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Àííîòàöèÿ. Â íàñòîÿùåé ñòàòüå ðàññìàòðèâàåòñÿ äâóõòî÷å÷íàÿ êðàåâàÿ çà-
äà÷à äëÿ îäíîãî íåëèíåéíîãî ôóíêöèîíàëüíî - äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ ÷åòíîãî ïîðÿäêà ñ ñèëüíîé íåëèíåéíîñòüþ íà îòðåçêå [0, 1] ñ îäíîðîä-
íûìè ãðàíè÷íûìè óñëîâèÿìè. Ñ èñïîëüçîâàíèåì ñïåöèàëüíûõ òîïîëîãè÷å-
ñêèõ ñðåäñòâ ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííî-
ñòè ïîëîæèòåëüíîãî ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è. Ñóùåñòâîâàíèå ïî-
ëîæèòåëüíîãî ðåøåíèÿ äîêàçàíî ñ ïîìîùüþ èçâåñòíîé òåîðåìû Êðàñíîñåëü-
ñêîãî î íåïîäâèæíîé òî÷êå â êîíóñå, åäèíñòâåííîñòü ñîîòâåòñòâåííî óñòàíîâ-
ëåíà ñ ïðèìåíåíèåì ïðèíöèïà ñæàòûõ îòîáðàæåíèé. Ïðèâåäåí íåòðèâèàëü-
íûé ïðèìåð, èëëþñòðèðóþùèé âûïîëíåíèå äîñòàòî÷íûõ óñëîâèé îäíîçíà÷-
íîé ðàçðåøèìîñòè ïîñòàâëåííîé çàäà÷è.

Êëþ÷åâûå ñëîâà: êðàåâàÿ çàäà÷à, ïîëîæèòåëüíîå ðåøåíèå, ôóíêöèÿ Ãðè-
íà, êîíóñ.
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1 Ââåäåíèå

Âîïðîñàì ðàçðåøèìîñòè êðàåâûõ çàäà÷ äëÿ íåëèíåéíûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ïîñâÿùåíî íåìàëî ðàáîò, â ÷àñòíîñòè [1, 2, 3, 4, 5, 6, 7, 8], â êîòî-
ðûõ îñíîâíîì, â íèõ ðàññìîòðåíû âîïðîñû ñóùåñòâîâàíèÿ ïîëîæèòåëüíîãî
ðåøåíèÿ, åãî ïîâåäåíèÿ è àñìèïòîòèêè è äð. Ðàáîò, ïîñâÿùåííûõ ïîëó÷åíèþ
óñëîâèé, îáåñïå÷èâàþùèõ åäèíñòâåííîñòü ïîëîæèòåëüíîãî ðåøåíèÿ çàäà÷ ñ
îäíîðîäíûìè êðàåâûìè óñëîâèÿìè äëÿ íåëèíåéíûõ îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé âòîðîãî è áîëåå âûñîêîãî ïîðÿäêîâ íåìíîãî, îòìå-
òèì, íàïðèìåð, [9, 10, 11, 12, 13]. Èç öèòèðóåìûõ âûøå ðàáîò áëèçêèìè ïî
òåìàòèêå äàííîìó èññëåäîâàíèþ ÿâëÿþòñÿ ñòàòüè [9, 13], â êîòîðûõ ðàññìîò-
ðåíû íåëèíåéíûå êðàåâûå çàäà÷è ñ àíàëîãè÷íûìè êðàåâûìè óñëîâèÿìè. Â
[9] ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ïîëîæèòåëüíûõ ðåøåíèé
êðàåâîé çàäà÷è äëÿ íåêîòîðîãî íåëèíåéíîãî îáûêíîâåííîãî äèôôåðåíöèàëü-
íîãî óðàâíåíèÿ n ïîðÿäêà ñ ðàçëè÷íûìè âàðèàöèÿìè ãðàíè÷íûõ óñëîâèé ñ
ïîìîùüþ òåîðåìû Êðàñíîñåëüñêîãî î íåïîäâèæíîé òî÷êå â êîíóñå. Â [13] ñ
ïîìîùüþ ìåòîäà ëèíåéíûõ ïðåîáðàçîâàíèé Ö. Íà óñòàíîâëåíû äîñòàòî÷íûå
óñëîâèÿ ñóùåñòâîâàíèÿ åäèíñòâåííîãî ïîëîæèòåëüíîãî ðåøåíèÿ àíàëîãè÷íîé
êðàåâîé çàäà÷è äëÿ ÷àñòíîãî ñëó÷àÿ íåëèíåéíîãî îáûêíîâåííîãî äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ ÷åòíîãî ïîðÿäêà è ïðåäëîæåí ÷èñëåííûé àëãîðèòì ïî-
ñòðîåíèÿ òàêîãî ðåøåíèÿ. Â äàííîé ñòàòüå àâòîðàìè ïðåäïðèíÿòà ïîïûòêà
îáîáùèòü óïîìÿíóòûå âûøå ðåçóëüòàòû ñ ïîìîùüþ òåîðåìû î íåïîäâèæíîé
òî÷êå â ÷àñòè÷íî óïîðÿäî÷åííûõ ìíîæåñòâàõ. Â çàêëþ÷åíèè ïðèâåäåí íåòðè-
âèàëüíûé ïðèìåð, èëëþñòðèðóþùèé ïîëó÷åííûå ðåçóëüòàòû.

