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Abstract. The article is devoted to the development of a new approach to
the series expansion of iterated Stratonovich stochastic integrals with respect
to components of the multidimensional Wiener process. This approach is based
on multiple Fourier series in complete orthonormal systems of Legendre poly-
nomials and trigonometric functions in Hilbert space. The theorem on the
mean-square convergent expansion for the iterated Stratonovich stochastic in-
tegrals of multiplicity 6 is formulated and proved. In the first part of the paper,
expansions of iterated Stratonovich stochastic integrals of multiplicities 1 to
5 were obtained. These results allow us to construct efficient approximation
procedures for iterated Stratonovich stochastic integrals that are necessary for
the implementation of strong numerical methods with orders 1.0, 1.5, 2.0, 2.5,
and 3.0 for It0 stochastic differential equations with non-commutative noise (in
the framework of the approach based on the Taylor—Stratonovich expansion).
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1 Introduction

Let (2, F, P) be a complete probability space, let {F;,¢ € [0,T]} be a non-
decreasing right-continous family of o-algebras of F, and let w; be a stan-
dard m-dimensional Wiener stochastic process, which is Fy-measurable for any
t € [0,7]. We assume that the components ng) (i =1,...,m) of this process
are independent. Consider an It stochastic differential equation (SDE) in the

integral form
t t
X = X0 + /a(XT,T)dT + /B(XT,T)dWT, xg =x(0,w), we. (1)
0 0
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Here x; is some n-dimensional stochastic process satisfying the equation ().
The nonrandom functions a : R" x [0,7] — R", B : R" x [0,T] — R™™ guar-
antee the existence and uniqueness up to stochastic equivalence of a solution of
the equation () [I]. The second integral on the right-hand side of ([I]) is inter-
preted as the Ito stochastic integral. Further, xy be an n-dimensional random
variable, which is Fo-measurable and M{ \Xo\z} < o0 (M denotes a mathematical
expectation). We assume that xy and w; — wq are independent when ¢ > 0.

Consider the following iterated Ito and Stratonovich stochastic integrals

T to
J Zl ) /¢k tk /¢1 tl th“ . th , (2)
xt2
T [ip )] nik) / Uit / Gr(t)dwi . dw™ (3)
t
where 11(7),...,%,(7) are nonrandom functions on [t, T], w” (1=1,...,m)
are independent standard Wiener processes and Wﬁo) =7T,01,...,0, =0, 1, ...,

m,

*
/ and /
denote Ito and Stratonovich stochastic integrals, respectively.

It is well known that the above stochastic integrals, with a special choice
of weight functions 1 (7),...,¥r(7), play an important role when solving the
problem of numerical integration of Ito SDEs using an approach based on the
Taylor—It6 and Taylor—Stratonovich expansions [2]-[5]. The importance of the
noted problem is explained by a wide range of applications of 1t6 SDEs [2]-[5].

More pecisely, ¥1(7),...,¥(T) =1, i1,...,4 = 0,1,...,m in the classical
Taylor-1t6 and Taylor—Stratonovich expansions [2]-[8] and ¢;(7) = (t — 7)%,
q=01,...(l=1,...,k), i1,...,9 = 1,...,m in the unified Taylor-Ito and
Taylor—Stratonovich expansions [9]-[13].

The development of a new effective approach [14] to the series expansion and
mean-square approximation of the iterated Stratonovich stochastic integrals (3]
composes the subject of the article.

We also note other approaches to the mean-square approximation of the
iterated It6 and Stratonovich stochastic integrals (2)) and (3]) [2]-[5], [15]-[32].
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2 Preliminary Results

2.1 Expansion of Iterated 1to Stochastic Integrals of Arbitrary Mul-
tiplicity k£ (k € N) Based on Generalized Multiple Fourier Series

Converging in the Mean

The results of this section are auxiliary to the proof of the main result of this
article (see Theorem 8 below).

Suppose that (1), ..., (1) € Lo([t,T]). Define the following function on
the hypercube [t, T]*

K(ti, ... tr) = Lyecon¥i(ty) - n(ts), (4)

where t1,... tp € [t,T] (k > 2), K(t1) = ¥1(t1) for t; € [t,T], and 14 is the
indicator of the set A.

Assume that {¢;(x)}32, is a complete orthonormal system of functions in
the space Lo([t, T]). It is well known that the generalized multiple Fourier series
of K(t,...,t) € Lo([t, T]%) is converging to K(ty,...,t;) in the hypercube
t, T)* in the mean-square sense, i.e.

where
1/2

HfHLQtT /f t, .. tp)dty .. dty, ;

Ky pi(ty, ..t Z ZCM jlﬂ% (t),

J1=0 Jk=0
Cjooin = / (tr,...t Hqﬁjl t)dt; . . (5)

is the Fourier coefficient.
Consider the partition {7}, of [¢,T] such that

t=m<...<tv=T1T, Ay= max A71; =0 if N =00, ATj=7j11—71j.
0<j<N-1
(6)
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Theorem 1 [11] (2006), [12], [13], [33]-[53]. Suppose that everyyy(7) (I =1, ...,
k) is a continuous nonrandom function on [t,T] and {¢;(x)}32, is a complete

orthonormal system of continuous functions in the space Lo([t,T]). Then

J[w(k)]g,ltmik) = li 1p£n_>oo Z Z Ciy...in (H Cj

.....

=0 jx=0
— 1N1—>m Z ¢j1(Tll)Angl) Dy (le)Ang)) ; (7)
% (Il G
i1,...,0 = 0,1,...,m, Lim. is a limit in the mean-square sense, Jh* ] (61 ik)

is defined by (Q]),
Gk:Hk\Lk, Hk:{(ll,...,lk) : ll,...,lk:O, 1,...,N—1},

Lp={(,...;lk): L,....0,=0,1,...,N=1; [, #1, (9 #r); gr=1,...,k},

T
= [ ox(ryint

are independent standard Gaussian random variables for various i orj (in the
case when i # 0), Cjk ji 15 the Fourier coefficient (4, AWT7 = W%)Jrl — W%)
(1=0,1,...,m), {Tj}jzo is a partition of the interval [t,T), which satisfies the
condition ().

A number of generalizations and modifications of Theorem 1 can be found
in [13], Chapter 1 (see also bibliography therein).

Let us consider corollaries from Theorem 1 (see (7)) for k= 1,...,5 [11]
Ty =Lim. >0, (8)
J1=0
(i p1 D2
J[w(z)];ltw - p};gr_{loo Z Z CJ?Jl( J1 Sja 1{21 22750}1{31 32}> (9)
J1=072=0

o p1r P2 P3 '
J[w(:s)]%ltwm B P1 }921PI3H—>00 Z Z Z 0333231 ( J1 SJ2 CJ(:Z?))_

J1=0 j2=0 j3=0
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_1{i1=i2#0}1{j1=j2}cj(';3) o 1{2'222'3750}1{]'2:]'3}@('1“) o 1{2'12'3750}1{3'1]'3}(:](;2))7 (10)

J[Qp(él)]g,lt' W= 71'”17]9?:00 Z ZCM J1 (H Cj

=0 ja=0
— L —ip20 15, Jz}ng Cy4 W e 33}CJ Cy4)
Vit =i G = Uity Liamint GG —
im0y L G 68 = Liminto Lgminn GG+
T L0 =i20) L i=jo) Lis=iat0y Lga=iay + Lin=ia0y Ligi=jn) Lio=iaz0} L o=y +

+ 1{2'122'47&0} 1{j1:j4} 1{2'221'37&0} 1{j2j3}> ) (1 1)

JW(5)]§£,1£ ) = llpﬁgoo Z Z Cis...in (H CJ

77777 Jj1=0 J5=0
(i5) (i5)
1{21 1#0}1{]1 ]2}<] <]4 Cj5 - 1{11 2#0}1{11 J3}Cj C4 <]55 o
(i5) (i)
— 1, =iz0 1y ]4}Cj ng Cy5 — Lgi=is20y 14, 35}CJ CJ3 CJ44 -

5) ig) ~(i5)
— 1{22 24750}1{]2 .74}Cj ng Cj55 _

—Lgi,—is20y 1 ]3}CJ1 CJ4 )CJ(5

Loy Limin GG G = Liminro) Lismin G G0 G~

ity Lsmint GG G = Liamintoy Liiimin G V€ 6+
+Lirmit0) L (=) L=t L=y G+ Lirminr) Linmsid Lismioio L gsmint G+
L irmi0) Lo L iamiono) Liimint G+ Linmisior Lgimio Linminioy L gamint G+
+L ity L= L inmioro) Liamind G+ Linmisior Limio Liamiviot L gumint G+
+ 15,1200 L 1=y Lm0y Lomin G+ Liinmiiot 1=y Lisminy Lomint G+
1 girmi0y L L ismiono) Lismint G+ Linmioior Lgimio) inmisio) L iamint G+
+L im0y Lo ity Liamin G+ Linmioror Limiot Lisminiot L gimint G+

+1{z-2:z-3¢0}1{j2:j3}1{i4:i5¢0}1{j4:j5}C§f1) + 1{2'2:1-47&0}1&2:]'4}1{i3:i5¢0}1{j3:j5}C§f1) +
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(i1)
+ 1y =in20y L o=} Lis=ia0} L {Gs=a} G ) : (12)

where 14 is the indicator of the set A.

Consider a generalization of Theorem 1 for the case of an arbitrary complete
orthonormal system of functions in Lo([t, T']) and 11(7), ..., ¥r(7) € Lo([t, T])
[54], [13], [45]. At that we will base on our notations [12] (2009), [13], [45].

