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Àííîòàöèÿ. Â ñòàòüå èññëåäîâàí âîïðîñ îá îãðàíè÷åííîñòè ïðîèçâîëüíîãî
ðåøåíèÿ êâàçèëèíåéíîé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé ïðè îãðàíè÷åííîñòè íàáëþäàåìûõ çíà÷åíèé ðåøåíèÿ. Íàáëþäàåìûå çíà-
÷åíèÿ ðåøåíèÿ ïðåäñòàâëÿþò ñîáîé êîíå÷íûé íàáîð ñêàëÿðíûõ ïðîèçâåäåíèé
ðåøåíèÿ ñ çàäàííûìè âåêòîðàìè. Ñôîðìóëèðîâàíû è äîêàçàíû òåîðåìû îá
îãðàíè÷åííîñòè ïðîèçâîëüíîãî ðåøåíèÿ ïðè îãðàíè÷åííîñòè íàáëþäàåìûõ
çíà÷åíèé ðåøåíèÿ. Íîâèçíà ðàáîòû ñîñòîèò â òîì, ÷òî ñ ïðèìåíåíèåì ìå-
òîäà ïðåäåëüíûõ óðàâíåíèé âûâåäåíû óñëîâèÿ, èç êîòîðûõ ñëåäóåò îãðàíè-
÷åííîñòü ïðîèçâîëüíîãî ðåøåíèÿ êâàçèëèíåéíîé ñèñòåìû ïðè îãðàíè÷åííî-
ñòè íàáëþäàåìûõ çíà÷åíèé ðåøåíèÿ. Ïðàêòè÷åñêàÿ çíà÷èìîñòü ïîëó÷àåìûõ
óñëîâèé çàêëþ÷àåòñÿ â òîì, ÷òî îíè âûâîäÿòñÿ â òåðìèíàõ ñâîéñòâ ìàòðèöû
êîýôôèöèåíòîâ ñèñòåìû óðàâíåíèé è ìàòðèöû êîýôôèöèåíòîâ íàáëþäàåìûõ
çíà÷åíèé, íå ðåøàÿ ñèñòåìó óðàâíåíèé àíàëèòè÷åñêè èëè ÷èñëåííî. Â ÷àñò-
íîñòè, íàéäåíî äîñòàòî÷íîå óñëîâèå, êîòîðîå ðàâíîñèëüíî óñëîâèþ ïîëíîé
íàáëþäàåìîñòè, èçâåñòíîìó â ìàòåìàòè÷åñêîé òåîðèè óïðàâëåíèÿ.

Êëþ÷åâûå ñëîâà: êâàçèëèíåéíàÿ ñèñòåìà óðàâíåíèé, îãðàíè÷åííîå ðåøå-
íèå, íàáëþäàåìûå çíà÷åíèÿ, ìåòîä ïðåäåëüíûõ óðàâíåíèé.
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1 Ââåäåíèå

Ðàññìîòðèì ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñëåäóþ-
ùåãî âèäà:

x′(t) = Ax(t) + f(t, x(t)), x(t) ∈ Rn, t ∈ (−∞,+∞). (1)

Çäåñü n > 1, Rn � ïðîñòðàíñòâî n-ìåðíûõ âåùåñòâåííûõ âåêòîðîâ ñ åâêëèäî-
âûì ñêàëÿðíûì ïðîèçâåäåíèåì 〈·, ·〉, A � êâàäðàòíàÿ âåùåñòâåííàÿ ìàòðèöà
ïîðÿäêà n, f(t, y) : R1+n 7→ Rn � íåïðåðûâíîå îòîáðàæåíèå, îãðàíè÷åííîå ïî
t ïðè êàæäîì ôèêñèðîâàííîì y è óäîâëåòâîðÿþùåå óñëîâèþ

lim
|y|→∞

|y|−1 sup
t∈R
|f(t, y)| = 0. (2)

Â ñèëó óñëîâèÿ (2) ñèñòåìó óðàâíåíèé (1) íàçûâàåì êâàçèëèíåéíîé.

Èç îáùèõ ñâîéñòâ ðåøåíèé ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé [1, ãë. 2, �3] ñëåäóåò, ÷òî ïðè âûïîëíåíèè óñëîâèÿ (2) ëþáîå ðåøå-
íèå x(t) ñèñòåìû óðàâíåíèé (1) îïðåäåëåíî ïðè âñåõ t ∈ (−∞,+∞). Ðåøåíèå
x(t) íàçûâàåì îãðàíè÷åííûì, åñëè

sup
t∈R
|x(t)| <∞.

