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Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ïðîáëåìà ñðåäíåêâàäðàòè÷åñêîé ñõîäèìîñòè
àïïðîêñèìàöèé êðàòíûõ ñòîõàñòè÷åñêèõ èíòåãðàëîâ Ñòðàòîíîâè÷à íà îñíîâå
ìåòîäà îáîáùåííûõ êðàòíûõ ðÿäîâ Ôóðüå ïðè èñïîëüçîâàíèè ôóíêöèé Óîë-
øà è Õààðà. Ïîêàçàíî, ÷òî ïðè èõ âûáîðå äëÿ ðàçëîæåíèÿ êðàòíûõ ñòîõàñòè-
÷åñêèõ èíòåãðàëîâ äîêàçàòåëüñòâî ñðåäíåêâàäðàòè÷åñêîé ñõîäèìîñòè ïîäïî-
ñëåäîâàòåëüíîñòè ÷àñòè÷íûõ ñóìì ðÿäà, êîòîðàÿ ôîðìèðóåòñÿ âïîëíå åñòå-
ñòâåííûì äëÿ ýòèõ ôóíêöèé îáðàçîì, íå òðåáóåò ÿâíîãî âûïîëíåíèÿ êàêèõ-
ëèáî äîïîëíèòåëüíûõ óñëîâèé, êðîìå óñëîâèÿ ñóùåñòâîâàíèÿ êðàòíîãî ñòî-
õàñòè÷åñêîãî èíòåãðàëà Ñòðàòîíîâè÷à.
Êëþ÷åâûå ñëîâà: êðàòíûé ñòîõàñòè÷åñêèé èíòåãðàë Ñòðàòîíîâè÷à, ïî-
âòîðíûé ñòîõàñòè÷åñêèé èíòåãðàë Ñòðàòîíîâè÷à, âèíåðîâñêèé ïðîöåññ, ðàç-
ëîæåíèå â ðÿä, ôóíêöèè Óîëøà, ôóíêöèè Õààðà.

1. Ââåäåíèå

Â ñàìûõ ðàçíûõ îáëàñòÿõ ïðè èññëåäîâàíèè ïðîöåññîâ, êîòîðûå îïèñûâàþò-
ñÿ ñòîõàñòè÷åñêèìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè, âîçíèêàåò íåîáõîäè-
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ìîñòü â ìîäåëèðîâàíèè ïîâòîðíûõ ñòîõàñòè÷åñêèõ èíòåãðàëîâ. Îíè ÿâëÿþòñÿ
íåîòúåìëåìîé ÷àñòüþ ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ ñòîõàñòè÷åñêèõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé, èìåþùèõ ðàâíûé åäèíèöå èëè áîëüøèé åäèíèöû
ïîðÿäîê ñèëüíîé ñõîäèìîñòè. ×åì âûøå ïîðÿäîê ñõîäèìîñòè ÷èñëåííîãî ìå-
òîäà, òåì âûøå êðàòíîñòü èñïîëüçóåìûõ ïîâòîðíûõ ñòîõàñòè÷åñêèõ èíòåãðà-
ëîâ [1, 2]. Â îáùåì ñëó÷àå âîçìîæíî òîëüêî èõ ïðèáëèæåííîå ìîäåëèðîâàíèå,
õîòÿ íåêîòîðûå òèïû ïîâòîðíûõ ñòîõàñòè÷åñêèõ èíòåãðàëîâ ìîæíî ìîäåëè-
ðîâàòü òî÷íî ñ ïîïðàâêîé íà òî÷íîñòü ïðèìåíÿåìûõ ãåíåðàòîðîâ ñëó÷àéíûõ
÷èñåë.

Àëãîðèòìû ïðèáëèæåííîãî ìîäåëèðîâàíèÿ ïîâòîðíûõ ñòîõàñòè÷åñêèõ
èíòåãðàëîâ äîâîëüíî ïðîñòû â ðåàëèçàöèè, íî òåîðåòè÷åñêîå îáîñíîâàíèå,
ëåæàùåå â îñíîâå ýòèõ àëãîðèòìîâ, ìîæåò îêàçàòüñÿ íåòðèâèàëüíûì. Ïðè
ðàçëîæåíèè ïîâòîðíûõ ñòîõàñòè÷åñêèõ èíòåãðàëîâ ñ ïîìîùüþ ìåòîäà îáîá-
ùåííûõ êðàòíûõ ðÿäîâ Ôóðüå (íå îáÿçàòåëüíî ïî òðèãîíîìåòðè÷åñêîé ñèñòå-
ìå) îäèí èç ñàìûõ ñëîæíûõ ìîìåíòîâ ñîñòîèò â äîêàçàòåëüñòâå ñðåäíåêâàä-
ðàòè÷åñêîé ñõîäèìîñòè ÷àñòè÷íûõ ñóìì ðÿäà ê ïîâòîðíîìó ñòîõàñòè÷åñêîìó
èíòåãðàëó [3, 4]. Äëÿ èíòåãðàëîâ, ïîíèìàåìûõ â ñìûñëå Èòî, ýòî îêàçàëîñü
áîëåå ïðîñòîé çàäà÷åé íåæåëè äëÿ èíòåãðàëîâ, êîòîðûå òðàêòóþòñÿ â ñìûñëå
Ñòðàòîíîâè÷à [5, 6]. Â îáùåì ñëó÷àå ìîæíî ðàññìàòðèâàòü êðàòíûå ñòîõà-
ñòè÷åñêèå èíòåãðàëû.