Theorem 2 [13] (Sect. 1.11), [45] (Sect. 15). Suppose that 1(7), ..., Yk(T)
€ Lo([t,T]) and {¢;(x)}32, is an arbitrary complete orthonormal system of

functions in the space Lo([t,T]). Then the following expansion
[k/2]

J[w(k)]%l{ = Li 1pf£>00 Z Z Cipin (H gj Z

’’’’’ Jj1=0 J&=0

k—2r
8 Z Hl{ Y2517 Z‘IZS#O} {]‘725 1- 3‘125} H CJ >

({192} {g2r— 192r}} {a1:map—or ) =1
{91,92:---.92r—1,921-91 -0 — 20 }={1,2,....k}

that converges in the mean-square sense is valid, where [x] is an integer part of
a real number x, the sum in the second line of the formula (I3) means the sum

with respect to all possible permutations of the set

({{g1, 92} - {921, 92} 1 @, - - @2 ), (14)

braces mean an unordered set, and parentheses mean an ordered set, {g1, go, - - - ,
G2r—1, 92, Q15 - - - » Q27 } = {1,2,...,k}; another notations are the same as in
Theorem 1.

2.2 Stratonovich Stochastic Integral

Let My ([t, T]) (0 <t < T < 00) be the class of random functions &(7,w) Lhe

[t,T] x © — R, which satisfy the following conditions: £(7,w) is measurable
with respect to the pair of variables (7,w), &; is F,-measurable for all 7 € [t, T1,
&, is independent with increments w,,n — w, for s > 7, A > 0, and

T

/M{({T)2}dr<oo, M{(&)?} < oo forall 7€t T).

t
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We introduce the class Q4([t, T']) of Ito processes 77@, relt,T,i=1,...,m

of the form T T
>+/a8ds+/bsdw§i> w. p. 1, (15)
t t

where (a;)*, (b;)* € My([t, T]) and lim M{|b, — b, '} =0 for all 7 € [t,T]. The

second integral on the right-hand 81de Of (IH) is the Ito stochastic integral. Here
and further, w. p. 1 means with probability 1

Consider a function F'(x,7) : Rx [t, T] — R for fixed 7 from the class Cy(R)
consisting of twice continuously differentiable in x functions on R such that the
first two derivatives are bounded.

The mean-square limit
*T

Li.m ZF( (0 + 0, )(wﬁill—ws?)d:ef | Pl naw? o)
t

is called [55] the Stratonovich stochastic integral with respect to the component
wl (I =1,...,m) of the multidimensional Wiener process w,, where {Tj}j-vzo
is a partition of the interval [t, T'], which satisfies the condition ().

It is known [55] (also see [2]) that under proper conditions, the following
relation between Stratonovich and Ito stochastic integrals holds

x T T
| 1 [ OF
/F(nﬁ”ﬁ)dwg):/F(ni), Ddw + Ly [ (1, brdr (17)

t t t
w. p. 1, where 14 is the indicator of the set A and i,l=1,...,m

A possible variant of conditions under which the formula (I7) is correct,
for example, consists of the conditions ng) e Qu([t, T7), F(ng), 7) € Mo([t, T7),
F(z,7) € C3(R) (for fixed 7), where i = 1,...,m.

2.3 Expansion of Iterated Stratonovich Stochastic Integrals of Arbi-
trary Multiplicity k (k € N) Under the Condition of Convergence

of Trace Series

In this section, we consider the expansion of iterated Stratonovich stochastic
integrals (B]) of arbitrary multiplicity k& (k € N) under the condition of conver-
gence of trace series [14] (we also note approaches to the expansion of multiple
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Stratonovich stochastic integrals based on other definitions of these integrals
[56], [57)).

Let us introduce some notations. Consider the Fourier coefficient

T to
Clpei = /wk(tk)qﬁjk(tk)---/%(tl)qﬁjl(tl)dtl---dtk (18)
t t

corresponding to the kernel (#), where {¢;(z)}32, is a complete orthonormal sys-
tem of functions in the space Lo([t,T]). At that we suppose ¢g(z) = 1//T —t.

Denote
def

(g~ ()

Lito L1

= /¢k ti)Pji () - /¢l+1 te1) @ (Byn) /@/’l t) i (t) %

Cjk---lerljljljlfQ---jl

X /@bl_g(tl_z)gﬁle (tl_z) ca / Yn (tl)qul (tl)dtl Coodt_odtit .. dty, =

tiya L1

— /T /qpk te) b, (tr) - /wzﬂ 1) Dy, (is1) /¢z t)i-1(t) go(ty) X

« / ot )b L (ts) - / r (8265, (0)dtr . b sdtitiss .. dte,  (19)
t t

i.e. (I9) is again the Fourier coefficient of type (I8) but with a new shorter
multi-index ji ... 141052 ... j1 and new weight functions 11(7), ..., ¥_o(7),
VT — t_1(T)(7), Vi1 (7), ..., Yp(7) (also we suppose that {I,1 — 1} is one
of the pairs {g1, 92}, . .., {g2r_1, gor} (see (I4))).

Let
def

C(P)

]k---jq---jl

AF91,925--,92r—1,92r

=3 Y Y G

jggr_1:p+1jggr_3:p+1 jg3:p+1 jgl =p+1

(20)

J91=T925+ D920 —1 = J g2y
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Introduce the following notation

ef 1 3 3
d:f 51{921292171"‘1} Z Z

q#gl7gg,..-7g2r—1792r j927‘—1:p+1 j927‘—3:p+1

Joor41 =P Jgy_3=PF+L  Jgg=p+1jg =p+l

;4 CY

]k---jq---jl

(JggyJgnr_1 ) () sdgy =dag - dgg, 1 =Jgar

Note that the operation S; (I =1,2,...,7) acts on the value

~(p)
g (21)
q#glagQr"ag?’r—hg?’r
as follows: S; multiplies (1)) by 14, g, ,+1}/2, removes the summation
o
Jgg_ =P+l
and replaces
Clis.o (22)
Jo1=Jg25+3J 920 —1=J g2y
with
Cliei (23)
(jggljggl_l)m(')ngl:jggv"'ajggr_lzjggr

Note that we write

Y
(jgljgl )m(')ajgl :jgg

Cj = Cjk---jl

(jgljgg)m(')ajgl :jgg

k---J1

Clti

(jgljgg)m(')v(j!]?,jgz;)m(')ngl :j.qz 7j.<13 :j94

)
(Jg1dg1 ) () (dgsdgs )m(')vjm =Jg9:J93=Jg4

= Cjeci

Since (23)) is again the Fourier coefficient, then the action of superposition

5SSy, on (22) is obvious. For example, for r = 3

535,84 CW

Jk--Jq--J1

q¢917927"'7g5796
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9

(jggjgl )m(')(jgﬂgg)m(')(jgﬁjgg) )m(')ngl =Jg9:J095=Jg4:J95=]ge

q#gnga"'agf)agG }
9

(j92j91 )m()(]%]% )m(')vj!ﬂ :j!]z ’jg3 :j94 7j95 :jQG

Q#glagQr"agfngﬁ }

1 o o
5]‘{94:934‘1} Z Z Cjk---jl

Jgy =p+1 jgs=p+1

1
- ? H 1{9252923—1+1}Cjk"'j1
s=1

5351 {C fgeedi

1 o0
:ﬁl{%:gﬁl}l{gz:gﬁl} Z Cjk...jl

jgg =p+1

5 {c“

(.jg4jg3)m(')ajgl :jgg a.jgg :jg4 a.jg5 :jgg

Theorem 3 [14], [49], [50]. Assume that the continuously differentiable
functions ¥y(7) : [t,T] = R (Il=1,...,k) and the complete orthonormal system
{9j(2)}320 of continuous functions (¢po(x) = 1/ T —t) in the space Lao([t,T1])

are such that the following conditions are satisfied:

1. The equality

to
1

5/@1(t1)@2(f1)dt1 = Z/(I)Q(tg)¢j(t2)/(Dl(t1)¢j(t1)dt1dt2 (24)

t 7=07% t
holds for all s € (t,T], where the nonrandom functions ®1(7), ®2(7) are con-
tinuously differentiable on [t,T] and the series on the right-hand side of (24))

converges absolutely.

2. The estimates

/ Wy (s)
t/¢j(7)‘1)1(7)d < 1/2+a /% )®a(7 <j1}2—fo¢’
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3 / Bo(7)5(7 / 1 (0)0(0)abar | < 221

—p+1

hold for all s € (t,T) and for some a, 3 > 0, where ®1(7), Po(T) are continu-
ously differentiable nonrandom functions on [t,T], j,p € N, and

T

T
/xpf(ﬂdf < o0, /\%(7)\ dr < oo.
t

t
2
=0
q791,92,--92r—1,92r

holds for all possible g1, gs, ..., gor—1, 92 (see (L)) and Iy, ls, ..., 15 such that
liyloy oyl € {1,2,...r}, L > 1o > ... > g, d =0,1,2,...;r — 1, where
r=1,2,...,[k/2] and

3. The condition

p
: Z ~(p)

J1s-sdqse2d=0
4791925927 —1:92r

q#£91,925-,92r—1,92r

S.S, ... S, {0@

ford = 0.
Then, for the iterated Stratonovich stochastic integral of arbitrary multiplic-

ity k

« T s b2
PO = [ [ ol aw e
t t
the following expansion
P k
JW =lim 30 G jlllIC (26)
JseJk=0 =

that converges in the mean-square sense is valid, where

T to
Clpot = /wk(tk)%(tk)---/wl(tl)%(tl)dtl---dtk (27)
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15 the Fourier coefficient, 1.i.m. is a limit in the mean-square sense, i1, ..., =

0,1,...,m,
T
(= [ oirramd
t

are independent standard Gaussian random variables for various i or j (in the
case when i # 0), wl = 7.

