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Àííîòàöèÿ. Â äàííîé ðàáîòå èçó÷àþòñÿ âîïðîñû ðàçðûâíîñòè êðàéíèõ
ïîêàçàòåëåé êîëåáëåìîñòè íà ìíîæåñòâå ëèíåéíûõ îäíîðîäíûõ äèôôåðåí-
öèàëüíûõ ñèñòåì ñ íåïðåðûâíûìè íà ïîëîæèòåëüíîé îñè êîýôôèöèåíòàìè.
Óñòàíîâëåíî ñóùåñòâîâàíèå òî÷åê íà ìíîæåñòâå äèôôåðåíöèàëüíûõ ñèñòåì,
â êîòîðûõ âñå ñòàðøèå è ìëàäøèå ïîêàçàòåëè êîëåáëåìîñòè íóëåé, êîðíåé è
ãèïåðêîðíåé íå òîëüêî íå ÿâëÿþòñÿ íåïðåðûâíûìè, íî è íå ÿâëÿþòñÿ íåïðå-
ðûâíûìè íè ñâåðõó è íè ñíèçó. Áîëåå òîãî, äîêàçàíà íåèíâàðèàíòíîñòü êðàé-
íèõ ïîêàçàòåëåé êîëåáëåìîñòè îòíîñèòåëüíî áåñêîíå÷íî ìàëûõ âîçìóùåíèé.
Ïðè äîêàçàòåëüñòâå ðåçóëüòàòîâ íàñòîÿùåé ðàáîòû, îòäåëüíî ðàññìîòðåíû
ñëó÷àè ÷åòíîñòè è íå÷åòíîñòè ïîðÿäêà ìàòðèöû ñèñòåìû.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ, ëèíåéíûå ñèñòåìû,
êîëåáëåìîñòü, ÷èñëî íóëåé, ïîêàçàòåëè êîëåáëåìîñòè, ïîêàçàòåëè Ëÿïóíîâà.

1. Ââåäåíèå

Äëÿ çàäàííîãî n ∈ N îáîçíà÷èì ÷åðåçMn ìíîæåñòâî ëèíåéíûõ ñèñòåì

ẋ = A(t)x, x ∈ Rn, t ∈ R+ ≡ [0, +∞),
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ñ íåïðåðûâíûìè îïåðàòîð-ôóíêöèÿìè A : R+ → EndRn (êàæäóþ èç êîòî-
ðûõ áóäåì îòîæäåñòâëÿòü ñ ñîîòâåòñòâóþùåé ñèñòåìîé). Ïîäìíîæåñòâî ìíî-
æåñòâà Mn, ñîñòîÿùåå èç àâòîíîìíûõ ñèñòåì, îáîçíà÷èì ÷åðåç Cn, ïîäìíî-
æåñòâî ñèñòåì îòâå÷àþùèõ ëèíåéíûì îäíîðîäíûì óðàâíåíèÿì n-ãî ïîðÿäêà,
îáîçíà÷èì ÷åðåç En. Ïðîñòðàíñòâî ðåøåíèé ñèñòåìû A ∈ Mn îáîçíà÷èì ÷å-
ðåç S(A), à ïîäìíîæåñòâî âñåõ íåíóëåâûõ ðåøåíèé � ÷åðåç S∗(A). Äàëåå,
çâåçäî÷êîé ñíèçó áóäåì ïîìå÷àòü ëþáîå ëèíåéíîå ïðîñòðàíñòâî, â êîòîðîì
âûêîëîò íóëü. Ïîëîæèì

Sn∗ =
⋃

A∈Mn

S∗(A).

Â ðàáîòàõ [1, 2, 3, 4] È.Í. Ñåðãååâà íà ïîëóïðÿìîé ââîäèëèñü è èññëå-
äîâàëèñü ðàçëè÷íûå õàðàêòåðèñòèêè ëÿïóíîâñêîãî òèïà íåíóëåâûõ ðåøåíèé
ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé è ñèñòåì. Ýòè õàðàêòåðèñòèêè îò-
âå÷àþò çà êîëåáëåìîñòü è áëóæäàåìîñòü ðåøåíèÿ. Â ñòàòüå [5] áûëè ñèñòå-
ìàòèçèðîâàíû âñå ââåäåííûå È.Í. Ñåðãååâûì ê íàñòîÿùåìó ìîìåíòó õàðàê-
òåðèñòèêè ëÿïóíîâñêîãî òèïà, ÷òî ïðèâåëî ê èçìåíåíèþ íàçâàíèé íåêîòîðûõ
èç íèõ. Â ÷àñòíîñòè, ïîëíûå è âåêòîðíûå ÷àñòîòû ïåðåèìåíîâàíû ñîîòâåò-
ñòâåííî â ñèëüíûå è ñëàáûå ïîêàçàòåëè êîëåáëåìîñòè. Â ðàáîòàõ [6, 7, 8, 9, 10]
õàðàêòåðèñòè÷åñêèå ïîêàçàòåëè [1, 2] ñòàëè íàçûâàòüñÿ ÷àñòîòàìè Ñåðãååâà.

Â íàñòîÿùåé ðàáîòå áóäåì ðàññìàòðèâàòü ñëåäóþùèå èõ ðàçíîâèäíîñòè:

� ïîêàçàòåëè êîëåáëåìîñòè íóëåé, êîðíåé èëè ãèïåðêîðíåé;

� âåðõíèå èëè íèæíèå ïîêàçàòåëè êîëåáëåìîñòè (â ñëó÷àå èõ ñîâïàäåíèÿ
� òî÷íûå);

� ñèëüíûå èëè ñëàáûå ïîêàçàòåëè êîëåáëåìîñòè (â ñëó÷àå èõ ñîâïàäåíèÿ
� àáñîëþòíûå).

Ïîäñ÷åò ïîñëåäíèõ ïðîèñõîäèò ïóòåì óñðåäíåíèÿ ÷èñëà íóëåé (èëè êîð-
íåé, èëè ãèïåðêîðíåé) ïðîåêöèè ðåøåíèÿ x äèôôåðåíöèàëüíîé ñèñòåìû íà
êàêóþ-ëèáî ïðÿìóþ, ïðè÷åì ýòà ïðÿìàÿ âûáèðàåòñÿ òàê, ÷òîáû ïîëó÷åííîå
ñðåäíåå çíà÷åíèå îêàçàëîñü ìèíèìàëüíûì: åñëè óêàçàííàÿ ìèíèìèçàöèÿ ïðî-
èçâîäèòñÿ ïåðåä óñðåäíåíèåì, òî ïîëó÷àþòñÿ ñëàáûå ïîêàçàòåëè êîëåáëåìî-
ñòè, à åñëè ïîñëå, òî � ñèëüíûå ïîêàçàòåëè êîëåáëåìîñòè. Ïðè ýòîì äëÿ âû-
÷èñëåíèÿ ýòèõ õàðàêòåðèñòèê ðåøåíèÿ y ëèíåéíîãî óðàâíåíèÿ n-ãî ïîðÿäêà
îñóùåñòâëÿåòñÿ ïåðåõîä ê âåêòîð-ôóíêöèè x = (y, ẏ, . . . , y(n−1)).

Êàê èçâåñòíî [11, 12, 13], ïîêàçàòåëè êîëåáëåìîñòè íóëåé, êîðíåé è ãèïåð-
êîðíåé ëèíåéíîé äèôôåðåíöèàëüíîé ñèñòåìû ñîâïàäàþò â àâòîíîìíîì ñëó-
÷àå ñ ìíîæåñòâîì ìîäóëåé ìíèìûõ ÷àñòåé ñîáñòâåííûõ çíà÷åíèé ìàòðèöû
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ñèñòåìû. Â ñèëó íåïðåðûâíîé çàâèñèìîñòè êîðíåé ìíîãî÷ëåíà îò åãî êîýô-
ôèöèåíòîâ ñëåäóåò, ÷òî ñóæåíèå ëþáîé èç êðàéíèõ ïîêàçàòåëåé êîëåáëåìîñòè
íà òîïîëîãè÷åñêîå ïîäïðîñòðàíñòâî Cn ⊂Mn åñòü íåïðåðûâíàÿ ôóíêöèÿ.

Êðîìå òîãî, íåïðåðûâíîñòü êðàéíèõ ïîêàçàòåëåé êîëåáëåìîñòè íàáëþäà-
åòñÿ è íà òîïîëîãè÷åêîì ïîäïðîñòðàíñòâå E2 ⊂M2 (ñì. [3, 14]).

Â ðàáîòå [15] íà ìíîæåñòâåM2 áûëè íàéäåíû íå òîëüêî òî÷êè ðàçðûâà, íî
è òî÷êè íåèíâàðèàíòíîñòè êðàéíèõ ïîêàçàòåëåé êîëåáëåìîñòè íóëåé îòíîñè-
òåëüíî âîçìóùåíèé, èñ÷åçàþùèõ íà áåñêîíå÷íîñòè. Óòâåðæäåíèÿ è ðàññóæ-
äåíèÿ, ïðîâîäèìûå â ýòîé ðàáîòå, ñïðàâåäëèâû è äëÿ êðàéíèõ ïîêàçàòåëåé
êîëåáëåìîñòè êîðíåé. Àíàëîãè÷íîå ñâîéñòâî äëÿ ïîêàçàòåëåé êîëåáëåìîñòè
ãèïåðêîíåé áûëî óñòàíîâëåíî È.Í. Ñåðãååâûì â [16].

Ïîèñêè òî÷åê ðàçðûâà è íåèíâàðèàíòíîñòè îòíîñèòåëüíî áåñêîíå÷íî ìà-
ëûõ âîçìóùåé ïðè n > 2 íà ìíîæåñòâåMn äëÿ íåêîòîðûõ îòäåëüíûõ êðàé-
íèõ ÷àñòîò ïðîäîëæàëèñü â ðàáîòàõ [17, 18].

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ íà íåïðåðûâíîñòü êðàéíèõ
ïîêàçàòåëåé êîëåáëåìîñòè íà ìíîæåñòâå ëèíåéíûõ îäíîðîäíûõ äèôôåðåíöè-
àëüíûõ ñèñòåì. À èìåííî, ïðè ëþáîì n > 2 äîêàçàíî ñóùåñòâîâàíèå òî÷åê èç
ìíîæåñòâà Mn, â êîòîðûõ êðàéíèå ïîêàçàòåëè êîëåáëåìîñòè íóëåé, êîðíåé
è ãèïåðêîðíåé íå ÿâëÿþòñÿ íåïðåðûâíûìè è èíâàðèàíòíûìè îòíîñèòåëüíî
áåñêîíå÷íî ìàëûõ âîçìóùåíèé.

2. Ïîêàçàòåëè êîëåáëåìîñòè ðåøåíèé äèôôåðåíöèàëüíûõ ñèñòåì

Îïðåäåëåíèå 1 [1, 2]. Äëÿ íåíóëåâîãî âåêòîðàm ∈ Rn
∗ è âåêòîð-ôóíêöèè

x ∈ Sn∗ ÷åðåç να(x,m, t) ïðè α ∈ {0,+, ∗} ñîîòâåòñòâåííî îáîçíà÷èì:
� ÷èñëî íóëåé ñêàëÿðíîãî ïðîèçâåäåíèÿ 〈x,m〉 íà ïðîìåæóòêå (0, t];

� ÷èñëî êîðíåé (ò.å. íóëåé ñ ó÷åòîì èõ êðàòíîñòè) ñêàëÿðíîãî ïðîèçâå-
äåíèÿ 〈x,m〉 íà ïðîìåæóòêå (0, t];

� ÷èñëî ãèïåðêîðíåé ñêàëÿðíîãî ïðîèçâåäåíèÿ 〈x,m〉 íà ïðîìåæóòêå (0, t],
ãäå â ïðîöåññå ïîäñ÷åòà ýòîãî êîëè÷åñòâà êàæäûé íåêðàòíûé êîðåíü áåðåòñÿ
ðîâíî îäèí ðàç, à êðàòíûé � áåñêîíå÷íî ìíîãî ðàç íåçàâèñèìî îò èõ ôàêòè-
÷åñêîé êðàòíîñòè.

