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Abstract. The article is devoted to a new proof of the expansion for iterated
Itô stochastic integrals with respect to the components of a multidimensional

Wiener process. The above expansion is based on Hermite polynomials and gen-
eralized multiple Fourier series in arbitrary complete orthonormal systems of

functions in a Hilbert space. In 2006, the author obtained a similar expansion,
but with a lesser degree of generality, namely, for the case of continuous or piece-

wise continuous complete orthonornal systems of functions in a Hilbert space.
In this article, the author generalizes the expansion of iterated Itô stochastic
integrals obtained by him in 2006 to the case of an arbitrary complete orthonor-

mal systems of functions in a Hilbert space using a new approach based on the
Itô formula. The obtained expansion of iterated Itô stochastic integrals is use-

ful for constructing of high-order strong numerical methods for systems of Itô
stochastic differential equations with multidimensional non-commutative noise.
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1 Introduction

Let (Ω, F, P) be a complete probability space, let {Fτ , τ ∈ [0, T̄ ]} be a non-

decreasing right-continous family of σ-algebras of F, and let wτ be a stan-
dard m-dimensional Wiener stochastic process, which is Fτ -measurable for any

τ ∈ [0, T̄ ]. We assume that the components w
(i)
τ (i = 1, . . . , m) of this process

are independent. Consider an Itô stochastic differential equation (SDE) in the
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integral form

xs = x0 +

s∫

0

a(xτ , τ)dτ +
m∑

j=1

s∫

0

Bj(xτ , τ)dw
(j)
τ , x0 = x(0, ω), ω ∈ Ω. (1)

Here xs is n-dimensional stochastic process satisfying the equation (1). The

nonrandom functions a(x, τ), Bj(x, τ) : Rn× [0, T̄ ] → Rn (j = 1, . . . , m) guar-
antee the existence and uniqueness up to stochastic equivalence of the strong
solution of equation (1) [1]. The second integral on the right-hand side of (1) is

the Itô stochastic integral. Let x0 be an n-dimensional random variable, which
is F0-measurable and M

{
|x0|2

}
< ∞ (M denotes a mathematical expectation).

We assume that x0 and wτ − w0 are independent when τ > 0. In addition
to the above conditions, we will assume that the functions a(x, τ), Bj(x, τ)

(j = 1, . . . , m) are sufficiently smooth functions in both arguments.

It is well known [2]-[5] that Itô SDEs are adequate mathematical models of

dynamic systems of various physical nature under the influence of random dis-
turbances. One of the effective approaches to the numerical integration of Itô

SDEs is an approach based on the Taylor–Itô and Taylor–Stratonovich expan-
sions [2]-[10]. The most important feature of such expansions is a presence in
them of the so-called iterated Itô and Stratonovich stochastic integrals, which

play the key role for solving the problem of numerical integration of Itô SDEs
and have the following form

J [ψ(k)]
(i1...ik)
T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk , (2)

J∗[ψ(k)]
(i1...ik)
T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk , (3)

where ψ1(τ), . . . , ψk(τ) are nonrandom functions on [t, T ], w
(i)
τ (i = 1, . . . , m)

are independent standard Wiener processes and w
(0)
τ = τ, i1, . . . , ik = 0, 1, . . . ,

m,
∫

and

∗∫

denote Itô and Stratonovich stochastic integrals, respectively.

Generalization of the method of expansion of iterated Itô stochastic integrals

(2) based on generalized multiple Fourier series (see Theorem 5.1 ([6], p. 236)
and Sect. 5.1 ([6], pp. 235-245)) composes the subject of the article.
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Note that another approaches to the expansion and mean-square approxi-

mation of iterated Itô and Stratonovich stochastic integrals (2) and (3) can be
found in [2]-[5], [21]-[38].

Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]). Define the following function
(the so-called factorized Volterra-type kernel) on the hypercube [t, T ]k

K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk), t1 < . . . < tk

0, otherwise

, (4)

where t1, . . . , tk ∈ [t, T ] (k ≥ 2) and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ].

Suppose that {φj(x)}∞j=0 is an arbitrary complete orthonormal system of

functions in the space L2([t, T ]).

It is well known that the generalized multiple Fourier series of K(t1, . . . , tk)

∈ L2([t, T ]
k) is converging to K(t1, . . . , tk) in the hypercube [t, T ]k in the mean-

square sense, i.e.

lim
p1,...,pk→∞

∥
∥
∥
∥
K −Kp1...pk

∥
∥
∥
∥
L2([t,T ]k)

= 0, (5)

where

Kp1...pk(t1, . . . , tk) =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl), (6)

Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)
k∏

l=1

φjl(tl)dt1 . . . dtk (7)

is the Fourier coefficient, and

‖f‖L2([t,T ]k)
=






∫

[t,T ]k

f 2(t1, . . . , tk)dt1 . . . dtk






1/2

.

Consider the partition {τj}Nj=0 of [t, T ] such that

t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1−τj.
(8)
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Theorem 1 [6] (2006) (also see [7]-[20]). Suppose that ψ1(τ), . . . , ψk(τ) are

continuous nonrandom functions on [t, T ] and {φj(x)}∞j=0 is an arbitrary com-

plete orthonormal system of continuous or piecewise continuous functions in

the space L2([t, T ]). Then

J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

−l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆w(i1)
τl1

. . . φjk(τlk)∆w(ik)
τlk

)

, (9)

where

Gk = Hk\Lk, Hk =
{
(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1

}
,

Lk =
{
(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N−1; lg 6= lr (g 6= r); g, r = 1, . . . , k

}
,

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . , m,

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ (10)

are independent standard Gaussian random variables for various i or j (in the

case when i 6= 0), Cjk...j1 is the Fourier coefficient (7), ∆w
(i)
τj = w

(i)
τj+1 − w

(i)
τj

(i = 0, 1, . . . , m), {τj}Nj=0 is a partition of [t, T ], which satisfies the condition

(8).

A number of generalizations and modifications of Theorem 1 can be found

in [10], Chapter 1 (see also bibliography therein).