The results presented below in this section show that Conditions 1 and
2 of Theorem 3 are satisfied for complete orthonormal systems of Legendre

polynomials and trigonometric functions in the space Lo([t, T1]).

In [I3] (Sect. 2.1.2), the following equality is proved

% / Yi(t)ga(t)dt = Oy, (28)

j=0

where . t
Cij = [ vattoytts) [ vn(t)os(e)dnde

{#;(%)}32y is a complete orthonormal system of Legendre polynomials or
trigonometric functions in the space Lo([t,T]), the functions (1), 12(7) are

continuously differentiable at the interval [¢,T7.

Note that the following estimate

(29)

holds under the above conditions, where constant C' is independent of p [13]

(Sect. 2.1.2).

The relations (28)) and (29) have been modified as follows [13] (Sect. 2.7,
2.9)

/% t1)o(ty)dty = ZCN (30)
7=0
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, 31
p(1—22(s)"* 3y

where (B0) holds for the case of Legendre polynomials or trigonometric functions
and (B1)) holds for the case of Legendre polynomials, s € (¢,7T) (s is fixed, the
case s = T corresponds to (28) and (29)), constant C' does not depend p, the

functions 11 (1), (1) are continuously differentiable at the interval [¢, T7,

Cji(s) = / (1) (1) / 1 (0) 65 (11 )bt

+(s) = (5— T”) 2 (32)

2 T—1t

For the trigonometric case, the estimate (31)) is replaced by [13] (Sect. 2.9)

- C
Y Cls)] < =, (33)
j=pi1 P
where s € (t,T), constant C' does not depend on p.
Note the well known estimate for the Legendre polynomials
K .
1P;(y)| < ye(=1,1), jeN, (34)

VIF = A
where P;(y) is the Legendre polynomial, constant K is independent of y and j.

Using (34]), we obtain the following useful estimates for the case of Legendre
polynomials [13] (Sect. 2.2.5)

r C
! W)o(P)d| < —— (3)

T
[ e < s %)

T

where j € N, z(z) € (—1, 1) is defined by (32), x € (t,T), ¥(7) is a continuously

differentiable function at the interval [t, T'], constant C' does not depend on j.
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For the case of trigonometric functions, we note the following obvious esti-

mates

/ O(7)y () dr <§, / B(7) by (7)dr <§, (37)

where 7 € N, x € (¢,T), the function ¢ (7) is continuously differentiable at the

interval [t,T], constant C' does not depend on j.

Remark 1. From 28)-31), B33), @B5)-B7) it follows that Conditions 1
and 2 of Theorem 3 are satisfied for complete orthonormal systems of Legendre

polynomials and trigonometric functions in the space Lo([t,T]) (a =1/2, =
1).

2.4 Expansions of Iterated Stratonovich Stochastic Integrals of Mul-
tiplicities 1 to 5

The following three theorems were proved in [14] on the base of Theorem 3.

Theorem 4 [13], [14], [49], [50]. Suppose that {¢;(x)}32, is a complete or-
thonormal system of Legendre polynomaials or trigonometric functions in the
space Lo([t, T]) and Y1 (7),¥o(T),3(T) are continuously differentiable nonran-

dom functions on [t,T]. Then, for the iterated Stratonovich stochastic integral

J @7 Ui2is) (§1 4y i3 = 0,1,...,m) defined by @) the following relations

p

b
J*[w ] (i1i213) — 11_>I£ Z ]3]231 ;2)<j(;3), (38)
1,J2:J3=

(39)

2
M (J*[ 111213 Z 013]211 31 ]2 C];3)> S

J1,J2,53=0

are fulfilled, where i1,i9,13 = 0,1,...,m in B8) and i1, is,i3 =1,...,m in (B9),

= Q

constant C' is independent of p; another notations are the same as in Theorem 1.

Theorem 5 [L3], [14], [49], [50]. Let {¢;(x)}32y be a complete ortho-

normal system of Legendre polynomials or trigonometric functions in the
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space Lo([t,T]) and 1(7),...,04(7) be continuously differentiable nonran-

dom functions on [t,T|. Then, for the iterated Stratonovich stochastic integral

J* [yt ] Uiia) (i ig=0,1,...,m) defined by @) the following relations
- (i1) (i4)
TR =lim 3 GGG (40)
J1reda=0
o P . A\’ C
M (J* [,@/}(4)];;.'24) o Z Cj4...j1Cj(1Z1) N ~<j(:4)> < pl—g (41)
J1yeda=0

are fulfilled, where iy,...,i4 = 0,1,...,m in [@Q) and i1,...,i4 = 1,...,m in
(1)), constant C' does not depend on p, € is an arbitrary small positive real
number for the case of complete orthonormal system of Legendre polynomials
in the space Lo([t, T]) and € = 0 for the case of complete orthonormal system of
trigonometric functions in the space Lo([t,T]); another notations are the same

as i Theorem 1.

Theorem 6 [13], [14], [49], [50]. Assume that {¢;(x)}32, is a complete or-
thonormal system of Legendre polynomials or trigonometric functions in the
space Lo([t,T)) and 1(7),...,¥5(T) are continuously differentiable nonran-
dom functions on [t,T]. Then, for the iterated Stratonovich stochastic integral

J @7 Uiis) (3 a5 = 0,1,...,m) defined by @) the following relations

p
Ty e Z e G (42)

.....

2
p
* 1.5 it is ¢
M (J O — S Cj5...j1<]('l)---<]('5)) < == (43)

are fulfilled, where iy,...,i5 = 0,1,...,m in [@2) and i1,...,i5 = 1,...,m
in ([@3), constant C' is independent of p, € is an arbitrary small positive real
number for the case of complete orthonormal system of Legendre polynomaials

in the space Lo([t, T]) and e = 0 for the case of complete orthonormal system of
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trigonometric functions in the space Lo([t,T]); another notations are the same

as in Theorem 1.
Also we note the following theorem for the case k = 2.

Theorem 7 [13] (Sect. 2.8.1). Suppose that {¢;(x)}52, is a complete
orthonormal system of Legendre polynomaials or trigonometric functions in
the space Lo([t,T]) and ¥1(7),1%o(T) are continuously differentiable nonran-
dom functions on [t,T]. Then, for the iterated Stratonovich stochastic integral

J a2 ]T“t” (11,72 = 0,1,...,m) defined by B) the following relations

p
J*[¢ ] 12 = 1_>Ior<l) Z .]2.]1 ]1 jg 7 (44)

s Q

(45)

2
M (J*[w 1122 Z ngjlgj . ) <

J1,j2=0
are fulfilled, where iy,i9 = 0,1,...,m in ([d4) and i1,io = 1,...,m in (43),

constant C' is independent of p; another notations are the same as in Theorem 1.

Note that an analogue of Theorem 7 for the case k = 1 follows from ().

3 Main Result

3.1 Theorem on Expansion of Iterated Stratonovich Stochastic In-

tegrals of Multiplicity 6

In this section, we formulate the main result of the article.

Theorem 8 [13], [48]-[50]. Suppose that {¢;(x)}32, is a complete orthonor-
mal system of Legendre polynomials or trigonometric functions in the space

Lo([t, T]). Then, for the iterated Stratonovich stochastic integral of sixth multi-

i / /dwtu. e a9
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the following expansion

b

S E E j e
Tt P00 J6-- ]1 CJG
jl7 -J
that converges in the mean-square sense is valid, where i1,...,1¢=20,1,...,m,

T to
Clg.i = /¢j6 (t6) - - / bj, (t1)dty .. .dt
t t

T
G = [ dils)awl?
-

and

are independent standard Gaussian random variables for various i or j (in the

case when 1 # 0), W&O) =T

3.2 Proof of Theorem on Expansion of Iterated Stratonovich Sto-

chastic Integrals of Multiplicity 6

This section is devoted to the proof of Theorem 8.

As noted in Remark 1, Conditions 1 and 2 of Theorem 3 are satisfied for
complete orthonormal systems of Legendre polynomials and trigonometric func-
tions in the space Lo([t, T]). Let us verify Condition 3 of Theorem 3 for the iter-
ated Stratonovich stochastic integral (46]). Thus, we have to check the following

conditions

2
p 00
lim E E Cjﬁ---jl = 0, (47)
p—oo = . C_
]ql 7.](127.](133.](14:0 ]g1:p+1 391_.792
2
o0 o0
fim Z Y. Y Cii =0, (48)
p—00 . . . .
-7‘11 7]q2—0 jq1:p+1]q3:p+1 J91=J92+J93= 794
2
p 00
lim E E Cje...jl = 0, (49)
P—00 . . . .
(.]g4]g3)m(')a.791:.7925193:]g4ag4:.93+1

qu 7jq2:0 jgl =p+1
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2
(0.¢] (0.¢] oo
lim E E E Cj6---j1 = 0, (50)
]glzp—|—1 j93:p+1 jg5:p+1 .7_(]1 _]gg ’-793_*794’*795_-796
2
oo (0.¢]
lim E E st...jl = 0, (51)
P—00 . o
Jog1=p+1 Jgy=p+1 (g6 J95 ) ()T =Taz Jos =gy Jo5 =Tg6:96=95+1
2
(0.
i 3 e
(.7,(]4.7,(]3)m(')(]gﬁjgg,)m(')a]gl:.7,(]27]93:.7,(]41.7,(]52396194:g3+1196295+1

Jgy =p+1

(52)

where the expressions ({g1, 92}, {93, 91}, {95, 96} }) , ({91, 92}, {93, 9a}, {q1, @2} }) .

