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Abstract. In this article, we investigate the kinetic McKean model. The
perturbed solution of the Cauchy problem is sought in the form of Fourier
series. The Fourier coefficients for the zero and nonzero modes are written out,
respectively. The original system is reduced to an infinite system of differential
equations. An approximation for the systems is constructed. Under certain
assumptions, we find secular terms (non-integrable part). This, in turn, will
allow us to prove for the first time the exponential stabilization of the solution
in the future.
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1 Introduction

We consider the well-known kinetic McKean model [2, 5, 9]:
L o

Gtu+8xu:g(w —uw), r€R, t>0, (1)
Ow — O, w = —%(w2 — uw), (2)

u(z,0) = u’, w(zx,0) = w’, (3)
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where u°(z) = u’(z+27), w’(z) = w’(x+27) is periodic functions. This system
describes a monatomic gas with two groups of particles with corresponding
densities u = u(z,t),w = w(z,t) . The first group moves with the speed ¢ = 1,
the other ¢ = —1, the parameter € corresponds to the Knudsen number in the
kinetic theory of gases. The McKean system is a non-integrable system, i.e.
the Painlevé test is inapplicable.

The physical description of the Boltzmann equation is described in a funda-
mental article [1, 8]. The asymptotic stability of kinetic systems of Carleman,
Godunov—Sultangazin and Broadwell for periodic initial data were studied in
the works [7, 11, 12, 13, 14]. The proofs of the theoretical results were con-
firmed numerically in the works [17, 18]. The exact solutions of the systems are
presented in [2, 3, 4, 5, 9, 10, 15, 16]. The secularity condition for the kinetic
Carleman system was found in [6]. In this work, approaches and methods (see
[6, 11, 13]) will be applied for our system as well as for the above systems.
The McKean system has been largely unexplored. We will single out the non-
dissipative part of the solution and reduce the problem of the existence of a
global solution to a nonlinear equation in the Hilbert space. This will later
allow us to prove for the first time the exponential stabilization of the solution.

2 Fourier solution for the McKean system

We study the Cauchy problem for small perturbations of the equilibrium state
w? = Uwe, Ue, we > 0 of the system (1)-(3). Let be

u = u, + w0, w = w, + w . (4)
Then
O + 0, — w%(@ 0) = cw!2(@ — ), v R, t>0, (5)
0 — O, + wei(@ 0) = —cw! (@ — aw), (6)
B lo= @ @ ig= @°. (7)

For periodic solutions with zero means

u(t,x) = up(t +Zu t)e* Wt x) = wo(t +Zw ek,

kel kel

={k € Z,k # 0},
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we introduce weight spaces Lo (R ; H,), H, with norms:

o0
um&A&%JZA 7 | ug(t) |2 di+

o0
+/0 Y Tk P la(e) P odt, (]G ol =l ug P+ TR} P

k€Zo k€Zo
Here v > 0,0 = const.

Theorem 1 For any o > 2 and w? = u.w, > 0 there exist pg,q € (0,1) such
that for periodic initial data (u°, W°) with zero averages satisfying the inequality

1@, + 10°][5, < €%,

there exists a global solution (u,w) € Ly~ (R1;Hs) to Cauchy problem (5)-(7),
where v = cpg > 0.

Hence, the local equilibrium principle with an exponential stabilization to the
equilibrium state holds.

Theorem 2 Let 0 > 2 and let the condition of Theorem 1 be fulfilled. Then
a positive equilibrium state (u, = const > 0,w, = const > O,wg = UeW,) 18
exponentially stable:

e, 1) = el < ea (13011, + 1118l )"

[w(z,t) — wel| |, < C2(|\|a0|\|m 4 H\@O\I\m)e‘m,

where cy,co > 0,71 > v > 0.

These theorems will be proven in a future publication for the first time.