Let us consider corollaries from Theorem 1 (see (9)) for k = 1, . . . , 5 [6]

J [ψ(1)]
(i1)
T,t = l.i.m.

p1→∞

p1∑

j1=0

Cj1ζ
(i1)
j1
, (11)

J [ψ(2)]
(i1i2)
T,t = l.i.m.

p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1
ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

, (12)

https://doi.org/10.21638/11701/spbu35.2023.405 Electronic Journal: http://diffjournal.spbu.ru/ 71



Differential Equations and Control Processes, N. 4, 2023

J [ψ(3)]
(i1i2i3)
T,t = l.i.m.

p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

ζ
(i1)
j1
ζ
(i2)
j2
ζ
(i3)
j3

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

, (13)

J [ψ(4)]
(i1...i4)
T,t = l.i.m.

p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3
ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2
ζ
(i4)
j4

−

−1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2
ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1
ζ
(i4)
j4

−

−1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1
ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1
ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4} + 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

, (14)

J [ψ(5)]
(i1...i5)
T,t = l.i.m.

p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3
ζ
(i4)
j4
ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2
ζ
(i4)
j4
ζ
(i5)
j5

−

−1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2
ζ
(i3)
j3
ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2
ζ
(i3)
j3
ζ
(i4)
j4

−

−1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1
ζ
(i4)
j4
ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1
ζ
(i3)
j3
ζ
(i5)
j5

−

−1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1
ζ
(i3)
j3
ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1
ζ
(i2)
j2
ζ
(i5)
j5

−

−1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1
ζ
(i2)
j2
ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1
ζ
(i2)
j2
ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+
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+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

+1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

, (15)

where 1A is the indicator of the set A.

Consider a generalization of the formulas (11)–(15) for the case of arbitrary
multiplicity k (k ∈ N) of the iterated Itô stochastic integral (2).

In order to do this, let us consider the unordered set {1, 2, . . . , k} and sep-

arate it into two parts: the first part consists of r unordered pairs (sequence
order of these pairs is also unimportant) and the second one consists of the
remaining k − 2r numbers. So, we have

({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}), (16)

where {g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k}, braces mean an un-

ordered set, and parentheses mean an ordered set.

We will say that (16) is a partition and consider the sum with respect to

all possible partitions
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r,q1...qk−2r
, (17)

where ag1g2,...,g2r−1g2r,q1...qk−2r
∈ R.

Below there are several examples of sums in the form (17)
∑

({g1,g2})
{g1,g2}={1,2}

ag1g2 = a12,

∑

({{g1,g2},{g3,g4}})
{g1,g2,g3,g4}={1,2,3,4}

ag1g2,g3g4 = a12,34 + a13,24 + a23,14,

∑

({g1,g2},{q1,q2})
{g1,g2,q1,q2}={1,2,3,4}

ag1g2,q1q2 = a12,34 + a13,24 + a14,23 + a23,14 + a24,13 + a34,12,
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∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

ag1g2,q1q2q3 =

= a12,345 + a13,245 + a14,235 + a15,234 + a23,145 + a24,135+

+a25,134 + a34,125 + a35,124 + a45,123,

∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

ag1g2,g3g4,q1 =

= a12,34,5 + a13,24,5 + a14,23,5 + a12,35,4 + a13,25,4 + a15,23,4 + a12,54,3 + a15,24,3+

+a14,25,3 + a15,34,2 + a13,54,2 + a14,53,2 + a52,34,1 + a53,24,1 + a54,23,1.

Now we can formulate Theorem 1 (see (9)) in another form.

Theorem 2 [8] (2009) (also see [9]–[15]). Suppose that ψ1(τ), . . . , ψk(τ)

are continuous nonrandom functions on [t, T ] and {φj(x)}∞j=0 is an arbitrary

complete orthonormal system of continuous or piecewise continuous functions

in the space L2([t, T ]). Then the following expansion

J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig2s−1
= ig2s 6=0}1{jg2s−1

= jg2s }

k−2r∏

l=1

ζ
(iql )

jql

)

(18)

that converges in the mean-square sense is valid, where i1, . . . , ik = 0, 1, . . . , m,

[x] is an integer part of a real number x,
∏

∅

def
= 1,

∑

∅

def
= 0; another notations are

the same as in Theorem 1.

Further in this article, we will consider a generalization of the expansion

(18) to the case of an arbitrary complete orthonormal systems of functions in
the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).Moreover, we will consider

a modification of (18) based on the Hermite polynomials.

It should be noted that there is a work [39] in which an expansion similar

to (89) was obtained (see Sect. 4 for details). A comparison of our results with
the results from [39] and with other publications will be given in Sect. 4.
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2 Preliminary Results

2.1 Expansion of Iterated Itô Stochastic Integrals based on Gener-

alized Multiple Fourier Series

Suppose that Φ(t1, . . . , tk) ∈ L2([t, T ]
k), i1, . . . , ik = 0, 1, . . . , m, dw

(0)
τ

def
= dτ.

Let us introduce the following notation for the sum of iterated Itô stochastic
integrals

J ′′[Φ](i1...ik)T,t
def
=

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

Φ(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk , (19)

where all permutations (t1, . . . , tk) when summing are performed only in the

values dw
(i1)
t1 . . . dw

(ik)
tk . At the same time the indices near upper limits of inte-

gration in the iterated stochastic integrals are changed correspondently and if
tr swapped with tq in the permutation (t1, . . . , tk), then ir swapped with iq in

the permutation (i1, . . . , ik). In addition,

T∫

t

. . .

t2∫

t

Φ(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk

is the iterated Itô stochastic integral.