({g91,92}, {91, @2, g3, @4} ) are partitions of the set {1,2,...,6} that is {g1, g2, g3,

94, 95, 96} = {91, 92, 93, 94, @1, @2} = {91, 92, @1, 42, @3, @1y = {1,2, ..., 6}; braces
mean an unordered set, and parentheses mean an ordered set.

The equalities (47), ([49) were proved earlier (see the proof of equalities
(2.786), (2.792) in [13], pp. 541, 543 or equalities (194), (200) in [14], pp. 164,
166). The relation (52) follows from the estimate (29) for the polynomial case
and its analogue for the trigonometric case. It is easy to see that the equalities
(48)) and (51) are proved in complete analogy with the proof of equalities (166),
(200) in [14], pp. 152, 166 (also see the proof of equalities (2.758), (2.792) in
3], p. 528, 543).

Thus, we have to prove the relation (B0). The equality (B0) is equivalent to

the following equalities

plgﬁlo Z Z Z 013j2j1j3j2j1 =0, (53)

J1=p+1 jo=p+1j3=p+1

ph_>1£10 Z Z Z Cj1j3j2j3j2j1 =0, (54)

J1=p+1 jo=p+1j3=p+1

ph_>1£10 Z Z Z Cj3j2j3j1j2j1 =0, (55)

J1=p+1 jo=p+1j3=p+1

Electronic Journal. http://diffjournal.spbu.ru/ 153



Differential Equations and Control Processes, N. 4, 2022

(0.9]

(0. 9] (0.9]
lim E E E Clyivisisini =0
P—00 J172J33372J1 ’

J1=p+1 jo=p+1j3=p+1

(0.9] (0.9] (0.9]
lim E E E Clyivinisisi =0
P—00 J1J2J2J3)3J1 )

J1=p+1 jo=p+1j3=p+1

o0 o0 o0
lim E E E Clisisiiniii =0
P—00 J3J3J2J2J1]1 ’

J1=p+1 jo=p+1j3=p+1

(0.9] (0.9] (0. 9]
lim E E E Clyisisiniii =0
P—00 J2J3)3J2J11 )

J1=p+1 jo=p+1j3=p+1

o0 o0 o0
lim E E E Clisinisiniii =0
P—00 J3J2J372J1J1 ’

J1=p+1 jo=p+1 js=p+1

o0 o0 o0
lim E E E Clisisiniving =0
P—00 J3J3J271J2J1 ’

J1=p+1 jo=p+1 js=p+1

(0.9] (0.9] (0.9]
lim E E E Clisisiy joini
p—00 J3J3J1J2J2J1

J1=p+1 jo=p+1 js=p+1

(0.¢] (0.9] (0.9]
lim E E E Cliyjrisisjoi
p—00 J2J1J37372J1

J1=p+1 jo=p+1 js=p+1

(0.9] (0.9] (0.9]
lim E E E Clisjrinjsjoi
p—00 J3J1J27372J1

J1=p+1 jo=p+1 js=p+1

(0.9] (0.9] (0.9]
lim E E E Cliyjsiviasjoi
p—00 J293J17372J1

J1=p+1 jo=p+1 js=p+1

(0.9] (0.9] (0.9]
lim E E E Clisjrisiajoi
p—00 J3J1J3J272J1

J1=p+1 jo=p+1 js=p+1

(0.9] (0.9] (0.9]
lim E E E Cliyjsisiijoi
p—00 J2J3J37132J1

J1=p+1 jo=p+1 js=p+1

metric functions is considered in complete analogy).

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)

Consider in detail the case of Legendre polynomials (the case of trigono-
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First, we prove the following equality for the Fourier coefficients for the case

wl(T),...,¢6(T)El

+ Cj4j5j6 Cj3j2j1 - C]3]4]5]6 0]211 + Cj2j3j4j5j60 (68)

T te to
= quG (t(;) ¢j5 (t5) - qul (tl)dtl . dtsdtg =
[ [ ]
T T ts 12
= ¢j6 (t6) ¢j5 (t5) ¢j4 (t4) . ¢j1 (tl)dtl e dt4dt5dt6—
[ [ feuto- |
T T ts ta
— [ ¢i(te) [ @4s(ts) | Du(ta)... [ ¢j(t1)dty ... dtsdtsdts =
oo fone [t |

- CjG Cj5j4j3j2j1

T T T ta 12

— | 95(ts) | b4(ts) | &5(ta) | @5 (t3) ... [ @5 (t1)dts. .. dtsdtsdtsdts+
et [oute) st fout- |
T T T ta to

+ ¢j6 (tﬁ) ¢j5 <t5) ¢j4 <t4) gﬁjg (tg) - qul (tl)dtl ... dtsdtydtsdts =
[ [t st fent- |

- CjG Cj5j4j3j2j1 -

/ ¢Je t6 / ¢J5 t5 dt5dt6 CJ413J2J1+

/ &i, (ts) / &i. (ts) / éi, (L) / b (t3) . / ¢, (t1)dty . . dtsdtydtsdts =
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= CjsClsjujsinii = Cisjs Ciajsjoin T
T T T ta ta
t te ts t t
- Cj60j5j4j3j2j1 - Cj5j60j4j3j2j1 + Cj4j5j6Cj3j2j1 - Cj3j4j5j60j2jl + Cj2j3j4j5j60jl_

T T T
_ / b1 (ts) / bilts) ... / b5 (t1)dty . . dtsdts —
t te ta
= CjsClsjujsgeit = Cisjo Clrgsoin + Cliagajo Clagojs —
- Cj3j4j5j6cj2j1 + Cj2j3j4j5j60jl - Cj1j2j3j4j5j6' (69)

The equality (69) completes the proof of the relation (68]).

Under the Conditions 1 and 2 of Theorem 3 the following equalities are
fulfilled [14] (pp. 108-112), [13] (pp. 485-489)

Z Clteedirrjiiotdsstiijo—togt = 0 (l—=1>s+1), (70)

71=0

o Z Cjk---jzﬂjzjljlﬁ---ju (71)

GG o

& 1
§ :Cjk---]’lJrljljljlfQ---jl - §Cjk---j1

5i=0
where C,. ;, is defined by () and ([).
Obviously, the equality (70) is equivalent to the following relation
p 00
> Coriiiviirdunitieris == Y Civiriviir denivins i (72)
Ji=0 Ji=p+1
Let us consider (B3). From ([72) we obtain

00 00 00 p p p
Z Z Z Cj3j2j1j3j2j1 - Z Z Z Cj3j2j1j3j2j1' (73)

J1=p+1 jo=p+1 js=p+1 71=0 7j2=0 j3=0
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Applying (68), we get

p
E : Cj3j2j1j3j2j1 + E : Cj1j2j3j1j2j3 2 E : Cj3j2j1j3j2j1 -

J1,J2,53=0 J1,J2,53=0 J1,92,J3=0
p
- § : <0j30j2j1j3j2j1 - Cj2j3Cj1j3J2j1 + Cj1j2j3Cj3j2j1_
J1,32,J3=0
03331323303231 + Cj2j3j1j2j3031> (74)
Note that

Claji = /T ), (T) ] ¢;,(0)dbdr =

,
/@i + 12 +3) ifjo=j+1, 1 =01,2,...

—1/\/4j7 — 1 fjp=n-1,np=12...

T —t
- (1)
1 if j1=7a=0
0 otherwise
\

, (VT =7 ifj, =0
€ = [ os(r)ar = . (70

! 0 ifj1#0

\

Moreover, the generalized Parseval equality gives

lim E : 03132]3 Jajedi —

p_>oojla.72’.]3 0
p T t3 to
= lim >, / ¢;y (t3) / ¢y (t2) / 9 (t1)dtrdbadisx
j17j27j3:() t t t

Electronic Journal. http://diffjournal.spbu.ru/ 157



Differential Equations and Control Processes, N. 4, 2022

/qug t3) /%2 t2) /%1 th)dtdtadts =

= lim Z / ¢, (t3) / ¢, (t2) / ¢, (t1)dt dtadts

J1:J2,J3=0 7%

/¢33 t3) /¢32 t2) /%1 ty)dt dtadty =

p

= p]LI& Z / 1{t3<t2<t1} H ¢jl tl dtldthtgx
J1,J2,53=0 [t,T73 =1

3
X / 1{t1<t2<t3} H ¢jl (tl)dtldt2dt3 —

(1,773 =1
= / 1{t3<t2<t1}1{t1<t2<t3}dt1dt2dt3 = 0. (77)
[t,T]°

Using (72)—(74), (76)) and (7)), we get

— lim g g g Clisinjrisiai = lim E Clisioirjsin =
P00 137231737201 Jrares J3J2J173J2J1

J1=p+1 ja=p+1 jz=p+1 J1,J2,j3=0
1 p
- 5191520 E : (Cj30j2jlj3j2jl - Cj2j3Cj1j3j2j1_
j17j27j320

— lim E: C},Clisivinjai — CsjnjoinCiir | =
P00 J3~"J2J1J3J2J1 J3J1J2J3 = J2J1

Ji,J2,53=0
=T —t lim E Ci i i — lim E C; =
pooo & J2J1Y7271 P J3Jj1J2J3 szl
J1,92=0 J1,32,J3=0

= VT —t lim Z 032]10]2]1+ hm Z Z 0333132]3 J2J1 (78)

p—)OO
J1,J2=0 31,32 =0 j3=p+1
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By analogy with the proof of equality (130) in [14] (see the proof of Theo-

rem 12 [14]) or equality (2.722) in [13] (see the proof of Theorem 2.33 [13]) we
obtain

pllglo Z Chjlojﬂl pllglo Z Z 0]2110]211 = 7 (79)

J1,J2=0 J1=p+1ja=p+1

where we used the following representation

Clpjn0joy =

ty t3
\/7/@2 ts) /@1 ty) //qu2 ta) /@1 t)dt dtadtsdtydts =

ty

\/7/¢j2 t5 /gb]l t4 /¢j2 tg /gb]l 41 dtl/dt3dt2dt4dt5 =
/¢32 t5 /¢]1 t4 t4 —t /¢32 t2 /¢]1 tl dtldtgdt4dt5+
t
T

ts

]2 t5)

~

(0 / ou(t)lt — 1) / ot )dtdtadtydt;
t t

t
def = ~
- Cj2j1j2j1 + Cj2j1j2j1'

Further, we have (see (73)))

lim E g C: C. . = lim E CooC
p=+00 Jaj1jeds~Jed1 — Pl 00 130013

J1,J2=0 js=p+1 Jja=p+1
p—1
+ § C-1,,Clajrji—1s + § Cii41,5.Clai i +1.75 +01001301g3> (80)
J1=1 J1i=1

Observe that

K )
1Ch 1| +1C41,5] < o (h=1,...,p), (81)

100551 +1Clizgii—1.5] + 1Clsgiir1,s] + 1Chso1s] <

Electronic Journal. http://diffjournal.spbu.ru/ 159



Differential Equations and Control Processes, N. 4, 2022

K )
< j_; (J3>p+1), (82)
3

where constants K, K; do not depend on 71, j3.