Ïðè êàæäîì α ∈ {0,+, ∗} ê îïðåäåëåíèþ 1 äîáàâèì îáîçíà÷åíèå

να(x,m, t1, t2) = να(x,m, t2)− να(x,m, t1), 0 < t1 < t2.

Îïðåäåëåíèå 2 [1�3]. Âåðõíèå (íèæíèå) ñèëüíûé è ñëàáûé ïîêàçàòåëè

êîëåáëåìîñòè íóëåé, êîðíåé è ãèïåðêîðíåé ôóíêöèè x ∈ Sn∗ ïðè α ∈ {0,+, ∗}
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ñîîòâåòñòâåííî çàäàäèì ôîðìóëàìè

ν̂α• (x) ≡ inf
m∈Rn

∗

lim
t→+∞

π

t
να(x,m, t)

(
ν̌α• (x) ≡ inf

m∈Rn
∗

lim
t→+∞

π

t
να(x,m, t)

)
,

ν̂α◦ (x) ≡ lim
t→+∞

inf
m∈Rn

∗

π

t
να(x,m, t)

(
ν̌α◦ (x) ≡ lim

t→+∞
inf
m∈Rn

∗

π

t
να(x,m, t)

)
.

Ïî êàæäîìó èç ïåðå÷èñëåííûõ ïîêàçàòåëåé êîëåáëåìîñòè ωα =
ν̂α• , ν̌

α
• , ν̂

α
◦ , ν̌

α
◦ îáðàçóåì êðàéíèå ïîêàçàòåëè êîëåáëåìîñòè ñèñòåìû A ∈ Mn

ñ ïîìîùüþ ôîðìóë

ωα1 (A) = inf
x∈S∗(A)

ωα(x), ωαn(A) = sup
x∈S∗(A)

ωα(x), α ∈ {0,+, ∗}

êîòîðûå áóäåì ðàññìàòðèâàòü êàê ôóíêöèîíàëû íà ëèíåéíîì òîïîëîãè÷å-
ñêîì ïðîñòðàíñòâåMn ñ åñòåñòâåííûìè äëÿ ôóíêöèè ëèíåéíûìè îïåðàöèÿ-
ìè è ðàâíîìåðíîé íà R+ òîïîëîãèåé, çàäàâàåìîé ìåòðèêîé

ρ(A,B) = sup
t∈R+

min{|A(t)−B(t)|, 1}, A,B ∈Mn.

Îïðåäåëåíèå 3. Íàçîâåì ñïåêòðîì ïîêàçàòåëÿ κ : S∗(A) → R+ äëÿ
ñèñòåìû A ∈Mn ìíîæåñòâî

Specκ(A) ≡ {κ(x) |x ∈ S∗(A)}.

Îïðåäåëåíèå 4 [19]. Äëÿ ñèñòåìû A ∈Mn ââåäåì îáîçíà÷åíèå

B(A) = {B ∈Mn| lim
t→+∞

|A(t)−B(t)| = 0},

ïðè êîòîðîì âîçìóùåíèå B − A íàçîâåì áåñêîíå÷íî ìàëûì.

Áóäåì ãîâîðèòü, ÷òî ôóíêöèîíàë ω, îïðåäåëåííûé íà Mn, íå èíâàðè-
àíòåí â òî÷êå A ∈ Mn îòíîñèòåëüíî áåñêîíå÷íî ìàëûõ âîçìóùåíèé, åñëè
ñóùåñòâóåò ñèñòåìà B ∈ B(A), óäîâëåòâîðÿþùàÿ óñëîâèþ ω(B) 6= ω(A).

3. Ôîðìóëèðîâêè âñïîìîãàòåëüíîãî è îñíîâíîãî ðåçóëüòàòîâ

Ëåììà. Ïóñòü ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë t1 < t2 <

. . . óäîâëåòâîðÿåò óñëîâèÿì

lim
p→+∞

tp = +∞, lim
p→+∞

tp+1

tp
= 1.
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Òîãäà äëÿ ëþáîãî ðåøåíèÿ x ∈ S∗(A) ëþáîé ñèñòåìû A ∈ Mn ïðè êàæäîì

α ∈ {0,+, ∗} âûïîëíåíû ðàâåíñòâà

ν̌α• (x) ≡ inf
m∈Rn

lim
p→+∞

π

tp
να(x,m, tp), ν̂α• (x) ≡ inf

m∈Rn

lim
p→+∞

π

tp
να(x,m, tp),

ν̌α◦ (x) ≡ lim
p→+∞

inf
m∈Rn

π

tp
να(x,m, tp), ν̂α◦ (x) ≡ lim

p→+∞
inf
m∈Rn

π

tp
να(x,m, tp),

à ïðè äîïîëíèòåëüíîì óñëîâèè lim
p→+∞

(tp+1 − tp) = +∞, âåðíî åùå è ñëåäóþ-

ùåå: åñëè äëÿ íåêîòîðîãî ÷èñëà p > 0 â ïîñëåäíåì ïðåäåëå êàæäîå èç ÷èñåë

tp óìåíüøèòü íà Tp 6 pT , à êàæäîå èç ÷èñåë ν(x,m, tp) � íà νp 6 pT , òî
çíà÷åíèå ïðåäåëà îò ýòîãî íå èçìåíèòñÿ.

Äîêàçàòåëüñòâî ýòîé ëåììû ñâîäèòñÿ ê ïîâòîðåíèþ ðàññóæäåíèé, ïðî-
âåäåííûõ ïðè äîêàçàòåëüñòâå ëåììû 7 [4].

Èìååò ìåñòî

Òåîðåìà. Äëÿ ëþáîãî n > 3 â ïðîñòðàíñòâå Mn ñóùåñòâóåò òî÷êà,

â êîòîðîé íè îäèí èç êðàéíèõ ïîêàçàòåëåé êîëåáëåìîñòè íå ÿâëÿåòñÿ íè

íåïðåðûâíûì, íè ïîëóíåïðåðûâíûì ñâåðõó, íè ïîëóíåïðåðûâíûì ñíèçó, íè

äàæå èíâàðèàíòíûì îòíîñèòåëüíî áåñêîíå÷íî ìàëûõ âîçìóùåíèé.

4. Äîêàçàòåëüñòâî îñíîâíîãî ðåçóëüòàòà

1. Âûáîð âñïîìîãàòåëüíûõ ôóíêöèé.

Çàôèêñèðóåì äîñòàòî÷íî ìàëîå ε > 0. Âîçüìåì 2π ïåðèîäè÷åñêèå íåïðå-
ðûâíî-äèôôåðåíöèðóåìûå ôóíêöèé ϕ(t), ψ(t), ϕ1(t) è ψ1(t), âîçðàñòàþùèå
íà îòðåçêàõ [0, π/2], [3π/2, 2π], óáûâàþùèå íà [π/2, 3π/2], à íà êîíöàõ óêà-
çàííûõ ïðîìåæóòêîâ ïðèíèìàþùèå çíà÷åíèÿ

ϕ(0) = ϕ(π) = ϕ(2π) = ϕ̇(0) = ϕ̇(2π) =

= ψ(0) = ψ(π) = ψ(2π) = ψ̇(0) = ψ̇(2π) = 0,

ϕ1(0) = ϕ1(π) = ϕ1(2π) = ϕ̇1(0) = ϕ̇1(2π) =

= ψ1(0) = ψ1(π) = ψ1(2π) = ψ̇1(0) = ψ̇1(2π) = 0,

ϕ(π/2) = π/2, ϕ(3π/2) = −π/2, ψ(π/2) = π/2− ε, ψ(3π/2) = −π/2 + ε,

ϕ1(π/2) = π, ϕ(3π/2) = −π/2, ψ1(π/2) = π − ε, ψ1(3π/2) = −π/2 + ε,

ϕ̇(t) · ψ̇(t) · ϕ̇1(t) · ψ̇1(t) 6= 0, ∀ t ∈ (0, π/2) ∪ (3π/2, 2π) ∪ (π/2, 3π/2),

ϕ̈(2π(k − 1)) · ψ̈(2π(k − 1)) · ϕ̈1(2π(k − 1)) · ψ̈1(2π(k − 1)) 6= 0.
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Äàëåå, íà R+ âûáèðàåì íåïðåðûâíî-äèôôåðåíöèðóåìûå ôóíêöèé
φ(t), φ1(t), âîçðàñòàþùèå ïðè êàæäîì k ∈ N íà ïðîìåæóòêàõ

Ik−1 ≡ (2π(k−1), 2π(k−1)+π/2), Ik+1 ≡ (2π(k−1)+3π/2, 2π(k−1)+2π),

óáûâàþùèå íà

Ik ≡ (2π(k − 1) + π/2, 2π(k − 1) + 3π/2), k ∈ N,

à íà êîíöàõ óêàçàííûõ ïðîìåæóòêîâ ïðèíèìàþùèå çíà÷åíèÿ

φ(πk) = φ̇(2π(k − 1)) = φ1(πk) = φ̇1(2π(k − 1)) = 0,

φ̈(2π(k − 1)) · φ̈1(2π(k − 1)) 6= 0,

φ̇(t) · φ̇1(t) 6= 0, ∀ t ∈ Ik−1 ∪ Ik ∪ Ik+1,

φ(2π(k − 1) + π/2) = π/2− εk, φ(2π(k − 1) + 3π/2) = −π/2 + εk,

φ1(2π(k − 1) + π/2) = π − εk, φ1(2π(k − 1) + 3π/2) = −π/2 + εk,

ãäå {εk} - ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë, ñòðåìÿùàÿñÿ ê íóëþ.

Ýòè ôóíêöèé ïîäáåðåì òàê, ÷òîáû äëÿ íåêîòîðûõ l1, l2, l3, l4 ∈ R âûïîë-
íÿëèñü óñëîâèÿ

|ψ̇(t)− ϕ̇(t)| 6 l1ε, t ∈ [0, 2π], (1)

|ψ̇1(t)− ϕ̇1(t)| 6 l2ε, t ∈ [0, 2π], (2)

|φ̇(t)− ϕ̇(t)| 6 l3εk, t ∈ [2π(k − 1), 2πk], k ∈ N, (3)

|φ̇1(t)− ϕ̇1(t)| 6 l4εk, t ∈ [2π(k − 1), 2πk], k ∈ N. (4)

Îïðåäåëèì ïîñëåäîâàòåëüíîñòü ïðîìåæóòêîâ ∆k ≡ (2(k − 1)π, 2kπ] è
çàäàäèì ñëåäóþùèå ôóíêöèè

γ(t) =



ϕ(t), t ∈ ∆1,

ψ(t), t ∈ ∆2,

ϕ(t), t ∈ ∆3,

ψ(t), t ∈ ∆4,

. . . ,

γ1(t) =



ϕ1(t), t ∈ ∆1,

ψ1(t), t ∈ ∆2,

ϕ1(t), t ∈ ∆3,

ψ1(t), t ∈ ∆4,

. . .

2. Ðàññóæäåíèÿ ïðè ëþáîì ÷åòíîì n > 2.
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2.1. Íåòðóäíî ïðîâåðèòü, ÷òî ìàòðèöà

Xn(t) =
(
x1n, x

2
n, . . . , x

n
n

)
=


cosψ(t) − sinψ(t) 0 . . . 0

sinψ(t) cosψ(t) 0 . . . 0

0 0 . . . . . . 0
...