Let us give an exumple of the sum (19) for k = 3

J ′′[Φ](i1i2i3)T,t
def
=

∑

(t1,t2,t3)

T∫

t

t3∫

t

t2∫

t

Φ(t1, t2, t3)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 =

=

T∫

t

t3∫

t

t2∫

t

Φ(t1, t2, t3)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 +

T∫

t

t2∫

t

t3∫

t

Φ(t1, t2, t3)dw
(i1)
t1 dw

(i3)
t3 dw

(i2)
t2 +

+

T∫

t

t3∫

t

t1∫

t

Φ(t1, t2, t3)dw
(i2)
t2 dw

(i1)
t1 dw

(i3)
t3 +

T∫

t

t1∫

t

t3∫

t

Φ(t1, t2, t3)dw
(i2)
t2 dw

(i3)
t3 dw

(i1)
t1 +

+

T∫

t

t2∫

t

t1∫

t

Φ(t1, t2, t3)dw
(i3)
t3 dw

(i1)
t1 dw

(i2)
t2 +

T∫

t

t1∫

t

t2∫

t

Φ(t1, t2, t3)dw
(i3)
t3 dw

(i2)
t2 dw

(i1)
t1 .
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Theorem 3 [10], [15]. Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and

{φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the

space L2([t, T ]). Then the following expansion

J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1J
′′[φj1 . . . φjk ]

(i1...ik)
T,t

converging in the mean-square sense is valid, where J [ψ(k)]
(i1...ik)
T,t is the iterated

Itô stochastic integral (2), J ′′[φj1 . . . φjk ]
(i1...ik)
T,t is defined by (19) or has the form

J ′′[φj1 . . . φjk ]
(i1...ik)
T,t =

∑

(j1,...,jk)

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,

where
∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk). At the same

time if jr swapped with jq in the permutation (j1, . . . , jk), then ir swapped with iq
in the permutation (i1, . . . , ik). Another notations are the same as in Theorems 1

and 2.

Proof. Using (19), we have

J [ψ(k)]
(i1...ik)
T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk = J ′′[K]

(i1...ik)
T,t w. p. 1,

(20)

where K = K(t1, . . . , tk) is defined by (4).

Applying the linearity property of the Itô stochastic integral and (20), we

obtain w. p. 1

J [ψ(k)]
(i1...ik)
T,t = J ′′[K]

(i1...ik)
T,t = J ′′[Kp1...pk ]

(i1...ik)
T,t + J ′′[K −Kp1...pk ]

(i1...ik)
T,t =

=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1J
′′[φj1 . . . φjk ]

(i1...ik)
T,t + J ′′[Rp1...pk ]

(i1...ik)
T,t , (21)
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where

Rp1...pk(t1, . . . , tk) = K(t1, . . . , tk)−Kp1...pk(t1, . . . , tk),

K(t1, . . . , tk) and Kp1...pk(t1, . . . , tk) are defined by (4) and (6), respectively; the

Fourier coefficient Cjk...j1 has the form (7).

Note that (see (19))

J ′′[Rp1...pk ]
(i1...ik)
T,t =

=
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(

K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

)

×

×dw(i1)
t1 . . . dw

(ik)
tk ,

where notations are the same as in (19).

According to the standard moment properties of the Itô stochastic integral

[1] and the properties of the Lebesgue integral, we get the following estimate

M

{(

J ′′[Rp1...pk ]
(i1...ik)
T,t

)2
}

≤

≤ Ck

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(

K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

)2

×

×dt1 . . . dtk = (22)

= Ck

∫

[t,T ]k

(

K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

)2

dt1 . . . dtk =

= Ck

∥
∥
∥
∥
K −Kp1...pk

∥
∥
∥
∥

2

L2([t,T ]k)

, (23)

where constant Ck depends only on the multiplicity k of the iterated Itô stochas-
tic integral J [ψ(k)]

(i1...ik)
T,t , and permutations (t1, . . . , tk) when summing in (22)
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are performed in the expression dt1 . . . dtk. At the same time the indices near

upper limits of integration in the iterated integrals from (22) are changed cor-
respondently.

Combining (5) and (23), we get

lim
p1,...,pk→∞

M

{(

J ′′[Rp1...pk ]
(i1...ik)
T,t

)2
}

= 0. (24)

From (21) and (24) we obtain the following expansion for the iterated Itô

stochastic integral (2)

J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1J
′′[φj1 . . . φjk ]

(i1...ik)
T,t , (25)

where J ′′[φj1 . . . φjk ]
(i1...ik)
T,t is defined by (19).

It is easy to see that J ′′[φj1 . . . φjk ]
(i1...ik)
T,t can be written in the form

J ′′[φj1 . . . φjk ]
(i1...ik)
T,t =

∑

(j1,...,jk)

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(ik)
tk , (26)

where ∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk). At the
same time if jr swapped with jq in the permutation (j1, . . . , jk), then ir swapped

with iq in the permutation (i1, . . . , ik).

The relations (25) and (26) complete the proof of Theorem 3. Theorem 3

is proved.

2.2 Modification and Generalization of Itô’s Theorem. Proof on

the Base of the Itô Formula and Without Explicit Use of the

Multiple Wiener Stochastic Integral

In this section, we generalize Theorem 3.1 from [40] (1951) which gives the

relaionship between the multiple Wiener stochastic integral and the Hermite
polynomials. Recall that in [40] the case i1 = . . . = ik 6= 0 (the case of a
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scalar standard Wiener process) has been considered. In the main result of

this section, we will consider the case i1, . . . , ik = 0, 1, . . . , m (the case of a
multidimensional Wiener process). Moreover, our proof diffes from that given

in [40] and is based on the Itô formula. Also, we do not explicitly use the
multiple Wiener stochastic integral in the proof of Theorem 4. Although it

should be noted that the sum (19), which plays a central role in the proof of
Theorem 4, is equal w. p. 1 to the multiple Wiener stochastic integral with
respect to the components of a multidimensional Wiener process (see the proof

in [10], Sect. 1.11 for details).

Let us introduce some notations.

We will say that the condition (⋆) is fulfilled for the multi-index (i1 . . . ik)

(i1, . . . , ik = 0, 1, . . . , m) if m1, . . . , mk are multiplicities of the elements

i1, . . . , ik, respectively, i.e.

{i1, . . . , ik}= {
m1

︷ ︸︸ ︷

i1, . . . , i1,

m2
︷ ︸︸ ︷

i2, . . . , i2, . . . ,

mr
︷ ︸︸ ︷

ir, . . . , ir},

where r = 1, . . . , k, braces mean an unordered set, and parentheses mean an

ordered set. At that, m1 + . . . + mk = k, m1, . . . , mk = 0, 1, . . . , k, and all

elements with nonzero multiplicities are pairwise different.