Â ýòîé ðàáîòå ïîêàçàíî, ÷òî ïðè âûáîðå òàêèõ îðòîíîðìèðîâàííûõ ñèñòåì
ôóíêöèé, êàê ôóíêöèè Óîëøà è Õààðà, äëÿ ïðåäñòàâëåíèÿ êðàòíûõ èëè ïî-
âòîðíûõ ñòîõàñòè÷åñêèõ èíòåãðàëîâ íà îñíîâå îáîáùåííûõ êðàòíûõ ðÿäîâ
Ôóðüå äîêàçàòåëüñòâî ñðåäíåêâàäðàòè÷åñêîé ñõîäèìîñòè ïîäïîñëåäîâàòåëü-
íîñòè ÷àñòè÷íûõ ñóìì ðÿäà, êîòîðàÿ ôîðìèðóåòñÿ âïîëíå åñòåñòâåííûì äëÿ
óêàçàííûõ áàçèñíûõ ñèñòåì îáðàçîì, íå òðåáóåò ÿâíîãî âûïîëíåíèÿ êàêèõ-
ëèáî äîïîëíèòåëüíûõ óñëîâèé, êðîìå óñëîâèÿ ñóùåñòâîâàíèÿ êðàòíîãî èëè
ïîâòîðíîãî ñòîõàñòè÷åñêîãî èíòåãðàëà Ñòðàòîíîâè÷à, ïîíèìàåìîãî ñîãëàñíî
îïðåäåëåíèþ èç [7, 8].

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Ïóñòü çàäàí ëèíåéíûé îïåðàòîð SJW (j1...jk)
T : L2(T

k) → L2, ñòàâÿùèé â ñîîò-
âåòñòâèå ôóíêöèè f(·) ∈ L2(T

k) êðàòíûé ñòîõàñòè÷åñêèé èíòåãðàë Ñòðàòî-
íîâè÷à ïî âèíåðîâñêèì ïðîöåññàì (èíòåãðàë êðàòíîñòè k):

SJW (j1...jk)
T f(·) =

∫
Tk

f(t1, . . . , tk) ◦ dWj1(t1) ◦ . . . ◦ dWjk(tk),
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ãäå j1, . . . , jk = 1, 2, . . . , s; T = [t0, T ]; W1(·), . . . ,Ws(·) � íåçàâèñèìûå ñòàí-
äàðòíûå âèíåðîâñêèå ïðîöåññû, îïðåäåëåííûå íà âåðîÿòíîñòíîì ïðîñòðàí-
ñòâå (Ω,S,P). Çäåñü L2(T

k) � ïðîñòðàíñòâî êâàäðàòè÷íî èíòåãðèðóåìûõ
ôóíêöèé k ïåðåìåííûõ [9], à L2 � ïðîñòðàíñòâî ãèëüáåðòîâûõ ñëó÷àéíûõ
âåëè÷èí [10].

Ïóñòü {∆l}ml=1 � ýòî ðàçáèåíèå îòðåçêà T:

T =
m⋃
l=1

∆̄l, ∆l′ ∩∆l′′ = ∅ ∀ l′, l′′ ∈ {1, . . . ,m} : l′ 6= l′′,

ãäå ∆l = [ϑl−1, ϑl), t0 = ϑ0 < ϑ1 < . . . < ϑm = T . Êðîìå òîãî, χ∆(·) �
õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ìíîæåñòâà:

χ∆(t1, . . . , tk) =

{
1, (t1, . . . , tk) ∈ ∆,

0, (t1, . . . , tk) /∈ ∆,
∆ ⊆ Tk,

äëÿ êîòîðîé âåðíî ñîîòíîøåíèå χ∆i1
×...×∆ik

(t1, . . . , tk) = χ∆i1
(t1) . . . χ∆ik

(tk)
ñ ó÷åòîì îïðåäåëåíèÿ:

χ∆(t) =

{
1, t ∈ ∆,

0, t /∈ ∆,
∆ ⊆ T.

Êðàòíûì ñòîõàñòè÷åñêèì èíòåãðàëîì Ñòðàòîíîâè÷à îò ýëåìåíòàðíîé
ôóíêöèè âèäà

f(t1, . . . , tk) =
m∑

l1,...,lk=1

al1...lkχ∆l1
×...×∆lk

(t1, . . . , tk), al1...lk ∈ R, (1)

íàçûâàåòñÿ ñëó÷àéíàÿ âåëè÷èíà

SJW (j1...jk)
T f(·) =

m∑
l1,...,lk=1

al1...lkWj1(∆l1) . . .Wjk(∆lk), (2)

ãäå

Wj(∆) = SJW (j)
T χ∆(·) =

∫
T

χ∆(t)dWj(t).

Äëÿ èçìåðèìîé ôóíêöèè f(·) êðàòíûé ñòîõàñòè÷åñêèé èíòåãðàë Ñòðà-
òîíîâè÷à îòíîñèòåëüíî ðàçáèåíèÿ {∆l}ml=1 îïðåäåëÿåòñÿ êàê èíòåãðàë (2) îò
ýëåìåíòàðíîé ôóíêöèè f̄{∆l}ml=1

(·), ïîëó÷åííîé èç f(·) ñ ïîìîùüþ óñðåäíåíèÿ
[7, 8]:

f̄{∆l}ml=1
(t1, . . . , tk) =

1

mes ∆

∫
∆

f(τ1, . . . , τk)dτ1 . . . dτk,
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(t1, . . . , tk) ∈ ∆ = ∆l1 × . . .×∆lk,

ãäå mes ∆ � ìåðà Ëåáåãà ìíîæåñòâà ∆. Îí îáîçíà÷àåòñÿ SJW (j1...jk)
{∆l}ml=1

f(·).
Êðàòíûì ñòîõàñòè÷åñêèì èíòåãðàëîì Ñòðàòîíîâè÷à îò ôóíêöèè f(·) ∈

L2(T
k) íàçûâàåòñÿ ñðåäíåêâàäðàòè÷åñêèé ïðåäåë ïîñëåäîâàòåëüíîñòè ñëó-

÷àéíûõ âåëè÷èí SJW (j1...jk)
{∆l}ml=1

f(·) ïðè óñëîâèè

max
16l6m

mes ∆l → 0 (m→∞),

åñëè ýòîò ïðåäåë ñóùåñòâóåò è íå çàâèñèò îò âûáîðà âîçðàñòàþùåé ïîñëåäî-
âàòåëüíîñòè ðàçáèåíèé {∆l}ml=1 îòðåçêà T:

SJW (j1...jk)
T f(·) = l.i.m.

m→∞
SJW (j1...jk)
{∆l}ml=1

f(·).