... . . . cosψ(t) − sinψ(t)

0 0 . . . sinψ(t) cosψ(t)


ÿâëÿåòñÿ ôóíäàìåíòàëüíîé äëÿ ñèñòåìû

An(t) =


0 −ψ̇(t) 0 . . . 0

ψ̇(t) 0 0 . . . 0

0 0 . . . . . . 0
...

... . . . 0 −ψ̇(t)

0 0 . . . ψ̇(t) 0

 ∈M
n.

Ïóñòü â îáùåì ðåøåíèè xc = c1x
1
n + c2x

2
n + · · ·+ cnx

n
n ∈ S∗(An) íåíóëåâîé

êîýôôèöèåíò èìååò âèä: c2k−1 èëè c2k. Òîãäà äëÿ âåêòîðà

mc = (0, . . . , 0, c2k−1, c2k, 0, . . . , 0)

ñêàëÿðíîå ïðîèçâåäåíèå 〈xc(t),mc〉 6= 0 ïðè ëþáîì t > 0, ïîýòîìó

ν0◦(xc) = ν+◦ (xc) = ν∗◦(xc) = ν0•(xc) = ν+• (xc) = ν∗•(xc) = 0.

Cëåäîâàòåëüíî, âñå ñòàðøèå è ìëàäøèå ïîêàçàòåëè êîëåáëåìîñòè ðàâíû íó-
ëþ.

2.2. Âñå ðàññóæäåíèÿ ïðåäûäóùåãî ïóíêòà ïîâòîðÿþòñÿ è äëÿ ôóíäàìåí-
òàëüíîé ìàòðèöû

Yn(t) =


cosφ(t) − sinφ(t) 0 . . . 0

sinφ(t) cosφ(t) 0 . . . 0

0 0 . . . . . . 0
...

... . . . cosφ(t) − sinφ(t)

0 0 . . . sinφ(t) cosφ(t)


ñèñòåìû

Bn(t) =


0 −φ̇(t) 0 . . . 0

φ̇(t) 0 0 . . . 0

0 0 . . . . . . 0
...

... . . . 0 −φ̇(t)

0 0 . . . φ̇(t) 0

 ∈M
n.
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2.3. Âîçüìåì ôóíäàìåíòàëüíóþ ìàòðèöó

Zn(t) =
(
z1n, z

2
n, . . . , z

n
n

)
=


cosϕ(t) − sinϕ(t) 0 . . . 0

sinϕ(t) cosϕ(t) 0 . . . 0

0 0 . . . . . . 0
...

... . . . cosϕ(t) − sinϕ(t)

0 0 . . . sinϕ(t) cosϕ(t)


ñèñòåìû

Cn(t) =


0 −ϕ̇(t) 0 . . . 0

ϕ̇(t) 0 0 . . . 0

0 0 . . . . . . 0
...

... . . . 0 −ϕ̇(t)

0 0 . . . ϕ̇(t) 0

 ∈M
n.

Äëÿ ëþáûõ zc = c1z
1
n + c2z

2
n + · · · + cnz

n
n ∈ S∗(Cn) è m ∈ Rn

∗ ñêàëÿðíîå
ïðîèçâåäåíèå 〈zc(t),m〉 = h sin(ϕ(t)+ϕ0) òîæäåñòâåííî ðàâíî íóëþ èëè èìååò
íà êàæäîì ïðîìåæóòêå âèäà (2π(k− 1), 2πk] äâà íóëÿ. Ïîýòîìó â ïîñëåäíåì
ñëó÷àå îñòàåòñÿ ñëåäèòü çà òåì, ÷òîáû ýòè íóëè íå áûëè êðàòíûìè. Åñëè
îäèí èç êîýôôèöèåíòîâ c2k−1 èëè c2k îòëè÷åí îò íóëÿ, òî âûáèðàåì âåêòîð
âèäà m1 = (0, . . . , 0,m2k−1,m2k, 0, . . . , 0). Ïîíÿòíî, ÷òî ðåøåíèå zc ÿâëÿåòñÿ
2π ïåðèîäè÷åñêèì è

inf
m∈R2

∗

να(zc,m, 2π) = να(zc,m
1, 2π) = 2, α ∈ {0,+, ∗},

ãäå âåêòîðû m1 è mc íå ÿâëÿþòñÿ ïðîïîðöèîíàëüíûìè, òàê êàê
ν∗(zc,m

c, 2π) = +∞.

Ñëåäîâàòåëüíî, äëÿ âûáðàííîãî ðåøåíèÿ ïðè ëþáîì α ∈ {0,+, ∗} ñïðà-
âåäëèâû ðàâåíñòâà

να◦ (zc) = lim
t→+∞

inf
m∈Rn

∗

π

t
να(zc,m, t) =

= lim
t→+∞

π

t
να(zc,m

1, t) = lim
k→+∞

π

2πk
να(zc,m

1, 2πk) = lim
k→+∞

2πk

2πk
= 1,

να• (zc) = inf
m∈Rn

∗

lim
t→+∞

π

t
να(zc,m, t) =

= lim
t→+∞

π

t
να(zc,m

1, t) = lim
k→+∞

π

2πk
να(zc,m

1, 2πk) = lim
k→+∞

2πk

2πk
= 1.
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2.4. Ñèñòåìà

Dn(t) =


0 −γ̇(t) 0 . . . 0

γ̇(t) 0 0 . . . 0

0 0 . . . . . . 0
...

... . . . 0 −γ̇(t)

0 0 . . . γ̇(t) 0

 ∈M
n

âìåñòå ñ ôóíäàìåíòàëüíîé ìàòðèöåé

Un(t) =
(
u1n, u

2
n, . . . , u

n
n

)
=


cos γ(t) − sin γ(t) 0 . . . 0

sin γ(t) cos γ(t) 0 . . . 0

0 0 . . . . . . 0
...

... . . . cos γ(t) − sin γ(t)

0 0 . . . sin γ(t) cos γ(t)


ÿâëÿåòñÿ 4π ïåðèîäè÷åñêîé.

Äëÿ ëþáûõ uc = c1u
1
n + c2u

2
n + · · · + cnu

n
n ∈ S∗(Dn) è m ∈ Rn

∗ ñêàëÿðíîå
ïðîèçâåäåíèå 〈uc(t),m〉 = h sin(γ(t) + γ0) òàêæå ÿâëÿåòñÿ 4π ïåðèîäè÷åñêèì
è íà ïðîìåæóòêå (2π, 4π] òîæäåñòâåííî ðàâíî íóëþ èëè íå èìååò âîâñå íóëåé
èëè èìååò äâà íóëÿ. Òîãäà åñëè îäèí èç êîýôôèöèåíòîâ c2k−1 èëè c2k îòëè÷åí
îò íóëÿ, òî âûáèðàåì âåêòîð âèäà m2 = (0, . . . , 0,m2k−1,m2k, 0, . . . , 0), ÷òîáû
âûïîëíÿëîñü ðàâåíñòâî

inf
m∈Rn

∗

να(uc,m, 2π, 4π) = να(uc,m
2, 2π, 4π) = 0, α ∈ {0,+, ∗},

ïðè ýòîì âåêòîð m2 ìîæíî âûáðàòü íåïðîïîðöèîíàëüíûì âåêòîðó mc. Ïî-
ýòîìó

inf
m∈Rn

∗

να(uc,m, 4π) = να(uc,m
2, 4π) = 2, α ∈ {0,+, ∗}.

Ñëåäîâàòåëüíî, äëÿ âûáðàííîãî ðåøåíèÿ ïðè ëþáîì α ∈ {0,+, ∗} ñïðà-
âåäëèâû ðàâåíñòâà

να• (uc) = inf
m∈Rn

∗

lim
t→+∞

π

t
να(uc,m, t) =

= lim
t→+∞

π

t
να(uc,m

2, t) = lim
k→+∞

π

4πk
να(uc,m

2, 4πk) = lim
k→+∞

2πk

4πk
= 1/2,

να◦ (uc) = lim
t→+∞

inf
m∈Rn

∗

π

t
να(uc,m, t) =
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= lim
t→+∞

π

t
να(uc,m

2, t) = lim
k→+∞

π

4πk
να(uc,m

2, 4πk) = lim
k→+∞

2πk

4πk
= 1/2.

3. Ðàññóæäåíèÿ äëÿ âñåõ ñòàðøèõ ïîêàçàòåëåé êîëåáëåìîñòè ïðè ëþáîì

íå÷åòíîì n > 3.

3.1. Äëÿ çàäàííîãî íå÷åòíîãî k ∈ N íà R+ âûáåðåì n-ìåðíûå (n = k+ 2)
âåêòîð-ôóíêöèé

x1(t) =


et

0

0
...

0

 , x2(t) =


0

et

0
...

0

 , . . . , xk(t) =



0
...

0

et

0

0


, xk+1(t) =


0
...

0

cosψ(t)

sinψ(t)

 ,

xk+2(t) =


0
...

0

− sinψ(t)

cosψ(t)

 , y1(t) =


0
...

0

cosφ(t)

sinφ(t)

 , y2(t) =


0
...

0

− sinφ(t)

cosφ(t)

 ,

z1(t) =


0
...

0

cosϕ(t)

sinϕ(t)

 , z2(t) =


0
...

0

− sinϕ(t)

cosϕ(t)

 ,

u1(t) =


0
...

0

cos γ(t)

sin γ(t)

 , u2(t) =


0
...

0

− sin γ(t)

cos γ(t)

 .

Íåòðóäíî ïðîâåðèòü, ÷òî ìàòðèöû

X(t) =
(
x1(t), . . . , xk+2(t)

)
, Y (t) =

(
x1(t), . . . , xk(t), y1(t), y2(t)

)
,

Z(t) =
(
x1(t), . . . , xk(t), z1(t), z2(t)

)
, U(t) =

(
x1(t), . . . , xk(t), u1(t), u2(t)

)
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ÿâëÿþòñÿ ôóíäàìåíòàëüíûìè äëÿ ñëåäóþùèõ ñèñòåì

A(t) = Ẋ(t)X−1(t) =


1 . . . 0 0 0

0 . . .
...

...
...

0 . . . 1 0 0
... . . . 0 0 −ψ̇(t)

0 . . . 0 ψ̇(t) 0

 ∈M
n,

B(t) = Ẏ (t)Y −1(t) =


1 . . . 0 0 0

0 . . .
...

...
...

0 . . . 1 0 0
... . . . 0 0 −φ̇(t)

0 . . . 0 φ̇(t) 0

 ∈M
n,

C(t) = Ż(t)Z−1(t) =


1 . . . 0 0 0

0 . . .
...

...
...

0 . . . 1 0 0
... . . . 0 0 −ϕ̇(t)

0 . . . 0 ϕ̇(t) 0

 ∈M
n,

D(t) = U̇(t)U−1(t) =


1 . . . 0 0 0

0 . . .
...

...
...

0 . . . 1 0 0
... . . . 0 0 −γ̇(t)

0 . . . 0 γ̇(t) 0

 ∈M
n

ñîîòâåòñòâåííî.

3.2. Ïóñòü âûïîëíÿåòñÿ óñëîâèå c21 + c22 + · · · + c2k > 0 è íîìåð îò-
ëè÷íîãî îò íóëÿ êîýôôèöèåíòà ðàâåí r. Òîãäà äëÿ ïðîèçâîëüíîãî ðåøåíèÿ
xc = c1x

1+ · · ·+ckxk+ck+1x
k+1+ck+2x

k+2 ∈ S∗(A) è âåêòîðàmr ñ íåíóëåâûìè
êîìïîíåíòàìè, çà èñêëþ÷åíèåì r-ãî, âûïîëíÿþòñÿ ðàâåíñòâà

ν0(xc,m
r, t) = ν+(xc,m

r, t) = ν∗(xc,m
r, t) = 0

ïðè ëþáîì t > 0.