We assume that the average
1 2T 1 27

uy = — u'(x)dr = w) = @°(z)dz = 0.
21 0

27 Jo

Let us rewrite the system (5)-(7) in terms of Fourier coefficients for k # 0

d , d .

prils + ikuy, = —(awk — ikwy), (8)
d . 1 1/2
pri ikwy + gwe(wk — up) = —ew, Z (wg, Wi, — U, Wk, ), (9)

k1+ko=k,k k1, ko €Z
Uy, |=0= ui,wk |t=0= w;? (10)
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and the zero mode £ =0

d d
Uy = —— 11
dt Uy = dtwo’ ( )
d 1
il + 6fwe(wo — ) = —ew?/? Z (Wi, Wiy — U, W, ), (12)
k1+ko=0,k1EZ ko EZ
g |i=0= 0, wp |4=0= 0. (13)
Solving the equation (8), we find its solution
t
u, = —wy, + (uf +wh)e M 4 Qik/ e qyds. (14)
0

For k£ = 0 we have
Ug = —Wy.

We rewrite out the sum for k #£ 0

> (Wi, wry — wpywr, ) =

ki1+ko=k,k1€Z ko7

= WoWg — UpWE + WrWo — UgWo + E (wklwkg - uklwkl) =
]{)1+k2:k)7k‘€ZO,k1€ZO,kQEZQ

t
= dwywy, — wy ((ug +w)e ™M 4 Qik/ eik(s_t)wkds) +
0

0 0\, —ikit
— E (kalka — W, ((uk,1 + wkl)e iy
k1+ko=k k€l k12 ,kaEZy

t .
+2ik; / e’kl(s_t)wklds)> : (15)
0

Substituting (14), (15) to (9), we have an infinite system of ordinary differ-
ential equations (ODESs)

d 1 [t
—wy — thwy + 2w, —wy, — Qikwe—/ " yds = (16)
dt € € Jo
= w;/Qldkeikt—l-
5
rewl/? <lk(w) 2B (w, w)) w20 (4
Wi ‘t:0: w,g, ke Zy= {k €L,k 7& 0}
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Here T4 (w) is the perturbation operator of the base system

d 1 IR
—wyi, — tkwy + 2w.— wy, — Qikwe—/ R yds = (17)
dt € € Jo

1 ‘
= w2 =dpe ™ 4 ew!/? (lk(w) — 2B (w, w)),
£
Wi ‘t:O: wg, k € Zy= {k €L,k 7'é O},

where

t
diy = w?(u) + ), TP (w) = wy <4wk — (u) + wd)e * — 22]{3/ ih(s— t)wkds),
0

_ § 0 0 —tk1t
lk (w) — (ukl + wkl)e ! ka’
k1+k2:k,k€ZO,k1€ZO,k2€Zo

t
Bi(w,w) = Z W, (wk.1 — z'kl/ eikl(s_t)wklds)
0

k1+ko=k, k€l k1E€Ly,kaEZg

Let’s make a replacement for the transition to zero initial data
k2w, L
Wy, = wge(m 2we)t 4oy Y € Ly (R; H,y). (18)

In what follows, we will consider the system (16) without the perturbation
operator. Substituting (18) to (17) and taking into account that

t 0:
~ ik ik—2w, L _ wytk ik—2we L)t —ikt
Zk/ov e (5= )(wke( ) +yk)d3 = m(€( 5) — € ),

then we have for y; an infinite system of ordinary differential equations (ODESs)

d 1 1 [t
Ti(yr) = —yr — tkyy + 2we Yp — Qikwe—/ elk(s*t)ykds = (19)
€ Jo

dt
= w;ngke_ikt + fk(t)e_%e%t +ewl/? (Lk(y) — 2By(y, y)),
Yk lt=0=0, k € Zy ={k € Z,k # 0},

where
1kwe,
1/2/. 0 0 w°
D). = we/ (uk +wk> e
1k — wes

t
Bk(y, y) = Z Yk, <yk1 — ikl/ ellﬂ(s—t)yklds)’
0

ki1+ko=k,k€Zq,k1€ZLg,ka€Zy
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tkw, 1 ,
Jilt) = il ewl () - 2£(1)),
Ik — weg g
o= Y G e e
k1+k2:k,k€Z0,k1€Zo,k2€Zo
. . ey
B _ 0 _ikot (. 0 (ik;—2w.1)t LWy,
t) = wy, e (w e e/t — X

ki+ko=k,k€Zq,k1€Zg, ko€

. _ l i
> (e(zkl 2w )t e zk1t>)’

