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Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ñèñòåìà íåëèíåéíûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé, îïèñûâàþùàÿ âçàèìîäåéñòâèå äâóõ ñâÿçàííûõ ïîäñèñòåì, ïðè÷åì
îäíà èç ýòèõ ïîäñèñòåì ÿâëÿåòñÿ ëèíåéíîé, à äðóãàÿ � íåëèíåéíîé è îäíî-
ðîäíîé ñ ïîðÿäêîì îäíîðîäíîñòè áîëüøèì åäèíèöû. Ïðåäïîëàãàåòñÿ, ÷òî íà
äàííóþ ñèñòåìó äåéñòâóþò íåñòàöèîíàðíûå âîçìóùåíèÿ ñ íóëåâûìè ñðåäíè-
ìè çíà÷åíèÿìè. Ñ ïîìîùüþ ìåòîäà óñðåäíåíèÿ îïðåäåëÿþòñÿ äîñòàòî÷íûå
óñëîâèÿ, ïðè âûïîëíåíèè êîòîðûõ âîçìóùåíèÿ íå íàðóøàþò àñèìïòîòè÷å-
ñêîé óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ. Âûâîä óêàçàííûõ óñëîâèé îñíîâàí íà
èñïîëüçîâàíèè ñïåöèàëüíîé êîíñòðóêöèè íåñòàöèîíàðíîé ôóíêöèè Ëÿïóíî-
âà, ó÷èòûâàþùåé ñòðóêòóðó äåéñòâóþùèõ âîçìóùåíèé. Êðîìå òîãî, ðàññìàò-
ðèâàåòñÿ ñëó÷àé, êîãäà â ïðàâûõ ÷àñòÿõ ñèñòåìû ïðèñóòñòâóåò ïîñòîÿííîå çà-
ïàçäûâàíèå. Ïðåäëàãàåòñÿ îðèãèíàëüíûé ïîäõîä ê ïîñòðîåíèþ ôóíêöèîíàëà
Ëÿïóíîâà�Êðàñîâñêîãî äëÿ òàêîé ñèñòåìû. Ñ ïîìîùüþ ýòîãî ôóíêöèîíàëà
íàõîäÿòñÿ óñëîâèÿ, ãàðàíòèðóþùèå ñîõðàíåíèå àñèìïòîòè÷åñêîé óñòîé÷èâî-
ñòè äëÿ ëþáîãî ïîëîæèòåëüíîãî çàïàçäûâàíèÿ.

Êëþ÷åâûå ñëîâà: íåëèíåéíûå ñèñòåìû, íåñòàöèîíàðíûå âîçìóùåíèÿ,
àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü, óñðåäíåíèå, ïðÿìîé ìåòîä Ëÿïóíîâà, çàïàç-
äûâàíèå.
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1 Ââåäåíèå

Ïðè ïîñòðîåíèè ìàòåìàòè÷åñêèõ ìîäåëåé äèíàìè÷åñêèõ ñèñòåì äîâîëüíî ÷à-
ñòî òðåáóåòñÿ ó÷èòûâàòü âëèÿíèå âíåøíèõ âîçìóùåíèé, äåéñòâóþùèõ íà ñè-
ñòåìû. Â ðåçóëüòàòå ìîäåëè ñòàíîâÿòñÿ íåñòàöèîíàðíûìè, ÷òî ñóùåñòâåííî
çàòðóäíÿåò èõ àíàëèç. Ýôôåêòèâíûì ïîäõîäîì ê ðåøåíèþ äàííîé ïðîáëåìû
ÿâëÿåòñÿ ìåòîä óñðåäíåíèÿ [1]. Ñ åãî ïîìîùüþ (ïðè îïðåäåëåííûõ óñëîâè-
ÿõ) èññëåäîâàíèå èñõîäíîé íåñòàöèîíàðíîé ñèñòåìû ìîæåò áûòü ñâåäåíî ê
èññëåäîâàíèþ ñîîòâåòñòâóþùåé óñðåäíåííîé ñèñòåìû, êîòîðàÿ ÿâëÿåòñÿ àâ-
òîíîìíîé.

Ìåòîä óñðåäíåíèÿ øèðîêî è óñïåøíî èñïîëüçóåòñÿ äëÿ àíàëèçà óñòîé÷è-
âîñòè è ñòàáèëèçàöèè ðàçëè÷íûõ êëàññîâ äèíàìè÷åñêèõ ñèñòåì [1, 2, 3, 4].
Îäíàêî â áîëüøèíñòâå ñëó÷àåâ äëÿ åãî ïðèìåíåíèÿ òðåáóåòñÿ, ÷òîáû â èçó-
÷àåìîé ñèñòåìå ïðèñóòñòâîâàë ìàëûé ïàðàìåòð. Ïðè ýòîì âàæíóþ çàäà÷ó
ïðåäñòàâëÿåò ñîáîé îöåíêà îáëàñòè çíà÷åíèé äàííîãî ïàðàìåòðà, ïðè êîòî-
ðûõ âûâîäû, óñòàíîâëåííûå äëÿ óñðåäíåííîé ñèñòåìû, ïåðåíîñÿòñÿ è íà èñ-
õîäíóþ íåñòàöèîíàðíóþ ñèñòåìó.