Îäíà èç ôîðì ïðåäñòàâëåíèÿ êðàòíîãî ñòîõàñòè÷åñêîãî èíòåãðàëà Ñòðà-
òîíîâè÷à � ýòî ïðåäñòàâëåíèå â âèäå ðÿäà:

SJW (j1...jk)
T f(·) =

∞∑
i1,...,ik=0

Fi1...ikζ
(j1)
i1

. . . ζ
(jk)
ik

, (3)

ãäå Fi1...ik � êîýôôèöèåíòû ðàçëîæåíèÿ ôóíêöèè f(·) îòíîñèòåëüíî âûáðàí-
íîé áàçèñíîé ñèñòåìû {q(i, ·)}∞i=0 ïðîñòðàíñòâà L2(T), èëè áîëåå ñòðîãî �
îòíîñèòåëüíî áàçèñíîé ñèñòåìû {q(i1, ·)⊗ . . .⊗ q(ik, ·)}∞i1,...,ik=0 ïðîñòðàíñòâà
L2(T

k):

Fi1...ik =
(
q(i1, ·)⊗ . . .⊗ q(ik, ·), f(·)

)
L2(Tk)

=

=

∫
Tk

q(i1, t1) . . . q(ik, tk)f(t1, . . . , tk)dt1 . . . dtk,

à ζ
(j1)
i1
, . . . , ζ

(jk)
ik

� íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû, èìåþùèå ñòàíäàðòíîå
íîðìàëüíîå ðàñïðåäåëåíèå, i1, . . . , ik = 0, 1, 2, . . .

Äîêàçàòåëüñòâî ôîðìóëû (3) íåòðèâèàëüíî. Äëÿ êðàòíîñòè k 6 6 è ôóíê-
öèé f(·) ñïåöèàëüíîãî âèäà, êîòîðûé äîñòàòî÷åí äëÿ ïðèëîæåíèé ê ÷èñëåí-
íûì ìåòîäàì ðåøåíèÿ ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé, à òàê-
æå ïðè âûáîðå â êà÷åñòâå áàçèñíîé ñèñòåìû {q(i, ·)}∞i=0 ïîëèíîìîâ Ëåæàíä-
ðà èëè òðèãîíîìåòðè÷åñêèõ ôóíêöèé ýòîò ðåçóëüòàò äîêàçàí â [3, 4]. Â [6]
ïðåäëîæåíû äîïîëíèòåëüíûå óñëîâèÿ íà ôóíêöèþ f(·), ñâÿçàííûå ñ ñóùå-
ñòâîâàíèåì ñâåðòîê êîýôôèöèåíòîâ ðàçëîæåíèÿ ïî ïàðàì èíäåêñîâ, îòâå÷à-
þùèõ ðàâíûì çíà÷åíèÿì j1, . . . , jk. Ýòè ñâåðòêè äîëæíû çàäàâàòü ôóíêöèþ
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ñ èíòåãðèðóåìûì êâàäðàòîì, êîòîðàÿ ïîëó÷àåòñÿ èç f(·) ïîñëå ïðèìåíåíèÿ
îïåðàòîðà íàõîæäåíèÿ èíòåãðàëüíîãî ñëåäà ïî ñîîòâåòñòâóþùèì ïàðàì àð-
ãóìåíòîâ ôóíêöèè f(·), îãðàíè÷åíèé íà áàçèñ ïðè ýòîì íåò.

Ìîæíî ïðåäëîæèòü âàðèàíò èñïîëüçîâàíèÿ â êà÷åñòâå áàçèñíîé ñèñòåìû
{q(i, ·)}∞i=0 ôóíêöèé Óîëøà èëè Õààðà, ïðè êîòîðîì íåòðóäíî ïîêàçàòü èäåí-
òè÷íîñòü èíòåãðàëüíîé ñóììû âèäà (2) ïðè ðàâíîìåðíîì ðàçáèåíèè îòðåçêà
T è ÷àñòè÷íîé ñóììû ðÿäà èç ïðàâîé ÷àñòè ôîðìóëû (3) ïðè îïðåäåëåííîì
âûáîðå âåðõíåãî ïðåäåëà ñóììèðîâàíèÿ, ÷òî îáóñëîâëåíî èçâåñòíûì ôàêòîì:
ëþáàÿ ÷àñòè÷íàÿ ñóììà ðàçëîæåíèÿ ôóíêöèè f(·) ïî ôóíêöèÿì Óîëøà èëè
Õààðà � ýòî ýëåìåíòàðíàÿ ôóíêöèÿ (1), äëÿ êîòîðîé êðàòíûé ñòîõàñòè÷åñêèé
èíòåãðàë Ñòðàòîíîâè÷à âñåãäà îïðåäåëåí. Ïðè òàêîì âàðèàíòå íå òðåáóåòñÿ
ïîñòóëèðîâàòü îòìå÷åííûå âûøå äîïîëíèòåëüíûå óñëîâèÿ, ïî êðàéíåé ìåðå
â ÿâíîì âèäå, à èñõîäèòü òîëüêî èç ñóùåñòâîâàíèÿ êðàòíîãî ñòîõàñòè÷åñêîãî
èíòåãðàëà Ñòðàòîíîâè÷à â ñìûñëå îïðåäåëåíèÿ, ïðèâåäåííîãî âûøå.

3. Áëî÷íî-èìïóëüñíûå ôóíêöèè,

ôóíêöèè Óîëøà è Õààðà

Ïóñòü {Π̂(l, ·)}m−1
l=0 � áëî÷íî-èìïóëüñíûå ôóíêöèè (íîðìèðîâàííûå õàðàêòå-

ðèñòè÷åñêèå ôóíêöèè ìíîæåñòâ ∆l+1, ñîîòâåòñòâóþùèõ ðàçáèåíèþ îòðåçêà
T = [t0, T ] ïðè t0 = 0):

Π̂(l, t) =
1√
h

{
1, t ∈ [lh, (l + 1)h),

0, t /∈ [lh, (l + 1)h),
èëè Π̂(l, t) =

1√
h
χ[0,T )

(
t

h
− l
)
. (4)

Ôóíêöèþ Π̂(m− 1, ·) öåëåñîîáðàçíî äîîïðåäåëèòü â òî÷êå t = T òàêèì îáðà-
çîì, ÷òîáû îíà áûëà íåïðåðûâíà ñëåâà.