Åñëè c1 = c2 = · · · = ck = 0, c2k+1 + c2k+2 6= 0, òî äëÿ ðåøåíèÿ xc =
ck+1x

k+1 + ck+2x
k+2 ñïðàâåäëèâà öåïî÷êà ðàâåíñòâ (ñì. ïóíêò 2.1 íàñòîÿùåãî

äîêàçàòåëüñòâà)

ν0•(xc) = ν+• (xc) = ν∗•(xc) = ν0◦(xc) = ν+◦ (xc) = ν∗◦(xc) = 0.
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èç êîòîðîé ïðè ëþáîì ω = ν0• , ν
+
• , ν

∗
• , ν

0
◦ , ν

+
◦ , ν

∗
◦ âûòåêàåò ωn(A) = 0.

3.3. Àíàëîãè÷íûå ðàññóæäåíèÿ ïðèâîäÿò ê ðàâåíñòâàì

ωn(B) = 0, ωn(C) = 1, ωn(D) = 1/2

ïðè êàæäîì ω = ν0• , ν
+
• , ν

∗
• , ν

0
◦ , ν

+
◦ , ν

∗
◦ .

4. Ðàññóæäåíèÿ äëÿ ìëàäøèõ ïîêàçàòåëåé êîëåáëåìîñòè ïðè n = 3.

4.1. Âûáèðàåì ôóíäàìåíòàëüíóþ ìàòðèöó

X3(t) =
(
x13(t), x

2
3(t), x

3
3(t)
)

=

 et cos2 ψ1(t) e3t sinψ1(t) 0

0 e3t cosψ1(t) e2t sin2 ψ1(t)

et sinψ1(t) 0 e2t cosψ1(t)


íåêîòîðîé ñèñòåìû A3 ∈M3 è â çàâèñèìîñòè îò âèäà ðåøåíèÿ

xc(t) = c1x
1
3(t) + c2x

2
3(t) + c3x

3
3(t)

âûáðàííîé ñèñòåìû ïîäáåðåì ñîîòâåòñòâóþùèå âåêòîðû, êîòîðûì îíè ðåæå
âñåãî áóäóò îðòîãîíàëüíû èëè âîîáùå íå áóäóò.

à). Â ñàìîì äåëå, äëÿ ðåøåíèÿ x13 ∈ S∗(A3) ñïðàâåäëèâî ðàçëîæåíèå

〈x13,m〉 = et(m1 cos2 ψ1(t) +m3 sinψ1(t)) =

=

{
0, åñëè m1 = m3 = 0,

et(−m1 sin2 ψ1(t) +m3 sinψ1(t) +m1).

Åñëè m1 = 0 è m3 6= 0, òî ïðè ëþáîì k ∈ N âûïîëíÿþòñÿ ðàâåíñòâà

ν0(x13,m, 2(k − 1)π, 2kπ) = 3, ν+(x13,m, 2(k − 1)π, 2kπ) = 5,

ν∗(x13,m, 2(k − 1)π, 2kπ) = +∞.

Åñëè m3 = 0 è m1 6= 0, òî ïðè ëþáîì k ∈ N âûïîëíÿþòñÿ ðàâåíñòâà

ν0(x13,m, 2(k − 1)π, 2kπ) = 3, ν+(x13,m, 2(k − 1)π, 2kπ) = 8,

ν∗(x13,m, 2(k − 1)π, 2kπ) = +∞.

Åñëè m1 · m3 6= 0, òî ðàâåíñòâî 〈x13,m〉 = 0 ðàâíîñèëüíî êâàäðàòíîìó
óðàâíåíèþ îòíîñèòåëüíî sinψ1(t) :

sin2 ψ1(t)−
m3

m1
sinψ1(t)− 1 = 0.
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Çàìåòèì, ÷òî îíî èìååò äâà êîðíÿ, ïðè÷åì îäèí èç íèõ ïî ìîäóëþ áîëüøå 1,
à äðóãîé ìåíüøå 1. Ñ äðóãîé ñòîðîíû, èç óñëîâèÿ ε − π/2 6 ψ1(t) 6 π − ε
ñëåäóåò äâóñòîðîííÿÿ îöåíêà

− cos ε 6 sinψ1(t) 6 1, − cos ε 6 cosψ1(t) 6 1.

×èñëî δ1 âûáåðåì òàê, ÷òîáû âûïîëíÿëîñü ðàâåíñòâî cos ε = 1 − δ1. ×åðåç
S2
1(δ) è S2

3(δ) îáîçíà÷èì ìíîæåñòâî âåêòîðîâ m = (m1,m2,m3) ∈ R3
∗ åäèíè÷-

íîé ñôåðû, óäîâëåòîâðÿþùèõ ñîîòâåòñòâåííî óñëîâèþ m3 = δm1 è m3 = δm2

ïðè δ ∈ (0, δ1) .

Äëÿ ðåøåíèÿ x13 è ëþáîãî âåêòîðàm ∈ S2
1(δ) ìåíüøèé ïî ìîäóëþ 1 êîðåíü

êâàäðàòíîãî óðàâíåíèÿ (ïîëó÷àåìîãî èç óñëîâèÿ 〈x13,m〉 = 0) sin2 ψ1(t) −
δ sinψ1(t)− 1 = 0 îòíîñèòåëüíî sinψ1(t) óäîâëåòâîðÿåò ñîîòíîøåíèþ

−1 <
δ −
√
δ2 + 4

2
< δ − 1 < δ1 − 1 = − cos ε.

Ïîýòîìó ñêàëÿðíîå ïðîèçâåäåíèå 〈x13,m〉 íå áóäåò èìåòü íóëåé íà R+.

Äëÿ ðåøåíèÿ x33 è âåêòîðà m ∈ S2
3(δ) ïðîâîäÿòñÿ àíàëîãè÷íûå ðàññóæäå-

íèÿ. Ñëåäîâàòåëüíî, ïðè êàæäîì α ∈ {0,+, ∗} âûïîëíÿþòñÿ ñîîòíîøåíèÿ

inf
m∈R3

∗

να(x13,m, 2(k − 1)π, 2kπ) = να(x13,m
1
3(δ), 2(k − 1)π, 2kπ) = 0,

inf
m∈R3

∗

να(x33,m, 2(k − 1)π, 2kπ) = να(x33,m
3
3(δ), 2(k − 1)π, 2kπ) = 0,

èç êîòîðûõ ñëåäóåò öåïî÷êà ðàâåíñòâ

ν0◦(x
1
3) = ν+◦ (x13) = ν∗◦(x

1
3) = ν0•(x

1
3) = ν+• (x13) = ν∗•(x

1
3) =

= ν0◦(x
3
3) = ν+◦ (x33) = ν∗◦(x

3
3) = ν0•(x

3
3) = ν+• (x33) = ν∗•(x

3
3) = 0.

á). Ðåøåíèå x23 âðàùàåòñÿ ïðîòèâ ÷àñîâîé ñòðåëêè íà óãîë π − ε, çàòåì
ïî ÷àñîâîé ñòðåëêå âðàùàåòñÿ íà óãîë 1, 5π − 2ε, äàëåå, âîçâðàùàÿñü íàçàä,
çàíèìàåò èñõîäíîå ïîëîæåíèå. Çà ýòî âðåìÿ ðåøåíèå áûâàåò îðòîãîíîëüíî íå
ìåíåå äâóõ ðàç ëþáîìó íàïðåä çàäàííîìó íàïðàâëåíèþ. Ïîýòîìó ïðè êàæäîì
α ∈ {0,+, ∗} è m2

3 =
(√

2,
√

2, 0
)
èìååò ìåñòî

inf
m∈R3

∗

να(x23,m, 2(k − 1)π, 2kπ) = να(x23,m
2
3, 2(k − 1)π, 2kπ) = 2,

à çíà÷èò, ñïðàâåäëèâû ðàâåíñòâà

ν0◦(xc) = ν+◦ (xc) = ν∗◦(xc) = ν0•(xc) = ν+• (xc) = ν∗•(xc) = 1.
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â). Äëÿ îñòàëüíûõ ðåøåíèé xc ∈ S∗(C3) ïðè c2 6= 0 â ñèëó òåîðåìû 2
ðàáîòû [4] íàéäóòñÿ òàêèå ε1, ε2, ε3 ∈ [0, ε], ÷òî ïðè ëþáîì t > 0 äëÿ âåêòîðà
m2

3(ε) =
(√

2− ε1,
√

2− ε2, ε3
)
ñïðàâåäëèâî íåðàâåíñòâî ν∗(xc,m

2
3(ε), t) < +∞

è
inf
m∈R3

∗

να(xc,m, t) = να(xc,m
2
3(ε), t), α ∈ {0,+, ∗}.

Ïðè ýòîì ôóíêöèÿ να(xc,m
2
3(ε), t) ïðè t→ +∞ ýêâèâàëåíòíà να(x23,m

2
3, t).

Åñëè æå c2 = 0, òî íàéäåòñÿ âåêòîð m3
3(δ, ε) ∈ R3

∗ ïðè êîòîðîì ôóíêöèÿ
να(xc,m

3
3(δ, ε), t) ïðè t → +∞ áóäåò ýêâèâàëåíòíà ôóíêöèè να(x33,m

3
3(δ), t).

Ñëåäîâàòåëüíî, â ðàññìàòðèâàåìîì ñëó÷àå

Specκ(A3) = {0; 1}, κ = ν0◦ , ν
0
• , ν

+
◦ , ν

+
• , ν

∗
◦ , ν

∗
• .

4.2. Âñå ðàññóæäåíèÿ ïðåäûäóùåãî ïóíêòà ïîëíîñòüþ ïîâòîðÿþòñÿ äëÿ
ñëàáûõ ïîêàçàòåëåé êîëåáëåìîñòè ðåøåíèé íåêîòîðîé ñèñòåìû B3 ∈ M3 ñ
ôóíäàìåíòàëüíîé ìàòðèöåé

Y3(t) =

 et cos2 φ1(t) e3t sinφ1(t) 0

0 e3t cosφ1(t) e2t sin2 φ1(t)

et sinφ1(t) 0 e2t cosφ1(t)


çà èñêëþ÷åíèåì òåõ ñëó÷àåâ, êîãäà âåêòîðû (íà êîòîðûõ ðåàëèçóåòñÿ ìèíè-
ìóì) íå çàâèñÿò îò δ. Â îñòàëüíûõ ñëó÷àÿõ ê ðàññóæäåíèÿì èç ïðåäûäóùåãî
ïóíêòà äîáàâëÿåì óñëîâèå δ → 0, ïîýòîìó

Specκ(B3) = {0; 1}, κ = ν0◦ , ν
+
◦ , ν

∗
◦ .

4.3. Ðàññìîòðèì ñèñòåìó C3 ∈M3 ñ ôóíäàìåíòàëüíîé ìàòðèöåé

Z3(t) =
(
z13(t), z

2
3(t), z

3
3(t)
)

=

 et cos2 ϕ1(t) e3t sinϕ1(t) 0

0 e3t cosϕ1(t) e2t sin2 ϕ1(t)

et sinϕ1(t) 0 e2t cosϕ1(t)

 .

Çàìåòèì, ÷òî ïðè èçìåíåíèè ϕ1(t) ∈ [−π
2 , π] ôóíêöèè sinϕ1(t) è cosϕ1(t)

ïðèíèìàþò âñå çíà÷åíèÿ èç îòðåçêà [−1, 1].