Â ðàáîòàõ [5, 6] áûëè ïðåäëîæåíû îðèãèíàëüíûå ïîäõîäû ê ïîñòðîåíèþ
ôóíêöèé Ëÿïóíîâà äëÿ ëèíåéíûõ ñèñòåì ñ ïåðåìåííûìè êîýôôèöèåíòàìè. Ñ
ïîìîùüþ ýòèõ ôóíêöèé ìîæíî íå òîëüêî ïîëó÷àòü óñëîâèÿ àñèìïòîòè÷åñêîé
óñòîé÷èâîñòè ðàññìàòðèâàåìîé íåñòàöèîíàðíîé ñèñòåìû, íî è êîíñòðóêòèâ-
íûì îáðàçîì íàõîäèòü âåðõíèå ãðàíèöû äîïóñòèìûõ çíà÷åíèé ìàëîãî ïàðà-
ìåòðà. Â ñòàòüå [7] ðàçðàáîòàí äðóãîé ñïîñîá îöåíêè îáëàñòè çíà÷åíèé ìàëîãî
ïàðàìåòðà äëÿ ëèíåéíûõ ñèñòåì, îñíîâàííûé íà èñêóññòâåííîì ââåäåíèè çà-
ïàçäûâàíèÿ.

Â [8, 9, 10] ïîäõîäû ê ïîñòðîåíèþ ôóíêöèé Ëÿïóíîâà, ïðåäëîæåííûå â
[5, 6], áûëè ðàñïðîñòðàíåíû íà íåêîòîðûå êëàññû ñóùåñòâåííî íåëèíåéíûõ
ñèñòåì. Â îòëè÷èå îò èçâåñòíûõ ðåçóëüòàòîâ, ïîëó÷åííûõ ñ ïîìîùüþ ìåòîäà
óñðåäíåíèÿ, ïðèíöèïèàëüíàÿ íîâèçíà óñëîâèé àñèìïòîòè÷åñêîé óñòîé÷èâî-
ñòè, íàéäåííûõ â [8, 9, 10], çàêëþ÷àåòñÿ â òîì, ÷òî â íèõ íå òðåáóåòñÿ íàëè÷èÿ
ìàëîãî ïàðàìåòðà â èçó÷àåìîé ñèñòåìå.

Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ ñèñòåìà íåëèíåéíûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ñïåöèàëüíîãî âèäà. Îíà ñîîòâåòñòâóåò êðèòè÷åñêîìó ïî Ëÿïóíîâó
ñëó÷àþ íåñêîëüêèõ íóëåâûõ ñîáñòâåííûõ ÷èñåë ìàòðèöû ñèñòåìû ëèíåéíîãî
ïðèáëèæåíèÿ [11]. Åå ìîæíî ðàññìàòðèâàòü êàê ñëîæíóþ ñèñòåìó, ìîäåëèðó-
þùóþ äèíàìèêó äâóõ ñâÿçàííûõ ïîäñèñòåì, ïðè÷åì îäíà èç ýòèõ ïîäñèñòåì
ÿâëÿåòñÿ ëèíåéíîé, à äðóãàÿ � íåëèíåéíîé è îäíîðîäíîé. Ñòîèò òàêæå îòìå-
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òèòü, ÷òî ïðè îïðåäåëåííûõ îãðàíè÷åíèÿõ íà íåëèíåéíîñòè îíà ïðåäñòàâëÿåò
ñîáîé êëàññè÷åñêóþ ñèñòåìó Ëóðüå íåïðÿìîãî óïðàâëåíèÿ [12, 13].

Öåëü äàííîé ñòàòüè � àíàëèç âëèÿíèÿ âíåøíèõ íåëèíåéíûõ íåñòàöèî-
íàðíûõ âîçìóùåíèé ñ íóëåâûìè ñðåäíèìè çíà÷åíèÿìè íà óñòîé÷èâîñòü ðàñ-
ñìàòðèâàåìîé ñèñòåìû. Ñ ïîìîùüþ ñïåöèàëüíîé êîíñòðóêöèè ôóíêöèè Ëÿ-
ïóíîâà, ó÷èòûâàþùåé ñòðóêòóðó äåéñòâóþùèõ âîçìóùåíèé, áóäóò íàéäåíû
óñëîâèÿ, ãàðàíòèðóþùèå àñèìïòîòè÷åñêóþ óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ.
Êðîìå òîãî, èññëåäóåì ñëó÷àé, êîãäà â ïðàâûõ ÷àñòÿõ ñèñòåìû ïðèñóòñòâó-
åò ïîñòîÿííîå çàïàçäûâàíèå, è îïðåäåëèì óñëîâèÿ, ïðè âûïîëíåíèè êîòîðûõ
àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü ñîõðàíÿåòñÿ äëÿ ëþáîãî ïîëîæèòåëüíîãî çà-
ïàçäûâàíèÿ.

2 Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ñèñòåìó {
ẏ(t) = Py(t) +H(z(t)),

ż(t) = Qy(t) + F (z(t)).
(1)

Çäåñü x(t) = (y(t), z(t))⊤ ∈ Rn � âåêòîð ñîñòîÿíèÿ ñèñòåìû, y(t) ∈ Rk,
y(t) ∈ Rm, k +m = n, P è Q � ïîñòîÿííûå ìàòðèöû ðàçìåðíîñòåé k × k è
m× k ñîîòâåòñòâåííî, âåêòîð-ôóíêöèè H(z) è F (z) íåïðåðûâíû ïðè z ∈ Rm

è ÿâëÿþòñÿ îäíîðîäíûìè ïîðÿäêà µ > 1.