Áëî÷íî-èìïóëüñíûå ôóíêöèè îðòîãîíàëüíû, ïîñêîëüêó èìåþò ïîïàðíî
íåïåðåñåêàþùèåñÿ íîñèòåëè, è íîðìèðîâàíû â ïðîñòðàíñòâå L2(T), îäíàêî
íå îáðàçóþò ïîëíîé ñèñòåìû, ò.å. íå ÿâëÿþòñÿ áàçèñîì L2(T). Òåì íå ìå-
íåå, ïîäîáíûå ñèñòåìû ôóíêöèé ìîãóò ýôôåêòèâíî ïðèìåíÿòüñÿ â ðàçëè÷-
íûõ ïðèáëèæåííûõ ìåòîäàõ, âêëþ÷àÿ ïðîåêöèîííî-ñåòî÷íûå ñïåêòðàëüíûå
ìåòîäû [11, 12]. Êðîìå òîãî, ÷åðåç íèõ óäîáíî âûðàæàòü ôóíêöèè Óîëøà:

Ŵ (i, t) =



√
1

T
, i = 0,√

1

T

∏
{k : γk=1}

R(k, t), i = 1, 2, . . . ,
(5)
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ãäå γk ∈ {0, 1}, k = 1, 2, . . . , ν+1, � êîýôôèöèåíòû â äâîè÷íîì ïðåäñòàâëåíèè
÷èñëà i = γ12

0 + γ22
1 + . . . + γν+12

ν, ν = blog2 ic � íàèáîëüøàÿ ñòåïåíü â
ýòîì äâîè÷íîì ïðåäñòàâëåíèè, b · c � öåëàÿ ÷àñòü ÷èñëà, R(k, ·) � ôóíêöèè
Ðàäåìàõåðà:

R(k, t) = sign

[
sin

(
2kπt

T

)]
, èëè R(k, t) = (−1)b

2kt
T c,

Ïîëîæèì m = 2n, ãäå n ∈ N, è âûðàçèì ôóíêöèè Óîëøà (5) ñ íîìåðàìè
i = 0, 1, . . . ,m− 1 ÷åðåç áëî÷íî-èìïóëüñíûå ôóíêöèè (4) [11, 13, 14]. Ïóñòü

∆(0) = 1, ∆
(k+1)
2i,j = ∆

(k+1)
2i+1,j = ∆

(k+1)

2i,2k+j
= −∆

(k+1)

2i+1,2k+j
= ∆

(k)
ij ,

i, j = 0, 1, . . . , 2k − 1, k = 0, 1, . . . , n− 1,

òîãäà ìàòðèöà

Ξ =
1√
m

∆(n) (6)

çàäàåò êîýôôèöèåíòû ëèíåéíûõ êîìáèíàöèé áëî÷íî-èìïóëüñíûõ ôóíêöèé
(4), îïðåäåëÿþùèõ ôóíêöèè Óîëøà (5):

Ŵ (i, t) =
m−1∑
l=0

ΞilΠ̂(l, t). (7)

Áëî÷íî-èìïóëüñíûå ôóíêöèè ìîãóò ïðèìåíÿòüñÿ è äëÿ âûðàæåíèÿ ôóíê-
öèé Õààðà:

X̂(i, t) =



√
1

T
, 0 6 t 6 T, i = 0,√

2n

T
,

2kT

2n+1
6 t <

(2k + 1)T

2n+1
,

−
√

2n

T
,

(2k+1)T

2n+1
6 t <

2(k+1)T

2n+1
,

0,
2lT

2n+1
6 t <

(2l + 1)T

2n+1
,



i = 2n + k = 1, 2, . . . ,

n = 0, 1, 2, . . . ,

k, l = 0, 1, . . . , 2n − 1,

k 6= l.

(8)

Íåñëîæíî ñôîðìèðîâàòü ìàòðèöó Υ, çàäàþùóþ êîýôôèöèåíòû ëèíåé-
íûõ êîìáèíàöèé áëî÷íî-èìïóëüñíûõ ôóíêöèé (4), êîòîðûå îïðåäåëÿþò
ôóíêöèè Õààðà (8) ñ íîìåðàìè i = 0, 1, . . . ,m− 1 [14]:

Υ0j =
√
m, j = 0, 1, . . . ,m− 1,
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Υi+2k,j+i 2−km =

{ √
2km, j < 2−k−1m,

−
√

2km, j > 2−k−1m,
(9)

i = 0, 1, . . . , 2k − 1, j = 0, 1, . . . , 2−km− 1, k = 0, 1, . . . , n− 1,

ãäå óêàçàíû òîëüêî íåíóëåâûå ýëåìåíòû ìàòðèöû Υ. Ñëåäîâàòåëüíî,

X̂(i, t) =
m−1∑
l=0

ΥilΠ̂(l, t). (10)

4. Îñíîâíîé ðåçóëüòàò

Íå îãðàíè÷èâàÿ îáùíîñòè ðàññóæäåíèé, ïîëîæèì t0 = 0. Äàëåå çàôèêñèðóåì
÷èñëî m = 2n, ãäå n ∈ N, è çàäàäèì ðàâíîìåðíîå ðàçáèåíèå îòðåçêà T =
[0, T ]:

∆l = [ϑl−1, ϑl), ϑ0 = t0 = 0, ϑl = lh (mes ∆l = h),

l = 1, 2, . . . ,m, h = T/m.
(11)

Òîãäà

SJW (j1...jk)
{∆l}ml=1

f(·) =

=
1

hk

m∑
l1,...,lk=1

∫
∆l1
×...×∆lk

f(t1, . . . , tk)dt1 . . . dtkWj1(∆l1) . . .Wjk(∆lk) =

=
1√
hk

m−1∑
l1,...,lk=0

F̃l1...lkWj1(∆l1+1) . . .Wjk(∆lk+1),

ãäå

F̃l1...lk =
1√
hk

∫
∆l1
×...×∆lk

f(t1, . . . , tk)dt1 . . . dtk =

=

∫
Tk

f(t1, . . . , tk)Π̂(l1, t1) . . . Π̂(lk, tk)dt1 . . . dtk.