Èññëåäîâàíèå îãðàíè÷åííûõ ðåøåíèé ñèñòåì îáûêíîâåííûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé ïðåäñòàâëÿåò èíòåðåñ ñ òî÷êè çðåíèÿ òåîðèè è ïðèëî-
æåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé [2] � [5]. Êà÷åñòâåííîå ïîâåäåíèå ðå-
øåíèé â öåëîì îïðåäåëÿåòñÿ ñóùåñòâîâàíèåì îãðàíè÷åííûõ ðåøåíèé è âçà-
èìíûì ðàñïîëîæåíèåì èõ ôàçîâûõ òðàåêòîðèé. Îãðàíè÷åííûìè ðåøåíèÿìè
îïèñûâàþòñÿ ïåðèîäè÷åñêèå, ïî÷òè-ïåðèîäè÷åñêèå è ðåêóððåíòíûå äâèæåíèÿ
â äèíàìè÷åñêèõ ñèñòåìàõ.

Èçâåñòíî, ÷òî åñëè ìàòðèöà A íå èìååò ÷èñòî ìíèìûõ ñîáñòâåííûõ çíà-
÷åíèé, òî ñèñòåìà óðàâíåíèé (1) èìååò õîòÿ áû îäíî îãðàíè÷åííîå ðåøåíèå
[5, ãë. 5, �10], [6, ãë. 1, �13]. Ïðè ýòîì íàõîäèòü îãðàíè÷åííîå ðåøåíèå àíàëè-
òè÷åñêè èëè ÷èñëåííî, â îáùåì, çàòðóäíèòåëüíî. À åñëè ìàòðèöà A èìååò ÷è-
ñòî ìíèìûå ñîáñòâåííûå çíà÷åíèÿ, òî íè ïðè âñåõ âîçìóùåíèÿõ f ñóùåñòâóåò
îãðàíè÷åííîå ðåøåíèå ñèñòåìû óðàâíåíèé (1). Ïîýòîìó ïðåäñòàâëÿåòñÿ àêòó-
àëüíûì âîïðîñ îá èññëåäîâàíèè îãðàíè÷åííîñòè ïðîèçâîëüíîãî ðåøåíèÿ x(t)
ñèñòåìû óðàâíåíèé (1) ïðè äîïîëíèòåëüíîé èíôîðìàöèè îá îãðàíè÷åííîñòè
òàê íàçûâàåìûõ íàáëþäàåìûõ çíà÷åíèé âèäà 〈ck, x(t)〉, k = 1, . . . ,m ñ çàäàí-
íûìè âåêòîðàìè ck, k = 1, . . . ,m. Çàìûñåë èññëåäîâàíèÿ âîñõîäèò ê îäíîìó
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ðåçóëüòàòó, äîêàçàííîìó â ðàáîòå [7, ãë. 5] è îáîáùàþùåìó òåîðåìó Ýñêëàíãî-
íà äëÿ ñèñòåìû ëèíåéíûõ íåîäíîðîäíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Àíàëîã òåîðåìû Ýñêëàíãîíà äëÿ
íåëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âûñøåãî ïîðÿäêà
èññëåäîâàí è ïðèìåíåí â ðàáîòàõ [8], [9].

Â íàñòîÿùåé ðàáîòå èññëåäîâàíû óñëîâèÿ íà ìàòðèöó A è âåêòîðîâ ck,
k = 1, . . . ,m, îáåñïå÷èâàþùèå îãðàíè÷åííîñòü ïðîèçâîëüíîãî ðåøåíèÿ x(t)
êâàçèëèíåéíîé ñèñòåìû óðàâíåíèé (1) ïðè îãðàíè÷åííîñòè íàáëþäàåìûõ çíà-
÷åíèé 〈ck, x(t)〉, k = 1, . . . ,m. Ñôîðìóëèðîâàíû è äîêàçàíû òåîðåìû, äîïîë-
íÿþùèå èçâåñòíûå ðåçóëüòàòû î íàáëþäàåìîñòè äèíàìè÷åñêèõ ñèñòåì [10],
[11]. Â ÷àñòíîñòè, íàéäåíî äîñòàòî÷íîå óñëîâèå, êîòîðîå ðàâíîñèëüíî óñëîâèþ
ïîëíîé íàáëþäàåìîñòè, èçâåñòíîìó â ìàòåìàòè÷åñêîé òåîðèè óïðàâëåíèÿ [12,
ãë. 3, �2].