2 Ïðåäâàðèòåëüíûå ñâåäåíèÿ è îáîçíà÷åíèÿ

Äëÿ óäîáñòâà ïðèâåäåì íåêîòîðûå îáîçíà÷åíèÿ è óòâåðæäåíèÿ, êîòîðûå áó-
äóò èñïîëüçîâàíû ïðè äîêàçàòåëüñòâå îñíîâíûõ ðåçóëüòàòîâ ðàáîòû.

Îïðåäåëåíèå 1 [14, c. 17] Ïóñòü E � âåùåñòâåííîå áàíàõîâî ïðîñòðàí-
ñòâî. Ìíîæåñòâî K ⊂ E íàçûâàåòñÿ êîíóñîì, åñëè âûïîëíåíû ñëåäóþùèå
óñëîâèÿ:

1. ìíîæåñòâî K çàìêíóòî;

2. èç u, v ∈ K âûòåêàåò, ÷òî αu+ βv ∈ K ïðè âñåõ α, β ≥ 0;
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3. èç êàæäîé ïàðû âåêòîðîâ (òî÷åê) x, −x ïî êðàéíåé ìåðå îäèí íå ïðè-
íàäëåæèò K, åñëè x 6= θ, ãäå θ � íóëü ïðîñòðàíñòâà E

Òåîðåìà 1 [15] Ïóñòü E � áàíàõîâî ïðîñòðàíñòâî è K ⊂ E � êîíóñ â
E. Ïðåäïîëîæèì ÷òî Ω1 è Ω2 ÿâëÿþòñÿ îòêðûòûìè ïîäìíîæåñòâàìè E
ñ 0 ∈ Ω1 è Ω1 ⊂ Ω2. Ïóñòü T : K ∩

(
Ω2\Ω1

)
→ K âïîëíå íåïðåðûâíûé

îïåðàòîð. Êðîìå òîãî, ïðåäïîëîæèì, ÷òî âûïîëíåíî îäíî èç äâóõ óñëîâèé:

H1 : ‖Tu‖ ≤ ‖u‖, ∀u ∈ K ∩ ∂Ω1 è ‖Tu‖ ≥ ‖u‖, ∀u ∈ K ∩ ∂Ω2

H2 : ‖Tu‖ ≤ ‖u‖, ∀u ∈ K ∩ ∂Ω2 è ‖Tu‖ ≥ ‖u‖, ∀u ∈ K ∩ ∂Ω1.

Òîãäà îïåðàòîð T èìååò ôèêñèðîâàííóþ òî÷êó â K ∩
(
Ω2\Ω1

)
.

Îáîçíà÷èì ÷åðåç C � ïðîñòðàíñòâî C[0, 1], ÷åðåç Lp (1 < p < ∞) �
ïðîñòðàíñòâî Lp(0, 1) è ÷åðåç W(2n) � ïðîñòðàíñòâî âåùåñòâåííûõ ôóíêöèé,
îïðåäåëåííûõ íà [0, 1] ñ (2n− 1) àáñîëþòíî íåïðåðûâíîé ïðîèçâîäíîé.

Ëåììà 1 Ïóñòü y ∈ C. Òîãäà êðàåâàÿ çàäà÷à

x(2n)(t) + y(t) = 0, n ∈ N, 0 < t < 1, (2.1)

x(0) = x′(0) = . . . x(2n−2)(0) = 0, (2.2)

x(1) = 0, (2.3)

èìååò åäèíñòâåííîå ðåøåíèå

x(t) =

∫ 1

0

G(t, s)y(s) ds,

ãäå

G(t, s) =


t2n−1(1− s)2n−1 − (t− s)2n−1

(2n− 1)!
, åñëè 0 ≤ s ≤ t,

t2n−1(1− s)2n−1

(2n− 1)!
, åñëè t ≤ s ≤ 1.