Íåòðóäíî ïîëó÷èòü ôîðìóëó äëÿ íàõîæäåíèÿ êîýôôèöèåíòîâ ðàçëîæå-
íèÿ ôóíêöèè f(·) ïî ôóíêöèÿì Óîëøà (5), èñïîëüçóÿ ñîîòíîøåíèå (7):

Fi1...ik =

∫
Tk

f(t1, . . . , tk)Ŵ (i1, t1) . . . Ŵ (ik, tk)dt1 . . . dtk =

=
m−1∑

l1,...,lk=0

Ξi1l1 . . .Ξiklk

∫
Tk

f(t1, . . . , tk)Π̂(l1, t1) . . . Π̂(lk, tk)dt1 . . . dtk =
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=
m−1∑

l1,...,lk=0

Ξi1l1 . . .ΞiklkF̃l1...lk, i1, . . . , ik = 0, 1, 2, . . .

Ìàòðèöà Ξ îïðåäåëÿåò îðòîãîíàëüíîå ïðåîáðàçîâàíèå, ò.å. Ξ−1 = ΞT, ïî-
ýòîìó äëÿ ïðîèçâîëüíîãî j ∈ {1, . . . , s} ìîæíî âîñïîëüçîâàòüñÿ ñëåäóþùèì
ïðåäñòàâëåíèåì:

Wj(∆l+1)√
h

=
m−1∑
i=0

Ξilζ
(j)
i , l = 0, 1, . . . ,m− 1, (12)

â êîòîðîì ñëó÷àéíûå âåëè÷èíû ζ
(j)
i ÿâëÿþòñÿ íåçàâèñèìûìè è èìåþò ñòàí-

äàðòíîå íîðìàëüíîå ðàñïðåäåëåíèå (îðòîãîíàëüíîå ïðåîáðàçîâàíèå ñîõðàíÿ-
åò íîðìó è ñêàëÿðíîå ïðîèçâåäåíèå, â äàííîì ñëó÷àå êîâàðèàöèè, à äëÿ íîð-
ìàëüíî ðàñïðåäåëåííûõ ñëó÷àéíûõ âåëè÷èí èç íåêîððåëèðîâàííîñòè ñëåäóåò
íåçàâèñèìîñòü). Ñ ó÷åòîì ôîðìóë (7) è (12) èìååì

SJW (j1...jk)
{∆l}ml=1

f(·) =
m−1∑

l1,...,lk=0

F̃l1...lk
Wj1(∆l1+1)√

h
. . .

Wjk(∆lk+1)√
h

=

=
m−1∑

l1,...,lk=0

F̃l1...lk

m−1∑
i1=0

Ξi1l1ζ
(j1)
i1

. . .

m−1∑
ik=0

Ξiklkζ
(jk)
ik

=

=
m−1∑

i1,...,ik=0

( m−1∑
l1,...,lk=0

Ξi1l1 . . .ΞiklkF̃l1...lk

)
ξ

(j1)
i1

. . . ξ
(jk)
ik

=

=
m−1∑

i1,...,ik=0

Fi1...ikζ
(j1)
i1

. . . ζ
(jk)
ik

= SJW (j1...jk)
T f (m)(·),

ãäå

f (m)(·) =
m−1∑

i1,...,ik=0

Fi1...ikŴ (i1, ·)⊗ . . .⊗ Ŵ (ik, ·).

Ìîæíî ïðåäëîæèòü îáðàòíóþ öåïî÷êó ïðåîáðàçîâàíèé, äàþùóþ òîò æå
ðåçóëüòàò. Ñîãëàñíî ñâîéñòâàì ñòîõàñòè÷åñêîãî èíòåãðàëà

SJW (j)
T Ŵ (i, ·) =

∫
T

Ŵ (i, t)dWj(t) =
m−1∑
l=0

Ξil

∫
T

Π̂(l, t)dWj(t) =

=
1√
h

m−1∑
l=0

Ξil

∫
T

χ∆l+1
(t)dWj(t) =

1√
h

m−1∑
l=0

ΞilWj(∆l+1),
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ñëåäîâàòåëüíî, ïðèíèìàÿ âî âíèìàíèå ìóëüòèïëèêàòèâíîñòü êðàòíîãî ñòîõà-
ñòè÷åñêîãî èíòåãðàëà Ñòðàòîíîâè÷à [8], èìååì

SJW (j1...jk)
T f (m)(·) = SJW (j1...jk)

T

m−1∑
i1,...,ik=0

Fi1...ikŴ (i1, ·)⊗ . . .⊗ Ŵ (ik, ·) =

=
m−1∑

i1,...,ik=0

Fi1...ik
SJW (j1)

T Ŵ (i1, ·) . . . SJW (jk)
T Ŵ (ik, ·) =

=
1√
hk

m−1∑
i1,...,ik=0

Fi1...ik

m−1∑
l1=0

Ξi1l1Wj1(∆l1+1) . . .
m−1∑
lk=0

ΞiklkWjk(∆lk+1).