Óñòàíîâëåíèå îãðàíè÷åííîñòè ïðîèçâîëüíîãî ðåøåíèÿ x(t) ïðè îáíàðó-
æåíèè îãðàíè÷åííîñòè íàáëþäàåìûõ çíà÷åíèé 〈ck, x(t)〉, k = 1, . . . ,m ìîæíî
íàçâàòü çàäà÷åé èäåíòèôèêàöèè îãðàíè÷åííûõ ðåøåíèé äëÿ ñèñòåìû óðàâ-
íåíèé (1). Íàì íå èçâåñòíî, èññëåäîâàíà ëè â êàêèõ-ëèáî ðàáîòàõ çàäà÷à
èäåíòèôèêàöèè îãðàíè÷åííûõ ðåøåíèé äëÿ ëèíåéíûõ è íåëèíåéíûõ ñèñòåì
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Â òåîðèè óïðàâëåíèÿ äîñòà-
òî÷íî èçó÷åíà çàäà÷à íàáëþäàåìîñòè äëÿ ëèíåéíûõ ñèñòåì (ñì., íàïð., [10],
[11]), îíà ñîñòîèò â îäíîçíà÷íîì îïðåäåëåíèè x(t) ïî íàáëþäàåìûì çíà÷åíè-
ÿì 〈ck, x(t)〉, k = 1, . . . ,m.

Íîâèçíà íàñòîÿùåé ðàáîòû ñîñòîèò â òîì, ÷òî ñ ïðèìåíåíèåì ìåòîäà ïðå-
äåëüíûõ óðàâíåíèé [13] âûâåäåíû óñëîâèÿ, èç êîòîðûõ ñëåäóåò îãðàíè÷åí-
íîñòü ïðîèçâîëüíîãî ðåøåíèÿ êâàçèëèíåéíîé ñèñòåìû ïðè îãðàíè÷åííîñòè
íàáëþäàåìûõ çíà÷åíèé ðåøåíèÿ. Äàííûé ïîäõîä ïîçâîëÿåò èññëåäîâàòü çà-
äà÷ó èäåíòèôèêàöèè îãðàíè÷åííûõ ðåøåíèé è â òåõ ñëó÷àÿõ, êîãäà â ñèñòåìå
óðàâíåíèé (1) ìàòðèöà A çàâèñèò îò t è x. Ïðàêòè÷åñêàÿ çíà÷èìîñòü ïîëó-
÷àåìûõ óñëîâèé çàêëþ÷àåòñÿ â òîì, ÷òî îíè âûâîäÿòñÿ â òåðìèíàõ ñâîéñòâ
ïðàâûõ ÷àñòåé ñèñòåìû óðàâíåíèé. Òàêèì îáðàçîì, íå ðåøàÿ ñèñòåìó óðàâíå-
íèé âèäà (1) àíàëèòè÷åñêè èëè ÷èñëåííî, óäàåòñÿ âûâåñòè óñëîâèÿ, èç êîòî-
ðûõ ñëåäóåò ðàçðåøèìîñòü çàäà÷è èäåíòèôèêàöèè îãðàíè÷åííûõ ðåøåíèé.
Íà îñíîâå ïîëó÷åííûõ ðåçóëüòàòîâ, â äàëüíåéøåì, ìîæíî èññëåäîâàòü çà-
äà÷ó èäåíòèôèêàöèè ïåðèîäè÷åñêèõ ðåøåíèé, ñîñòîÿùåé â óñòàíîâëåíèè ω-
ïåðèîäè÷íîñòè ïðîèçâîëüíîãî ðåøåíèÿ x(t) ïðè ω-ïåðèîäè÷íîñòè íàáëþäàå-
ìûõ çíà÷åíèé.
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2 Îñíîâíûå ðåçóëüòàòû

Âîïðîñ îá îãðàíè÷åííîñòè ïðîèçâîëüíîãî ðåøåíèÿ x(t) êâàçèëèíåéíîé ñè-
ñòåìû óðàâíåíèé (1) ïðè îãðàíè÷åííîñòè íàáëþäàåìûõ çíà÷åíèé 〈ck, x(t)〉,
k = 1, . . . ,m ñâåäåì ê ñëåäóþùåé îöåíêå:

max
a≤t≤a+1

|z(t)| ≤M

(
max

a≤t≤a+1
|z′(t)− Az(t)|+

m∑
k=1

max
a≤t≤a+1

|〈ck, z(t)〉|

)
. (3)

Äàííàÿ îöåíêà äîëæíà áûòü âåðíà äëÿ ëþáûõ z(t) ∈ C1 ([a, a+ 1];Rn) è
a ∈ I, ãäå I = [0,+∞) èëè I = (−∞, 0], è ÷èñëî M > 0 íå çàâèñèò îò
z(t) è a. Â ñèëó óñëîâèÿ (2) îöåíêà (3) îáåñïå÷èâàåò îãðàíè÷åííîñòü ðåøåíèÿ
x(t) ñèñòåìû óðàâíåíèé (1) íà ïðîìåæóòêå I ïðè îãðàíè÷åííîñòè 〈ck, x(t)〉,
k = 1, . . . ,m íà I. Çàìåòèì, ÷òî åñëè îöåíêà (3) âåðíà ïðè a = 0, òî îíà âåðíà
ïðè ëþáîì a, òàê êàê ìàòðèöà A è âåêòîðû ck, k = 1, . . . ,m íå çàâèñÿò îò t.