The estimate (8I]) follows from ([75). At the same time, the estimate (82)
can be obtained using the following reasoning. First note that the integration

order replacement gives

T ty t3 to
Cj3j1j2j3 = /¢j3(t4)/¢j1 (t3)/¢j2(t2)/¢j3(t1)dt1dt2dt3dt4 =
t t t t

T t3 to T
= [ 05 (t3) | bp(ta) Gj,(t1)dty | dts Gjs(ta)dts | dtz.  (83)
Jos o)

Further,

27 +1 T+t\ 2 .
; = P; — =0,1,2,... 4
¢j(x) T—t J ((x 2 ) T—t> 9 ] 07 ) “ I (8 )

where P;(x) is the Legendre polynomial.
From (34) and (84]) we get

C
(1— 22(z)"*

|9j(2)] < (85)

where x € (¢,T), z(z) is defined by (B2), constant C' does not depend on j,
j € N. Applying the estimates (B3), (36]), and (85) to (83) gives the estimate
B2).

Using (B0), (81]), and (82), we obtain

p 00 0o D
Z Z Cj3j1j2j3cj2j1 <K Z %(1+Z;) <

J1,72=0 js=p+1 Jjs=p+1 Jji=1

<k [°
x
P

w|&

p
K21
2f/% _ K@ty (86)

p
1
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if p — oo, where constant K is independent of p. Thus, the equality (B3) is
proved (see (78)), (79), (8G)).

The relation (B4]) is proved in complete analogy with the proof of equality
(B3). For (54) we have (see (68))

P P p
lim E Ciriajaisin + E Cli joisiajsi =2 lim E Cli jiniajoi =
P—00 J1J3J2J3J2J1 J1J273J273J1 p—00 J1J3J2J3J2J1

j17j27j320 j17j27j320 j17j27j3:O
p
- plggo § : (Cj Cj3j2j3j2j1 - Cj3j1 Cj2j3j2j1 + Cj2j3j1 Cj3j2j1_
J1,92,J3=0

p p
=2 lim (\/Tt Z ngijngO - Z Cj2j10j3j2j3j1> -

p—00 T R
J2,73=0 J1,J2,93=0

p
= —2 lim § CiiChiiii
pooo L= J2J1~"73J273J1
J1,J2,53=0

To estimate the Fourier coefficient C},;,;,,, we use the following (see the

proof of (53) for more details)
T t4 t3 to
Cj3j2j3j1 - ¢j3 (t4) ¢j2 (t3) ¢j3 (t2) ¢j1 (tl)dtldt2dt3dt4 =

[eses [t st |

T t4 t3 t3
= [ ¢js(ta) [ 6n(ts) [ (t1) [ ¢js(t2)dtadtidtsdly =

Jouofos foo

T t4 t3 t3

= [ ¢j(ts) | &5,(ts) Gjs(t2)dl ¢j, (t1)dtrdtsdty—
[esto [t fostoe] |

T ta t3 ty
- / Gjs(ta) / ), (t3) / ¢j (1) / G, (t2)dty | dtidtzdty =
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T ts3 ts3 T
= [ ¢5,(t3) Gjs(t2)dts ¢j, (t1)dt Gjs(ta)dty | dtz—
o fo) oo

T t3 t1 T
= [ ot [onn | [t ) an [ [ ot | dn

Let us prove (B3). From (72)) we obtain

o0 o0 o0 p p p
Z Z Z Cj3j2j3j1j2jl - Z Z Z Cj3j2j3j1j2j1' (87)

J1=p+1 jo=p+1 js=p+1 71=0 72=0 j3=0

Applying (68) and (87), we get (we replaced js by j4)

J1,32,J4=0 J1,92,Ja=0 J1,32,J4=0
b
= § : <0j40j2j4j1j2j1 - Cj2j4Cj4j1j2j1 + Cj4j2j40j1j2j1_
J1,32,Ja=0

p
=2 Z <Cj2j1j4j2j40j1 o Cj1j4j2j4cj2j1> +

J1,J2,J4=0
P
+ Y CiupaisCirguir- (88)
J1,J2,54=0
Further, we have (see (72))

p p p 2
lim E C.Chs: = lim EC =
D300 J4J274 " J1J21 P00 4 J1J2J1

J1,J2,54=0 72=0 \j1=0
p 00 2
- plggo Z Z lej2j1 =0, (89)
Jo=0 \j1=p+1

where we applied the equality (103) from [14], p. 134 (also see [13], p. 510).
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Furthermore, by analogy with the proof of (53)), we have

plg(r)lo Z < j2j1j4j2j4 Cj1j4j2j40j2j1> = 0. (90)

Ji,J2,54=0

To estimate the Fourier coefficient Cj, j,;,;, in (O0), we use the following (see

the proof of (53) for more details)

T t4 t3 ta
Cj1j4j2j4 - ¢j1 (t4) ¢j4 (t3) ¢j2 (t2) ¢j4 (tl ) dt; | dtedtsdty =
Josta foe [osta ]
T t4 to (2
= [ ¢j,(ta) | &5 (t2) | [ Gu(t)dts | [ ¢j,(t3)dtsdtadts =
Joofosn o) ]
T ta ty 12
= [ ¢;,(t4) ¢j,(t3)dts b, (12) ¢, (t1)dty | dtadts—
[t fonerm) [ (]
T ty to to
o qZ51'1 (t4) ¢j2 (t2) ¢j4 (t3)dt3 ¢j4 (tl)dtl dtgdt4.
[osta fora\ [t {]

The relations (87)—(@0) complete the proof of equality (B3]).
Let us prove (B6). Using (72), we get

p p ¢
Z Z Z Cj1j2j3j3j2j1 - ZZ Z Cj1j2j3j3j2j1 (91>
J1=

J1=p+1 ja=p+1 jzs=p+1 =0 72=0 jz=p+1

Applying (68)) and (91]), we obtain

J1,72=0 js=p+1

D 00
2
§ : § : ( J1 j2j3j3j2j1 - Cj2j10j3j3j2j1 + (Cj3j2j1) -
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p o0
=2 Z Z (lecjzjéjzajzjl - Cj2j10j3j3j2j1> +

J1,J2=0 js=p+1

+ Z Z 333231 ) (92>

J1,J2=0 jz=p+1

Using the estimate (1.217) from [13] (p. 158), we get

plggo Z Z 333231 Y (93)

J1,J2=0 jz=p+1

By analogy with the proof of (53)), we have

Jim Z Z (CJle2j3j3j2j1 - Cj2j10j3j3j2j1> =0, (94)

J1,J2=0 jz=p+1

where we applied the equality (131) in [14], p. 139 (also see the equality (2.723)
in [13], p. 516). To estimate the Fourier coefficient C,j,;,;, in (94), we used the
following (see the proof of (53) for more details)

T ta t3 to
Clisjojois = | Ois(ta) [ 0j,(t3) [ 04, (t2) | ¢, (t1)dt1dtrdtsdty =
e [ fonta |
T T T T
= | ¢j,(t1) | ¢j,(t2) [ 0j,(t3) [ @y, (ta)dtsdtzdtadt, =
[ [esta fon |

T T T 2
1
== [ ¢;(t1) | ¢,(t2) G, (t3)dts | dtadt. (95)

Combining the equalities (Q1)-(94), we obtain (GG).

Let us prove (57)) (we replace jo by js and j3 by jo in (57)). As noted in
[14] (p. 126), the sequential order of the series

J1=p+1 ja=p+1 jy=p+1
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is not important. This follows directly from the formulas (71]) and (72]).

Applying the mentioned property and (72), we get

0 0 0 p 0 0
o> D Cigiiiiin == D D Ciiijuinii- (96)

J1=p+1 jo=p+1 ja=p+1 71=0 jo=p+1 ja=p+1

Observe that (see the above reasoning)

o o o
E : Cj1j4j4j2j2j1 - E : E : Cj1j4j4j2j2j1' (97>

o
Jo=p+1 ja=p+1 Ja=p+1 jo=p+1

Using (68) and (97), we obtain

d
p o0 o0 p o0 o0
E : E : E : <Cj1j4j4j2j2j1 + Cj1j2j2j4j4j1> =2 E : E : E : Cj1j4j4j2j2j1 -

J1=0 jo=p+1 jas=p+1

p 0 0
- E : E : E : (Cj10j4j4j2j2j1 - Cj4j1 Cj4j2j2j1 - Cj2j4j4j10j2j1 + Cj2j2j4j4j10j >+

J1=0 jo=p+1 jas=p+1
p o0 2
+§ : § : Cj2j2j1 . (98)
J1=0 \jo=p+1

The equality

P %0 2
plggoz ( Z Cj2j2j1> =0 (99)

J1=0 \ja=p+1

follows from the relation (102) in [I4], p. 134 (also see [13], p. 510).