Îñòàåòñÿ ïîìåíÿòü ïîðÿäîê ñóììèðîâàíèÿ è ó÷åñòü, ÷òî

F̃l1...lk =
m−1∑

i1,...,ik=0

Ξi1l1 . . .ΞiklkFi1...ik, l1, . . . , lk = 0, 1, 2, . . . ,

òàê êàê Ξ−1 = ΞT, ïîýòîìó

SJW (j1...jk)
T f (m)(·) =

=
1√
hk

m−1∑
l1,...,lk=0

( m−1∑
i1,...,ik=0

Ξi1l1 . . .ΞiklkFi1...ik

)
Wj1(∆l1+1) . . .Wjk(∆lk+1) =

=
1√
hk

m−1∑
l1,...,lk=0

F̃l1...lkWj1(∆l1+1) . . .Wjk(∆lk+1) =

=
1

hk

m∑
l1,...,lk=1

∫
∆l1
×...×∆lk

f(t1, . . . , tk)dt1 . . . dtkWj1(∆l1) . . .Wjk(∆lk) =

= SJW (j1...jk)
{∆l}ml=1

f(·).

Äàëåå ïðåäïîëîæèì, ÷òî ôóíêöèÿ f(·) ∈ L2(T
k) òàêîâà, ÷òî ñóùåñòâóåò

èíòåãðàë SJW (j1...jk)
T f(·), ò.å. ñóùåñòâóåò ñðåäíåêâàäðàòè÷åñêèé ïðåäåë ïîñëå-

äîâàòåëüíîñòè ñëó÷àéíûõ âåëè÷èí SJW (j1...jk)
{∆l}ml=1

f(·) è îí íå çàâèñèò îò âûáîðà

âîçðàñòàþùåé ïîñëåäîâàòåëüíîñòè ðàçáèåíèé {∆l}ml=1 îòðåçêà T, à çíà÷èò ñó-

ùåñòâóåò ïðåäåë ïîñëåäîâàòåëüíîñòè ñëó÷àéíûõ âåëè÷èí SJW (j1...jk)
{∆l}ml=1

f(·) ïðè
óñëîâèè (11), ãäå m = 2n → ∞, íî ýòà ïîñëåäîâàòåëüíîñòü ýêâèâàëåíòíà

ïîñëåäîâàòåëüíîñòè SJW (j1...jk)
T f (m)(·), îòâå÷àþùåé ïðåäñòàâëåíèþ (3).
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Âñå ïðèâåäåííûå â ýòîì ðàçäåëå ôîðìóëû ìîæíî çàïèñàòü, ïðèìåíÿÿ
ôóíêöèè Õààðà (8) è ñîîòâåòñòâóþùóþ èì ìàòðèöó Υ. Ïîëó÷åííûé ðåçóëü-
òàò ñïðàâåäëèâ äëÿ êðàòíûõ ñòîõàñòè÷åñêèõ èíòåãðàëîâ íå òîëüêî ïî âèíå-
ðîâñêèì, íî è ïî ïóàññîíîâñêèì ïðîöåññàì [8], ïîñêîëüêó â âûêëàäêàõ ñïåöè-
ôèêà èìåííî âèíåðîâñêèõ ïðîöåññîâ íå èñïîëüçóåòñÿ, à âàæíà ëèøü íåçàâè-
ñèìîñòü ïðèðàùåíèé ñëó÷àéíûõ ïðîöåññîâ, îòíîñèòåëüíî êîòîðûõ îïðåäåëåí
êðàòíûé ñòîõàñòè÷åñêèé èíòåãðàë.

5. Äîïîëíåíèå

Ïðîñòûå ôîðìóëû, ñâÿçûâàþùèå áëî÷íî-èìïóëüñíûå ôóíêöèè ñ ôóíêöèÿ-
ìè Óîëøà è Õààðà, ïîçâîëÿþò ðåøèòü åùå îäíó âàæíóþ çàäà÷ó â êîíòåêñòå
ïðèìåíåíèÿ ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ
óðàâíåíèé. Åñëè îðèåíòèðîâàòüñÿ íà ìåòîäû, îñíîâàííûå íà ðàçëîæåíèÿõ
Òåéëîðà �Èòî è Òåéëîðà �Ñòðàòîíîâè÷à [1], òî íåîáõîäèìî çíàòü êîýôôèöè-
åíòû ðàçëîæåíèÿ ôóíêöèè

k(t1, . . . , tk) = 1(tk − tk−1) . . . 1(t2 − t1) =

=

{
1, t1 < . . . < tk,

0 â îñòàëüíûõ ñëó÷àÿõ,
(13)

îòíîñèòåëüíî âûáðàííîé áàçèñíîé ñèñòåìû {q(i, ·)}∞i=0 ïðîñòðàíñòâà L2(T).
Äëÿ óíèôèöèðîâàííûõ ðàçëîæåíèé Òåéëîðà �Èòî è Òåéëîðà �Ñòðàòîíîâè÷à
[2] òðåáóåòñÿ ðàññìàòðèâàòü äîïîëíèòåëüíûå âåñîâûå ôóíêöèè (ìîíîìû), íî
îáà ïîäõîäà â èòîãå îáåñïå÷èâàþò îäèí è òîò æå ðåçóëüòàò.

Àëãîðèòìû âû÷èñëåíèÿ êîýôôèöèåíòîâ ðàçëîæåíèÿ ýòèõ ôóíêöèé �
âàæíàÿ ñîñòàâíàÿ ÷àñòü êàê îáùåé òåîðèè, òàê è ïàêåòà ïðîãðàìì, ðåàëèçó-
þùèõ ÷èñëåííûå ìåòîäû. Ôóíêöèè Óîëøà è Õààðà ïî òî÷íîñòè àïïðîêñèìà-
öèè ïðîèãðûâàþò ïîëèíîìàì Ëåæàíäðà èëè êîñèíóñîèäàì, íî ñîïîñòàâèìû
ñ òðèãîíîìåòðè÷åñêèìè ôóíêöèÿìè, âêëþ÷àþùèìè êîñèíóñîèäû. À ãëàâíîå,
÷òî èõ ïðèìåíåíèå ïîçâîëÿåò ñðàâíèâàòü òî÷íîñòü àïïðîêñèìàöèè ïîâòîðíûõ
ñòîõàñòè÷åñêèõ èíòåãðàëîâ ñ ìåòîäîì ÷èñëåííîãî èíòåãðèðîâàíèÿ, èñïîëüçóÿ
ïðè ýòîì îäíó è òó æå ìåòîäèêó ðàñ÷åòà èìåííî çà ñ÷åò èäåíòè÷íîñòè èíòå-
ãðàëüíîé ñóììû âèäà (2) è ÷àñòè÷íîé ñóììû ðÿäà èç ïðàâîé ÷àñòè ôîðìóëû
(3) ïðè îãîâîðåííûõ âûøå óñëîâèÿõ.