Îöåíêà (3) çàèìñòâîâàíà èç îöåíêè âèäà

max
a≤t≤a+1

|y(j)(t)| ≤M0

(
max

a≤t≤a+1
|g(t)|+ max

a≤t≤a+1
|y(t)|

)
, j = 1, . . . , n, (4)

äîêàçàííîé â òåîðèè ëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
[1, ãë. 13, �7] äëÿ ïðîèçâîäíûõ y(j)(t), j = 1, . . . , n ïðîèçâîëüíîãî ðåøåíèÿ y(t)
óðàâíåíèÿ

y(n)(t) + b1(t)y
(n−1)(t) + . . .+ bn(t)y(t) = g(t), (5)

ãäå b1(t), . . . , bn(t), g(t) ∈ C[a, a + 1]. Â (4) ÷èñëî M0 > 0 çàâèñèò òîëüêî îò
÷èñëà b0 > 0, óäîâëåòâîðÿþùåãî óñëîâèþ

b0 > max
a≤t≤a+1

|bj(t)|, j = 1, . . . , n.

Èç îöåíêè (4), â ÷àñòíîñòè, âûòåêàåò òåîðåìà Ýñêëàíãîíà [14, ãë. 6, ñ. 98,
100] îá îãðàíè÷åííîñòè íà ïðîìåæóòêå I ïðîèçâîäíûõ y(j)(t), j = 1, . . . , n
ðåøåíèÿ y(t) ïðè îãðàíè÷åííîñòè y(t) è b1(t), . . . , bn(t), g(t) íà ïðîìåæóòêå I.

Åñëè óðàâíåíèå (5) ïðåîáðàçîâàòü â ñèñòåìó óðàâíåíèé âèäà (1), ââîäÿ
îáîçíà÷åíèÿ z1(t) = y(t), z2(t) = y′(t), . . . , zn(t) = y(n−1)(t), òî îöåíêà (4)
ïðèíèìàåò âèä (3), ãäå m = 1 è c1 = (1, 0, . . . , 0)>. Ñëåäîâàòåëüíî, îöåíêà
(3) âåðíà, åñëè A � ìàòðèöà Ôðîáåíèóñà è m = 1, c1 = (1, 0, . . . , 0)>. Â
îáùåì ñëó÷àå îöåíêà (3) íå âåðíà, íàïðèìåð, åñëè ìàòðèöà A äèàãîíàëüíàÿ
è 〈ck, x(t)〉 = xk(t) � k-ÿ êîîðäèíàòà x(t), k = 1, . . . ,m.
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Èññëåäóåì óñëîâèÿ, îáåñïå÷èâàþùèå îöåíêó (3). Áåç îãðàíè÷åíèÿ îáù-
íîñòè ìîæíî ñ÷èòàòü, ÷òî âåêòîðû ck, k = 1, . . . ,m ëèíåéíî íåçàâèñèìû. Â
ýòîì ñëó÷àå 1 ≤ m ≤ n è ìàòðèöà

C = [(c1)>; . . . ; (cm)>],

ñòðîêè êîòîðîé ñîâïàäàþò ñ âåêòîðàìè (ck)>, k = 1, . . . ,m, èìååò ðàíã, ðàâ-
íûé m: rank(C) = m. Åñëè m = n, òî îöåíêà (3) âûïîëíÿåòñÿ áåç êàêèõ-
ëèáî óñëîâèé. Ïîýòîìó ïðåäñòàâëÿåò èíòåðåñ ñëó÷àé, êîãäà rank(C) = m è
1 ≤ m < n. Ñîñòàâèì ìàòðèöó

B = [C;CA; . . . ;CAn−1] (6)

ïî ñòðîêàì ìàòðèö C,CA, . . . , CAn−1. Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1 Îöåíêà (3) âåðíà òîãäà è òîëüêî òîãäà, êîãäà rank(B) = n.