By analogy with the proof of equality (53]) we obtain

P o0 o0
limg E E C-Cliiio —C i Cii i —
P00 J1~J4J4J2]201 JaJ1~"J4J27201

J1=0 jo=p+1 jas=p+1
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—Cj1331 Ciajr + Cingnjujuin C ) =0, (100)

where we applied the equality (132) in [14], p. 140 (also see the equality (2.724)
in [13], p. 516). To estimate the Fourier coefficient C},;,;,;, in (I00), we used
the following (see the proof of (53]) for more details)

T ta t3 to
Cran = [ 95lt0) [ 03t [ 05.t2) [ o (t0)dtudradact, =

t t t t

T t4 t4 t4

= [ ¢p(ta) | &5 (t1) | ¢i(t2) [ &, (ta)dtsdtadt dty =

[estea [ [t |
, T ty ty 2

=5 [ ¢p(ts) | ¢5,(t1) ¢j,(to)dty | dtydty =
2 oo [l ]
. T ta 2 4,

=5 | ¢n(ts) ;. (t2)dts ¢j, (t1)dtydts+
Jota( o) |
. T ta t 2

+5 [ 9i(ts) | &5 (1) ¢, (t2)dty | dtidty—
2o [ ]

T 7 ty t
- quz (t4) ¢j4 (t2)dt2 ijl (t1) ¢j4 (tz)dtz dtldt4.
[l o] [ ]

The relation (57) follows from (96]), (98)—(T00).
Consider (58). Using the integration order replacement, we obtain

T te t5 ta t3 2
1
== [ ¢5(te) | ¢i(ts) [ Dj.(ta) | ¢4 (t3) ¢, (t1)dty | dtsdtadtsdts =

T t3 2 7 T T
1
=5 [ ¢p(ts) ¢, (t1)dty Gy (ts) | Gjs(ts) | @js(te)dtedtsdtsdts =
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T ts 2 1 T 2
1
— [ ¢j,(t3) ¢, (t1)dt1 ¢j,(ta) ¢, (ts5)dts | dtsdtz. (101)

Applying the estimates (B5), (36), and (85) to (I0I) gives the following

estimate

K

""" ‘ < 2]2 (j1>j3 > 0, j2 > 0)7 (102>
173

where constant K does not depend on ji, j2, 73.

Further, we get (see (1))

1202)() =0 jr=p+1 ja=p+1

where

(J252) (")

ts

_ i 6 (to) t/t b1 (t5) [ [ b5, (t2) t/t b5 (t1)dtrdtadtydtsdt —
= i¢j3(t6)/tﬁ¢j3(t5)i)qul(tg)/thﬁjl(tl)dtl/tdedtgd%dtG =
/qug t6 /gﬁ]g t5 t5 —t /qul tg /gﬁ]l tl dtldtgdt5dt6—f—

t
T te
def
+ / ;. (ts) / j,(t5) / b, (t2)( / ¢j, (t)dt dtadtsdts =
t t
def C/ C” (104)
33333131 JaJgsjijr-
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Let us substitute (IEZID into (I03)

J1=p+1 jo=p+1 jz=p+1 ]1 =p+1 jz=p+1
+ Z Z J3]3]1]1 o 2 : E : E : Cj3j3j2j2j1j1 (105)
Jl—p+133—p+1 J2=0 j1=p+1 jz=p+1

The relation (132) from [I4], p. 140 (also see the equality (2.724) from [13],
p. 516) implies that

Ph—glo Z Z j3j3jlj1 =0, plg& Z Z j3j3j1j1 - Y (1O6>

Ji1=p+1 jz=p+1 J1=p+1 jz=p+1

From the estimate (I02)) we get

1 1
Z Z Z Cj3j3j2j2j1j1 (p+1) Z D) Z _QS
J2=0 j1=p+1 ja=p+1 ji=p+1 71 ja=p+1 J3
o 2
d K 1
< | [4) <KD o)

p

if p — 00, where constant K is independent of p.
The relations (I05)—(107) complete the proof of (58)).

Let us prove (59). Using the integration order replacement, we get

Cj2j3j3j2j1j1 -
t5 t4 t3 2
/ ¢, (t6) / 5, (t5) / b5, (L4) / b, (t3) / ¢ (L) dty | dtsdtydtsdts =
t
t3 2 T
1
=35 / Gj,(t3) / ¢, (t1)dty / Gjs(ta) / dj,(ts) / ¢j, (te)dtdtsdt,dts =
t t ts
T t3 27 ts
1
= 5/%(?53) /053'1(?51)61?51 /¢j3(t5)/¢j2(t6)dt6/¢j3(t4)dt4dt5dt3 =
t t t3 ts t3
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T
1
= 5/%‘2 t3) /¢j1 t1)dty /%3 t5) /%2 te)dts /%3 ty)dty | X
t

X dt5dt3—

T 2 /oty T T
1
—3 / ¢;,(t3) % t1)dty / b, (ta)dty / ¢;,(t5) / b, (te)dts | x
t t t3 ts

X dt5dt3. (108)

Applying (IED and ([ﬂ]) we obtain

J2=0 j1=p+1 j3=p+1

1 p o0 P p o0
- 52 Z Cj2j3j3j2j1j1 - ZZ Z Cj2j3j3j2j1j1 =
Jj2=0j1=p+1 Jaja) () J2=0 73=0 j1=p+1
P 00
1
=3 Y > Chajuiuiaii — E -~ Coooojui —
jo=0 j1=p+1 (Jsgs) () j=p+1
p o0
- E , E , COJ3130J111 E : E : CJ20012J111
Jjz=1ji=p+1 Jo=1ji=p+1

p p
Z Z Cj2j3j3j2j1j1 (109)

Jo=17j3=1j1=p+1

The equality

Jim o Z Z Chsjsisinin| =0 (110)
j2a=0 j1=p+1 (jaja) ()
follows from the inequality similar to (158) in [14], p. 149 (also see the relation
(2.750) in [13], p. 526), where we used the following representation

(J3g3) (")
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te t4

/%2 t6) //(bjz t3) /cbh t2) /% t)dt dtsdtsdtydts =
— t/¢j2(t6)j@z(t?,)t/g¢j1(t2)t/2¢j1(t1)dt1dt2[dt4dt3dt6 _
+i¢j2(t6)(t6—t)/t6¢jz(t3)fqﬁjl(tQ)7¢jl(t1)dtldt2dt3dt6+
/ @in(to) / Oin(t3)( / ) (t2) / ¢, (1) dty dtydtsdt <

C.;;j?]l]l + C;;}?]ljl (111)
The following estimate
C
D(r)gj(T)dr| < JE2(1 — 22(s))/A—</A (112)
¢

is proved in [14], p. 137 (also see [13], p. 513), where ¢ is an arbitrary small pos-
itive real number, ¥ (7) is a continuously differentiable function at the interval
[t,T],7 €N, se (t,T), z(s) is defined by (32), constant C' does not depend on
7.

Applying the estimates (B5), ([Bd), (83), and (I12) (¢ = 1/2) to (I08)) gives

the following estimates

K S
|Chajsgsgoiiii| < PRy (J1, J2, 73 > 0), (113)
]1]2]3
K o
Cha00pajin] € == (1,52 > 0), (114)
JiJ2
K o
‘COjB‘jBOjljll < 9 (]17]3 > 0)7 (115)
J1J3
K .
|Co000jujs | < = (j1>0). (116)
1
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Using the estimate (I13)), we have

Nl Il 1
ZZ Z Chajuisinin] <K Y FZEZW <

Jo=1j3=1 j1=p+1 =p+1 71 jo=17% j3=1J3

p

d:z: dx 1+1Inp

1

if p — 00, where constants K, K; do not depend on p.

Similarly we get (see (I14)—(I16))

0 P 0
E Co000j,j, | + E E  Cojujs0ji | +

Ji=p+1 Js=1j1=p+1

p o0
E E ' Clr00j2iin

jo=1ji=p+1

— 0 (118)

if p — o0.
The relations (109), (I10), (I17), (II8) prove (B9).

Consider (60). Using the integration order replacement, we get

T tg ts t4 t3 2
1
== [ Oi(te) | 5nlls) [ Dj(ta) | ¢),(t3) ¢, (t)dty | dtsdtydtsdts =
2ot [ [ [ ]
X T ts 2 7 T T
=< | ¢p(ta) | [ &5 (t1)dta G, (ta) | &4(ts) | & (te)dtedtsdtsdts =
o[t outo [t |

T ts 2 7 T ts
1
=5 [ ¢5.(t3) ¢, (t1)dty b, (ts) [ ¢4,(te)dts | ¢j,(ta)dtadtsdts =
2o ([t [out foiome |
. T ts 2 7 ts T
=5 [ ¢5(ts) ¢, (t1)dty ¢, (t5) ¢, (ta)dts ¢j,(ts)dts | x
[t fenrm ) fouto{ fonean) (]

th5dt3—
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T t3 2 /1y T T
1
—= [ 94,(t3) ¢, (t1)dt by, (t4)dty Gj, (t5) dj, (te)dts | x

X dt5dt3. (119)

Applying ([’_Q]), we obtain

_Z Z Z Cj3j2j3j2j1j1 (120)

Jo=0 j1=p+1 js=p+1

Further proof of the equality (60) is based on the relations (I19), (I120) and
is similar to the proof of the formula (£9).