Äîêàæåì, ÷òî äëÿ ëþáîãî âåêòîðà m = (m1,m2,m3) ∈ R3
∗ è ïðîèçâîëüíî-

ãî ðåøåíèÿ
zc(t) = c1z

1
3(t) + c2z

2
3(t) + c3z

3
3(t) ∈ S∗(C3)

ñêàëÿðíîå ïðîèçâåäåíèå 〈zc,m〉 ëèáî òîæäåñòâåííî ðàâíî íóëþ, ëèáî èìååò íà
êàæäîì ïîëóèíòåðâàëå äëèíû 2π íå ìåíåå äâóõ íóëåé, áûòü ìîæåò íà÷èíàÿ
ñ íåêîòîðîãî äîñòàòî÷íî áîëüøîãî ìîìåíòà âðåìåíè.
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à). Â ñàìîì äåëå, äëÿ ðåøåíèÿ z33 ∈ S∗(C3) ñïðàâåäëèâî ðàçëîæåíèå

〈z33,m〉 = e2t(m2 sin2 ϕ1(t) +m3 cosϕ1(t)) =

=

{
0, åñëè m2 = m3 = 0,

e2t(−m2 cos2 ϕ1(t) +m3 cosϕ1(t) +m2).

Åñëè m2 = 0 è m3 6= 0, òî ôóíêöèÿ 〈z33,m〉 = m3e
2t cosϕ1(t) íà êàæäîì

ïîëóèíòåðâàëå äëèíû 2π èìååò 3 íóëÿ, 4 êîðíÿ è áåñêîíå÷íî ìíîãî ãèïåðêîð-
íåé.

Åñëè m2 6= 0 è m3 = 0, òî ôóíêöèÿ 〈z33,m〉 íà êàæäîì ïîëóèíòåðâàëå
äëèíû 2π èìååò 3 íóëÿ, 10 êîðíåé è áåñêîíå÷íî ìíîãî ãèïåðêîðíåé.

Åñëè m2 · m3 6= 0, òî ðàâåíñòâî 〈z33,m〉 = 0 ðàâíîñèëüíî êâàäðàòíîìó
óðàâíåíèþ îòíîñèòåëüíî cosϕ1(t)

cos2 ϕ1(t)−
m3

m2
cosϕ1(t)− 1 = 0.

Çàìåòèì, ÷òî îíî èìååò äâà êîðíÿ, ïðè÷åì îäèí èç íèõ ïî ìîäóëþ áîëüøå 1,
à äðóãîé ìåíüøå 1, îáîçíà÷èì åãî ÷åðåç l.

Åñëè âåêòîð m ∈ R3
∗ ïîäîáðàí òàê, ÷òî 0 < l < 1, òî ñïðàâåäëèâû ðàâåí-

ñòâà

ν0(cosϕ1(t)− l,m, 2π) = ν+(cosϕ1(t)− l,m, 2π) = ν∗(cosϕ1(t)− l,m, 2π) = 4.

Åñëè âåêòîð m ∈ R3
∗ ïîäîáðàí òàê, ÷òî −1 < l < 0, òî ñïðàâåäëèâû

ðàâåíñòâà

ν0(cosϕ1(t)− l,m, 2π) = ν+(cosϕ1(t)− l,m, 2π) = ν∗(cosϕ1(t)− l,m, 2π) = 2.

Äëÿ ðåøåíèÿ z13 ïðîâîäÿòñÿ àíàëîãè÷íûå ðàññóæäåíèÿ, à äëÿ ðåøåíèÿ
z23 ïîâòîðÿþòñÿ ðàññóæäåíèÿ èç ïóíêòà 4.1. á) íàñòîÿùåãî äîêàçàòåëüñòâà.
Ñëåäîâàòåëüíî, âûïîëíåíû ðàâåíñòâà

ν0◦(z
1
3) = ν+◦ (z13) = ν∗◦(z

1
3) = ν0•(z

1
3) = ν+• (z13) = ν∗•(z

1
3) =

= ν0◦(z
2
3) = ν+◦ (z23) = ν∗◦(z

2
3) = ν0•(z

2
3) = ν+• (z23) = ν∗•(z

2
3) =

= ν0◦(z
3
3) = ν+◦ (z33) = ν∗◦(z

3
3) = ν0•(z

3
3) = ν+• (z33) = ν∗•(z

3
3) = 1.

Çíà÷åíèÿ ïîêàçàòåëåé êîëåáëåìîñòè íà îñòàëüíûõ ðåøåíèÿõ zc ∈ S∗(C3)
íå ìåíÿþòñÿ (ñì. ïóíêò 4.1. â). Òàêèì îáðàçîì, èìååì

Specκ(C3) = {1}, κ = ν0◦ , ν
0
• , ν

+
◦ , ν

+
• , ν

∗
◦ , ν

∗
• .
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4.4. Âîçüìåì îáùåå ðåøåíèå

uc(t) = c1u
1
3(t) + c2u

2
3(t) + c3u

3
3(t)

íåêîòîðîé ñèñòåìû D3 ∈M3 ñ ôóíäàìåíòàëüíîé ìàòðèöåé

U3(t) =
(
u13(t), u

2
3(t), u

3
3(t)
)

=

 et cos2 γ1(t) e3t sin γ1(t) 0

0 e3t cos γ1(t) e2t sin2 γ1(t)

et sin γ1(t) 0 e2t cos γ1(t)

 .

Ñ ïîìîùüþ ðàññóæäåíèé, ïðîâîäèìûõ â ïóíêòå 4.1 íàñòîÿùåãî äîêàçàòåëü-
ñòâà, äëÿ ðåøåíèé u13(t), u

2
3(t), u

3
3(t) ïîäáåðåì âåêòîðû m ∈ R3

∗, íà êîòîðûõ
ðåàëèçóþòñÿ ìèíèìóìû â îïðåäåëåíèÿõ ïîêàçàòåëåé êîëåáëåìîñòè:

inf
m∈R3

∗

να(u13,m, 2(k − 1)π, 2(k + 1)π) = να(u13,m
1
3, 2(k − 1)π, 2(k + 1)π) = 2,

inf
m∈R3

∗

να(u23,m, 2(k − 1)π, 2(k + 1)π) = να(u23,m
2
3, 2(k − 1)π, 2(k + 1)π) = 4,

inf
m∈R3

∗

να(u33,m, 2(k − 1)π, 2(k + 1)π) = να(u33,m
3
3, 2(k − 1)π, 2(k + 1)π) = 2,

ãäå m2
3 =

(√
2,
√

2, 0
)
. Îòêóäà ïðè ëþáîì α ∈ {0,+, ∗} ñëåäóþò ðàâåíñòâà

να◦ (u13) = να• (u13) = να◦ (u33) = να• (u33) = 0, 5, να◦ (u23) = να• (u23) = 1.

Ïîíÿòíî, ÷òî íîâûõ çíà÷åíèé ïîêàçàòåëåé êîëåáëåìîñòè íà äðóãèõ ðåøå-
íèÿõ uc, îòëè÷íûõ îò 0,5 è 1, íå áóäåò, ïîýòîìó

Specκ(D3) = {0, 5; 1}, κ = ν0◦ , ν
0
• , ν

+
◦ , ν

+
• , ν

∗
◦ , ν

∗
• .

5. Ðàññóæäåíèÿ äëÿ ìëàäøèõ ïîêàçàòåëåé êîëåáëåìîñòè ïðè ëþáîì

íå÷åòíîì n > 3.

Âûáåðåì ôóíäàìåíòàëüíûå ìàòðèöû

diag [Z3(t), Aψ(t), . . . Aψ(t)] , diag [Z3(t), Aφ(t), . . . Aφ(t)] ,

diag [Z3(t), Aϕ(t), . . . Aϕ(t)] , diag [Z3(t), Aγ(t), . . . Aγ(t)] ,

ãäå Z3(t) âçÿòà èç ï. 4.3 íàñòîÿùåãî äîêàçàòåëüñòâà è Au(t) =(
cosu(t) − sinu(t)

sinu(t) cosu(t)

)
, íåêîòîðûõ ñèñòåì An, Bn, Cn, Dn ∈Mn.

Åñëè â ôîðìóëàõ îáùèõ ðåøåíèé ýòèõ ñèñòåì êîýôôèöèåíòû c4, c5, . . . , cn
ðàâíû íóëþ, òî âåêòîð m ∈ Rn

∗ ñ ïåðâûìè òðåìÿ íåíóëåâûìè êîìïîíåíòàìè
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âûáèðàåì ñîãëàñíî ðàññóæäåíèÿì, ïðîâîäèìûì â ïóíêòå 4.3 íàñòîÿùåãî äî-
êàçàòåëüñòâà. Ïóñòü â ôîðìóëå îáùåãî ðåøåíèÿ âòîðîé ñèñòåìû õîòÿ áû îäèí
èç êîýôôèöèåíòîâ c4, c5, . . . , cn îòëè÷åí îò íóëÿ è åãî íîìåð ðàâåí r. Òîãäà
âûáèðàåì âåêòîð m ∈ Rn

∗ ñ íóëåâûìè êîìïîíåíòàìè çà èñêëþ÷åíèåì r-ãî.
Òîãäà ïðè ëþáîì κ = ν0◦ , ν

+
◦ , ν

∗
◦ , ν

0
• , ν

+
• , ν

∗
• ñïðàâåäëèâû ðàâåíñòâà

Specκ(An) = Specκ(Bn) = {0; 1}, Specκ(Cn) = {1}, Specκ(Dn) = {0, 5; 1}.

6. Ñóùåñòâîâàíèå òî÷åê íåèíâàðèàíòíîñòè äëÿ ìëàäøèõ ñèëüíûõ ïî-

êàçàòåëåé êîëåáëåìîñòè ïðè n = 3.

6.1. Ñíà÷àëà âûáåðåì âñïîìîãàòåëüíûå ìîíîòîííûå ôóíêöèè ϑ, η ∈
C∞(R), îáëàäàþùèå ñâîéñòâàìè

ϑ(t) =

{
0, åñëè t 6 0,

1, åñëè t > 1,
η(t) =

{
1, åñëè t 6 0,

0, åñëè t > 1.

Äëÿ ìíîæåñòâà M ≡
[√

1, 125− ε,
√

1, 125 + ε
]
çàäàäèì ñåìåéñòâî ñèñòåì

Aµ ∈ M3, çàâèñÿùåå îò ïîñëåäîâàòåëüíîñòè ïàðàìåòðîâ µ ≡ (µ1, µ2, . . . ) ∈
M∞, ôóíäàìåíòàëüíàÿ ìàòðèöà Xµ(t) êîòîðîé ïðè ëþáîì ôèêñèðîâàííîì
çíà÷åíèè p èìååò ñîîòâåòñòâåííî ïðåäñòàâëåíèå: µp cos t sin t

0 − sin t cos t

0 − cos t − sin t

 ïðè t ∈ [tp−1 + 2π, rp] ,

 µp + ϑ(2/π(t− rp))(1− µp) 1 + ϑ(2/π(t− rp))(µp − 1) sin t

ϑ(2/π(t− rp)) − sin t 1

ϑ(2/π(t− rp)) −1 + ϑ(2/π(t− rp)) − sin t


ïðè t ∈ [rp, rp + π/2] , sin t µp 1

1 −1 + ϑ(2/π(t− rp)) 1

1 0 −1

 ïðè t ∈ [rp + π/2, rp + π] ,

 sin t µp 1

1 0 1

1 0 −1

 ïðè t ∈ [rp + π, rp + 3π/2] ,
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 sin t µp 1

1 0 − sin t

− sin t 0 −1

 ïðè t ∈ [rp + 3π/2, rp + 2π] ,

 sin t µp cos t

cos t 0 − sin t

− sin t 0 − cos t

 ïðè t ∈ [rp + 2π, sp] ,

 sin t µp + ϑ(2/π(t− sp))(1− µp) 1 + ϑ(2/π(t− sp))(µp − 1)

1 ϑ(2/π(t− sp)) − sin t

− sin t ϑ(2/π(t− sp)) −1 + ϑ(2/π(t− sp))