Ñèñòåìà (1) èìååò íóëåâîå ðåøåíèå. Óñòîé÷èâîñòü ýòîãî ðåøåíèÿ èññëå-
äîâàëàñü â ñòàòüå [14]. Ñòðîèëèñü âñïîìîãàòåëüíûå ïîäñèñòåìû

ẏ(t) = Py(t), (2)

ż(t) = F (z(t))−QP−1H(z(t)) (3)

è ñ÷èòàëîñü, ÷òî âûïîëíåíû ñëåäóþùèå ïðåäïîëîæåíèÿ.

Ïðåäïîëîæåíèå 1. Íóëåâîå ðåøåíèå ïîäñèñòåìû (2) àñèìïòîòè÷åñêè
óñòîé÷èâî.

Ïðåäïîëîæåíèå 2. Íóëåâîå ðåøåíèå ïîäñèñòåìû (3) àñèìïòîòè÷åñêè
óñòîé÷èâî.

Çàìåòèì, ÷òî ïðåäïîëîæåíèÿ 1 è 2 ïðåäñòàâëÿþò ñîáîé íåêîòîðûé àíàëîã
èçâåñòíûõ óñëîâèé àáñîëþòíîé óñòîé÷èâîñòè äëÿ ñèñòåì Ëóðüå íåïðÿìîãî
óïðàâëåíèÿ [12].
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Â ðàáîòå [14] ñ ïîìîùüþ ìåòîäà äåêîìïîçèöèè áûëî äîêàçàíî, ÷òî åñëè
âûïîëíåíû äàííûå ïðåäïîëîæåíèÿ, òî íóëåâîå ðåøåíèå ñèñòåìû (1) àñèìï-
òîòè÷åñêè óñòîé÷èâî.

Çàìå÷àíèå 1. Ñëåäóåò îòìåòèòü, ÷òî â [14] óêàçàííûé ðåçóëüòàò ïîëó-
÷åí ïðè íåêîòîðûõ äîïîëíèòåëüíûõ îãðàíè÷åíèÿõ. Ñ÷èòàëîñü, ÷òî èçó÷àåìàÿ
ñèñòåìà ñèíãóëÿðíà (â ëåâîé ÷àñòè ïåðâîé ïîäñèñòåìû â êà÷åñòâå ìíîæèòå-
ëÿ ïðè ẏ(t) ïðèñóòñòâóåò ìàëûé ïîëîæèòåëüíûé ïàðàìåòð), à êîìïîíåíòû
âåêòîðîâ H(z) è F (z) ÿâëÿþòñÿ îäíîðîäíûìè ôîðìàìè. Îäíàêî àíàëèç ïðè-
âåäåííîãî â [14] äîêàçàòåëüñòâà ïîêàçûâàåò, ÷òî âûïîëíåíèå ïðåäïîëîæåíèé
1 è 2 ãàðàíòèðóåò àñèìïòîòè÷åñêóþ óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ ñèñòåìû
(1) è áåç äîïîëíèòåëüíûõ îãðàíè÷åíèé.

Äàëåå íàðÿäó ñ (1) ðàññìîòðèì âîçìóùåííóþ ñèñòåìó{
ẏ(t) = Py(t) +H(z(t)) +R(t, x(t)),

ż(t) = Qy(t) + F (z(t)) +G(t, x(t)).
(4)

Çäåñü âåêòîð-ôóíêöèè R(t, x) è G(t, x) íåïðåðûâíû ïðè t ≥ 0, ∥x∥ < ∆ (0 <
∆ ≤ +∞, ∥ · ∥ � åâêëèäîâà íîðìà âåêòîðà) è óäîâëåòâîðÿþò íåðàâåíñòâàì

∥R(t, x)∥ ≤ c1(∥y∥ν + ∥z∥η), ∥G(t, x)∥ ≤ c2(∥y∥ν + ∥z∥η),

ãäå c1, c2, ν, η � ïîëîæèòåëüíûå ïîñòîÿííûå.

Ñ èñïîëüçîâàíèåì ïîäõîäà, ïðåäëîæåííîãî â [14], íåòðóäíî ïðîâåðèòü,
÷òî åñëè ν > 1, η > µ, ò.å. åñëè ïîðÿäîê âîçìóùåíèé áîëüøå ïîðÿäêà ïðàâûõ
÷àñòåé èñõîäíûõ óðàâíåíèé, òî ïðè âûïîëíåíèè ïðåäïîëîæåíèé 1 è 2 íóëåâîå
ðåøåíèå ñèñòåìû (4) òàêæå áóäåò àñèìïòîòè÷åñêè óñòîé÷èâûì.

Â íàñòîÿùåé ðàáîòå ðàññìîòðèì ñëó÷àé, êîãäà âîçìóùåííàÿ ñèñòåìà
ïðåäñòàâèìà â âèäå{

ẏ(t) = Py(t) +H(z(t)) +B(t)R(z(t)),

ż(t) = Qy(t) + F (z(t)) + C(t)G(z(t)),
(5)

ãäå ìàòðèöû B(t), C(t) íåïðåðûâíû è îãðàíè÷åíû ïðè t ≥ 0, à R(z) è G(z)
� íåïðåðûâíî äèôôåðåíöèðóåìûå ïðè z ∈ Rm îäíîðîäíûå ïîðÿäêà µ âåê-
òîðíûå ôóíêöèè. Òàêèì îáðàçîì, â (5) âîçìóùåíèÿ èìåþò òîò æå ïîðÿäîê
îäíîðîäíîñòè, ÷òî ôóíêöèè H(z) è F (z).