Ïîêàæåì, êàêèì îáðàçîì ìîãóò áûòü âû÷èñëåíû êîýôôèöèåíòû ðàçëî-
æåíèÿ Ki1...ik ôóíêöèè (13), åñëè â êà÷åñòâå áàçèñíîé ñèñòåìû {q(i, ·)}∞i=0 ïðè-
ìåíÿòü ôóíêöèè Óîëøà (5). Âûáåðåì ÷èñëî m = 2n, ãäå n ∈ N, îáîçíà÷èì
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h = T/m è íàéäåì âåëè÷èíû

K̃l1...lk =

∫
Tk

Π̂(l1, t1) . . . Π̂(lk, tk)k(t1, . . . , tk)dt1 . . . dtk,

l1, . . . , lk = 0, 1, . . . ,m− 1,

ãäå {Π̂(l, ·)}m−1
l=0 � áëî÷íî-èìïóëüñíûå ôóíêöèè (4).

Åñëè l1 < . . . < lk, òî K̃l1...lk =
√
hk, ïîñêîëüêó Ql1...lk � íîñèòåëü ôóíêöèè

Π̂(l1, ·)⊗ . . .⊗ Π̂(lk, ·):

Ql1...lk = supp Π̂(l1, ·)⊗ . . .⊗ Π̂(lk, ·),

ñîäåðæèòñÿ â ìíîæåñòâå {(t1, . . . , tk) : k(t1, . . . , tk) = 1}, � ýòî îáúåì (k + 1)-
ìåðíîãî ïàðàëëåëåïèïåäà Ql1...lk × [0, 1/

√
hk]. Åñëè íå âûïîëíÿåòñÿ õîòÿ áû

îäíî èç íåðàâåíñòâ l1 6 l2, l2 6 l3, . . . , lk−1 6 lk, òî K̃l1...lk = 0, ïîñêîëüêó
Ql1...lk ñîäåðæèòñÿ â ìíîæåñòâå {(t1, . . . , tk) : k(t1, . . . , tk) = 0}. Áîëåå èíòåðåñ-
íûé ñëó÷àé ñîîòâåòñòâóåò âûïîëíåíèþ õîòÿ áû îäíîãî èç ðàâåíñòâ l1 = l2,
l2 = l3, . . . , lk−1 = lk. Îïóñêàÿ äëÿ êðàòêîñòè çàâèñèìîñòü îò l1, . . . , lk, îáî-
çíà÷èì ÷åðåç L ìíîæåñòâî {l1, . . . , lk}, à ÷åðåç L̄ ìóëüòèìíîæåñòâî (l1 . . . ln),
ò.å. ìíîæåñòâî, êîòîðîå â îòëè÷èå îò L ìîæåò ñîäåðæàòü îäèíàêîâûå ýëåìåí-
òû, #(l, L̄) � êðàòíîñòü ýëåìåíòà l â ìóëüòèìíîæåñòâå L̄. Òîãäà âåëè÷èíà
K̃l1...lk , ðàâíàÿ îáúåìó ìíîãîãðàííîé îáëàñòè, ñîäåðæàùåéñÿ â (k+ 1)-ìåðíîì
ïàðàëëåëåïèïåäå Ql1...lk × [0, 1/

√
hk], îïðåäåëÿåòñÿ ñîîòíîøåíèåì

K̃l1...lk =
√
hk
(∏
l∈L

#(l, L̄)!

)−1

.

Äàëåå îñòàåòñÿ âîñïîëüçîâàòüñÿ ñâÿçüþ (7) ìåæäó áëî÷íî-èìïóëüñíûìè
ôóíêöèÿìè (4) è ôóíêöèÿìè Óîëøà (5), òîãäà

Ki1...ik =
(
Ŵ (i1, ·)⊗ . . .⊗ Ŵ (ik, ·),k(·)

)
L2(Tk)

=

=

∫
Tk

Ŵ (i1, t1) . . . Ŵ (ik, tk)k(t1, . . . , tk)dt1 . . . dtk =

=
m−1∑

l1,...,lk=0

Ξi1l1 . . .Ξiklk

∫
Tk

Π̂(l1, t1) . . . Π̂(lk, tk)k(t1, . . . , tk)dt1 . . . dtk.

Ñëåäîâàòåëüíî, êîýôôèöèåíòû ðàçëîæåíèÿ Ki1...ik ôóíêöèè k(·) ïî ôóíê-
öèÿì Óîëøà èìåþò âèä

Ki1...ik =
m−1∑

l1,...,lk=0

Ξi1l1 . . .ΞiklkK̃l1...lk. (14)
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Ïîñòóïàÿ àíàëîãè÷íî, íà îñíîâå ñîîòíîøåíèÿ (10), ñâÿçûâàþùåãî áëî÷íî-
èìïóëüñíûå ôóíêöèè (4) è ôóíêöèè Õààðà (8), íàõîäèì êîýôôèöèåíòû ðàç-
ëîæåíèÿ Ki1...ik ôóíêöèè k(·) ïî ôóíêöèÿì Õààðà:

Ki1...ik =
m−1∑

l1,...,lk=0

Υi1l1 . . .ΥiklkK̃l1...lk. (15)

Íàïîìíèì, ÷òî ýëåìåíòû êâàäðàòíûõ ìàòðèö Ξ è Υ ðàçìåðîâ m × m,
êîòîðûå èñïîëüçóþòñÿ â ôîðìóëàõ (14) è (15), çàäàþòñÿ âûðàæåíèÿìè (6) è
(9) ñîîòâåòñòâåííî. Â ôîðìóëàõ (14) è (15) äîñòàòî÷íî îãðàíè÷èòüñÿ ñóììè-
ðîâàíèåì ïðè óñëîâèè l1 6 . . . 6 lk.

