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AHHoTanusa. PaccmarpuBaercss aHanu3 JIMHEHHBIX JUCKPETHBIX JWHAMUYECKUX CHUCTEM C
MCIIONIb30BaHUEM aNreOpandeckoro AUCKpeTHOro ypaBHeHus JlamyHoBa. M3maraercs moaxox K
(GhOpPMHUPOBAHUIO AHATUTHYECKOTO PEUICHUs aareOpandeckoro AUCKPETHOTO ypaBHEHUs JIdmyHoBa,
OCHOBaHHBIM Ha psae mpeanonoxeHuil. I[lepBoe mnpeamonoxeHne kacaercs TpeOOBaHUs
ACUMIITOTUYECKON YCTOMYMBOCTH MATPUIIBI, OIHUCHIBAIONIMICH OOBEKT YIpaBIEHHUS, TO €CTh
HaxXOXJEHUs CIIEKTpa MaTpULbl BHYTPU €IUHUYHOIO KpPyra 3a HCKJIIOUYECHUEM Hayaja KOOpAUHAT
KOMIUIEKCHOM IUIOCKOCTH. BTopoe mpeanonokeHue CBSI3aHO € MPOCTOTOM MaTpullbl U,
CJI€I0BATENIbHO, HAJUYHEM JUIsl HEeEe MATpHUIl Pa3JIokKEeHUs ompeaeneHHoro tumna. Kpome sToro
BBOJIUTCS B pACCMOTPEHNE MHOKECTBO (IPaBBIX) COOCTBEHHBIX BEKTOPOB 3alaHHON MaTpHIlsl. C nx
MOMOIIBIO OCYIIIECTBIICH Psiji YKBUBAJIECHTHBIX MpPeoOpa3oBaHUM anredpanyeckoro AMCKPETHOTO
ypaBHeHus JlsmyHoBa. B kadecTBe ycioBHSI MpeoOpa3oBaHUs BBICTYMAET OOPAaTUMOCTh MaTPHIIBI
oObekTa ympaBieHus. B pe3ynpTaTe YyKa3aHHBIX MpeoOpa3oBaHUl MMOJy4eHAa aHAIUTHYECKas
dbopmyrna pemieHus anreOpanvdecKkoro TUCKPETHOTO ypaBHEHUs JIsmyHOBa B OJI0YHO-MaTPUYHOM
Bune. lcmonp3oBaHue aHAIUTUYECKOW (OPMYNBl HIITIOCTPUPYETCS TMPUMEPOM  aHaIH3a
HaOIOJaEMOCTH JIMHEHHON JIMCKPETHOW JMHAMHYECKOW cucTteMbl. [[ns paccMaTrpuBaeMoro
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npuMepa anredpandeckoe AUCKPETHOEe ypaBHEHUs JImyHOBa MMeeT OINpeneNeHHBIH BHI, a €ro
pelLlIeHHE Ha3bIBAETCSl ACUMITOTHYECKUM IPAMUAHOM YIIPABISAEMOCTH CUCTEMBI U CIIY>)KUT Ba)KHOM
XapaKTepUCTUKON cucTeMbl. Ha ero ocHOBE onpeiensitoTCsl, B YaCTHOCTH, MEPHI YIIPABIISEMOCTH.

KirueBble cjioBa: AUCKpETHAasAs CUCTEMA, YPAaBHCHUC .HSIHyHOBa, AHAJIUTUYCCKOC PCUICHUC,
YCTOIZHHBOCTB CUCTCMHBI.

1. BBenenue

AnreOpandecKkuM JUCKPETHBIM ypaBHEHHEM JISIyHOBa MPUHITO HA3bIBaTh CIIEAYIOIIEE YPaBHEHUE
OTHOCUTENILHO CUMMETPUYEcKoil MaTpuiisl P

ATPA—P = —Q, (1)

rme A — HEKOTOpas 3a/laHHas KBajparHas MaTpuia nopsaka n, Q = 0 — 3agaHHas cUMMeETpUYecKas
TIOJIO>KUTENBHO MOTYOIPe/IeIeHHAs MaTpHUIIa.