Let us prove (6I). Applying the integration order replacement, we obtain

T to ts ta ts to
= [ ¢5(te) | D3s(ts) | 05 (ta) [ ¢ju(ts) | @p(ta) | ¢4 (t)dtrdtadtsdtsdtsdts =
[ [osen [oten [ [ |
T T T T T T
= [ ¢;,(t1) | ¢4, (t2) [ &,(ts) | &4(ta) | 0js(ts) [ &4 (te)dtadtsdtsdtsdtadt, =
[t osta [t [esta [ |
, T T T T T 2
=35 / ¢j, (1) / ), (t2) / ¢j, (t3) / bj, (ta) / G, (t5)dts | dtydtsdtadt; =
t t to t3 t4

2154

/ 65, (1) / b5 (£5) s / 65, (1) / b5, (t) / b5, (t1)dbrdtadtsdty =
X T T 2
= 5/%‘2 ts) /%3 ts)dts /%2 t2) /%1 t dt1/¢j1 t3)dtsdtadty =
'
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T T 2 /4, ty by
= % / ¢j2 (t4) / ¢j3 (t5)dt5 / ijl (t3)dt3 / ¢j2 (tg) / gbjl (tl)dtl X
t ls t t +

X dtht4—
T T 2 t4 tg 2
1
=5 [ontn | [ontns ) [oute | [ontan | x
t ta t t
X dtgdt4. (121)

Using (72), we get

P 00 00
= _Z Z Z Cj3j3j2j1j2j1' (122)

J2=0 j1=p+1 jz=p+1

Further proof of the equality (61)) is based on the relations (I21)), (I22) and
is similar to the proof of the relations (59)), (€0).

Consider (62). Using the integration order replacement, we have

T te ts ty t3 to
= [ &5.(ts) | 05(ts) | @i(ta) | ¢5(t3) [ @j(t2) [ b5 (t1)dtidtadtsdtsdtsdts =
[onto feuter [ona foutts [ |
T T T T T T
= [ ¢;,(t1) | ¢4, (t2) [ &5,(ts) | &5 (ta) | 0js(t5) [ &4, (te)dtadtsdtsdtsdtadt, =
[eer [t [t [entes [t |
1T T T T T 2
=5 [ et [onte) [ontn) [onte | [onttits | dtudtadrades =
t t1 to t3 17}

T T 2 4 ts to
1
=35 / ¢, (ts) / bj, (ts5)dts / ¢, (t3) / ¢j,(t2) / ¢, (t1)dt dtadtsdty =
t ty t t t
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2154

/gbjl ty) /@3 ts)dts /gb]2 to) /¢31 5] dtl/gbh t3)dtsdtadty =
/(;5]1 ty) /Qﬁjg ts)dts i¢j2(t3)dt3 i¢j2(t2) t/tngjl(tl)dtl X

thzdt4—
] T
_§/¢j1 t4 ¢]3 t5 dt5 /¢32 t2 /¢]1 tl dtl /¢]2 t3 dtg X
t
X dtgdt4. (123)

Applying (72)) and (71]), we obtain

J1=p+1 jo=p+1 jz=p+1 Jo=p+1 jz=p+1 ji=p+1
p o0 o0 p [e%e] o0

- E : § : E : Jedsgijedegr — E : E : E : Cj2j3j1j2j2j1 -
J1=0 jo=p+1 jz=p+1 J1=0 js=p+1 jo=p+1

Jl =0 js=p+1 (J2g2) (") J1=0 j2=0 jz=p+1

The equality

lim — E E Clisjsir jojnj
p—>oo J3J3731J2721

J1=0 j3=p+1

=0 (125)
(J2j2) (")

follows from the the inequality (158) in [14], p. 149 (also see the inequality
(2.750) in [13], p. 526), where we proceed similarly to the proof of equality

(IIQ) (see (II10)).

The relation

]}LIEO Z Z Z Clsjsiijodeis = (126)

J1=0 72=0 j3=p+1
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is proved on the basis of (I23]) and similarly with the proof of (59). The equal-
ities (124)—(126) prove (62).
Let us prove (63)). Using (72) and (71]), we get

J1=p+1 ja=p+1 jz=p+1 Ja=p+1 j1,j2=0
1 & P
9 > Chusnisiois — Y Chjssoinir (127)
J1,j2=0 (U333) () ) 4a,53=0

Using the equality (130) in [14], p. 139 (also see the equality (2.722) in [13],
p. 516) we have
1
lim = Z Cj2j1j3j3j2j1

p—oo 2 &
.]17.]220

=0, (128)
(Jaga)(°)

where we proceed similarly to the proof of equality (I10) (see (III))).

Further, we will prove the following relation

b
lim Cj2j1j3j3j2j1 =0 (129)

p—o0
J1,J2,53=0

using the equality (68). From (68) we have

p 1 p
E : Cj2j1j3j3j2j1 - 5 (Cj2j1j3j3j2j1 + Cj1j2j3j3j1j2> -
J1,J2,53=0 J1,J2,53=0
1 p
-5 Cj20j1j3j3j2j1 - Cj1j20j3j3j2j1 + Cj3j1j20j3j2j1_
2
J1,J2,53=0

p
= Z (Cj2j3j3j1j20j1 - Cj3j3j1j20j2j1> +
j17j21j320
1 p
+ 9 Z Cj3j1j2 Cj3j2j1' (130)
J1:J2,J3=0
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The generalized Parseval equality gives (by analogy with (77))

hm_ Z C]3]1]2 Jsjej1 — V- (131)

p—oo 2
J1,J2,j3=0

Let us prove the following equality

p
plggo Z (Cjzjsj?,jljzcj Cj3j3j1j20j2j1> = 0. (132)
j11j27j3:0
The relation
Jim Z Ciajsisini2Cin = 0 (133)

J1,J2,33=0

is proved by the same methods as in the proof of equality (53) and also using
Theorem 12 from [14] (also see Theorem 2.33 from [13]) and (71)).

Further, we have (see ([71)))

p 00
1
Z Cj3j3j1j2 - 503'33'3]'1]'2 - Z Cj3j3j1j2' (134)

Jj3=0 (G373) () jy=p+1
Moreover,
Tt t
Clajsjrin / / ¢;, (t2) / b, (t1)dt1dtadts =
Uajs) ™ to t
T o T T o
= /¢j1(t2)/¢j2(t1)dt1/dt3dt2 = /(T—t2)¢j1(t2)/¢j2(t1)dt1dt2 =
t t f t t

T

= ]¢j2(t1) /(T — 12)@;, (t2)dtadty = /T(bjz(ib) /T(T — t1)¢;, (t1)dtrdty =

def

— / (T — tl)l{t2<t1}¢jl (t1)¢]2 (t2)dt1dt2 de

[t,T]?

éj2jl' (135)
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Using (134)), (I33), and the generalized Parseval equality, we obtain

p 1 p
lim E CiiiaCh: = — lim E Ci i Ci i —
D300 J3J3J1)2 " J2J1 2p J2J1 7~ J2J1

— 00

j17j27j320 jl,jQZO
p o0 p 00
— lim Z Z Cj3j3j1j20j2j1 = — lim § : § : Cj3j3j1j20j2j1' (136)
p—oo =/ . p—oo =~
J1,52=0 jz=p+1 J1,52=0 jz=p+1

We have (see (03]))
. T T T 2
Cj3j3j1j2 = §/¢j2(t1)/¢j1(t2) /¢j3(t3)dt3 dt?dtl' (137)
t t ta

By analogy with (R6) and also using (I37), we get
D 00
ph_glo Z Z Cj3j3j1j20j2j1 = 0. (138)
J1,J2=0 jz=p+1
Combining (I36) and (I38)), we obtain

p
plggo Z Cj3j3j1j2cj2j1:()- (139)

j17j27j3:O

The relation (I32)) follows from (I33) and (I39). From (I30)-(I32) we get

(I29). The equalities (I27)—(129) complete the proof of (63).

For the proof of (64)—(67) we will use a new idea. More precisely, we will

consider the sums of expressions (64)—(67) with the expressions already studied

throughout this proof.

Let us begin from (64). Applying the integration order replacement, we

obtain

- /T @i (t6) ]6 %5 (ts) /t5 i (1) 7 s (t3) i ¢, (t2)dts i ¢, (t)dty | x
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thgdt4dt5dt6 =
T te ts t3 i3 s
= /¢jg(t6)/¢j1(t5)/¢j3(t3) (/ ¢j2(t2)dt2) (/ ¢j1(t1)dt1> /¢j2(t4)dt4><
thgdt5dt6 =

_ /T¢j3(t6)/t6¢jl(t5) (/t ¢jz(t4)dt4> /tsﬁﬁjs(t?,) (i ¢jz(t2)dt2> X
X ( /t3 i, (tl)dﬁ) diadtsdts =
i¢jg(t6)j¢j1(t5)i¢j3(t3) (i ¢J2(t2)dt2>2 (]3 (;Sjl(tl)dtl) X

X dtgdt5dt6 =

()i
x ( / ¢j3<t6>dt6) dts. (140)

p p
- Z Z Z <Cj3j1j2j3j2j1 + Cj3j1j2j3j1j2>- (141)
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Further, by analogy with the proof of equality (59) and using (I40), we

obtain
p p o

Ph—{go Z Z Z (Cj3j1j2j3j2j1 + Cj3j1j2j3j1j2> = 0. (142)
J1=0j3=0 jo=p+1
From (I41)) and (I42) we get

plggo Z Z Z <Cj3j1j2j3j2j1 + Cj3j1j2j3j1j2> = 0. (143)

J1=p+1 jo=p+1 j3=p+1

Moreover (see (53))),

ph_f?o Z Z Z Cj3j1j2j3j1j2 = 0. (144)

J1=p+1 jo=p+1j3=p+1

Combining (I43)) and (I44)), we have

00 00 00
lim g g g Clisirjajsin = 0.
D300 13713273721

J1=p+1 jo=p+1j3=p+1

The equality (64]) is proved.