It is not difficult to see that

J ′′ [φj1 . . . φjk ]
(i1...ik)
T,t = J ′′

[

φjg1 . . . φjgm1︸ ︷︷ ︸
m1

φjgm1+1
. . . φjgm1+m2

︸ ︷︷ ︸
m2

. . .

. . . φjgm1+m2+...+mk−1+1
. . . φjgm1+m2+...+mk

︸ ︷︷ ︸
mk

](

m1
︷︸︸︷
i1...i1

m2
︷︸︸︷
i2...i2 ...

mk
︷︸︸︷
ik...ik )

T,t

w. p. 1, where we suppose that the condition (⋆) is fulfilled for the multi-index
(i1 . . . ik) and {jg1, . . . , jgm1+m2+...+mk

} = {jg1, . . . , jgk} = {j1, . . . , jk}.
Suppose that

{

jgm1+m2+...+ml−1+1
, . . . , jgm1+m2+...+ml

}

=

=

{

jh1,l
, . . . , jh1,l

︸ ︷︷ ︸
n1,l

, jh2,l
, . . . , jh2,l

︸ ︷︷ ︸
n2,l

, . . . , jhdl,l
, . . . , jhdl,l︸ ︷︷ ︸
ndl,l

}

, (27)
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where n1,l+n2,l+ . . .+ndl,l = ml; n1,l, n2,l, . . . , ndl,l = 1, . . . , ml; dl = 1, . . . , ml;

l = 1, . . . , k. Note that the numbersm1, . . . , mk, g1, . . . , gk depend on (i1, . . . , ik)
and the numbers n1,l, . . . , ndl,l, h1,l, . . . , hdl,l, dl depend on {j1, . . . , jk}. More-

over, {jg1, . . . , jgk} = {j1, . . . , jk}.
Let Hn(x) be the Hermite polynomial of degree n

Hn(x) = (−1)nex
2/2 d

n

dxn

(

e−x2/2
)

or

Hn(x) = n!

[n/2]
∑

m=0

(−1)mxn−2m

m!(n− 2m)!2m
(n ∈ N). (28)

For example,
H0(x) = 1,

H1(x) = x,

H2(x) = x2 − 1,

H3(x) = x3 − 3x,

H4(x) = x4 − 6x2 + 3,

H5(x) = x5 − 10x3 + 15x.

Let us formulate the following modification and generalization of Theo-

rem 3.1 from [40] for the case i1, . . . , ik = 0, 1, . . . , m.

Theorem 4 [10], [15]. Suppose that the condition (⋆) is fulfilled for the

multi-index (i1 . . . ik) and the condition (27) is also fulfilled. Furthermore, let

{φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the space

L2([t, T ]). Then

J ′′[φj1 . . . φjk ]
(i1...ik)
T,t =

=
k∏

l=1









1{ml=0} + 1{ml>0}







Hn1,l

(

ζ
(il)
jh1,l

)

. . .Hndl,l

(

ζ
(il)
jhdl,l

)

, if il 6= 0

(

ζ
(0)
jh1,l

)n1,l

. . .
(

ζ
(0)
jhdl,l

)ndl,l

, if il = 0
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w. p. 1, where Hn(x) is the Hermite polynomial (28), 1A is the indicator of the

set A, i1, . . . , ik = 0, 1, . . . , m; n1,l + n2,l + . . .+ ndl,l = ml; n1,l, n2,l, . . . , ndl,l =

1, . . . , ml; dl = 1, . . . , ml; l = 1, . . . , k; m1 + . . . + mk = k; the num-

bers m1, . . . , mk, g1, . . . , gk depend on (i1, . . . , ik) and the numbers n1,l, . . . , ndl,l,

h1,l, . . . , hdl,l, dl depend on {j1, . . . , jk}; moreover, {jg1, . . . , jgk} = {j1, . . . , jk};

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ (i = 0, 1, . . . , m; j = 0, 1, 2, . . .)

are independent standard Gaussian random variables for various i or j (in the

case when i 6= 0) and dw
(0)
τ = dτ.

Proof. First, consider the case i1 = . . . = ik = 1, . . . , m and j1, . . . , jk ∈
{0} ∪ N. This case has been considered in [40], but we give a different proof
here. By induction, we prove the following equality

p!

T∫

t

φl(tp) . . .

t2∫

t

φl(t1)dw
(1)
t1 . . . dw

(1)
tp ×

×
∑

(j1,...,jq)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq =

=
∑

(j1,...,jq, l,...,l
︸︷︷︸

p

)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φl(t
′
p) . . .

t′2∫

t

φl(t
′
1)×

×dw(1)
t′1
. . . dw

(1)
t′p
dw

(1)
t1 . . . dw

(1)
tq (29)

w. p. 1, where p ∈ N, l 6= j1, . . . , jq, and
∑

(q1,...,qn)

means the sum with respect to all possible permutations (q1, . . . , qn).

Consider the case p = 1. Using the Itô formula, we get w. p. 1 for s ∈ [t, T ]

s∫

t

φl(τ)dw
(1)
τ

s∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq =
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=

s∫

t

φl(τ)φjq(τ)

τ∫

t

φjq−1
(tq−1) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq−1

dτ+

+

s∫

t

φl(τ)

τ∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq dw

(1)
τ +

+

s∫

t

φjq(τ)





τ∫

t

φl(θ)dw
(1)
θ

τ∫

t

φjq−1
(tq−1) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq−1



dw(1)
τ .

(30)

Hereinafter in this section always s ∈ [t, T ]. Differentiating by the Itô for-
mula the expression in parentheses on the right-hand side of equality (30) and
combining the result of differentiation with (30), we obtain w. p. 1

J(l)s,tJ(jq...j1)s,t =

=

s∫

t

φl(τ)φjq(τ)

τ∫

t

φjq−1(tq−1) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq−1

dτ+

+J(ljq...j1)s,t+

+

s∫

t

φjq(τ)

τ∫

t

φl(θ)φjq−1
(θ)

θ∫

t

φjq−2
(tq−2) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq−2

dθdw(1)
τ +

+J(jqljq−1...j1)s,t+

+

s∫

t

φjq(τ)

τ∫

t

φjq−1
(θ)×

×





θ∫

t

φl(u) dw
(1)
u

θ∫

t

φjq−2
(tq−2) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq−2



 dw
(1)
θ dw(1)

τ ,

where
s∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq

def
= J(jq...j1)s,t.
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Continuing the process of iterative application of the Itô formula, we have

w. p. 1

J(l)s,tJ(jq...j1)s,t =

= J(ljq...j1)s,t + J(jqljq−1...j1)s,t + . . .+ J(jq...j1l)s,t+

+

s∫

t

φl(τ)φjq(τ)

τ∫

t

φjq−1
(tq−1) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq−1

dτ + . . .