W3BectHO [1], 9TO emMHCTBEHHAs MOJIOKUTEIIBHO OMpeIeiieHHas MaTpriia P cyiiecTByer B KauecTse
pewienns ypaBuenusi (1), ecrm criektp marpunel A — A(A) J@KUT BHYTPU €IMHMYHOTO Kpyra Ha
KOMITJICKCHOM ITIITOCKOCTH, T.€.

VAR EA(A), i=Tn |A <1 @)

2. IToaxoa K MOMCKY AaHAJIMTHYECKOT0 pellleHus

OrTajkuBasCh OT TEXHUKH, M3JIOKEHHON B [2], B OTHOLICHMH anreOpandyeckoro (HEmpepbhIBHOIO)
ypaBHeHus JIsamyHoBa:

B’X+XB=-R, R=>0.

paccMOTpUM TIPOILEAYPY TOIydeHHsl aHamMTHYeckoro perrenust ypaBHeHust (1). Ilpu stom Oymem
CUYUTATh, YTO JUISI BCEX DJIIEMEHTOB 7\? € A(A) (Bcex COOCTBEHHBIX 3HAUECHHUI MATPHUIIBI A) BBITOIHSICTCS
HEPABEHCTBO

0< A <1 3)

310 OyZAET B NaJIbHENIIIEM TapaHTUPOBATh HaM 00PATUMOCTh (HEBBIPOKIEHHOCTh) MaTpUIIbI A.
3ameTuM, 4TO B cuity noo6us matpun] A u AT [3] umeer MecTo cooTHOIIEHHE

A(A) = A(AT), 4)

a pu 00paTUMOCTH MaTPHILIBI A elle ¥ TOXKJIECTBO

_ _ a1
1 B 1
VAR € A(QA)uVAY e AATY), i=T,n: A = e (5)
i
Ecin Hanmoxuth CIIC OAHO OIrpaHUYCHUEC B BUJIC BBIIIOJIHCHUA YCIIOBUA ITPOCTOTHI MAaTPHUIIbL A [3], TO
B OTOM ciyyae Bcerzna OyAyT CYIIECTBOBaTh OOpaTuMble MaTpuibl T, MpU KOTOPHIX HWMEET MECTO
pas3iIoKeHue
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A =T ldiag(a?, .., ADT. (6)

A
[Tomumo criektpa (2) BBeIeM B pacCMOTPEHHE MHOXECTBO (TIPaBbIX) COOCTBEHHBIX BEKTOPOB V;

MaTpuIbl A, Kak U3BECTHO [4], yIOBIECTBOPSIONINX YPABHEHHIO

(A=A )vi =0, i=T1n (7)

WM, SKBUBAJICHTHO,YPaBHCHUIO

wi(AT —2%,) =0, wi= (v‘i‘)T, i=T1n (8)

3neck 1, — eqHUYHAS MaTpULIA MTOPSIKA 1.
JIs1st IpOCTO# MaTpuIlbl A BCer/ia CrpaBeInBb yTBepkacHus [3]:

[vi = val 'v} - val =1, ©)
-1

wi| o |wi

; I (10)

wr|  [wh

3. TeopeTqucmle pe3yabTaTbl 1 IPUMEPHI HX IPUMECHCHHUA

[MocTymuMm cremayrommM 00pa3oM: ¢ y4eToM 00paTHMOCTH MaTpHilbl A niepenuiieM ypaBHeHue (1) B
9KBUBAJICHTHOM BHJIC

ATP —PAl = —QA"L (11)

3atem, clelys MeETOIMKe, M3JIOKEHHOH B [2], BbIOGepeM COOCTBEHHOE 3HaueHMe A} W cocraBuM
ypaBHEHHE

ATP —PA™1 - AP + AP =—QA°L. (12)

OueBHIHO, YTO ¢ (popMaTTbHOM TOUKHM 3peHust ypaBHeHus (11) u (12) onrHAKOBBL
OcymiectBuM B (12) rpyIrimnupoBKy 4ICHOB:

(AT —A1,)P—P(A™' —A01,) = —QA™L. (13)

Cornacuo (7) marpuna

AT — M, (14)