Äîêàçàòåëüñòâî. Ïðèìåíÿÿ ïðåîáðàçîâàíèå Ëàïëàñà ê çàäà÷å (2.1)�(2.3),
ïîëó÷èì

s2nx(s)− s2n−2x′(0) = −y(s), (2.4)

ãäå u(s) è y(s) ïðåîáðàçîâàíèÿ Ëàïëàñà u(t) è y(t) ñîîòâåòñòâåííî. Èíâåðñèÿ
óðàâíåíèÿ (2.4) äàåò îêîíî÷àòåëüíî ðåøåíèå:

x(t) =

∫ 1

0

t2n−1(1− s)2n−1

(2n− 1)!
y(s) ds−

∫ t

0

(t− s)2n−1

(2n− 1)!
y(s) ds.

Ëåììà äîêàçàíà.
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Ñëåäñòâèå 1 Ñïðàâåäëèâî íåðàâåíñòâî

1

(2n− 1)!
ϕ(t)ϕ(s) ≤ G(t, s) ≤ 1

(2n− 1)!
ϕ(s), t, s ∈ [0, 1],

ãäå ϕ(t) = min{t, 1− t}.

3 Ïîñòàíîâêà çàäà÷è è îñíîâíûå ðåçóëüòàòû

Ðàññìîòðèì êðàåâóþ çàäà÷ó

x(2n)(t) + f(t, (Tx)(t)) = 0, 0 < t < 1, (3.1)

x(0) = x′(0) = . . . x(2n−2)(0) = 0, (3.2)

x(1) = 0, (3.3)

ãäå n ∈ N, ëèíåéíûé îïåðàòîð T : C → Lp (1 < p <∞) íåïðåðûâåí, ôóíêöèÿ
f(t, u) ìîíîòîííî âîçðàñòàåò ïî âòîðîìó àðãóìåíòó, óäîâëåòâîðÿåò óñëîâèþ
Êàðàòåîäîðè è f(·, 0) ≡ 0.

Îïðåäåëåíèå 2 Ïîä ïîëîæèòåëüíûì ðåøåíèåì çàäà÷è (3.1)�(3.3) áóäåì
ïîíèìàòü ôóíêöèþ x ∈ W(2n), ïîëîæèòåëüíóþ â èíòåðâàëå (0, 1), óäîâëå-
òâîðÿþùóþ íà óêàçàííîì èíòåðâàëå óðàâíåíèþ (3.1) è ãðàíè÷íûì óñëîâèÿì
(3.2), (3.3).

Ðàññìîòðèì ýêâèâàëåíòíîå çàäà÷å (3.1)�(3.3) èíòåãðàëüíîå óðàâíåíèå

x(t) =

∫ 1

0

G(t, s)f (s, (Tx) (s)) ds, 0 ≤ t ≤ 1, (3.4)

ãäå G(t, s) áûëà ðàíåå îïðåäåëåíà â ëåììå 1.

Ïðåäïîëîæèì, ÷òî ôóíêöèÿ f(t, u) â îáëàñòè [0, 1]× [0,∞) óäîâëåòâîðÿåò
óñëîâèþ

f(t, u) ≤ b(t) + βup/q, p, q ∈ (1,∞), (3.5)

ãäå β > 0, b ∈ Lq.
Îòìåòèì, ÷òî óñëîâèå (3.4) îáåñïå÷èâàåò äåéñòâèå îïåðàòîðà Íåìûöêîãî

N : Lp → Lq, îïðåäåëÿåìîãî ñîîòíîøåíèåì (Nu)(t) = f(t, u(t)) äëÿ êàæäîãî
u ∈ Lp.

Â îïåðàòîðíîé ôîðìå óðàâíåíèå (3.4) ìîæíî ïåðåïèñàòü â âèäå

x = GNTx,
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ãäå G : Lq → C, (Gu)(t) =
∫ 1

0 G(t, s)u(s) ds � îïåðàòîð Ãðèíà.

Ïîëîæèì
A = GNT,

ãäå îïåðàòîð A îïðåäåëåííûé ðàâåíñòâîì

(Ax)(t) =

∫ 1

0

G(t, s)f (s, (Tx) (s)) ds, 0 ≤ t ≤ 1,

äåéñòâóåò â ïðîñòðàíñòâå íåîòðèöàòåëüíûõ íåïðåðûâíûõ ôóíêöèé, ìîíîòî-
íåí è âïîëíå íåïðåðûâåí [16, c. 161].