ïðè t ∈ [sp, sp + π/2] , 1 sin t µp

1 1 −1 + ϑ(2/π(t− sp))
−1 1 0

 ïðè t ∈ [sp + π/2, sp + π] ,

 1 sin t µp

1 1 0

−1 1 0

 ïðè t ∈ [sp + π, sp + 3π/2] ,

 1 sin t µp

− sin t 1 0

−1 − sin t 0

 ïðè t ∈ [sp + 3π/2, sp + 2π] ,

 cos t sin t µp

− sin t cos t 0

− cos t − sin t 0

 ïðè t ∈ [sp + 2π, τp] ,

 1 sin t µp + ϑ(2/π(t− τp))(1− µp)
− sin t 1 0

−η(2/π(t− τp)) − sin t 0


ïðè t ∈ [τp, τp + π/2] , 1 1 1

−1 1 + ϑ( 4π
(
t− τp − π

2 )
)

2ϑ( 4π
(
t− τp − π

2 )
)

0 −1 4ϑ( 4π
(
t− τp − π

2 )
)
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ïðè t ∈
[
τp + π

2 , τp + 3π
4

]
, η( 4π

(
t− τp − 3π

4 )
)

1 1

−1 2 2

0 −1 4

 ïðè t ∈
[
τp +

3π

4
, τp + π

]
,

 e−t(cos t+ 1) 1 1

−1 + ϑ( 4π (t− τp − π)) 2 2

−e−t(cos t+ η( 4π (t− τp − π))) −1− 3ϑ( 4π (t− τp − π)) 4


ïðè t ∈

[
τp + π, τp + 5π

4

]
, e−t(cos t+ 1) 1 sin 2t

0 2 2

−e−t cos t −4 4

 ïðè t ∈
[
τp +

5π

4
, τp +

3π

2

]
,

 e−t(cos t+ 1) 1 sin 2t

0 2 2 cos 2t

−e−t cos t −4 cos 2t 4

 ïðè t ∈
[
τp +

3π

2
, τp +

7π

4

]
,

 e−t(cos t+ 1) 1 sin 2t

0 −2 sin 2t 2 cos 2t

−e−t cos t −4 cos 2t −4 sin 2t

 ïðè t ∈
[
τp +

7π

4
, τp + 2π

]
,

 e−t(cos t+ 1) cos 2t sin 2t

0 −2 sin 2t 2 cos 2t

−e−t cos t −4 cos 2t −4 sin 2t

 ïðè t ∈ [τp + 2π, qp] ,

 e−t(cos t+ 1) 1 sin 2t

0 −2 sin 2t 2

−e−t cos t −4 −4 sin 2t

 ïðè t ∈
[
qp, qp +

π

4

]
,

 e−t(cos t+ 1) 1 1

2ϑ( 4π
(
t− qp − π

4 )
)

−2 2

−e−t cos t −4 + ϑ( 4π
(
t− qp − π

4 )
)

(
√
2
2 e
−qp−3π/4 + 4) −4


ïðè t ∈

[
qp + π

4 , qp + π
2

]
, e−t(cos t+ 1) η( 4π

(
t− qp − π

2 )
)

1

2 −2 2

−e−t cos t
√
2
2 e
−qp−3π/4 −4
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ïðè t ∈
[
qp + π

2 , qp + 3π
4

]
, e−t(cos t+ 1) 0 1

2 −2 2

−e−t
(
cos t+ ϑ( 4π

(
t− qp − 3π

4 )
))
−e−t cos t −4


ïðè t ∈

[
qp + 3π

4 , qp + π
]
, ϑ( 4π (t− qp − π)) e−t(cos t+ 1) 1

2 −2 2

4ϑ( 4π (t− qp − π)) −e−t cos t −4


ïðè t ∈

[
qp + π, qp + 5π

4

]
, sin 2t e−t(cos t+ 1) 1

2 −2η( 4π
(
t− qp − 5π

4 )
)

2

4 −e−t cos t −4

 ïðè t ∈
[
qp +

5π

4
, qp +

3π

2

]
,

 sin 2t e−t(cos t+ 1) 1

2 0 2

4 −e−t cos t −4

 ïðè t ∈
[
qp +

3π

2
, qp +

7π

4

]
,

 sin 2t e−t(cos t+ 1) 1

2 0 −2 sin 2t

−4 sin 2t −e−t cos t −4

 ïðè t ∈
[
qp +

7π

4
, qp + 2π

]
,

 sin 2t e−t(cos t+ 1) cos 2t

2 cos 2t 0 −2 sin 2t

−4 sin 2t −e−t cos t −4 cos 2t

 ïðè t ∈ [qp + 2π, hp] ,

 sin 2t e−t(cos t+ 1) 1

2 0 −2 sin 2t

−4 sin 2t −e−t cos t −4

 ïðè t ∈
[
hp, hp +

π

4

]
,

 1 e−t(cos t+ 1) 1

2 2ϑ( 4π
(
t− hp − π

4 )
)

−2

−4 −e−t cos t −4 + ϑ( 4π
(
t− hp − π

4 )
)

(
√
2
2 e
−hp−3π/4 + 4)
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ïðè t ∈
[
hp + π

4 , hp + π
2

]
, 1 e−t(cos t+ 1) η( 4π

(
t− hp − π

2 )
)

2 2 −2

−4 −e−t cos t
√
2
2 e
−hp−3π/4

 ïðè t ∈
[
hp +

π

2
, hp +

3π

4

]
,

 1 e−t(cos t+ 1) 0

2 2 −2

−4 −e−t
(
cos t+ ϑ( 4π

(
t− hp − π

4 )
))
−e−t cos t


ïðè t ∈

[
hp + 3π

4 , hp + π
]
, 1 ϑ( 4π (t− hp − π)) e−t(cos t+ 1)

2 2 −2

−4 4ϑ( 4π (t− hp − π)) −e−t cos t

 ïðè t ∈
[
hp + π, hp +

5π

4

]
,

 1 sin 2t e−t(cos t+ 1)

2 2 −2η( 4π
(
t− hp − 5π

4 )
)

−4 4 −e−t cos t

 ïðè t ∈
[
hp +

5π

4
, hp +

3π

2

]
,

 1 sin 2t e−t(cos t+ 1)

2 2 0

−4 4 −e−t cos t

 ïðè t ∈
[
hp +

3π

2
, hp +

7π

4

]
,

 1 sin 2t e−t(cos t+ 1)

−2 sin 2t 2 0

−4 −4 sin 2t −e−t cos t

 ïðè t ∈
[
hp +

7π

4
, hp + 2π

]
,

 cos 2t sin 2t e−t(cos t+ 1)

−2 sin 2t 2 cos 2t 0

−4 cos 2t −4 sin 2t −e−t cos t

 ïðè t ∈ [hp + 2π, tp] ,

 1 sin 2t e−t(cos t+ 1)

−2 sin 2t 2 0

−4 −4 sin 2t −e−t cos t

 ïðè t ∈
[
tp, tp +

π

4

]
,

 1 1 e−t(cos t+ 1)

−2 2 ϑ( 4π
(
t− tp − π

4 )
)

−4 −4 −e−t cos t

 ïðè t ∈
[
tp +

π

4
, tp +

π

2

]
,
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 1 + ϑ( 2π
(
t− tp − π

2 )
)

(µp − 1) 1 e−t(cos t+ 1)

−2η( 2π
(
t− tp − π

2 )
)

2 1

−4η( 2π
(
t− tp − π

2 )
)

−4 −e−t(cos t+ ϑ( 2π
(
t− tp − π

2 )
)
)


ïðè t ∈

[
tp + π

2 , tp + π
]
, µp 1 0, 5ϑ( 4π (t− tp − π))

0 2− ϑ( 4π (t− tp − π)) 1

0 −4 + 3ϑ( 4π (t− tp − π)) ϑ( 4π (t− tp − π))


ïðè t ∈

[
tp + π, tp + 5π

4

]
, µp 1 0, 5 sin 2t

0 1 1

0 −1 1

 ïðè t ∈
[
tp +

5π

4
, tp +

3π

2

]
,

 µp 1 0, 5 sin 2t

0 − sin t 1

0 −1 − sin t

 ïðè t ∈
[
tp +

3π

2
, tp + 2π

]
,

ãäå t0 ≡ 0 è

rp ≡ tp−1 + 2π + 2πp, sp ≡ rp + 2π + 2πp, τp ≡ sp + 2π + 2πp,

qp ≡ τp + 2π + 2πp, hp ≡ qp + 2π + 2πp, tp ≡ hp + 2π + 2πp.

6.2. Çàôèêñèðóåì ïðîèçâîëüíîå p ∈ N è äëÿ çàäàííîãî ðåøåíèÿ x ∈
S∗(Aµ), âåêòîðà m ∈ R3 ïðè ëþáîì α ∈ {0,+, ∗} îáîçíà÷èì

να(x,m, Ip) ≡ να(y,m, tp−1+2π, rp)+ν
α(x,m, rp+2π, sp)+ν

α(x,m, sp+2π, τp)+

+να(x,m, τp + 2π, qp) + να(x,m, qp + 2π, hp) + να(x,m, hp + 2π, tp).

Ïóñòü çàäàíî îòîáðàæåíèå ϕ : R3 → S∗(Aµ), ïåðåâîäÿùåå êàæäóþ íåíó-
ëåâóþ òî÷êó c ≡ (c1, c2, c3) ∈ R3

∗ â ðåøåíèå

ϕ(c) = xc ≡ c1x1 + c2x2 + c3x3 ∈ S∗(Aµ). (5)

Ïîñëåäîâàòåëüíîñòü

t0 = 0, tp = tp−1 + 12π + 12πp, p ∈ N,
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óäîâëåòâîðÿåò óñëîâèÿì

lim
p→+∞

tp = +∞, lim
p→+∞

(tp − tp−1) = +∞,

à çíà÷èò, îáëàäàåò ñâîéñòâîì

lim
p→+∞

tp
tp−1

= 1 + lim
p→+∞

24π

tp−1
+ 12π · lim

p→+∞

p− 1

tp−1
= 1.

Ïîñëåäîâàòåëüíîñòü {tp} óäîâëåòâîðÿåò óñëîâèÿì ëåììû, ïîýòîìó ïðè èñ-
ïîëüçîâàíèè ôîðìóë äëÿ ñèëüíûõ ïîêàçàòåëåé êîëåáëåìîñòè ìîæíî íå áðàòü
â ðàñ÷åò ïðè êàæäîì p ∈ N ïîëóèíòåðâàëû

(tp−1, tp−1 + 2π] , (rp, rp + 2π] , . . . , (qp, qp + 2π] , (hp, hp + 2π] (6)

(ò. å. íå ó÷èòûâàòü èõ âêëàä íè â äëèíó ïðîìåæóòêà, íà êîòîðîì ïîäñ÷èòû-
âàåòñÿ ÷èñëî íóëåé, êîðíåé èëè ãèïåðêîðíåé, íè â ñàìî ýòî ÷èñëî).

Äëÿ ýòîãî â çàâèñèìîñòè îò òî÷êè c ∈ R3
∗ óêàæåì òàêîé âåêòîð m ∈ R3,

ïðè êîòîðîì ôóíêöèÿ 〈xc,m〉 íà êàæäîì èç óêàçàííûõ ó÷àñòêîâ áóäåò èìåòü
îãðàíè÷åííîå ÷èñëî ãèïåðêîðíåé (6) è íàèìåíüøåå îáùåå ÷èñëî íóëåé, êîðíåé
èëè ãèïåðêîðíåé íà ïðîìåæóòêàõ

(tp−1 + 2π, rp], (rp + 2π, sp], (sp + 2π, τp], . . . , (qp + 2π, hp], (hp + 2π, tp]. (7)

6.3. Äëÿ ëþáûõ âåêòîðîâ g, h ∈ R3
∗ ÷åðåç C(g, h) îáîçíà÷èì ëþáóþ ñîäåð-

æàùóþ èõ äâóìåðíóþ ïëîñêîñòü, à ÷åðåç L1 � îáúåäèíåíèå îñåé Oc1, Oc2, Oc3
(íèæå â äîêàçàòåëüñòâå òåîðåìû íà÷àëî êîîðäèíàò âñþäó èãíîðèðóåòñÿ). Äëÿ
âåêòîðîâ e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1) ââåäåì îáîçíà÷åíèå

L2 ≡ C(e1, e2) ∪ C(e2, e3) ∪ C(e1, e3).