Consider (65]). Using the integration order replacement, we have

T te ts t4 t3 t3
= [ ¢(te) | G4s(ts) | 0i(ts) [ &4(t3) Gj, (ta)dts ¢j, (t1)dty | x
ot fonte [outer font{ forteaau ] ]

th3dt4dt5dt6 =
T te ts t3 t3 ts
= / ), (t6) / js(15) / ®js(t3) / Gj,(ta)dts / ¢j, (t1)dty / Gj, (ta)dtsx
t ' t t ' ts
th3dt5dt6 =

/T@z(tG)iqb]g(%) i¢j1(t4)dt4 i¢j3(t3) i¢jg(f2)dt2 X
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i3
X /¢j1 (tl)dtl dt3dt5dt6—
t
2

—j¢jz(t6)j¢j3(t5)j¢j3(t3) t/tg@'z(t?)dt? t/t3¢jl(t1)dt1 X

X dtgdt5dt6 =

T ts ts t3
~ [onte) | [ entnan | [ o) | [oniein ] <
t3 T

X /¢j1(t1)dt1 dtg /¢j2(t6)dt6 dt5—
t ts

T ts t3 ts
— [ 95(ts) [ djs(ts) | [ dj(to)dls ¢, (t)dty | dtsx
[t [eua [ ]

T
X ¢j2 (t()')dt()' dt5. (145)
/

Using ([72)), we obtain

0 [e,@] O
- § : § : § : <Cj2j3j1j3j2j1+Cj2j3j1j3j1j2> =

J1=p+1 jo=p+1 js=p+1
p 00 00
- Z Z Z <0j2j3j1j3j2j1 + Cj2j3j1j3j1j2>' (146)
j3=0 j1=p+1 jo=p+1
By analogy with the proof of (59) and applying (I45]), we get
p o) 00
]}H&Z > > <Cj2j3j1j3jzjl + Cj2j3j1j3j1j2> = 0. (147)
J3=0 j1=p+1 jo=p+1
From (I46) and (I47) we have

plggo Z Z Z (Cj2j3j1j3j2j1 +Cj2j3j1j3j1j2> = 0. (148)

Ji=p+1 ja=p+1 j3=p+1
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Moreover (see (54)),

phi?o Z Z Z Clajsjrsiriz = 0- (149)

J1=p+1 jo=p+1 jz=p+1

Combining (I48)) and (I49), we finally obtain

lim g g g Cliyjsiviajoi =
p—00 J2J3317372J1

J1=p+1 jo=p+1j3=p+1

The equality (65)) is proved.

Now consider (66]). Using the integration order replacement, we obtain

- [T ;s (t6) j ¢ (ts) t/t5 ¢js (1) i s(t3) j ¢j (t2)dts j ¢5(t)dty | X

th3dt4dt5dt6 =
T te ts t3 ts ts
= / ¢j,(t6) / ), (t5) / bj,(t3) / Gj, (ta)dts / ¢j, (t1)dt / Gjs (ta)dtsx
t t t ¢ ¢ b
th3dt5dt6 =

= /T ¢js (to) /tG ¢, (t5) /t s (ta)dty /t"’ )y (t3) /t?’ Gy (t2)dty | X

/ ¢j1 (tl)dtl dt3dt5dt6—

/ b3 (to) / 01 (1) / D (t3) / 0,0 (12) / o5 (1)t |

/ ¢, (ta)dty | disdtsdts =
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/ b, (t5) / O / b (t3) / o ta)dty |

/ ;. (t)dty | dts / ¢, (te)dts | dts—

/%1 ts) /¢]2 t3) /¢]2 ta)dts /@1 t)dty | x

/ )y (ta)dty | dts / s (te)dts | dts. (150)

Applying (72)) and ([T)), we obtain

E : § : § : < Jaj1zjedaii +Cj3j1j3j2j1j2> -

J1=p+1 jo=p+1 jz=p+1

p 00
- Z Z Z (Cj3j1j3j2j2j1 + Cj3j1j3j2j1j2> -
71=0 jz=p+1 jo=p+1
p p 00
- Z Z Z (Cj3j1j3j2j2j1 + Cj3j1j3j2j1j2>

j1:O jQZO j3:p+1

9 Z Z Cj3j1j3j2j2j1 (151)
J1 0j3=p+1 (J2g2)~ ()
The equality
11_>I£lo 2 Z Z Cj3j1j3j2j2j1 =0 (152)
P J1=0 ja=p+1 (G2j2)(+)

follows from the equality (130) in [14], p. 139 (also see the equality (2.722) in
[13], p. 516), where we proceed similarly to the proof of equality (II0) (see

(T1T).
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By analogy with the proof of (59) and applying (I50), we get

p p oo
ph—%lo Z Z Z (Cj3j1j3j2j2j1 + Cj3j1j3j2j1j2> = 0. (153)

J1=0 j2=0 jz=p+1
From (I5I)-(I53) we have
plggo Z Z Z (Cj3j1j3j2j2j1 +Cj3j1j3j2j1j2> = 0. (154)
J1=p+1 ja=p+1 js=p+1
Moreover (see (B3)),
ph_glo Z Z Z Cj3j1j3j2j1j2 = 0. (155)
J1=p+1 ja=p+1 jz=p+1
Combining (I54)) and (I53]), we finally obtain
ph_glo Z Z Z Cj3j1j3j2j2j1 = 0.
J1=p+1 jo=p+1 jz=p+1

The equality (66]) is proved.

Finally consider (67). Using the integration order replacement, we have

— /T ), (ts) /tﬁ ;s (t5) /t i (1) i ), (t3) 7’ bj, (t2)dts /t3 6 (t)dt | x

thgdt4dt5dt6 =
T t6 t5 t3 t3 t5
= / ), (t6) / s (t5) / ) (£3) / @), (t2)dts / ), (t1)dty / Pjs (ta)dts X
t t t t t t3
thgdt5dt6 =

/T@z(tG)iqb]g(%) i¢j3(t4)dt4 /t5¢j1(t3) i%’z(fz)dt? X
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/ ¢j1 (tl)dtl dt3dt5dt6—

/ b (to) / 03 (1) / 0, (t3) / 0,0 (12) / o5 (0)dtr |

/ i, (L) dty | disdtsdts =

/¢33 ts) /¢33 ty)dty /%l t3) /¢32 to)dts | X

/¢]1 t1)dty | dts /%2 te)dts | dts—

/ 03 (t3) / b, (t3) / by (£2)1t / o (0)dt |

/¢j3(t4)dt4 dt; /¢j2(t6)dt6 dts. (156)
t ts

Ji=p+1ja=p+1 js=p+

1
= 5 Z Z Cj2j3j3j1j2j1 """

Ji=p+1 ja=p+1

(jaja)(°)
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p p o0

+ Z Z Z (Cj2j3j3j1j2j1 + Cj2j3j3j1j1j2> -

J1=0 j3=0 jo=p+1

v«
9 Z Z J2J8J3171)2 (157)
j3:O j2:p+1 (]1.71) ()

The equalities

1 o 0
Jim 2 > (Cjzjsjsjmjl(

J1=p+1jo=p+1

) —0, (158)
(Jajs)(+)

J3=0 jo=p+1 (Jig) ()
1 0
= lim — Z Cj2j3j3j1j1j2 —
pod Ja=p+1 (Jrg1) () (Faga) ()

—0 (159)
(Jrg)~ ()

follows from the equalities (130), (131) in [14], p. 139 (also see the equalities
(2.722), (2.723) in [13], p. 516), where we used the same technique as in (I1TJ).
When proving (I59), we also applied (7)) and (29).

By analogy with the proof of (59) and applying (I56), we obtain

p p oo
ph—glo Z Z Z (Cj2j3j3j1j2j1 + Cj2j3j3j1j1j2> = 0. (160)

J1=0 j3=0 jo=p+1

From (I57)—(I60) we have

(0.] (0.] o0
ph—>I£lo Z Z Z <0j2j3j3j1j2j1 + Cj2j3j3j1j1j2> = 0. <161)
J1=p+1 jo=p+1 jzs=p+1
Furthermore (see (57)),

ph_f?o Z Z Z Cj2j3j3j1j1j2 = 0. (162)

J1=p+1 jo=p+1j3=p+1
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Combining (I6]]) and (I62), we finally obtain

(0. 9] (0.9] (0.9]
lim E E E Cliyjsisiijoi = 0.
p—00 J2J3337132J1

J1=p+1 jo=p+1j3=p+1

The equality (67)) is proved. Theorem 8 is proved.

4 Conclusion

In the first part [14] of this work, expansions of iterated Stratonovich stochastic
integrals of multiplicities 1 to 5 with respect to components of the multidimen-
sional Wiener process were obtained. The second part of the work (this article)
is devoted to the development of the approach from [14]. More precisely, in
this article we have obtained the expansion of iterated Stratonovich stochastic
integrals of multiplicity 6 with respect to components of the multidimensional
Wiener process. The noted results make it possible to construct efficient pro-
cedures for the mean-square approximation of iterated Stratonovich stochastic
integrals that appear in strong methods with orders 1.0, 1.5, 2.0, 2.5, and 3.0 of
convergence for [t6 SDEs with multidimensional non-commutative noise (in the
framework of the approach based on the Taylor—Stratonovich expansion). The
above procedures based on multiple Fourier—Legendre series have been success-
fully implemented as part of the software package in the Python programming

language in [52].
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