Ñëåäñòâèå 1 Åñëè rank(B) = n, òî îãðàíè÷åííîñòü ïðîèçâîëüíîãî ðåøå-
íèÿ x(t) ñèñòåìû óðàâíåíèé (1) âûòåêàåò èç îãðàíè÷åííîñòè Cx(t).

Òåîðåìà 1 ïðè m = 1 è c1 = (1, 0, . . . , 0)> äîêàçàíà â ðàáîòå [7, ãë. 5], ãäå
òåîðåìà Ýñêëàíãîíà îáîáùåíà äëÿ ñèñòåìû ëèíåéíûõ íåîäíîðîäíûõ îáûêíî-
âåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè.

Óñëîâèå rank(B) = n â ìàòåìàòè÷åñêîé òåîðèè óïðàâëåíèÿ [12, ãë. 3, �2]
íàçûâàþò óñëîâèåì ïîëíîé íàáëþäàåìîñòè. Òàêèì îáðàçîì, óñòàíîâëåíî, ÷òî
îöåíêà (3) ðàâíîñèëüíà óñëîâèþ ïîëíîé íàáëþäàåìîñòè.

Â ñëó÷àå rank(B) < n òåîðåìó 1 ìîæíî äîïîëíèòü îäíèì ðåçóëüòàòîì.
Äëÿ ýòîãî ââåäåì ìàòðèöó

Pε =
∏

λ ∈ σ(A),
εReλ > 0

(A− λE)p(λ)
∏

λ ∈ σ(A),
Reλ = 0

(A− λE), (7)

ãäå σ(A) � ñïåêòð ìàòðèöû A, ε ∈ {−1, 1}, E � åäèíè÷íàÿ ìàòðèöà, p(λ) �
àëãåáðàè÷åñêàÿ êðàòíîñòü λ ∈ σ(A). Åñëè ìíîæåñòâî {λ ∈ σ(A) : εReλ ≥ 0}
ïóñòî, òî ïîëàãàåì Pε = E. Ââåäåíèå ìàòðèöû Pε ñâÿçàíî ñ òåì, ÷òî ïðîèç-
âîëüíîå ðåøåíèå àâòîíîìíîé ñèñòåìû v′ = Av îãðàíè÷åíî ïðè εt ≤ 0 ëèøü
ïðè âûïîëíåíèè óñëîâèÿ Pεv(0) = 0 (ñì., íàïð., [5, ãë. 5, ñ. 359]).

Â äîïîëíåíèè ê òåîðåìå 1 èìååò ìåñòî
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Òåîðåìà 2 Ïóñòü âûïîëíåíî óñëîâèå

rank[B;Pε] = n, (8)

ãäå ε ðàâíî −1 èëè 1, ìàòðèöû B è Pε îïðåäåëÿþòñÿ ôîðìóëàìè (6) è (7).
Òîãäà äëÿ ïðîèçâîëüíîãî ðåøåíèÿ x(t) ñèñòåìû óðàâíåíèé (1) âåðíà èìïëè-
êàöèÿ

sup
εt≥0
|Cx(t)| =⇒ sup

εt≥0
|x(t)|. (9)

Òåîðåìû (1) è (2) äîêàçàíû ìåòîäîì ïðåäåëüíûõ óðàâíåíèé, ïðèìåíåí-
íûì â ðàáîòå [13] ïðè èññëåäîâàíèè îãðàíè÷åííûõ ðåøåíèé ñèñòåì îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Òàêîé ïîäõîä ïîçâîëÿåò îáîáùèòü
ïîëó÷åííûå ðåçóëüòàòû â ñëó÷àå, êîãäà ìàòðèöà A çàâèñèò îò t è x.

3 Äîêàçàòåëüñòâà òåîðåì

Â ýòîì ïàðàãðàôå ïðèâåäåì äîêàçàòåëüñòâà òåîðåì 1 è 2. Ñíà÷àëà ïðîâåðèì
ñïðàâåäëèâîñòü ñëåäóþùåé ëåììû.

Ëåììà 1 Äëÿ ïðîèçâîëüíîãî âåêòîðà u ∈ Rn òîæäåñòâî CetAu ≡ 0, t ∈
(t1, t2) ðàâíîñèëüíî ðàâåíñòâàì

Cu = 0, CAu = 0, . . . , CAn−1u = 0. (10)

Äîêàçàòåëüñòâî. Ïóñòü èìååò ìåñòî òîæäåñòâî CetAu ≡ 0, t ∈ (t1, t2).
Ïðîâåðèì, ÷òî CetAu ≡ 0, t ∈ R. Äëÿ ýòîãî äîñòàòî÷íî ïîêàçàòü, ÷òî ïðè
ëþáîì v ∈ Rm ôóíêöèÿ ϕ(t) = 〈CetAu, v〉 òîæäåñòâåííî ðàâíà íóëþ íà R.