. . .+

s∫

t

φjq(tq) . . .

t3∫

t

φj2(t2)

t2∫

t

φl(τ)φj1(τ)dτdw
(1)
t2 . . . dw

(1)
tq . (31)

Summing the equality (31) over permutations (j1, . . . , jq), we get

∑

(j1,...,jq)

J(l)s,tJ(jq...j1)s,t =
∑

(j1,...,jq,l)

J(ljq...j1)s,t + S(s) (32)

w. p. 1, where
S(s) =

=
∑

(j1,...,jq)





s∫

t

φl(τ)φjq(τ)

τ∫

t

φjq−1
(tq−1) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq−1

dτ + . . .

. . .+

s∫

t

φjq(tq) . . .

t3∫

t

φj2(t2)

t2∫

t

φl(τ)φj1(τ)dτdw
(1)
t2 . . . dw

(1)
tq



 . (33)

Consider
s∫

t

φl(τ)φjq(τ)dτ

s∫

t

φjq−1
(tq−1) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq−1

.

Applying the Itô formula, we get w. p. 1

s∫

t

φl(τ)φjq(τ)dτ

s∫

t

φjq−1
(tq−1) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq−1

=
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=

s∫

t

φl(τ)φjq(τ)

τ∫

t

φjq−1
(tq−1) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq−1

dτ+

+

s∫

t

φjq−1
(tq−1)×

×





tq−1∫

t

φl(τ)φjq(τ)dτ

tq−1∫

t

φjq−2
(tq−2) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq−2



 dw
(1)
tq−1

.

By iterative application of the Itô formula (as above), we obtain w. p. 1

s∫

t

φl(τ)φjq(τ)dτ

s∫

t

φjq−1
(tq−1) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq−1

=

=

s∫

t

φl(τ)φjq(τ)

τ∫

t

φjq−1
(tq−1) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq−1

dτ + . . .

. . .+

s∫

t

φjq−1
(tq−1) . . .

t2∫

t

φj1(t1)

t1∫

t

φl(τ)φjq(τ)dτdw
(1)
t1 . . . dw

(1)
tq−1

. (34)

Summing the equality (34) over permutations (j1, . . . , jq), we get

∑

(j1,...,jq)

s∫

t

φl(τ)φjq(τ)dτ

s∫

t

φjq−1
(tq−1) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq−1

= S1(s),

(35)

w. p. 1, where
S1(s) =

=
∑

(j1,...,jq)





s∫

t

φl(τ)φjq(τ)

τ∫

t

φjq−1(tq−1) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq−1

dτ + . . .
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. . .+

s∫

t

φjq−1
(tq−1) . . .

t2∫

t

φj1(t1)

t1∫

t

φl(τ)φjq(τ)dτdw
(1)
t1 . . . dw

(1)
tq−1



 . (36)

It is not difficult to see that

S(s) = S1(s) w. p. 1. (37)

Moreover, due to the orthogonality of {φj(x)}∞j=0 and (35), (37), we have

S(T ) = S1(T ) = 0 w. p. 1. (38)

Thus (see (32), (38)), the equality (29) is proved for the case p = 1. Let

us assume that the equality (29) is true for p = 2, 3, . . . , k − 1, and prove its
validity for p = k.

From (32) for the case q = k − 1, j1 = . . . = jk−1 = l we obtain

(J1)s,t (k − 1)! (Jk−1)s,t = k! (Jk)s,t + S2(s) (39)

w. p. 1, where

S2(s) = S(s)

∣
∣
∣
∣
j1=...=jq=l, q=k−1

(k ≥ 2) and S2(s)
def
= 0 (q = k − 1, k = 1),

s∫

t

φl(tr) . . .

t2∫

t

φl(t1)dw
(1)
t1 . . . dw

(1)
tr

def
= (Jr)s,t (r ∈ N) and (J0)s,t

def
= 1.

Taking into account (33), (35)–(37) and the orthonormality of {φj(x)}∞j=0,
we have

S2(T ) = (k − 1)! (Jk−2)T,t . (40)

Combining (39) and (40), we obtain the following recurrence relation

k! (Jk)T,t = (J1)T,t (k − 1)! (Jk−1)T,t − (k − 1)! (Jk−2)T,t (41)

w. p. 1.
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Using (41) and the induction hypothesis, we get w. p. 1

k!

T∫

t

φl(tk) . . .

t2∫

t

φl(t1)dw
(1)
t1 . . . dw

(1)
tk ×

×
∑

(j1,...,jq)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq =

=

T∫

t

φl(τ) dw
(1)
τ

(

(k − 1)!

T∫

t

φl(tk−1) . . .

t2∫

t

φl(t1)dw
(1)
t1 . . . dw

(1)
tk−1

×

×
∑

(j1,...,jq)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq

)

−

−(k − 1)!

T∫

t

φl(tk−2) . . .

t2∫

t

φl(t1)dw
(1)
t1 . . . dw

(1)
tk−2

×

×
∑

(j1,...,jq)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq =

=

T∫

t

φl(τ) dw
(1)
τ

∑

(j1,...,jq, l,...,l
︸︷︷︸
k−1

)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φl(t
′
k−1) . . .

t′2∫

t

φl(t
′
1)×

×dw(1)
t′1
. . . dw

(1)
t′k−1

dw
(1)
t1 . . . dw

(1)
tq −

−(k − 1)
∑

(j1,...,jq, l,...,l
︸︷︷︸
k−2

)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φl(t
′
k−2) . . .

t′2∫

t

φl(t
′
1)×

×dw(1)
t′1
. . . dw

(1)
t′k−2

dw
(1)
t1 . . . dw

(1)
tq . (42)

Let l be the symbol l which does not participate in the following sum with
respect to permutations
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∑

(j1,...,jq, l,...,l
︸︷︷︸
k−1

)

.