Îáîçíà÷èì ÷åðåç K̃ êîíóñ íåîòðèöàòåëüíûõ ôóíêöèé x(t) ïðîñòðàíñòâà
C, óäîâëåòâîðÿþùèõ óñëîâèþ

x(t) ≥ ϕ(t)‖x‖C .

Â äàëüíåéøåì ïîä ïîëóóïîðÿäî÷èâàíèåì u ≺ v è u≺v â êîíóñå K̃ ïðî-
ñòðàíñòâà C ñîîòâåòñòâåííî áóäåì ïîíèìàòü u(t) ≤ v(t) è u(t) > v(t) ïðè
âñåõ t ∈ [0, 1].

Ëåììà 2 Îïåðàòîð A èíâàðèàíòåí îòíîñèòåëüíî êîíóñà K̃.

Äîêàçàòåëüñòâî. Â ñèëó ñëåäñòâèÿ 1 èìååì

(Ax)(t) =

∫ 1

0

G(t, s)f (s, (Tx) (s)) ds ≥

≥ 1

(2n− 1)!
ϕ(t)

∫ 1

0

ϕ(s)f (s, (Tx) (s)) ds.

Ñ äðóãîé ñòîðîíû

‖Ax‖C ≤
1

(2n− 1)!

∫ 1

0

ϕ(s)f (s, (Tx) (s)) ds.

Òàêèì îáðàçîì, î÷åâèäíî

(Ax)(t) ≥ ϕ(t)‖Ax‖C .
Ëåììà äîêàçàíà.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

Ω1 =
{
x ∈ K̃ : ‖x‖C < r1

}
,

Ω2 =
{
x ∈ K̃ : ‖x‖C < r2

}
,

Ω = Ω2\Ω1,

ãäå r1 è r2 � íåêîòîðûå ïîëîæèòåëüíûå ÷èñëà, ïðè÷åì r1 < r2.
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Òåîðåìà 2 Ïðåäïîëîæèì, ÷òî f(t, u) óäîâëåòâîðÿåò óñëîâèþ (3.5) è

1. p > q > 1,

2.
p− q
q

(
2q (1 + q′)

1
q′ (2n− 1)!

pβγ
p
q

) q
p−q

≥
‖b‖Lq

2 (1 + q′)
1
q′ (2n− 1)!

,

ãäå γ � íîðìà îïåðàòîðà T , 1
q + 1

q′ = 1.

3. limu→+∞

{
maxt∈[0,1]

f(t,u)
u

}
=∞.

Òîãäà êðàåâàÿ çàäà÷à (3.1)�(3.3) èìååò ïî êðàéíåé ìåðå îäíî ïîëîæèòåëüíîå
ðåøåíèå x ∈ K ∩

(
Ω2\Ω1

)
.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî íàñòîÿùåé òåîðåìû îñíîâûâàåòñÿ íà ïðè-
ìåíåíèè òåîðåìû 1. Âíà÷àëå óñòàíîâèì ñóùåñòâîâàíèå ÷èñëà r2 > 0 òàêîãî,
÷òî ïðè x ∈ K ∩ ∂Ω2

‖Ax‖C ≤ ‖x‖C . (3.6)

Â ñèëó óñëîâèÿ (3.5) è ñëåäñòâèÿ 1 ïðè x ∈ K ∩ ∂Ω2 èìååì

‖Ax‖C = max
0≤t≤1

∫ 1

0

G(t, s)f (s, (Tx) (s)) ds ≤

≤ 1

(2n− 1)!

∫ 1

0

ϕ(s)b(s) ds+
β

(2n− 1)!

∫ 1

0

ϕ(s) (Tx)
p
q (s) ds ≤

≤ 1

(2n− 1)!
‖ϕ‖Lq′‖b‖Lq +

β

(2n− 1)!
‖ϕ‖Lq′‖Tx‖

p
q

Lp ≤

≤ 1

2 (1 + q′)
1
q′ (2n− 1)!

(
‖b‖Lq + βγ

p
q‖x‖

p
q

Lp

)
.