SIBJIICTCS. HEOOPATUMOH (BBIPOXK/ICHHO#), a B cruty (5) Marpuiia

A~ — A, (15)
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— obparumoii. [Ipu 3ToM He TPYIHO MMoKa3aTh, 4To Matpuiia (15) yIoBIeTBOPSIET TOKIACCTBY
(A1 —2481,) " = A(I, — A2A) " = (I, — A%A) A, (16)

JeiictBuTensHO, 0Opalnas, HarpuMep, COOTHOIICHHE

(A1 —281,) " = A(I, —A%A) 7, (17)
MOJTyYUM
A7 AR, = (I, —AfA)A Y (18)

OTKyJIa HETIOCPEIICTBEHHO CieayeT crpaBemBocTh (17). SIcHO, 4TO B HAIMX YCIIOBUSIX AHAJIOTHYHBIC
BBIBO/IBI CIIPABEUTMBBI B OTHOIIICHHUH BCEX 3JIeMEHTOB criekTpa A(A).

A AT
BepHewmcs k ypasaenuio (13) u ymMHOKHM ero ciea Ha Bektop Wi = (v4)', B pesynbrare nomyunm
w(AT —A2L,)P — wiP(A™t —ALL,) = —wQA™L. (19)
B cuity paBerctsa (8) BmMecto ypaBuenust (19) crienmyer 3amcarh
—wiP(A™! - AL1,) = —wiQA!
WIH TIPOLIIE:
wiP(A™t —A1,) = wiQA™L (20)

[Mockonbky Matpuiia (15) siBisercst ooparimoit, To ¢ yaerom (17) cripaBeyivBa clieyrormast Iernovka
npeodpazoBanus ypasHenus (20):

-1 -1 -1

wiP = wiQA (AT —AL,)  =wlQATIA(L, —MA) T =wiQ(I, —AfA) . (21)
Hrak, BMecto ypaBaenust (20) MOKHO 3anucaTh ypaBHEHHE BHIA

wAP = wAQ(I, — A%A) . (22)

[ToBTOpsIst aHATIOTUUHBIE TIPeoOpa3oBaHus ypaBHeHus (1) B OTHOIICHHUH BCEX AIIEMEHTOB criekTpa (2),
MIOJTY9IHM CHUCTEMY YPaBHEHUI

wAP = wAQ(I, — A%A) 7,

: (23)
wiP = wiQ(I, — X?A)_l,

KOTOPYIO MOKHO MPEJICTABUTH B CIETYIOIIEM OJIOUHO-MAaTPUIHOM BHUJIE
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-1
W{‘ W{&Q(In - }\?A)
P= : . (24)

-1
A A
wAiQ(I, —22A)
Tenepb, BOCIOIBb30BaBIIKCH cooTHOIICHHEM (10), MOKHO OKOHYATEIILHO 3aIicaTh

wA] 7 [wAQ(L, — A%A) ™
P=|: ; . (25)
wal  [wAQ(r, —22A)™

D10 ¥ ecTh aHAJIMTHYECKast (POpMyYIIa PEIIeHHs areOpandeckoro JUCKPEeTHOro ypaBHenwus JlsmyHosa (1)
B YCJIOBUSIX ITPOCTOTHI MaTpHILIbI A.

VYpaBuenue (1) MmMPOKO MNpPUMEHSETCS Ui aHaIM3a M CHHTE3a JIMHEHHBIX JIMCKPETHBIX
JMHAMHYECKHX CHCTEM (CM., Harpumep, [1]).

[TycTh 3amana ycroiturBas (I1ypoBCKasi) TMHEHHAs AUCKPETHAs JUHAMHYECKAs CUCTEMa

Xk4+1 — AXk + Buk, (26)
Vi = CXy,

e X, € R™ — BeKTOp COCTOSHHS CHCTEMBI, Uy, € R™— BekTop ynpasnennus, y, € R! — BexTop BBIXO/IA,
k=0, 1, ..—MOMEHTHI BPEMECHH.
Pemrerne Pe > 0 anrebpandeckoro TMCKPETHOTO ypaBHeHus JIsTyHOBa Brjia

ATP.A — P = —B"B, (27)

Ha3bIBACTCSl ACHMITOTUYESCKUM TPaMHUAHOM yrpasisieMoctd cucteMbl (26) [5] um cmykur BaxkHON
XapaKTepPUCTHKOM CHCTeMBbL. Ha ero 0CHOBe OnpeIeNsiFoTCsl, B YaCTHOCTH, MEPBI YIIPaBIsieMOCTH [6].