Ïðåäïîëîæåíèå 3. Ïóñòü ðàâíîìåðíî îòíîñèòåëüíî t ≥ 0 âûïîëíåíû
óñëîâèÿ

1

T

∫ t+T

t

B(s)ds→ 0,
1

T

∫ t+T

t

C(s)ds→ 0 ïðè T → +∞.
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Äàííîå ïðåäïîëîæåíèå îçíà÷àåò, ÷òî âîçìóùåíèÿ èìåþò íóëåâûå ñðåäíèå
çíà÷åíèÿ. Îíè ìîãóò ïðåäñòàâëÿòü ñîáîé ïåðèîäè÷åñêèå èëè ïî÷òè ïåðèîäè-
÷åñêèå êîëåáàíèÿ, ïðè÷åì íà àìïëèòóäû ýòèõ êîëåáàíèé íèêàêèõ îãðàíè÷å-
íèé íå íàêëàäûâàåòñÿ.

Èññëåäóåì óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ ñèñòåìû (5). Êðîìå òîãî, ðàñ-
ñìîòðèì ñëó÷àé, êîãäà â ïðàâûõ ÷àñòÿõ âîçìóùåííîé ñèñòåìû ïðèñóòñòâóåò
ïîñòîÿííîå çàïàçäûâàíèå, è îïðåäåëèì óñëîâèÿ, ãàðàíòèðóþùèå ñîõðàíåíèå
àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ïðè ëþáîì ïîëîæèòåëüíîì çàïàçäûâàíèè.

3 Àíàëèç óñòîé÷èâîñòè âîçìóùåííîé ñèñòåìû

Â îòëè÷èå îò ïîäõîäà, ïðèìåíÿâøåãîñÿ â [14], âìåñòî ìåòîäà äåêîìïîçèöèè
â äàííîé ñòàòüå áóäåì èñïîëüçîâàòü ñïåöèàëüíûå êîíñòðóêöèè ôóíêöèé Ëÿ-
ïóíîâà è ôóíêöèîíàëîâ Ëÿïóíîâà�Êðàñîâñêîãî.

Òåîðåìà 1 Ïóñòü âûïîëíåíû ïðåäïîëîæåíèÿ 1�3. Òîãäà íóëåâîå ðåøåíèå
ñèñòåìû (5) àñèìïòîòè÷åñêè óñòîé÷èâî.

Äîêàçàòåëüñòâî. Èç ðåçóëüòàòîâ, ïîëó÷åííûõ â ðàáîòàõ [11, 15], ñëåäó-
åò, ÷òî åñëè ñïðàâåäëèâû ïðåäïîëîæåíèÿ 1 è 2, òî äëÿ ëþáûõ ÷èñåë γ1 > 2 è
γ2 > 2 ñóùåñòâóþò ôóíêöèè Ëÿïóíîâà V1(y) è V2(z), êîòîðûå ÿâëÿþòñÿ äâà-
æäû íåïðåðûâíî äèôôåðåíöèðóåìûìè ïðè y ∈ Rk, z ∈ Rm, ïîëîæèòåëüíî
îïðåäåëåííûìè è îäíîðîäíûìè ïîðÿäêà γ1 è γ2 ñîîòâåòñòâåííî, ïðè÷åì èõ
ïðîèçâîäíûå â ñèëó ïîäñèñòåì (2) è (3) îòðèöàòåëüíî îïðåäåëåíû. Èñïîëüçóÿ
òàêèå ôóíêöèè, ñòðîèì ôóíêöèþ Ëÿïóíîâà äëÿ ñèñòåìû (5) â âèäå

V (x) = V1(y) + V2(z)−
(
∂V2(z)

∂z

)⊤
QP−1y. (6)

Äèôôåðåíöèðóÿ V (x) â ñèëó âîçìóùåííîé ñèñòåìû, èìååì

V̇ =

(
∂V1(y(t))

∂y

)⊤ (
Py(t) +H(z(t)) +B(t)R(z(t))

)
+

+

(
∂V2(z(t))

∂z

)⊤ (
F (z(t)) + C(t)G(z(t))

)
−

−
(
∂V2(z(t))

∂z

)⊤
QP−1

(
H(z(t)) +B(t)R(z(t))

)
−
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−
(
Qy(t) + F (z(t)) + C(t)G(z(t))

)⊤∂2V2(z(t))
∂z2

QP−1y(t) =

=

(
∂V1(y(t))

∂y

)⊤
Py(t) +

(
∂V2(z(t))

∂z

)⊤ (
F (z(t))−QP−1H(z(t))

)
+

+

(
∂V1(y(t))

∂y

)⊤ (
H(z(t)) +B(t)R(z(t))

)
+

+

(
∂V2(z(t))

∂z

)⊤ (
C(t)G(z(t))−QP−1B(t)R(z(t))

)
−

−
(
Qy(t) + F (z(t)) + C(t)G(z(t))

)⊤∂2V2(z(t))
∂z2

QP−1y(t).