Çäåñü çíà÷åíèÿ èíäåêñîâ i1, . . . , ik îãðàíè÷åíû âåëè÷èíîé m − 1, íî ýòî
íåñóùåñòâåííî, ïîñêîëüêó íåò îãðàíè÷åíèé ñâåðõó íà âåëè÷èíó m.

Ñïèñîê ëèòåðàòóðû

[1] Kloeden, P.E., Platen, E. Numerical Solution of Stochastic Di�erential
Equations. � Springer, 1995.

[2] Kuznetsov, D.F. Strong approximation of iterated It�o and Stratonovich
stochastic integrals based on generalized multiple Fourier series. Application
to numerical solution of It�o SDEs and semilinear SPDEs // Äèôôåðåíöè-
àëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ. � 2023. � 1. � Ñ. A.1�A.947.

[3] Kuznetsov, D.F. A new approach to the series expansion of iterated
Stratonovich stochastic integrals of arbitrary multiplicity with respect to
components of the multidimensional Wiener process // Äèôôåðåíöèàëüíûå
óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ. � 2022. � 2. � Ñ. 83�186.

[4] Kuznetsov, D.F. A new approach to the series expansion of iterated
Stratonovich stochastic integrals of arbitrary multiplicity with respect to
components of the multidimensional Wiener process. II // Äèôôåðåíöè-
àëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ. � 2022. � 4. � Ñ. 135�194.

[5] Ðûáàêîâ, Ê.À. Îðòîãîíàëüíîå ðàçëîæåíèå êðàòíûõ ñòîõàñòè÷åñêèõ èí-
òåãðàëîâ Èòî // Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ.
� 2021. � 3. � Ñ. 109�140.

[6] Ðûáàêîâ, Ê.À. Îðòîãîíàëüíîå ðàçëîæåíèå êðàòíûõ ñòîõàñòè÷åñêèõ èí-
òåãðàëîâ Ñòðàòîíîâè÷à // Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû
óïðàâëåíèÿ. � 2021. � 4. � Ñ. 81�115.

https://doi.org/10.21638/11701/spbu35.2023.109 Ýëåêòðîííûé æóðíàë: http://di�journal.spbu.ru/ 148



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ, N. 1, 2023

[7] Delgado, R. Multiple Ogawa, Stratonovich and Skorohod anticipating
integrals // Stochastic Analysis and Applications. � 1998. Vol. 16. No. 5.
� P. 859�872.

[8] Farr�e, M., Jolis, M., Utzet, F. Multiple Stratonovich integral and Hu�Meyer
formula for L�evy processes // Ann. Probab. � 2010. Vol. 38. No. 6. � P.
2136�2169.

[9] Êîëìîãîðîâ, À.Í., Ôîìèí, Ñ.Â. Ýëåìåíòû òåîðèè ôóíêöèé è ôóíêöèî-
íàëüíîãî àíàëèçà. � Ì.: Íàóêà, 1976.

[10] Ãèõìàí, È.È., Ñêîðîõîä, À.Â. Ââåäåíèå â òåîðèþ ñëó÷àéíûõ ïðîöåññîâ.
� Ì.: Íàóêà, 1977.

[11] Ëàïèí, Ñ.Â., Åãóïîâ, Í.Ä. Òåîðèÿ ìàòðè÷íûõ îïåðàòîðîâ è åå ïðèëî-
æåíèå ê çàäà÷àì àâòîìàòè÷åñêîãî óïðàâëåíèÿ. � Ì.: Èçä-âî ÌÃÒÓ
èì. Í.Ý. Áàóìàíà, 1997.

[12] Ðûáèí, Â.Â. Ìîäåëèðîâàíèå íåñòàöèîíàðíûõ ñèñòåì óïðàâëåíèÿ öåëîãî
è äðîáíîãî ïîðÿäêà ïðîåêöèîííî-ñåòî÷íûì ñïåêòðàëüíûì ìåòîäîì. �
Ì.: Èçä-âî ÌÀÈ, 2013.

[13] Ãîëóáîâ, Á.È., Åôèìîâ, À.Â., Ñêâîðöîâ, Â.À. Ðÿäû è ïðåîáðàçîâàíèÿ Óî-
ëøà: Òåîðèÿ è ïðèìåíåíèÿ. � Ì.: Íàóêà, 1987.

[14] Ðûáàêîâ, Ê.À. Ðàñ÷åò ñïåêòðàëüíûõ õàðàêòåðèñòèê îïåðàòîðà èíòåãðè-
ðîâàíèÿ äðîáíîãî ïîðÿäêà îòíîñèòåëüíî ôóíêöèé Óîëøà è Õààðà //
Âåñòíèê ÄÃÓ. Ñåðèÿ 1. Åñòåñòâåííûå íàóêè. � 2020. Ò. 35. Âûï. 3. �
Ñ. 17�23.

https://doi.org/10.21638/11701/spbu35.2023.109 Ýëåêòðîííûé æóðíàë: http://di�journal.spbu.ru/ 149



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ, N. 1, 2023

Features of the expansion of multiple stochastic Stratonovich

integrals using Walsh and Haar functions

K.A. Rybakov
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Abstract. The problem of the root-mean-square convergence for approximations
of multiple stochastic Stratonovich integrals based on the generalized multiple
Fourier series method using Walsh and Haar functions is considered. It is shown
that when they are chosen to expand multiple stochastic integrals, the proof of
the root-mean-square convergence of a subsequence of series partial sums, which
is formed in a way that is quite natural for these functions, does not require the
explicit ful�llment of any additional conditions, except for the condition of the
existence of the multiple stochastic Stratonovich integral.
Key words: multiple stochastic Stratonovich integral, iterated stochastic
Stratonovich integral, Wiener process, series expansion, Walsh functions, Haar
functions.
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