Ââåäåì â ðàññìîòðåíèå âåêòîðm3
ε = (1−ε1, ε2, 1−ε3). Äëÿ ëþáîãî ðåøåíèÿ

x ∈ S∗(Aµ) â ñèëó òåîðåìû 2 ðàáîòû [4] íàéäóòñÿ òàêèå ε1, ε2, ε3 ∈ [0, ε], ÷òî
ïðè ëþáîì t > 0 ñïðàâåäëèâî íåðàâåíñòâî ν∗(x,m3

ε , t) < +∞.

à). Ïðè c ∈ L1 è α ∈ {0,+, ∗} ìèíèìóìû â να• (xc) ðåàëèçóåòñÿ íà âåêòîðå
m3
ε , ïîñêîëüêó íà R+ ôóíêöèÿ 〈y,m3

ε〉, ãäå y = (e−t(cos t+ 1), 0, −e−t cos t)T ,
îòäåëåíà îò íóëÿ, à çíà÷èò, ïðè ëþáîì p ∈ N âûïîëíÿåòñÿ να(xc,m

3
ε , Ip) =

12p.

Ñëåäîâàòåëüíî, äëÿ íåíóëåâûõ ðåøåíèé ïîñòðîåííîãî óðàâíåíèÿ èìååò
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ìåñòî ñëåäóþùèå ñîîòíîøåíèÿ

να• (xc) = inf
m∈R3

lim
p→+∞

π

tp
να(xc,m, tp) = inf

m∈R3

lim
p→+∞

π
p∑
i=1

να(xc,m, Ii)

p∑
i=1

12πi

=

= lim
p→+∞

π(1 · 12 + 2 · 12 + · · ·+ p · 12)

12π(1 + 2 + · · ·+ p)
= 1.

(8)

á). Ïóñòü c ∈ L2 è α ∈ {0,+, ∗}. Ïðè ëþáîì ôèêñèðîâàííîì p ∈ N (áûòü
ìîæåò íà÷èíàÿ ñ íåêîòîðîãî íîìåðà p0) äëÿ ëþáîé ôóíêöèè

f ∈ {c1x1(t) + c2x2(t) | c1, c2 ∈ R, c1 · c2 6= 0, t ∈ (τp + 2π, qp]∪ (qp + 2π, hp]}∪

∪{c2x2(t) + c3x3(t) | c2, c3 ∈ R, c2 · c3 6= 0, t ∈ (qp + 2π, hp] ∪ (hp + 2π, tp]}∪
∪{c1x1(t) + c3x3(t) | c1, c3 ∈ R, c1 · c3 6= 0, t ∈ (τp + 2π, qp] ∪ (hp + 2π, tp]},
ëþáîãî íåíóëåâîãî âåêòîðà m ∈ R3

∗, íåêîëëèíåàðíîãî âåêòîðó m
4 = (4, 0, 1),

ñêàëÿðíîå ïðîèçâåäåíèå 〈f,m〉 íà ñîîòâåòñòâóþùèõ ïðîìåæóòêàõ èç (7) èìå-
åò 12p íóëåé, ñðåäè êîòîðûõ íåò êðàòíûõ.

Äëÿ ëþáûõ p ∈ N, ôóíêöèè

g ∈ {c1x1(t)+c2x2(t) | c1, c2 ∈ R, c1 ·c2 6= 0, t ∈ (tp−1 + 2π, rp]∪(rp + 2π, sp]}∪

∪{c2x2(t) + c3x3(t) | c2, c3 ∈ R, c2 · c3 6= 0, t ∈ (rp + 2π, sp] ∪ (sp + 2π, τp]}∪
∪{c1x1(t) + c3x3(t) | c1, c3 ∈ R, c1 · c3 6= 0, t ∈ (tp−1 + 2π, rp] ∪ (sp + 2π, τp]}
ñêàëÿðíîå ïðîèçâåäåíèå 〈g,m3

ε〉 íà ñîîòâåòñòâóþùèõ ïðîìåæóòêàõ èç (7) âî-
âñå íå áóäåò èìåòü íóëåé, ïîýòîìó ïðè ëþáûõ p ∈ N è α ∈ {0,+, ∗} ñïðàâåä-
ëèâî ðàâåíñòâî να(xc,m

3
ε , Ip) = 14p. Îòêóäà ïîëó÷àåì

να• (xc) = inf
m∈R3

lim
p→+∞

π

tp
να(xc,m, tp) = inf

m∈R3

lim
p→+∞

π
p∑
i=1

να(xc,m, Ii)

p∑
i=1

12πi

=

= lim
p→+∞

14π(1 + 2 + · · ·+ p)

12π(1 + 2 + · · ·+ p)
=

7

6
.

(9)

â). Äëÿ ëþáîãî α ∈ {0,+, ∗} îáîçíà÷èì ÷åðåç Gα ìíîæåñòâî òî÷åê
c ∈ R3

∗ \ L2, äëÿ êîòîðûõ ìèíèìóì â να• (xc) ðåàëèçóåòñÿ íà âåêòîðå m
4. Äåé-

ñòâèòåëüíî, íà êàæäîì èç ïðîìåæóòêîâ

(τp + 2π, qp], (qp + 2π, hp], (hp + 2π, tp] (10)
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ôóíêöèÿ 〈xc,m4〉 îòäåëåíà îò íóëÿ, à ïðè ëþáîì äðóãîì íåêîëëèíåàðíîì
âåêòîðå m ∈ R3

∗ ôóíêöèÿ 〈xc,m4〉 íà êàæäîì èç ïîëóèíòåðâàëîâ (10) áóäåò
èìåòü 12p íóëåé (áûòü ìîæåò íà÷èíàÿ ñ íåêîòîðîãî íîìåðà p).

Òåïåðü äëÿ âû÷èñëåíèÿ çíà÷åíèé ñèëüíûõ ïîêàçàòåëåé êîëåáëåìîñòè óêà-
çàííûõ ðåøåíèé îñòàåòñÿ ïîñ÷èòàòü ÷èñëî íóëåé, êîðíåé è ãèïåðêîðíåé ôóíê-
öèè 〈xc,m4〉 íà êàæäîì èç ïðîìåæóòêîâ

(tp−1 + 2π, rp], (rp + 2π, sp], (sp + 2π, τp]. (11)

Íà òîì èç òðåõ ïðîìåæóòêîâ (11), íà êîòîðîì xi(t) = µp ôóíêöèÿ 〈xc,m4〉
ïðåäñòàâèìà â âèäå

〈xc,m4〉 =
√

18(c2i−1 + c2i+1) sin(t+ ψ) + 4ciµp

èëè
〈xc,m4〉√

18
=
√
c2i−1 + c2i+1 sin(t+ ψ) + ciρp,

ãäå ψ ∈ R � âñïîìîãàòåëüíûé óãîë è ρp =
4µp√
18
.

Ïóñòü äëÿ âåêòîðîâ c ∈ Gα è íîìåðà i ∈ {1, 2, 3} âûïîëíåíî óñëîâèå

c2iρ
2
p > c2i−1 + c2i+1 (12)

(çäåñü è âñþäó íèæå èíäåêñ 0 îòîæäåñòâëåí ñ èíäåêñîì 3, à èíäåêñ 4 � ñ
èíäåêñîì 1). Òîãäà èìååò ìåñòî îöåíêà√

c2i−1 + c2i+1 < |ciρp|,

ãàðàíòèðóþùàÿ îòñóòñòâèå íóëåé ôóíêöèè 〈xc,m4〉 íà ðàññìàòðèâàåìîì ïðî-
ìåæóòêå.

Àíàëîãè÷íî, ïðè óñëîâèè

ρ2pc
2
i < c2i−1 + c2i+1

íà óïîìÿíóòîì ïðîìåæóòêå ôóíêöèÿ 〈xc,m4〉 èìååò 2p íóëåé, êîðíåé è ãè-
ïåðêîðíåé, à ïðè óñëîâèè

ρ2pc
2
i = c2i−1 + c2i+1

� ñòîëüêî æå êîðíåé, ðîâíî âäâîå ìåíüøå íóëåé è áåñêîíå÷íî ìíîãî ãèïåð-
êîðíåé. Ïîíÿòíî, ÷òî â äàííîì ñëó÷àå c /∈ G∗, è ìèíèìóì â îïðåäåëåíèè ñèëü-
íûõ ïîêàçàòåëåé êîëåáëåìîñòè ãèïåð÷àñòîò ðåøåíèé ϕ(c), c ∈

(
R3
∗ \ L2

)
\G∗

ðåàëèçóåòñÿ íà âåêòîðå m3
ε , òàê êàê íà ïðîìåæóòêàõ (11) ôóíêöèÿ 〈xc,m3

ε〉,
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íå èìååò ãèïåðêîðíåé, à íà êàæäîì èç ïðîìåæóòêîâ (10) èìååò 4p ãèïåðêîð-
íåé. Ýòè ðàññóæäåíèÿ ñïðàâåäëèâû è äëÿ îñòàëüíûõ ñèëüíûõ ïîêàçàòåëåé
êîëåáëåìîñòè â ñëó÷àå åñëè

(
R3
∗ \ L2

)
\Gα 6= �. Ñëåäîâàòåëüíî, âûïîëíÿåòñÿ

να• (x) = 1, c ∈
(
R3
∗ \ L2

)
\Gα, α ∈ {0,+, ∗}.

ã). Îáîçíà÷èì ÷åðåç Vi ïîäìíîæåñòâî ïðîñòðàíñòâà R3
∗, ñîñòîÿùåå èç òî-

÷åê, óäîâëåòâîðÿþùèõ íåðàâåíñòâó (12), è ïðåäñòàâëÿþùåå ñîáîé â ïðîñòðàí-
ñòâå R3

∗ êðóãëûé êîíóñ (òî÷íåå, åãî âíóòðåííîñòü, êàêîâóþ è áóäåì ïîäðàçó-
ìåâàòü â äàëüíåéøåì ïîä ñëîâîì êîíóñ), îñü êîòîðîãî ñîâïàäàåò ñ i-îé îñüþ
êîîðäèíàò (íàòÿíóòîé íà âåêòîð ei), à ðàñòâîð � òåì áîëüøå, ÷åì áîëüøå
çíà÷åíèå ρp.

Ñëåäóÿ È.Í. Ñåðãååâó (ñì. [1]), ÷åðåç Ui,j ⊂ R3
∗ îáîçíà÷èì ìíîæåñòâî

òî÷åê, ïðèíàäëåæàùèõ ðîâíî i èç òðåõ êîíóñîâ V1, V2, V3 è ïðè ýòîì ëåæàùèõ
íà ãðàíèöå ðîâíî j èç îñòàâøèõñÿ. Òîãäà äëÿ âåëè÷èí ν0• , ν

+
• è ν∗• ïðè ëþáîì

c ∈ R3
∗ \ L2 ñïðàâåäëèâû ðàâåíñòâà

ν0•(xc) =



0, c ∈ U3,0,
1
12 , c ∈ U2,1,
1
6 , c ∈ U2,0 ∪ U1,2,
1
4 , c ∈ U1,1 ∪ U0,3,
1
3 , c ∈ U1,0 ∪ U0,2,
5
12 , c ∈ U0,1,
1
2 , c ∈ U0,0,

ν+• (xc) =


0, c ∈ U3,0,
1
6 , c ∈ U2,1 ∪ U2,0,
1
3 , c ∈ U1,2 ∪ U1,1 ∪ U1,0,
1
2 , c ∈ U0,0 ∪ U0,1 ∪ U0,2 ∪ U0,3,

ν∗•(xc) =



0, c ∈ U3,0,
1
3 , c ∈ U1,0,
3
2 , c ∈ U0,1 ∪ U0,2 ∪ U1,1 ∪ U0,3 ∪ U1,2 ∪ U2,1,
1
6 , c ∈ U2,0,
1
2 , c ∈ U0,0,

ïðè÷åì çäåñü ïåðå÷èñëåíû âñå âîçìîæíûå çíà÷åíèÿ ýòèõ âåëè÷èí.