Òåïåðü, â ñîîòâåòñòâèè ñ ïîäõîäîì, ðàçðàáîòàííûì â [8, 9, 10], îïðåäåëèì
íîâóþ ôóíêöèþ Ëÿïóíîâà ïî ôîðìóëå

Ṽ (t, x) = V (x)−
(
∂V2(z)

∂z

)⊤(∫ t

0

eε(s−t)C(s)dsG(z)−

−QP−1

∫ t

0

eε(s−t)B(s)dsR(z)

)
,

ãäå ε � ïîëîæèòåëüíûé ïàðàìåòð. Òîãäà

˙̃
V =

(
∂V1(y(t))

∂y

)⊤
Py(t) +

(
∂V2(z(t))

∂z

)⊤ (
F (z(t))−QP−1H(z(t))

)
+

+

(
∂V1(y(t))

∂y

)⊤ (
H(z(t)) +B(t)R(z(t))

)
−

−
(
∂V2(z(t))

∂z

)⊤(∫ t

0

eε(s−t)C(s)ds
∂G(z(t))

∂z
−

−QP−1

∫ t

0

eε(s−t)B(s)ds
∂R(z(t))

∂z

)
(Qy(t) + F (z(t)) + C(t)G(z(t)))−

−
(
Qy(t) + F (z(t)) + C(t)G(z(t))

)⊤∂2V2(z(t))
∂z2

(∫ t

0

eε(s−t)C(s)dsG(z(t))−

−QP−1

∫ t

0

eε(s−t)B(s)dsR(z(t))

)
+

+ε

(
∂V2(z(t))

∂z

)⊤(∫ t

0

eε(s−t)C(s)dsG(z)−QP−1

∫ t

0

eε(s−t)B(s)dsR(z)

)
−
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−
(
Qy(t) + F (z(t)) + C(t)G(z(t))

)⊤∂2V2(z(t))
∂z2

QP−1y(t).

Èñïîëüçóÿ ñâîéñòâà îäíîðîäíûõ ôóíêöèé (ñì. [11]), ïðèõîäèì ê îöåíêàì

d1∥y∥γ1 + d2∥z∥γ2 − d3∥y∥∥z∥γ2−1 − 1

ε
d4∥z∥γ2+µ−1 ≤ Ṽ (t, x) ≤

≤ d5∥y∥γ1 + d6∥z∥γ2 + d3∥y∥∥z∥γ2−1 +
1

ε
d4∥z∥γ2+µ−1,

˙̃
V ≤ −d7∥y(t)∥γ1 − d8∥z(t)∥γ2+µ−1 + d9∥y(t)∥γ1−1∥z(t)∥µ

+d10∥z(t)∥γ2−2

(
∥y(t)∥+ 1

ε
∥z(t)∥µ

)
(∥y(t)∥+ ∥z(t)∥µ)

+d11ε

(∥∥∥∥∫ t

0

eε(s−t)C(s)ds

∥∥∥∥+ ∥∥∥∥∫ t

0

eε(s−t)B(s)ds

∥∥∥∥) ∥z(t)∥γ2+µ−1,

ãäå dj > 0, j = 1, . . . , 11.

Èçâåñòíî [1], ÷òî åñëè ñïðàâåäëèâî ïðåäïîëîæåíèå 3, òî ïàðàìåòð ε ìîæíî
âûáðàòü òàê, ÷òîáû ïðè âñåõ t ≥ 0 âûïîëíÿëîñü íåðàâåíñòâî

d11ε

(∥∥∥∥∫ t

0

eε(s−t)C(s)ds

∥∥∥∥+ ∥∥∥∥∫ t

0

eε(s−t)B(s)ds

∥∥∥∥) <
d8
4
.

Çàôèêñèðóåì òàêîå çíà÷åíèå ε.

Ñ èñïîëüçîâàíèåì íåðàâåíñòâà Þíãà ïîëó÷àåì

d3∥y∥∥z∥γ2−1 ≤ 1

γ1
d3(θ∥y∥)γ1 +

γ1 − 1

γ1
d3

(
∥z∥γ2−1

θ

) γ1
γ1−1

,

ãäå θ � ëþáîå ïîëîæèòåëüíîå ÷èñëî.

Åñëè âåëè÷èíà θ äîñòàòî÷íî ìàëà è γ2 > γ1, òî íàéäåòñÿ ÷èñëî ρ > 0
òàêîå, ÷òî

1

2
(d1∥y(t)∥γ1 + d2∥z(t)∥γ2) ≤ Ṽ (t, x(t)) ≤ 2 (d5∥y(t)∥γ1 + d6∥z(t)∥γ2) ,

ïðè t ≥ 0, ∥x(t)∥ < ρ.

Àíàëîãè÷íûì îáðàçîì ïîëó÷àåì, ÷òî åñëè

µ+ 1

2
γ1 < γ2 + µ− 1 < µγ1, (7)

à ρ äîñòàòî÷íî ìàëî, òî

˙̃
V ≤ −1

2

(
d7∥y(t)∥γ1 + d8∥z(t)∥γ2+µ−1

)
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ïðè t ≥ 0, ∥x(t)∥ < ρ.