Using (32), we have w. p. 1

s∫

t

φl(τ) dw
(1)
τ

∑

(j1,...,jq, l,...,l
︸︷︷︸
k−1

)

s∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φl(t
′
k−1) . . .

t′2∫

t

φl(t
′
1)×

×dw(1)
t′1
. . . dw

(1)
t′k−1

dw
(1)
t1 . . . dw

(1)
tq =

=
∑

(j1,...,jq, l,...,l
︸︷︷︸
k−1

)

s∫

t

φ
l
(τ) dw(1)

τ

s∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φl(t
′
k−1) . . .

t′2∫

t

φl(t
′
1)×

×dw(1)
t′1
. . . dw

(1)
t′k−1

dw
(1)
t1 . . . dw

(1)
tq =

=
∑

(j1,...,jq, l,...,l
︸︷︷︸
k−1

)



J
( l jq...j1 l . . . l︸ ︷︷ ︸

k−1

)s,t
+ J

(jq l jq−1...j1 l . . . l︸ ︷︷ ︸

k−1

)s,t
+ . . .

. . .+ J
(jq...j1 l l . . . l

︸ ︷︷ ︸

k−1

)s,t
+ J

(jq...j1l l l . . . l︸ ︷︷ ︸

k−2

)s,t
+ . . .+ J

(jq...j1l . . . l︸ ︷︷ ︸

k−1

l )s,t



+ S3(s) =

=
∑

(j1,...,jq, l,...,l
︸︷︷︸

k

)

J(jq...j1l . . . l︸ ︷︷ ︸

k

)s,t + S3(s), (43)

where
S3(s) =

=
∑

(j1,...,jq, l,...,l
︸︷︷︸
k−1

)

( s∫

t

φ
l
(τ)φjq(τ)

τ∫

t

φjq−1
(tq−1) . . .

t2∫

t

φj1(t1)×
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×
t1∫

t

φl(t
′
k−1) . . .

t′2∫

t

φl(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′k−1

dw
(1)
t1 . . . dw

(1)
tq−1

dτ + . . .

+ . . .

s∫

t

φjq(tq) . . .

t3∫

t

φj2(t2)

t2∫

t

φ
l
(τ)φj1(τ)×

×
τ∫

t

φl(t
′
k−1) . . .

t′2∫

t

φl(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′k−1

dτdw
(1)
t2 . . . dw

(1)
tq +

+

s∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φ
l
(τ)φl(τ)×

×
τ∫

t

φl(t
′
k−2) . . .

t′2∫

t

φl(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′k−2

dτdw
(1)
t1 . . . dw

(1)
tq + . . .

. . .+

s∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)×

×
t1∫

t

φl(t
′
k−1) . . .

t′3∫

t

φl(t
′
2)

t′2∫

t

φ
l
(τ)φl(τ)dτdw

(1)
t′2
. . . dw

(1)
t′k−1

dw
(1)
t1 . . . dw

(1)
tq

)

.

Using (33), (35)–(37), we get w. p. 1

S3(s) =

=
∑

(j1,...,jq, l,...,l
︸︷︷︸
k−1

)

s∫

t

φ
l
(τ)φl(τ)dτ

s∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)×

×
t1∫

t

φl(t
′
k−2) . . .

t′2∫

t

φl(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′k−2

dw
(1)
t1 . . . dw

(1)
tq =
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= (k − 1)
∑

(j1,...,jq, l,...,l
︸︷︷︸
k−2

)

s∫

t

φ
l
(τ)φl(τ)dτ

s∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)×

×
t1∫

t

φl(t
′
k−2) . . .

t′2∫

t

φl(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′k−2

dw
(1)
t1 . . . dw

(1)
tq +

+
∑

(j1,...,jq−1, l,...,l
︸︷︷︸
k−1

)

s∫

t

φ
l
(τ)φjq(τ)dτ

s∫

t

φjq−1
(tq−1) . . .

t2∫

t

φj1(t1)×

×
t1∫

t

φl(t
′
k−1) . . .

t′2∫

t

φl(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′k−1

dw
(1)
t1 . . . dw

(1)
tq−1

+

+
∑

(j1,...,jq−2,jq l,...,l
︸︷︷︸
k−1

)

s∫

t

φ
l
(τ)φjq−1

(τ)dτ

s∫

t

φjq(tq)

tq∫

t

φjq−2
(tq−2) . . .

t2∫

t

φj1(t1)×

×
t1∫

t

φl(t
′
k−1) . . .

t′2∫

t

φl(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′k−1

dw
(1)
t1 . . . dw

(1)
tq−2

dw
(1)
tq +

. . .

+
∑

(j2,...,jq l,...,l
︸︷︷︸
k−1

)

s∫

t

φ
l
(τ)φj1(τ)dτ

s∫

t

φjq(tq) . . .

t3∫

t

φj2(t2)×

×
t2∫

t

φl(t
′
k−1) . . .

t′2∫

t

φl(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′k−1

dw
(1)
t2 . . . dw

(1)
tq . (44)

Applying (44) and the orthonormality of {φj(x)}∞j=0, we finally have

S3(T ) = (k − 1)
∑

(j1,...,jq, l,...,l
︸︷︷︸
k−2

)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)×
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×
t1∫

t

φl(t
′
k−2) . . .

t′2∫

t

φl(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′k−2

dw
(1)
t1 . . . dw

(1)
tq . (45)

Combining (42), (43), (45), we obtain w. p. 1

k!

