.1). Suppose that {¢;(x)}32, is a complete or-
thonormal system of Legendre polynomials or trigonometric functions in the
space Lo([t,T]). Furthermore, let 11 (7),¥o(T) are continuously differentiable
nonrandom functions on [t,T|. Then, for the iterated Stratonovich stochastic

integral of second multiplicity J* [@/J( )] iz) defined by [Bl) the following estimate

2
* 2122 C
M <J [¢ Z C]Qchj o ) S -

J1,72=0 p

15 fulfilled, where p € N, 11,19 = 1,...,m, constant C 1is independent of p;
another notations are the same as in Theorem 1.

Note that the analogue of Theorem 18 for the case k = 1 follows from (209).

The expansion (29) for the narrow particular case i1 = ... = i # 0 can
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be obtained under the condition of convergence of limiting traces [58] (Theo-
rem 5.1), [59] (Theorem 4.1), [56] (Remark 1.5.7, Proposition 4.1.2) (the defi-

nition of limiting traces can be found in [59]).

10 Theorems 4-6, 11-13, 15-18 from Point of View of
the Wong—Zakai Approximation

The iterated It6 stochastic integrals and solutions of Ito SDEs are complex and

important functionals from the independent components w&“ (t=1,...,m) of

the multidimensional Wiener process w., 7 € [0, T]. Let wP (p € N) be some

approximation of wi” (¢ =1,...,m). Suppose that wiP converges to wi if
p — oo in some sense and has differentiable sample trajectories.

A natural question arises: if we replace w@ by w@p in the functionals
mentioned above, will the resulting functionals converge to the original func-
tionals from the components w” (1 =1,...,m) of the multidimensional Wiener
process w, ! The answere to this question is negative in the general case. How-
ever, in the pioneering works of Wong E. and Zakai M. [60], [61], it was shown
that under the special conditions and for some types of approximations of the
Wiener process the answere is affirmative with one peculiarity: the convergence
takes place to the iterated Stratonovich stochastic integrals and solutions of
Stratonovich SDEs and not to the iterated It0 stochastic integrals and solutions
of Ito SDEs. The piecewise linear approximation as well as the regularization
by convolution [60]-[62] relate to the mentioned types of approximations of the
Wiener process. The above approximation of stochastic integrals and solutions

of SDEs is often called the Wong—Zakai approximation.
It is well known that the following representation takes place [63], [64]

oo T T
W= o0 (= [o@a). o)
J=0 t t
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where t > 0, 7 € [t,T], {¢;(z)}32, is an arbitrary complete orthonormal system

of functions in the space Lo([t,T1]), CJ@ are independent standard Gaussian

random variables for various i or j. Moreover, the series (212) converges for any

T € [t,T] in the mean-square sense.

Let wf)p — ng)p (p € N) be the mean-square approximation of the process

W@ — ng) , which has the following form

_ zp: / ¢;(0)d0 ¢\, (213)

Jj=0 t
From (2I3)) we obtain
dw'r =" ¢ (r)¢dr. (214)
=0
Denote
dw'O% = dr, peN. (215)

Consider the following iterated Riemann—Stieltjes integral

T t
/ Ut . .. / Dy (t)dwiP L dw P (216)
f f
where ¥1(7),...,%r(7) are nonrandom functions on [t,T], p1,...,pr € N,
i iy =0,1,....m

Let us substitute (214) and (2I5) into (216)

T to
[ty [onteydwin i Yy .3 jlngj, (217)

J1=0 Jr=0

where

Electronic Journal. http://diffjournal.spbu.ru/ 175



Differential Equations and Control Processes, N. 2, 2022

are independent standard Gaussian random variables for various 7 or j (in the

case when i # 0),

T to
Cls = /wk(tk)%(tk)---/wl(tl)%(tl)dtl---dtk

is the Fourier coefficient corresponding to the function ().

For the particular case p; = ... = pp = p, the formula (2I7) has the form
T s | | » -
/’@/}k(tk) RN / @bl(tl)dwgl)p ce th(Zk)p = Z Cjk---jl H Cj(lll)
t t J1se-Je=0 I=1

To best of our knowledge [60]-[62] the approximations of the Wiener process
in the Wong—Zakai approximation must satisfy fairly strong restrictions [62] (see
Definition 7.1, pp. 480-481). Moreover, approximations of the Wiener process
that are similar to (2I3]) do not satisfy the conditions of Definition 7.1 and
Theorem 7.1 [62]. Also, these approximations of the Wiener process were not
considered in [60], [61]. Therefore, the proof of analogue of Theorem 7.1 [62]
for approximations of the Wiener process based on its series expansion (212)

should be carried out separately.

From the other hand, Theorems 4-6, 11-13, 15-18 and Theorems 1, 2
(k = 1) from this article can be considered as the proof of the Wong—Zakai
approximation based on the iterated Riemann—Stieltjes integrals (216) of mul-
tiplicities 1 to 5 and the Wiener process approximation (213)) on the base of its
series expansion. At that, the mentioned Riemann—Stieltjes integrals converge
(according to Theorems 4-6, 11-13, 1518 and Theorems 1, 2 (k = 1)) to the
appropriate Stratonovich stochastic integrals (). Recall that {¢;(x)}32, (see
(212), (213), and Theorems 4-6, 11-13, 15-18) is a complete orthonormal sys-

tem of Legendre polynomials or trigonometric functions in the space Lo([t, T]).

The Wong—Zakai approximation is widely used to approximate stochastic

integrals and SDEs. In particular, the Wong—Zakai approximation can be used
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to approximate the iterated Stratonovich stochastic integrals in the context of
numerical integration of It6 SDEs in the framework of the approach based on

the Taylor—Stratonovich expansion [2]-[13].

For example, the authors of the works [2](Sect. 5.8, pp. 202-204), [5] (pp. 82-
84), [22] (pp. 438-439), [31] (pp. 263-264) use the Wong—Zakai approximation
within the frames of approximation of iterated Stratonovich stochastic integrals
based on the Karhunen—Loeve expansion of the Brownian bridge process. How-
ever, in these works there is no rigorous proof of convergence for approximations

of the mentioned stochastic integrals.

From the other hand, the theory constructed in this article (also see Chap-
ters 1 and 2 of the monograph [13]) can be considered as the proof of the
Wong-Zakai approximation for the iterated Stratonovich stochastic integrals
(B) of multiplicities 1 to 5 based on the Wiener process series expansion (212))

using Legendre polynomials and trigonometric functions.
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