— 0 0 —ikqt
Li(y) = E (ug, +wy, ey, +
k1+l€2:k,k}€Z0,k‘1€ZO,k2€Z0

t
+ Z (wgge(lkr%ei)t(ykl — ik / elkl(s_t)ykldeS)Jr
0

k1+ko=k,k€Zqg,k1E€Z0,koEZg

. _ 1 Zk]_wlg k‘ -9 1 _'k
+ (wO e(zkzl 2we )t . 1 (e(z 1—2we )t et 1t>>).
Yha\ Tk 2(tk1 — we?)

3 Equation for zero mode

From the system (12) for the zero mode, we obtain

d 1
prils 2-wewy = —ew/? <2w0w0 + Z (wg, Wy, — uklwkz)), (20)
< k1+k2:0,k1€Zo,k2€ZO
Wy |t:0: 0. (21)
Rewrite (20) as the Riccati equation
da L = el _
dtw0+2 wewy = —ew,’ ( 2wowy — lo(w) + 2By(w, w) |, (22)
5
wo |i=0= 0, (23)
where
lo(w) = Z (up, + wgl)e_’kltka,
k1+k2:0,k162071€2620
t
By(w,w) = Z W, (wkl — z'k;l/ eikl(s_t)wklds).
ey +ka=0,k1 €7, k2 €70 0
Let be

G o1
Wy = wge(m 2we)t 4 Yk, Yk € Lo (R).
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Here
2 > 2yt 2
2, &, = / g2 dt

Then we have

d 1
T+ 2wy = —6w§/2<2yoyo folt)e 2west —lo(y)+230(y,y)>,

Yo |t=0= 0,
where

t
Bo(y’ y) — Z Yk, (ykl — ’l]{il / elk1(8—t)yk1d8>’
0

1{31+k2:0,k1€ZO,I{32€Z0
folt) = fo'(t) = 2f5’ (1),
K=Yl e g
k1+k2:0,k1€Z0,k26Z0
zklwg

B _ 0 ikgt (’Lk‘l 2we )t . 1
o (1) = )3 W, © (wk ‘ 2k — w L)
k1+k2:0,k1€ZO,k2€ZO 1 €e

_ E 0 0 —ikqt
Lo(y) - (uk‘l + wkl)e ! yk2+
k1+k220,/€1620,k2620

t
+ Z <wk2€(2k2 B o)t <yk1 —iky / Gml(s_t)ykldS)ﬂL
0

k1+k2:0,k1 GZ()Jfg €7y

o o1 iklwg b oy 1 i
+ (UJO e(zkl Qwes)t . 1 (e(z 1 wee)t _ et 175))).
Y2\ Wh 2(iky — wet)

4 Finite approximation

To construct an approximation solution of the Cauchy problem (5)-(7), a finite
approximation of the infinite system (19) is introduced for m € N:

m d . m I m . 1 ! ik(s— m
Tk(y,(C )) = dty’(“ )—zk:y,(€ )—i—2weg y,(C )—Qkaeg/O etk t)y,i )ds = (24)

1/2 Dl(c )G_Zkt—l—fk ( ) —2w. 1t +€w1/2(L/(€ )<y(m)> o 2B}(€m)(y(m)’y(m))>’

|t:0: 07 k € ZO7| k ‘S m,
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Here
(m) ikw;/Q
D" = wP(ug + w}) — ————wj,
ik — wez
t
B (ym) ym)y — 3 " <yk ik / ezms_t)yklds),
kvt ka=k, |1 |<m, | ka| <m 0
tkw, 1 :
F(E) = g el (0 = 2080
ik —wez €
Fim(t) = > (up, 4wy, e My, e,
k1+k2=k,\k1|§m,|kg|§m
. . kyw!)
B _ 0 ikot 0 (ik1—2w )t LRy k1
t) = wy. e ? (w e e/t — X