T∫

t

φl(tk) . . .

t2∫

t

φl(t1)dw
(1)
t1 . . . dw

(1)
tk ×

×
∑

(j1,...,jq)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq =

=
∑

( l,...,l
︸︷︷︸

k

)

T∫

t

φl(tk) . . .

t2∫

t

φl(t1)dw
(1)
t1 . . . dw

(1)
tk ×

×
∑

(j1,...,jq)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq =

=
∑

(j1,...,jq, l,...,l
︸︷︷︸

k

)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φl(t
′
k) . . .

t′2∫

t

φl(t
′
1)×

×dw(1)
t′1
. . . dw

(1)
t′k
dw

(1)
t1 . . . dw

(1)
tq , (46)

where l 6= j1, . . . , jq.

The equality (29) is proved. From the other hand, (46) means that

J ′′[φj1 . . . φjq φl . . . φl︸ ︷︷ ︸
n

]
(

q+n
︷ ︸︸ ︷

1 . . . 1 )
T,t = J ′′[φl . . . φl

︸ ︷︷ ︸
n

]
(

n
︷ ︸︸ ︷

1 . . . 1 )
T,t · J ′′[φj1 . . . φjq ]

(

q
︷ ︸︸ ︷

1 . . . 1 )
T,t (47)

w. p. 1, where n, q = 0, 1, 2 . . . ; l 6= j1, . . . , jq and

J ′′[φj1 . . . φjq ]
(

q
︷ ︸︸ ︷

1 . . . 1 )
T,t

def
= 1

for q = 0.
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Consider polynomials Hn(x, y), n = 0, 1, . . . defined by [41]

Hn(x, y) =

(
dn

dαn
eαx−α2y/2

)
∣
∣
∣
∣
∣
α=0

(H0(x, y)
def
= 1). (48)

It is well known that polynomials Hn(x, y) are connected with the Hermite
polynomials (28) by the formula [41]

Hn(x, y) = yn/2Hn

(
x√
y

)

= n!

[n/2]
∑

i=0

(−1)ixn−2iyi

i!(n− 2i)!2i
. (49)

For example,

H1(x, y) = x, H2(x, y) = x2 − y, H3(x, y) = x3 − 3xy,

H4(x, y) = x4 − 6x2y + 3y2, H5(x, y) = x5 − 10x3y + 15xy2.

From (28) and (49) we get

Hn(x, 1) = Hn(x). (50)

Note that [41] (also see [10] (Chapter 6, Sect. 6.6) for details)

T∫

t

φl(tn) . . .

t2∫

t

φl(t1)dw
(1)
t1 . . . dw

(1)
tn =

1

n!
Hn





T∫

t

φl(τ)dw
(1)
τ ,

T∫

t

φ2l (τ)dτ



 =

=
1

n!
Hn





T∫

t

φl(τ)dw
(1)
τ , 1



 =
1

n!
Hn





T∫

t

φl(τ)dw
(1)
τ



 (51)

w. p. 1, where n ∈ N, Hn(x, y) is defined by (48) (also see (49)), and Hn(x) is
the Hermite polynomial (28).

From (51) we have w. p. 1

J ′′[φl . . . φl
︸ ︷︷ ︸

n

]
(

n
︷ ︸︸ ︷

1 . . . 1 )
T,t = n!

T∫

t

φl(tn) . . .

t2∫

t

φl(t1)dw
(1)
t1 . . . dw

(1)
tn =

= n!
1

n!
Hn





T∫

t

φl(τ)dw
(1)
τ



 = Hn





T∫

t

φl(τ)dw
(1)
τ



 , (52)
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where n ∈ N.

Combining (47) and (52), we obtain

J ′′[φj1 . . . φjq φl . . . φl︸ ︷︷ ︸
n

]
(

q+n
︷ ︸︸ ︷

1 . . . 1 )
T,t = Hn





T∫

t

φl(τ)dw
(1)
τ



 · J ′′[φj1 . . . φjq ]
(

q
︷ ︸︸ ︷

1 . . . 1 )
T,t (53)

w. p. 1, where n, q = 0, 1, 2 . . . ; l 6= j1, . . . , jq.

The iterated application of the formula (53) completes the proof of Theo-

rem 4 for the case i1 = . . . = ik = 1, . . . , m and j1, . . . , jk ∈ {0} ∪N.

To prove Theorem 4 for the case i1 = . . . = ik = 0, 1, . . . , m and j1, . . . , jk ∈
{0} ∪ N, we need to prove the following formula in addition to the previous
proof

p!

T∫

t

φl(tp) . . .

t2∫

t

φl(t1)dt1 . . . dtp
∑

(j1,...,jq)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dt1 . . . dtq =

=
∑

(j1,...,jq, l,...,l
︸︷︷︸

p

)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φl(t
′
p) . . .

t′2∫

t

φl(t
′
1)dt

′
1 . . . dt

′
pdt1 . . . dtq,

(54)

where p ∈ N, ∑

(j1,...,jd)

means the sum with respect to all possible permutations (j1, . . . , jd).

First, consider the case p = 1. We have

d





s∫

t

φl(θ)dθ

s∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dt1 . . . dtq



 =

= φl(s)

s∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dt1 . . . dtqds+

+φjq(s)





s∫

t

φjq−1
(tq−1) . . .

t2∫

t

φj1(t1)dt1 . . . dtq−1 ·
s∫

t

φl(θ)dθ



 ds.
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Then
s∫

t

φl(θ)dθ

s∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dt1 . . . dtq =

= I(ljq...j1)s,t+

+

s∫

t

φjq(τ)





τ∫

t

φjq−1
(tq−1) . . .

t2∫

t

φj1(t1)dt1 . . . dtq−1 ·
τ∫

t

φl(θ)dθ



 dτ,

where
s∫

t

φjr(tr) . . .

t2∫

t

φj1(t1)dt1 . . . dtr
def
= I(jr...j1)s,t. (55)

Continuing this process, we get

s∫

t

φl(θ)dθ
∑

(j1,...,jq)

I(jq...j1)s,t =
∑

(j1,...,jq,l)

I(ljq...j1)s,t. (56)

The equality (54) is proved for the case p = 1. Let us assume that the
equality (54) is true for p = 2, 3, . . . , k − 1, and prove its validity for p = k.

From (56) for j1 = . . . = jq = l, q = k − 1 we have

(I1)s,t (k − 1)! (Ik−1)s,t = k! (Ik)s,t , (57)

where k ∈ N and

s∫

t

φl(tk) . . .

t2∫

t

φl(t1)dt1 . . . dtk
def
= (Ik)s,t , (I0)s,t

def
= 1.