Çàìåòèì, ÷òî èç (7) ñëåäóåò âûïîëíåíèå óñëîâèÿ γ2 > γ1.

Òåîðåìà äîêàçàíà.

4 Âîçìóùåííàÿ ñèñòåìà ñ çàïàçäûâàíèåì

Äàëåå ðàññìîòðèì ñèñòåìó{
ẏ(t) = Py(t) +H(z(t), z(t− τ)) +B(t)R(z(t), z(t− τ)),

ż(t) = Qy(t) + F (z(t), z(t− τ)) + C(t)G(z(t), z(t− τ)).
(8)

Çäåñü x(t) = (y(t), z(t))⊤ ∈ Rn, y(t) ∈ Rk, y(t) ∈ Rm, P è Q � ïîñòî-
ÿííûå ìàòðèöû, ìàòðèöû B(t), C(t) íåïðåðûâíû è îãðàíè÷åíû ïðè t ≥ 0,
âåêòîð-ôóíêöèè H(z, ζ), F (z, ζ), R(z, ζ), G(z, ζ) íåïðåðûâíû ïðè z, ζ ∈ Rm

è ÿâëÿþòñÿ îäíîðîäíûìè ïîðÿäêà µ > 1, τ � ïîñòîÿííîå ïîëîæèòåëüíîå
çàïàçäûâàíèå.

Ïóñòü íà÷àëüíûå ôóíêöèè φ(ξ) äëÿ ðåøåíèé ñèñòåìû (8) âûáèðàþòñÿ
èç ïðîñòðàíñòâà íåïðåðûâíûõ ôóíêöèé C([−τ, 0],Rn) ñ ðàâíîìåðíîé íîðìîé
∥φ∥τ = maxξ∈[−τ,0] ∥φ(ξ)∥. Îáîçíà÷èì ÷åðåç xt îòðåçîê ðåøåíèÿ, ò.å. xt : ξ 7→
x(t+ ξ) ïðè ξ ∈ [−τ, 0].

Ñòðîèì âñïîìîãàòåëüíóþ îäíîðîäíóþ ïîäñèñòåìó áåç çàïàçäûâàíèÿ

ż(t) = F (z(t), z(t))−QP−1H(z(t), z(t)). (9)

Ïðåäïîëîæåíèå 4. Íóëåâîå ðåøåíèå ïîäñèñòåìû (9) àñèìïòîòè÷åñêè
óñòîé÷èâî.

Ïðåäïîëîæåíèå 5. Ïðè âñåõ z, ζ ∈ Rm âåêòîð-ôóíêöèè H(z, ζ), F (z, ζ),
R(z, ζ), G(z, ζ) íåïðåðûâíî äèôôåðåíöèðóåìû ïî z.

Òåîðåìà 2 Ïóñòü âûïîëíåíû ïðåäïîëîæåíèÿ 1, 3�5. Òîãäà íóëåâîå ðåøåíèå
ñèñòåìû (8) àñèìïòîòè÷åñêè óñòîé÷èâî ïðè ëþáîì τ ≥ 0.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ ïðåäïîëîæåíèÿ 1 è 3, âûáèðàåì ôóíêöèþ
Ëÿïóíîâà â âèäå (6), ãäå V1(y) è V2(z) � äâàæäû íåïðåðûâíî äèôôåðåí-
öèðóåìûå ïðè y ∈ Rk, z ∈ Rm îäíîðîäíûå ïîðÿäêà γ1 è γ2 ñîîòâåòñòâåííî
ôóíêöèè Ëÿïóíîâà, ïîñòðîåííûå äëÿ ïîäñèñòåì (2) è (9). Äèôôåðåíöèðóÿ
V (x) â ñèëó ñèñòåìû (8), èìååì

V̇ =

(
∂V1(y(t))

∂y

)⊤
Py(t)+

(
∂V2(z(t))

∂z

)⊤ (
F (z(t), z(t))−QP−1H(z(t), z(t))

)
+
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+

(
∂V1(y(t))

∂y

)⊤ (
H(z(t), z(t− τ)) +B(t)R(z(t), z(t− τ))

)
+

+

(
∂V2(z(t))

∂z

)⊤ (
C(t)G(z(t), z(t− τ))−QP−1B(t)R(z(t), z(t− τ))

)
+

+

(
∂V2(z(t))

∂z

)⊤ (
F (z(t), z(t− τ))− F (z(t), z(t))

)
+

+

(
∂V2(z(t))

∂z

)⊤
QP−1

(
H(z(t), z(t))−H(z(t), z(t− τ))

)
−

−
(
Qy(t) + F (z(t), z(t− τ)) + C(t)G(z(t), z(t− τ))

)⊤∂2V2(z(t))
∂z2

QP−1y(t).