Íàéäåì ïðîèçâîäíûõ ôóíêöèè ϕ(t): ϕ(k)(t) = 〈CAketAu, v〉, k = 1, 2, . . ..
Äàëåå, âîñïîëüçóåìñÿ òåì, ÷òî ñîãëàñíî òåîðåìå Ãàìèëüòîíà-Êýëè [15, ñ. 93]
ìàòðèöà A óäîâëåòâîðÿåò ñâîåìó õàðàêòåðèñòè÷åñêîìó óðàâíåíèþ:

An + q1A
n−1 + . . .+ qn−1A+ qnE = O,

ãäå
λn + q1λ

n−1 + . . .+ qn−1λ+ qn ≡ det(λE − A).
Îòñþäà âûòåêàåò, ÷òî ôóíêöèÿ ϕ(t) óäîâëåòâîðÿåò ëèíåéíîìó îäíîðîäíîìó
äèôôåðåíöèàëüíîìó óðàâíåíèþ

y(n)(t) + q1y
(n−1)(t) + . . .+ qn−1y

′(t) + qny(t) = 0, t ∈ Rn.
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Äëÿ äàííîãî óðàâíåíèÿ òîëüêî íóëåâîå ðåøåíèå ìîæåò îáðàùàòüñÿ â íîëü
òîæäåñòâåííî íà êàêîì-ëèáî èíòåðâàëå. Òàê êàê ïî óñëîâèþ ϕ(t) ≡ 0,
t ∈ (t1, t2), ïîýòîìó ϕ(t) ≡ 0, t ∈ R. Ñëåäîâàòåëüíî, èìååò ìåñòî òîæäå-
ñòâî CetAu ≡ 0, t ∈ R. Äàííîå òîæäåñòâî äèôôåðåíöèðóÿ k ðàç è ïîëàãàÿ
k = 0, 1, . . . , n− 1, t = 0 ïîëó÷àåì ðàâåíñòâà (10).

Îáðàòíî, åñëè èìåþò ìåñòî ðàâåíñòâà (10), òî èç òåîðåìû Ãàìèëüòîíà-
Êýëè ñëåäóåò, ÷òî CAku = 0 ïðè ëþáîì öåëîì k ≥ 0. Îòñþäà ïî îïðåäåëåíèþ
ìàòðè÷íîé ýêñïîíåíòû âûâîäèì CetAu ≡ 0, t ∈ R. Ëåììà 1 äîêàçàíà.

Äîêàçàòåëüñòâî òåîðåìû 1. Íåîáõîäèìîñòü. Ïóñòü âåðíà îöåíêà (3).
Ïîêàæåì, ÷òî rank(B) = n. Äåéñòâèòåëüíî, åñëè rank(B) < n, òî ñèñòå-
ìà óðàâíåíèé (10) èìååò íåíóëåâîå ðåøåíèå u0. Òîãäà äëÿ âåêòîð-ôóíêöèè
z0(t) = etAu0 èìååì: |z0(t)| > 0, z′0(t) − Az0(t) ≡ 0 è Cz0(t) ≡ 0 (ñîãëàñíî
ëåììå 1). À ýòî ïðîòèâîðå÷èò îöåíêå (3).

Äîñòàòî÷íîñòü. Ïóñòü rank(B) = n. Ïðåäïîëîæèì, ÷òî îöåíêà (3)
íåâåðíà. Òîãäà ñóùåñòâóþò áåñêîíå÷íûå ïîñëåäîâàòåëüíîñòè aj ∈ I, zj(t) ∈
C1 ([aj, aj + 1];Rn), j = 1, 2, . . . òàêèå, ÷òî

max
aj≤t≤aj+1

|zj(t)| > j

(
max

aj≤t≤aj+1
|z′j(t)− Azj(t)|+ max

aj≤t≤aj+1
|Czj(t)|

)
, j = 1, 2, . . . .

Ðàññìîòðèì âåêòîð-ôóíêöèè

vj(t) = r−1j zj(t+ aj), t ∈ [0, 1], j = 1, 2, . . . ,

ãäå rj � ìàêñèìóì ôóíêöèè |zj(t)| íà îòðåçêå [aj, aj + 1]. Äëÿ ýòèõ âåêòîð-
ôóíêöèé èìååì:

1 = max
0≤t≤1

|vj(t)| > j

(
max
0≤t≤1

|v′j(t)− Avj(t)|+ max
0≤t≤1

|Cvj(t)|
)
, j = 1, 2, . . . .