Ðàññìîòðèì òåïåðü ôóíêöèþ

ψ(r) = r − Arσ −B, r > 0,

ãäå A > 0, B ≥ 0, σ > 1.

Íåñëîæíî ïðîâåðèòü, ÷òî íàèáîëüøåå çíà÷åíèå ψ äîñòèãàåòñÿ ïðè

r = rmax =

(
1

σA

) 1
σ−1

.
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Îòñþäà, ïîëîæèâ A =
βγ

p
q

2 (1 + q′)
1
q′ (2n− 1)!

, B =
‖b‖Lq

2 (1 + q′)
1
q′ (2n− 1)!

è

σ = p
q , â ñèëó óñëîâèÿ (2) òåîðåìû, îáåñïå÷èâàþùåãî íåîòðèöàòåëüíîñòü çíà-

÷åíèÿ ψ â òî÷êå rmax, ïðè r2 = rmax =

(
2q (1 + q′)

1
q′ (2n− 1)!

pβγ
p
q

) q
p−q

ïîëó÷èì

ñîîòíîøåíèå (3.6).

Íàéäåì òåïåðü òàêîå ïîëîæèòåëüíîå ÷èñëî r1 < r2, ÷òî ïðè x ∈ K ∩ ∂Ω1

‖Ax‖C ≥ ‖x‖C . (3.7)

Î÷åâèäíî, èç óñëîâèÿ (3) òåîðåìû âûòåêàåò, ÷òî f(t, u) ≥ δu, δ > 0 íà
ìíîæåñòâå [0, 1]× (0,∞). Ïðèíèìàÿ âî âíèìàíèå ýòî îáñòîÿòåëüñòâî è ñëåä-
ñòâèå 1, ïðè x ∈ K ∩ ∂Ω1 èìååì

(Ax)(t) =

∫ 1

0

G(t, s)f (s, (Tx) (s)) ds ≥

≥ 1

(2n− 1)!
ϕ(t)δ

∫ 1

0

ϕ(s) (Tx) (s) ds ≥

≥ 1

(2n− 1)!
δϕ(t)‖x‖C

∫ 1

0

ϕ(s) (Tϕ) (s) ds.

Íîðìèðóÿ ïîñëåäíåå íåðàâåíñòâî, ïîëó÷èì

‖Ax‖C ≥
δ

2(2n− 1)!

∫ 1

0

ϕ(s) (Tϕ) (s) ds · ‖x‖C .

Âûáðàâ òåïåðü δ òàê, ÷òîáû

δ

2(2n− 1)!

∫ 1

0

ϕ(s) (Tϕ) (s) ds < 1,

ëåãêî óáåäèòüñÿ â ñïðàâåäëèâîñòè (3.7) äëÿ ëþáîãî r1 ∈ (0, r2) .

Ñîãëàñíî òåîðåìå 1 ñ ó÷åòîì ëåììû 1 îïåðàòîð A èìååò ïî êðàéíåé ìå-
ðå îäíó íåïîäâèæíóþ òî÷êó â K ∩ Ω, ÷òî ðàâíîñèëüíî ñóùåñòâîâàíèþ ïî
ìåíüøåé ìåðå îäíîãî ïîëîæèòåëüíîãî ðåøåíèÿ x ∈ K ∩ Ω êðàåâîé çàäà÷è
(3.1)�(3.3).
Òåîðåìà äîêàçàíà ïîëíîñòüþ.

Òåîðåìà 3 Ïðè âûïîëíåíèè óñëîâèé òåîðåìû 2 êðàåâàÿ çàäà÷à (3.1)�(3.3)
èìååò åäèíñòâåííîå ïîëîæèòåëüíîå ðåøåíèå x ∈ K ∩ Ω, åñëè ôóíêöèÿ
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f(t, u) äèôôåðåíöèðóåìà ïî u, ïðîèçâîäíàÿ f ′u(t, u) ìîíîòîííî âîçðàñòàåò
ïî âòîðîìó àðãóìåíòó è

γ‖ρ‖Lp′ < 2(2n− 1)!, (3.8)

ãäå ρ(t) ≡
∣∣f ′u (t, r2 (T1) (t))

∣∣, 1
p′ + 1

p = 1.

Äîêàçàòåëüñòâî. Ââåäåì îáîçíà÷åíèå y(t) = |x1(t)− x2(t)|, ãäå xi ∈ K ∩Ω,
i = 1, 2.