Äàëåå íà îñíîâå ïîäõîäîâ, ðàçðàáîòàííûõ â [8, 9, 10, 16], îïðåäåëèì ôóíê-
öèîíàë Ëÿïóíîâà�Êðàñîâñêîãî ïî ôîðìóëå

W (t, xt) = V (x(t)) +

∫ t

t−τ

(α + β(ξ − t+ τ))∥z(ξ)∥γ2+µ−1dξ + Ω(t, z(t), zt),

ãäå

Ω(t, z, ψ) =

(
∂V2(z)

∂z

)⊤(∫ 0

−τ

(
F (z, ψ(ξ))−QP−1H(z, ψ(ξ))+

+C(ξ + τ)G(z, ψ(ξ))−QP−1B(ξ + τ)R(z, ψ(ξ))
)
dξ−

−
∫ t

0

eε(s−t)C(s+ τ)dsG(z, z) +QP−1

∫ t

0

eε(s−t)B(s+ τ)dsR(z, z)

)
,

à ε, α è β � ïîëîæèòåëüíûå ïàðàìåòðû. Òîãäà

Ẇ =

(
∂V1(y(t))

∂y

)⊤
Py(t)+

(
∂V2(z(t))

∂z

)⊤ (
F (z(t), z(t))−QP−1H(z(t), z(t))

)
+

+(α + βτ)∥z(t)∥γ2+µ−1 − α∥z(t− τ)∥γ2+µ−1 − β

∫ t

t−τ

∥z(ξ)∥γ2+µ−1dξ+

+

(
∂V1(y(t))

∂y

)⊤ (
H(z(t), z(t− τ)) +B(t)R(z(t), z(t− τ))

)
−

−
(
Qy(t) + F (z(t), z(t− τ)) + C(t)G(z(t), z(t− τ))

)⊤∂2V2(z(t))
∂z2

QP−1y(t)+

+ε

(
∂V2(z(t))

∂z

)⊤(∫ t

0

eε(s−t)C(s+ τ)dsG(z(t), z(t))−
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−QP−1

∫ t

0

eε(s−t)B(s+ τ)dsR(z(t), z(t))

)
+

+

(
∂Ω(t, z(t), zt)

∂z

)⊤ (
Qy(t) + F (z(t), z(t− τ)) + C(t)G(z(t), z(t− τ))

)
.

Ñëåäîâàòåëüíî, ñïðàâåäëèâû îöåíêè

d1∥y(t)∥γ1 + d2∥z(t)∥γ2 − d3∥y(t)∥∥z(t)∥γ2−1 −
(
1 +

1

ε

)
d4∥z(t)∥γ2+µ−1−

−d5∥z(t)∥γ2−1

∫ t

t−τ

∥z(ξ)∥µdξ + α

∫ t

t−τ

∥z(ξ)∥γ2+µ−1dξ ≤ W (t, xt) ≤

≤ d6∥y(t)∥γ1 + d7∥z(t)∥γ2 + d3∥y(t)∥∥z(t)∥γ2−1 +

(
1 +

1

ε

)
d4∥z(t)∥γ2+µ−1+

+d5∥z(t)∥γ2−1

∫ t

t−τ

∥z(ξ)∥µdξ + (α + βτ)

∫ t

t−τ

∥z(ξ)∥γ2+µ−1dξ,

Ẇ ≤ −d8∥y(t)∥γ1 − d9∥z(t)∥γ2+µ−1 + d10∥y(t)∥γ1−1(∥z(t)∥µ + ∥z(t− τ)∥µ)+

+(α + βτ)∥z(t)∥γ2+µ−1 − α∥z(t− τ)∥γ2+µ−1 − β

∫ t

t−τ

∥z(ξ)∥γ2+µ−1dξ+

+d11∥y(t)∥∥z(t)∥γ2−2(∥y(t)∥+ ∥z(t)∥µ + ∥z(t− τ)∥µ)+

+d12∥z(t)∥γ2−2

((
1 +

1

ε

)
∥z(t)∥µ +

∫ t

t−τ

∥z(ξ)∥µdξ+

+∥z(t)∥
∫ t

t−τ

∥z(ξ)∥µ−1dξ

)
(∥y(t)∥+ ∥z(t)∥µ + ∥z(t− τ)∥µ)+

+d13ε

(∥∥∥∥∫ t

0

eε(s−t)C(s+ τ)ds

∥∥∥∥+ ∥∥∥∥∫ t

0

eε(s−t)B(s+ τ)ds

∥∥∥∥) ∥z(t)∥γ2+µ−1,

ãäå dj > 0, j = 1, . . . , 13.

Èñïîëüçóÿ íåðàâåíñòâî Þíãà, íåòðóäíî ïîêàçàòü, ÷òî åñëè çíà÷åíèÿ ïà-
ðàìåòðîâ ε, α è β äîñòàòî÷íî ìàëû, à ïîðÿäêè îäíîðîäíîñòè ôóíêöèé V1(y)
è V2(z) óäîâëåòâîðÿþò óñëîâèþ (7), òî íàéäåòñÿ ÷èñëî ρ > 0 òàêîå, ÷òî

1

2

(
d1∥y(t)∥γ1 + d2∥z(t)∥γ2 + α

∫ t

t−τ

∥z(ξ)∥γ2+µ−1dξ

)
≤ W (t, xt) ≤

≤ 2

(
d6∥y(t)∥γ1 + d7∥z(t)∥γ2 + (α + βτ)

∫ t

t−τ

∥z(ξ)∥γ2+µ−1dξ

)
,

Ẇ ≤ −1

2

(
d8∥y(t)∥γ1 + d9∥z(t)∥γ2+µ−1 + β

∫ t

t−τ

∥z(ξ)∥γ2+µ−1dξ

)
ïðè t ≥ 0, ∥xt∥τ < ρ. Òåîðåìà äîêàçàíà.
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5 Ïðèìåð