Ïåðåõîäÿ ê ïðåäåëó âäîëü ðàâíîìåðíî ñõîäÿùåéñÿ ïîäïîñëåäîâàòåëüíîñòè
âåêòîð-ôóíêöèé vj1(t), vj2(t), . . ., ïîëó÷àåì ôóíêöèþ v(t) ∈ C1 ([0, 1];Rn) òà-
êóþ, ÷òî

max
0≤t≤1

|v(t)| = 1, v′(t)− Av(t) ≡ 0, Cv(t) ≡ 0.

Îòñþäà âûâîäèì:

v(t) ≡ etAv(0), v(0) 6= 0, CetAv(0) ≡ 0.

Èç ïîñëåäíåãî òîæäåñòâà, â ñèëó ëåììû 1, ñëåäóåò, ÷òî ñèñòåìà óðàâíåíèé
(10) èìååò íåíóëåâîå ðåøåíèå, ÷òî ïðîòèâîðå÷èò óñëîâèþ rank(B) = n.
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Òåîðåìà 1 äîêàçàíà.

Äîêàçàòåëüñòâî òåîðåìû 2. Ïóñòü âûïîëíåíî óñëîâèå (8). Áåç îãðàíè-
÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî ε = 1. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò
ðåøåíèå x(t) ñèñòåìû óðàâíåíèé (1) òàêîå, ÷òî

sup
t≥0
|Cx(t)| <∞, sup

t≥0
|x(t)| =∞.

Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü âåêòîð-ôóíêöèé xj(t) = r−1j x(t + tj), t ∈
[−tj, j − tj], j = 1, 2, . . ., ãäå tj, rj � òî÷êà ìàêñèìóìà è ìàêñèìóì ôóíêöèè
|x(t)| íà îòðåçêå [0, j]. Î÷åâèäíî, rj → +∞, tj → +∞ ïðè j →∞. Äëÿ ýòèõ
âåêòîð-ôóíêöèé ïðè êàæäîì j = 1, 2, . . . èìååì:

x′j(t) = Axj(t) + r−1j f(t+ tj, rjxj(t)), t ∈ (−tj, j − tj),

|xj(0)| = max
t∈[−tj ,j−tj ]

|xj(t)| = 1, max
t∈[−tj ,j−tj ]

|Cxj(t)| ≤ r−1j sup
t≥0
|Cx(t)|.

Äàííàÿ ïîñëåäîâàòåëüíîñòü âåêòîð-ôóíêöèé ðàâíîìåðíî îãðàíè÷åíà è ðàâ-
íîñòåïåííî íåïðåðûâíà íà êàæäîì îòðåçêå [−l, 0] ⊂ (−∞, 0]. Íà îñíîâàíèè
òåîðåìû Àðöåëà ïåðåéäåì ê ïðåäåëó íà ðàñøèðÿþùèõñÿ îòðåçêàõ [−l, 0],
l = 1, 2, . . .. Â ðåçóëüòàòå ïîëó÷àåì íåíóëåâîå ðåøåíèå x0(t) ñèñòåìû óðàâ-
íåíèé

v′(t) = Av(t), v(t) ∈ Cn, (11)

óäîâëåòâîðÿþùåå óñëîâèÿì

sup
t≤0
|v(t)| <∞, (12)

Cv(t) ≡ 0 ïðè t ≤ 0. (13)

Äëÿ ðåøåíèé ñèñòåìû óðàâíåíèé (11) óñëîâèå (12) ðàâíîñèëüíî óñëîâèþ
P1v(0) = 0, ãäå ìàòðèöà P1 îïðåäåëÿåòñÿ ôîðìóëîé (7) (ñì., íàïð., [5, ãë.
5, ñ. 359]). À óñëîâèå (13) â ñèëó ëåììû 1 ðàâíîñèëüíî ñèñòåìå óðàâíåíèé

Cv(0) = 0, CAv(0) = 0, . . . , CAn−1v(0) = 0.

Ñëåäîâàòåëüíî, x0(0) ÿâëÿåòñÿ íåíóëåâûì ðåøåíèåì ñèñòåìû ëèíåéíûõ àë-
ãåáðàè÷åñêèõ óðàâíåíèé

[B;P1]w = 0, w ∈ Cn.

Ïîëó÷åííîå ïðîòèâîðå÷èò óñëîâèþ (8).