k1+k2:k,\k1|§m,|k2|§m

. _ l _.
> (e(zk‘l 2wz )t e zkzlt>>7

L") = > (uf, +wp e "y, +
k1+k2:k,\k1|§m,|k2|§m

t
+ Z <w22€(zk2—2we;)t (C% — ik / €Zk1(8_t)yk1d3>+
0

ki+ke=k,|k1|<m,|k2|<m

o 1 iklwl?; ey —2w, L)t —ikyt
+ (U)O e(zkl 2w )t : 1 (e(z 1—2weZ )t etk >>)
Y2\ Wh 2(iky — wel)

The solution of the system (24) will be sought in the form

u" = QT e + T " o= 0,
Q) € MY, A € Ly, (R YY),
where 2(™ = (z,im), | & |<m,k #0). Then
m 1 m m —q m —ow. 1
4" = (w!=D" = Q) e M 4 M (e 2+ (25)
cewl (L (QUT ) + T (™)) -
—2B" (Q T () + T (™). QT ) + T ™)) ).

In the variables (2™, Q\"™), the system (25) under the secularity condition

e

]‘ m m
wl/QED,(C)—Q,i):O, k|=1,...,m, (26)
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will be written as:
m m 2w, L m M)r—1,7 —i — m
A = 1 e ewl2 (L QT ) + T (™)) -

—2B" (Q T () + T (™). QT e ) + T (™)) ).

We get the system in the Hilbert space Lo~ (Ry; ’Hém)). For zero mode we set
Yo = 2p. In this case

t
2y = —z—:w;/z/ e2wez(s=t) (22020 — fo(t)e 2= — Iy(y) + 2By(y, y))ds (27)
0

Here is no secularity condition for the zero mode.

5 Local equilibrium

We will find a solution to the secularity condition from the principle of local
equilibrium. Taking into account (14) and (18), we have

t
u;fm) _ _y]im) _ wge(ik—zweg)t + (ug + wg)e—ikt + 22-]{/ eik(s_t)ykder
0

ik o1 »
4+ . <w2€(@k 2wz )t e @kt) _

Z]{? — weg
1,0
o m) | (ik—2w, byt WeZ Wy
= — +e e/t
i 1k — we%
t wel ‘
+27J€/0 elk(‘Sit)yde + (Ug — ﬁ’lﬂg)@mt, (28)
€e
We separate the non-integrable part using (24)
¢
) el g— M) 1/ —iks € m)
Z]ﬁ/ ezk(s t)Ql(€ )Tk 1(6 k )dS _ _2w Ql(g )6 kt-|—Rk;, (29)
0 €

e (d, 1, el 1 . i
Ri = 5= (T €)= kT ™) 4+ 2w T () € Lo (RiH).

Applying the formula (29), we get

Weg 0 & Am)y_—ikt ik—2w byt Wez Wy
= T Qe
€ (d 1, ik 1/, —ik —1(, —ik
w—e<ETk (e — ik T (e ) + 2w, ~T; (e t))
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It
(m) _ We (o WezWy
@y :?(Uk—m>a|k|§ m, (31)

e

then we have u,(fm) — 0, when ¢ — o0. For the second component in H((;m), we

have
w,gm) = Q,(ﬁm)T,gl(e*ikt) + T,;l(z,im)) + w,?;e(ikfzweé)t — 0,t — 0.

Thus, under the condition (31), we have the local equilibrium.

6 Conclusion

The one-dimensional McKean system was investigated. Secular terms were
found that do not belong to our space L. As a result, we obtain a nonlinear
equation in the Hilbert space. In what follows, we obtain priori estimates for
one, an existence theorem for a solution using the fixed point theorem. We
will also prove the weak convergence of the approximative solution to the weak
solution and just the classical solution. From here, the exponential stabilization
of the solution to a positive equilibrium state will follow (see theorems 1, 2).
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