Ïðåäïîëîæèì, ÷òî ñèñòåìà (8) èìååò âèä{
ẏ(t) = Py(t) + (D +B(t))H(z(t− τ)),

ż(t) = Qy(t) + (A+ C(t))H(z(t− τ)).
(10)

Çäåñü y(t), z(t) ∈ R2, H(z) = (z31, z
3
2)

⊤, τ � ïîñòîÿííîå íåîòðèöàòåëüíîå
çàïàçäûâàíèå,

P =

(
−2 1

1 −1

)
, Q =

(
0 −1

3 0

)
, D =

(
0 −1

1 0

)
, A =

(
λ 0

0 1

)
,

B(t) =

(
3 cos t 0

0 4 sin t

)
, C(t) =

(
0 sin(2t)

−5 cos(2t) 0

)
,

λ � íåêîòîðàÿ ïîñòîÿííàÿ. Çàìåòèì, ÷òî (10) ñîîòâåòñòâóþò ñèñòåìå íåïðÿ-
ìîãî óïðàâëåíèÿ ñ äâóìÿ íåëèíåéíûìè èñïîëíèòåëüíûìè îðãàíàìè è çàïàç-
äûâàíèåì â êàíàëå îáðàòíîé ñâÿçè (ñì. [12, 13]).

Â äàííîì ñëó÷àå ìàòðèöà P ÿâëÿåòñÿ ãóðâèöåâîé. Çíà÷èò, ïðåäïîëîæåíèå
1 âûïîëíåíî.

Ìàòðèöû B(t), C(t) è âåêòîðíàÿ ôóíêöèÿ H(z) îáëàäàþò ñâîéñòâàìè,
óêàçàííûìè â ïðåäïîëîæåíèÿõ 3 è 5 ñîîòâåòñòâåííî.

×òîáû ïðîâåðèòü âûïîëíåíèå ïðåäïîëîæåíèÿ 4, ñòðîèì âñïîìîãàòåëüíóþ
ïîäñèñòåìó

ż(t) =
(
A−QP−1D

)
H(z(t)) =

(
λ− 2 1

3 −2

)
H(z(t)). (11)

Èñïîëüçóÿ ðåçóëüòàòû ðàáîòû [17], íåòðóäíî ïîêàçàòü, ÷òî äëÿ àñèìïòîòè÷å-
ñêîé óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ ñèñòåìû (11) íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû èìåëî ìåñòî íåðàâåíñòâî

λ < 1/2. (12)

Ïðèìåíÿÿ òåîðåìó 2, ïîëó÷àåì, ÷òî åñëè âûïîëíåíî óñëîâèå (12), òî íó-
ëåâîå ðåøåíèå ñèñòåìû (10) àñèìïòîòè÷åñêè óñòîé÷èâî ïðè ëþáîì τ > 0.
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6 Çàêëþ÷åíèå

Äëÿ ðàññìîòðåííûõ òèïîâ ñèñòåì äèôôåðåíöèàëüíûõ è äèôôåðåíöèàëüíî-
ðàçíîñòíûõ óðàâíåíèé ïðåäëîæåíû îðèãèíàëüíûå ïîäõîäû ê ïîñòðîåíèþ
ôóíêöèé Ëÿïóíîâà è ôóíêöèîíàëîâ Ëÿïóíîâà�Êðàñîâñêîãî. Ýòî ïîçâîëèëî
ïîëó÷èòü íîâûå óñëîâèÿ, ïðè âûïîëíåíèè êîòîðûõ íåñòàöèîíàðíûå âîçìó-
ùåíèÿ íå íàðóøàþò àñèìïòîòè÷åñêóþ óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ. Ïðè
ýòîì, â îòëè÷èå îò èçâåñòíûõ ðåçóëüòàòîâ, óñòàíîâëåííûõ íà îñíîâå ìåòîäà
óñðåäíåíèÿ, â äàííîé ðàáîòå íå ïðåäïîëàãàåòñÿ, ÷òî â èçó÷àåìûõ ñèñòåìàõ
ïðèñóòñòâóåò ìàëûé ïàðàìåòð. Êðîìå òîãî, äîêàçàíî, ÷òî ñîõðàíåíèå àñèìï-
òîòè÷åñêîé óñòîé÷èâîñòè èìååò ìåñòî ïðè ëþáîì ïîñòîÿííîì ïîëîæèòåëüíîì
çàïàçäûâàíèè.
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Asymptotic stability investigation of the zero solution for a class of

nonlinear nonstationary systems by the averaging method
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Abstract. A system of nonlinear di�erential equations is considered that
describes the interaction of two coupled subsystems, one of these subsystems
is linear, and the other is nonlinear and homogeneous with an order of
homogeneity greater than one. It is assumed that this system is a�ected by
nonstationary perturbations with zero mean values. Using the averaging method,
su�cient conditions are determined under which perturbations do not disturb
the asymptotic stability of the zero solution. The derivation of these conditions is
based on the use of a special construction of the nonstationary Lyapunov function
which takes into account the structure of the acting perturbations. In addition,
we consider the case where there is a constant delay in the right-hand sides of
the system. An original approach to the construction of the Lyapunov-Krasovskii
functional for such a system is proposed. Using this functional, conditions are
found that guarantee the preservation of the asymptotic stability for any positive
delay.

Keywords: nonlinear systems, nonstationary perturbations, asymptotic stability,
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