6.4. Ïðîñëåäèì çà èçìåíåíèåì âîçìîæíûõ ñïåêòðîâ ñèëüíûõ ïîêàçàòåëåé
êîëåáëåìîñòè ñèñòåìû Aµ ïðè èçìåíåíèè ïîñëåäîâàòåëüíîñòè µ ∈ M∞.
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à). Åñëè âûïîëíÿåòñÿ ðàâåíñòâî µp =
√

1, 125 (êîòîðîå ðàâíîñèëüíî ρp =
1) ïðè ëþáîì p ∈ N, òî êîíóñû V1, V2 è V3 òîëüêî êàñàþòñÿ äðóã äðóãà, ïðè÷åì
òîëüêî ïîïàðíî, è âñå òî÷êè êàñàíèÿ ëåæàò íà øåñòè êîíêðåòíûõ ïðÿìûõ
(ñì. ï. Á. äîêàçàòåëüñòâà ëåììû 16 [1]). Ïîýòîìó íåïóñòûìè ÿâëÿþòñÿ òîëüêî
ìíîæåñòâà U0,0, U0,1, U1,0 è U0,2, ïîýòîìó, ó÷èòûâàÿ ðàâåíñòâà (8)-(9), èñêîìûå
ìíîæåñòâà çíà÷åíèé îêàçûâàþòñÿ ñëåäóþùèìè

Specν0•(Aµ) =

{
1

3
,

5

12
,
1

2
, 1,

7

6

}
, Specν+• (Aµ) =

{
1

3
,
1

2
, 1,

7

6

}
,

Specν∗•(Aµ) =

{
1

3
,
1

2
, 1,

7

6

}
.

Ïðè c = (2, 1, 1) ∈ U1,0 ñêàëÿðíîå ïðîèçâåäåíèå 〈xc,m4〉 íà êàæäîì èç
ïðîìåæóòêîâ (6) âîâñå íå èìååò íóëåé, ïîýòîìó ìëàäøèå ñèëüíûå ïîêàçàòåëè
êîëåáëåìîñòè íóëåé, êîðíåé è ãèïåðêîðíåé ñèñòåìû Aµ äåéñòâèòåëüíî ðàâíû
1/3.

á). Åñëè æå âûïîëíÿåòñÿ íåðàâåíñòâî µp >
√

1, 25 (èç êîòîðîãî ñëåäóåò
1 < ρp <

√
2) ïðè ëþáîì p ∈ N, òî êîíóñû óæå ïîïàðíî ïåðåñåêàþòñÿ, íî íå

èìåþò îáùèõ äëÿ íèõ âñåõ òî÷åê, äàæå ãðàíè÷íûõ (ñì. ï. Â. äîêàçàòåëüñòâà
ëåììû 16 [1]). Ïðè ýòîì òàêæå è ãðàíèöà ëþáîãî êîíóñà ïåðåñåêàåòñÿ ñ ëþáûì
äðóãèì êîíóñîì, êàê è ñ åãî ãðàíèöåé.

Ñëåäîâàòåëüíî, ê ïðåäûäóùåìó ñïèñêó íåïóñòûõ ìíîæåñòâ äîáàâëÿþòñÿ
åùå äâà ìíîæåñòâà U2,0 è U1,1, ïîýòîìó

Specν0•(Aµ) =

{
1

6
,
1

4
,
1

3
,

5

12
,
1

2
, 1,

7

6

}
,

Specν+• (Aµ) =

{
1

6
,
1

3
,
1

2
, 1,

7

6

}
, Specν∗•(Aµ) =

{
1

6
,
1

3
,
1

2
, 1,

7

6

}
.

Â ýòîì ñëó÷àå 1/6 äåéñòâèòåëüíî ÿâëÿåòñÿ íàèìåíüøèì çíà÷åíèåì ñèëü-
íûõ ïîêàçàòåëåé êîëåáëåìîñòè íóëåé, êîðíåé è ãèïåðêîðíåé ñèñòåìû Aµ. Â
ñàìîì äåëå, ðåøåíèÿ c = (c1, c2, c3) ∈ U2,0 ñèñòåìû

ρ2pc
2
1 > c22 + c23,

ρ2pc
2
2 > c21 + c23,

ρ2pc
2
3 < c21 + c22

âûáåðåì ñëåäóþùèì îáðàçîì: c3 = 1, à c1, c2 - ïîëîæèòåëüíûìè, äîñòàòî÷íî
áîëüøèìè è ñêîëü óãîäíî áëèçêèìè (ìîæíî äàæå c1 = c2). Äëÿ òàêèõ òî÷åê
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c ∈ Gα ñêàëÿðíîå ïðîèçâåäåíèå 〈xc,m4〉 íà êàæäîì èç ïðîìåæóòêîâ (6) áóäåò
îòäåëåíà îò íóëÿ.

6.5. Ïðè ëþáîì α ∈ {0,+, ∗} ïðèìåðîì òî÷êè íåèíâàðèàíòíîñòè îò-
íîñèòåëüíî áåñêîíå÷íî ìàëûõ âîçìóùåíèé äëÿ ìëàäøèõ ñèëüíûõ ïîêàçà-
òåëåé êîëåáëåìîñòè ωα1 ñëóæèò ñèñòåìà A√1,125 èç ïîñòðîåííîãî â íàñòîÿ-
ùåì äîêàçàòåëüñòâå ñåìåéñòâà, âçÿòîå ïðè ïîñòîÿííîé ïîñëåäîâàòåëüíîñòè
µ1 = µ2 = · · · ≡

√
1, 125, ò. å. îòíîñÿùååñÿ ê ïóíêòó 6.4. à), â êîòîðîì

ωα1 (A√1,125) = 1/3.

Äåéñòâèòåëüíî, ýòà ñèñòåìà îáëàäàåò òåì ñâîéñòâîì, ÷òî â ëþáîé åå
îêðåñòíîñòè (â ñèëó íåïðåðûâíîñòè ñåìåéñòâà ñèñòåì ïî µ) íàéäåòñÿ âîç-
ìóùåííàÿ ñèñòåìà Aµ èç òîãî æå ñåìåéñòâà, íî ïîïàäàþùåå ïîä ïóíêò 6.4.
á) äîêàçàòåëüñòâà íàñòîÿùåé òåîðåìû, à çíà÷èò, óäîâëåòâîðÿþùåå ðàâåíñòâó
ωα1 (Aµ) = 1/6.

Áîëåå òîãî, åñëè âîçìóùåííóþ ñèñòåìó Aµ ïîä÷èíèòü äîïîëíèòåëüíîìó
óñëîâèþ µp →

√
1, 125 ïðè p → ∞, òî äëÿ íåãî, ïîìèìî óêàçàííîãî ðà-

âåíñòâà, áóäåò âûïîëíåíî óñëîâèå Aµ ∈ B(A√1,125), èç êîòîðîãî ñëåäóåò, ÷òî
ôóíêöèîíàë ωα1 íå èíâàðèàíòåí â òî÷êå A√1,125 îòíîñèòåëüíî áåñêîíå÷íî ìà-
ëûõ âîçìóùåíèé.

7. Çàâåðøåíèå äîêàçàòåëüñòâà ïðè n > 3.

Â ïóíêòàõ 2�5 íàñòîÿùåãî äîêàçàòåëüñòâà ïîñòðîèëè ïðè ëþáîì n > 2
ñèñòåìû A(t), B(t), C(t), D(t) ∈Mn.

7.1. Èç óñëîâèÿ (1) è îöåíîê

ρ(D,A) = ‖D − A‖ = sup
t∈R+

|D(t)− A(t)| =

= sup
t∈R+

√
(γ̇(t)− ψ̇(t))2 + (−γ̇(t) + ψ̇(t))2 =

√
2 sup
t∈R+

|γ̇(t)− ψ̇(t)| 6 2
√

2ε,

ρ(D,C) = ‖D − C‖ = sup
t∈R+

|D(t)− C(t)| =
√

2 sup
t∈R+

|γ̇(t)− ϕ̇(t)| 6 2
√

2ε

ñëåäóåò, ÷òî âîçìóùåíèÿ D−A, D−C ÿâëÿþòñÿ ðàâíîìåðíî ìàëûìè. Ïîýòî-
ìó â ëþáîé äîñòàòî÷íî ìàëîé îêðåñòíîñòè ñèñòåìû D, âñå êðàéíèå ÷àñòîòû
êîòîðîãî ðàâíû 1/2, íàéäóòñÿ ñèñòåìû âèäà A, C ñ íóëåâûìè è åäèíè÷íûìè
êðàéíèìè ÷àñòîòàìè ñîîòâåòñòâåííî. Ïîñëåäíåå îçíà÷àåò íå òîëüêî ðàçðûâ-
íîñòü âñåõ êðàéíèõ ÷àñòîò â òî÷êå D íî è òî, ÷òî âñå êðàéíèå ÷àñòîòû â ýòîé
æå òî÷êå D íå ÿâëÿþòñÿ íè ïîëóíåïðåðûâíûìè ñíèçó, íè ïîëóíåïðåðûâíûìè
ñâåðõó.

7.2. Âîçìóùåíèå D−B ÿâëÿåòñÿ áåñêîíå÷íî ìàëûì ïðè t→ +∞ ïîñêîëü-
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êó íà îñíîâàíèè îöåíêè (3) èìååì

lim
t→+∞

|D(t)−B(t)| = lim
t→+∞

√
(φ̇(t)− γ̇(t))2 + (−φ̇(t) + γ̇(t))2 =

=
√

2 lim
t→+∞

|φ̇(t)− γ̇(t)| = 0,

íî ñîîòâåòñòâóþùèå êðàéíèå ÷àñòîòû ñèñòåì B è D íå ñîâïàäàþò. Ïîñëåäíåå
îçíà÷àåò, ÷òî âñå êðàéíèå ÷àñòîòû íå ÿâëÿþòñÿ èíâàðèàíòíûìè â òî÷êå D.

Òåîðåìà ïîëíîñòüþ äîêàçàíà.

Àâòîð âûðàæàåò ãëóáîêóþ áëàãîäàðíîñòü ïðîôåññîðó È.Í. Ñåðãååâó çà
ïîñòàíîâêó çàäà÷è è âíèìàíèå ê ðàáîòå.
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On the discontinuity of extreme exponents of oscillation on a set of

linear homogeneous di�erential systems
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Abstract. In this paper, we study the questions of the discontinuity of the
extreme oscillation exponents on the set of linear homogeneous di�erential systems
with continuous coe�cients de�ned on the positive semiaxis. The existence of
systems, for which all the higher and lower exponents of the oscillation zeros,
roots and hyper-roots are not continuous either from above or from below, is
established. Moreover, the non-invariance of the extreme exponent of oscillations
with respect to in�nitesimal small perturbations is proved. When proving the
results of this work, the cases of evenness and odd order of the system matrix are
considered separately.

Keywords: di�erential equations, linear systems, oscillation, number of zeros,
exponents of oscillation, Lyapunov exponents.
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