Pacrionarast opmyoit (25), He cocTaBIsieT Tpy/a 3anucarh FpaMUaH yIpaBIsieMOCTH cucTeMsl (26),
KOTOPBIiA COTTIACHO PaBEHCTBY (27) MMeeT BUJL

wA] " [wABTB(1, — 22A) ™
A

wABTB(I, — MA) ™

4. YucaoBoi mpumep

[Tycth 3amana AuHamMdeckas cuctema B hopme (26):
[ﬁliiﬂ = [ 0. 5] [2 ol * [ ﬂ Y (29)
Vi = Xi,

CIEKTP KOTOPOU OUEBUJICH:

A(A) = {A}, A4} ={0.1, —0.5}. (30)
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[Tpu sTOM npaBbie COOCTBEHHBIE BEKTOPA PaBHBI

v v =0 ol (31)
Y, 3HAYUT,

[Wf‘l _ [1 0 ] (32)
wi| "1 —o6l

Bocnonb3oBasiimck Gopmysioi (28) u coorHomenusimu (30), (32), momydaeM acMMITOTHYCCKHI
rpaMHaH yIpaBIsieMOCTH CUCTeMBI (29):

0.1 1 0 01 1 ¢
- ]q [1 0l[y]01 aﬂ([ -0l ogl) _
1 —-0.6 01 01 1 !
1 -osl[p7]ior oar([y JJ+os[% i) )
1 109
_ | 99 10395 00101 0.0105
=1 109 7390380271634080 00105 0.0128!"
10395

5. 3akaoyeHue

B otimmume ot cpenst MATLAB, B KoTOpO#i CyliecTBYeT (PyHKIUS YHCIEHHOTO PEIIEHHs] YPaBHEHUS
(1) dlyap, onmcanHbIi MOAX0A TO3BOISIET O€3 MPHBIICUCHHS MPOLEAYPhl BEKTOpH3alKHU [7] MOCTpOUTH
TOYHOE PELICHHE PACCMATPHUBAEMOTO AlIreOpandyecKoro AUCKPETHOTro ypaBHeHus JIAmyHOBA.

Takum 00pa3oM, B CTarhe MPEJIONKEH IMOAXOJ K (OPMHUPOBAHUIO AHATUTHYECKOTO pELICHHS
aIredpanveckoro MCKPETHOTO  ypaBHEHWs JIAMyHOBa, 4YTO HApSAAy C HCCICAOBAHUSIMU IO
COBEPIICHCTBOBaHMIO MOabHOTrO yripasienus [8] — [18] paciimpsier BO3MOXXHOCTH aHATUTHYECKOTO
aHaJIN3a U CHHTE3a 3aKOHOB YIIPABICHHUS JUTSI IMHEHHBIX MHOTOMEPHBIX CHCTEM.
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Abstract. The analysis of linear discrete dynamic systems using the algebraic discrete Lyapunov
equation is considered. An approach to the formation of an analytic solution to the algebraic
discrete Lyapunov equation based on a number of assumptions is presented. The first assumption
concerns the requirement of asymptotic stability of the matrix describing the control object, that is,
finding the spectrum of the matrix inside the unit circle with the exception of the origin of the
complex plane. The second assumption is related to the simplicity of the matrix and, consequently,
the presence of decomposition matrices of a certain type for it. In addition, a set of (right)
eigenvectors of a given matrix is introduced into consideration. With their help, a number of
equivalent transformations of the algebraic discrete Lyapunov equation were carried out. The
transformation condition is the reversibility of the control object matrix. As a result of these
transformations, an analytic formula for the solution of the algebraic discrete Lyapunov equation in
block-matrix form is obtained. The use of the analytic formula is illustrated by an example of the
analysis of the observability of a linear discrete dynamic system. For the example under
consideration, the algebraic discrete Lyapunov equation has a definite form, and its solution is
called the asymptotic controllability gramian of the system and serves as an important characteristic
of the system. On its basis, in particular, control measures are determined.

Key words: discrete system, Lyapunov equation, analytic solution, stability of a system.
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