Òåîðåìà 2 äîêàçàíà.
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4 Ïðèìåð

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì ñèñòåìó óðàâíåíèé:
x′1(t) = x2(t) + f1(t, x1(t), x2(t), x3(t)),

x′2(t) = x3(t) + f2(t, x1(t), x2(t), x3(t)),

x′3(t) = f3(t, x1(t), x2(t), x3(t)),

(14)

ãäå f = (f1, f2, f3)
> : R4 7→ R3 � íåïðåðûâíîå îòîáðàæåíèå, óäîâëåòâîðÿþùåå

óñëîâèþ (2). Ñèñòåìå óðàâíåíèé (14) ñîîòâåòñòâóåò ìàòðèöà

A =

 0 1 0

0 0 1

0 0 0

 .

Ñïåêòð ìàòðèöû A ïåðåñåêàåòñÿ ñ ìíèìîé îñüþ iR. Ïîýòîìó íè ïðè âñåõ âîç-
ìóùåíèÿõ f ñèñòåìà óðàâíåíèé (14) èìååò îãðàíè÷åííîå ðåøåíèå, íàïðèìåð,
ïðè f = (0, 0, 1))>.

Âîçüìåì C = (c1, c2, c3) è ïî ôîðìóëàì (6), (7) íàéäåì

B = [C;CA;CA2] =

 c1 c2 c3

0 c1 c2

0 0 c1

 , Pε = A, ε ∈ {−1, 1}.

Óñëîâèå (8) âûïîëíÿåòñÿ ëèøü ïðè c1 6= 0. Â ýòîì ñëó÷àå èìååò ìåñòî ðà-
âåíñòâî rank(B) = 3. Ñëåäîâàòåëüíî, ñîãëàñíî òåîðåìå 1 äëÿ ïðîèçâîëüíîãî
ðåøåíèÿ x(t) ñèñòåìû óðàâíåíèé (14) ïðè ëþáîì a ∈ R âåðíà îöåíêà

max
a≤t≤a+1

|x(t)| ≤M

(
max

a≤t≤a+1
|f(t, x(t))|+ max

a≤t≤a+1
|Cx(t)|

)
, (15)

ãäåM > 0 íå çàâèñèò îò x(t), f è a. Â ñèëó óñëîâèÿ (2) äëÿ ëþáîãî δ ∈ (0,M)
ñóùåñòâóåòMδ > 0 òàêîå, ÷òî ïðè âñåõ t ∈ R, y ∈ R3 èìååò ìåñòî íåðàâåíñòâî
|f(t, y)| < δ|y|+Mδ. Ó÷èòûâàÿ ýòî íåðàâåíñòâî, èç îöåíêè (15) âûâîäèì:

max
a≤t≤a+1

|x(t)| ≤ (1− δM)−1
(
Mδ + max

a≤t≤a+1
|Cx(t)|

)
.

Òàêèì îáðàçîì, åñëè C = (c1, c2, c3) è c1 6= 0, òî äëÿ ïðîèçâîëüíîãî ðåøåíèÿ
x(t) ñèñòåìû óðàâíåíèé (14) èç îãðàíè÷åííîñòè Cx(t) ñëåäóåò îãðàíè÷åííîñòü
x(t). Åñëè ê òîìó æå Mδ = 0 è Cx(t) → 0 ïðè t → +∞, òî x(t) → 0 ïðè
t→ +∞.
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Åñëè âîçüìåì

C =

(
0 c12 c13

0 c22 c23

)
,

òî äëÿ ìàòðèö A è C óñëîâèå (8) íå âûïîëíÿåòñÿ.

Áëàãîäàðíîñòè. Àâòîðû âûðàæàþò áëàãîäàðíîñòü ðåöåíçåíòó çà âûñêà-
çàííûå öåííûå çàìå÷àíèÿ. Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèé-
ñêîãî íàó÷íîãî ôîíäà � 23-21-00032 (https://rscf.ru/project/23-21-00032/).
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ON THE BOUNDEDNESS OF SOLUTIONS OF A QUASILINEAR
SYSTEM OF ORDINARY DIFFERENTIAL EQUATIONS

Mukhamadiev E., Naimov A. N.
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Abstract. In the paper, the question of the boundedness of an arbitrary solution
of a quasilinear system of ordinary di�erential equations is investigated under
boundedness of the observed values of the solution. The observed values of the
solution are a �nite set of scalar products of the solution with given vectors. In
terms of the properties of the matrix of coe�cients of the system of equations
and the matrix of coe�cients of observed values, theorems on the boundedness
of an arbitrary solution with boundedness of the observed values are formulated
and proved. The novelty of this paper is that using the method of limit equations,
estimates are derived from which the boundedness or stability follows an arbitrary
solution of a quasilinear system in terms of boundedness or stability of the
observed values of the solution.

Keywords: quasilinear system of equations, bounded solution, observed values,
limit equation method.
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