Â ñèëó ìîíîòîííîñòè ïðîèçâîäíîé f ′u(t, u) ïî u, èñïîëüçóÿ ñîîòâåòñòâóþ-
ùóþ òåîðåìó î ñðåäíåì, ïîëó÷èì

|(Ax1)(t)− (Ax2)(t)| =
∣∣∣∣∫ 1

0

G(t, s)f ′u (s, (T x̃) (s)) (Ty)(s) ds

∣∣∣∣ ≤
≤ 1

(2n− 1)!

∫ 1

0

ϕ(s)f ′u (s, r2 (T1) (s))
∣∣(Ty)(s)

∣∣ ds ≤
≤ 1

2(2n− 1)!
‖ρ‖Lp′‖Ty‖Lp ≤

γ

2(2n− 1)!
|ρ‖Lp′‖y‖C ,

ãäå (T x̃) (t) ïðèíèìàåò çíà÷åíèÿ ïðîìåæóòî÷íûå ìåæäó çíà÷åíèÿìè (Tx1) (t)
è (Tx2) (t).

Ñ ó÷åòîì óñëîâèÿ (3.8) òåîðåìû íà îñíîâàíèè ïðèíöèïà ñæàòûõ îòîáðà-
æåíèé çàêëþ÷àåì, ÷òî êðàåâàÿ çàäà÷à (3.1)�(3.3) èìååò åäèíñòâåííîå ïîëî-
æèòåëüíîå ðåøåíèå x ∈ K ∩ Ω.
Òåîðåìà äîêàçàíà ïîëíîñòüþ.

Â êîíöå ðàáîòû ïðèâåäåì íåòðèâèàëüíûé ïðèìåð, èëëþñòðèðóþùèé ïî-
ëó÷åííûå ðåçóëüòàòû.

Ïðèìåð 1 Ðàññìîòðèì ñëåäóþùóþ êðàåâóþ çàäà÷ó

x(2n)(t) + p(t)

(∫ 1

0

x(s)ds

)p
q

= 0, n ∈ N, 0 < t < 1, (3.9)

x(0) = x′(0) = . . . x(2n−2)(0) = 0, (3.10)

x(1) = 0, (3.11)

ãäå p(t) ≥ 0 � ñóììèðóåìàÿ íà [0, 1] ôóíêöèÿ, p > q > 1.

Ëåãêî âèäåòü, ÷òî f(t, u) = up/q íåîòðèöàòåëüíà, íåïðåðûâíà íà [0, 1]×
[0,∞) è íå óáûâàåò ïî âòîðîìó àðãóìåíòó. Áîëåå òîãî, âçÿâ b(t) = 0 è
β = 1 íà îñíîâàíèè òåîðåìû 2 íåñëîæíî óáåäèòüñÿ â ñóùåñòâîâàíèè ïî
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ìåíüøåé ìåðå îäíîãî ïîëîæèòåëüíîãî ðåøåíèÿ çàäà÷è (3.9)�(3.11) òàêîãî

÷òî ‖x‖C ≤ r2, ãäå r2 =

(
2q (1 + q′)

1
q′ (2n− 1)!

p

) q
p−q

.

Äàëåå, î÷åâèäíî, ρ(t) = p
qr

p
q−1
2 p(t), t ∈ [0, 1]. Â ñèëó óñëîâèÿ (3.8), ïîòðå-

áîâàâ p(t) <
1

(1 + q′)
1
q′
, ñîãëàñíî òåîðåìå 3 ïîëîæèòåëüíîå ðåøåíèå çàäà÷è

(3.9)�(3.11) åäèíñòâåííîå.
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On the existence and uniqueness of a positive solution to a boundary

value problem for a nonlinear functional di�erential equation of even

order

G. E. Abduragimov
Dagestan State University

gusen_e@mail.ru

Abstract. In this article, we consider a two-point boundary value problem for a
nonlinear functional-di�erential equation of even order with strong nonlinearity
on the interval [0, 1] with homogeneous boundary conditions. Su�cient conditions
for the existence and uniqueness of a positive solution of the problem under
consideration are obtained using special topological tools. The existence of a
positive solution is proved using the well-known Krasnoselsky theorem on a �xed
point in a cone, and uniqueness is established accordingly using the contraction
mapping principle. A non-trivial example is given, illustrating the ful�llment of
su�cient conditions for the unique solvability of the problem posed.

Keywords: boundary value problem, positive solution, Green's function, cone.
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