Using (57) and the induction hypothesis, we obtain

k! (Ik)s,t
∑

(j1,...,jq)

I(jq...j1)s,t = (I1)s,t (k − 1)! (Ik−1)s,t
∑

(j1,...,jq)

I(jq...j1)s,t =

= I(l)s,t
∑

(j1,...,jq, l,...,l
︸︷︷︸
k−1

)

I(jq...j1 l,...,l
︸︷︷︸
k−1

)s,t =
∑

(j1,...,jq, l,...,l
︸︷︷︸
k−1

)

I
( l )s,t

I(jq...j1 l,...,l
︸︷︷︸
k−1

)s,t, (58)
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where I(jr...j1)s,t is defined by (55) and l is the symbol l which does not partic-
ipate in the following sum with respect to permutations

∑

(j1,...,jq, l,...,l
︸︷︷︸
k−1

)

.

By analogy with (56) we obtain

∑

(j1,...,jq, l,...,l
︸︷︷︸
k−1

)

I
( l )s,t

I(jq...j1 l,...,l
︸︷︷︸
k−1

)s,t =

=
∑

(j1,...,jq, l,...,l
︸︷︷︸
k−1

)



I
( l jq...j1 l . . . l︸ ︷︷ ︸

k−1

)s,t
+ I

(jq l jq−1...j1 l . . . l︸ ︷︷ ︸

k−1

)s,t
+ . . .

. . .+ I
(jq...j1 l l . . . l

︸ ︷︷ ︸

k−1

)s,t
+ I

(jq...j1l l l . . . l︸ ︷︷ ︸

k−2

)s,t
+ . . .+ I

(jq...j1l . . . l︸ ︷︷ ︸

k−1

l )s,t



 =

=
∑

(j1,...,jq, l,...,l
︸︷︷︸

k

)

I(jq...j1l . . . l︸ ︷︷ ︸

k

)s,t. (59)

Substituting s = T into (58), (59) and combining (58), (59), we conlude
that the equality (54) is proved for p = k. The equality (54) is proved.

Note that

n!

T∫

t

φl(tn) . . .

t2∫

t

φl(t1)dt1 . . . dtn = n!
1

n!





T∫

t

φl(τ)dτ





n

=





T∫

t

φl(τ)dτ





n

,

(60)

where n ∈ N.

After substituting (60) into (54), we have for p = n





T∫

t

φl(τ)dτ





n

∑

(j1,...,jq)

J(jq...j1)T,t =
∑

(j1,...,jq, l,...,l
︸︷︷︸

n

)

J(jq...j1l . . . l︸ ︷︷ ︸
n

)T,t. (61)
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The equality (61) means that

J ′′[φj1 . . . φjq φl . . . φl︸ ︷︷ ︸
n

]
(

q+n
︷ ︸︸ ︷

0 . . . 0 )
T,t =





T∫

t

φl(τ)dτ





n

· J ′′[φj1 . . . φjq ]
(

q
︷ ︸︸ ︷

0 . . . 0 )
T,t , (62)

where n, q = 0, 1, 2 . . . and J ′′[φj1 . . . φjq ]
(0...0)
T,t

def
= 1 for q = 0.

The relations (53) and (62) prove Theorem 4 for the case i1 = . . . = ik =
0, 1, . . . , m and j1, . . . , jk ∈ {0} ∪N.

Remark 1. Note that the equality (54) can be obtained in another way. Let

Dq = {(t1, . . . , tq) ∈ [t, T ]q : ∃ i 6= j such that ti = tj} be the ”diagonal set” of

[t, T ]q (q = 2, 3, . . .) [42]. Since the Lebesgue meashure of the set Dq is equal to

zero [42], then (see (19))

J ′′[φj1 . . . φjq ]
(

q
︷ ︸︸ ︷

0 . . . 0 )
T,t =

∫

[t,T ]q

φj1(t1) . . . φjq(tq)dt1 . . . dtq. (63)

From (63) we have

J ′′[φl . . . φl]
(

p
︷ ︸︸ ︷

0 . . . 0 )
T,t · J ′′[φj1 . . . φjq ]

(

q
︷ ︸︸ ︷

0 . . . 0 )
T,t =

=

∫

[t,T ]q

φj1(t1) . . . φjq(tq)dt1 . . . dtq

∫

[t,T ]p

φl(t1) . . . φl(tp)dt1 . . . dtp =

=

∫

[t,T ]p+q

φj1(t1) . . . φjq(tq)φl(t
′
1) . . . φl(t

′
p)dt

′
1 . . . dt

′
pdt1 . . . dtq =

= J ′′[φj1 . . . φjqφl . . . φl]
(

p+q
︷ ︸︸ ︷

0 . . . 0 )
T,t . (64)

It is not difficult to see that the equality (64) is nothing but the equality (54)

written in another form.

To complete the proof of Theorem 4, we need to consider the case
i1, . . . , ik = 0, 1, . . . , m and j1, . . . , jk ∈ {0} ∪N.

Obviously, the proof of Theorem 4 will be completed if we prove the follow-
ing equalities
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∑

(j1,...,jq)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq ×

×
∑

(j′1,...,j
′
n)

T∫

t

φj′n(t
′
n) . . .

t′2∫

t

φj′1(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′n

=

=
∑

(j1,...,jq,j′1,...,j
′
n)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′n(t
′
n) . . .

t′2∫

t

φj′1(t
′
1)×

×dw(1)
t′1
. . . dw

(1)
t′n
dw

(i1)
t1 . . . dw

(iq)
tq , (65)

∑

(j1,...,jq)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq ×

×
∑

(j′1,...,j
′
n)

T∫

t

φj′n(t
′
n) . . .

t′2∫

t

φj′1(t
′
1)dw

(0)
t′1
. . . dw

(0)
t′n

=

=
∑

(j1,...,jq,j′1,...,j
′
n)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′n(t
′
n) . . .

t′2∫

t

φj′1(t
′
1)×

×dw(0)
t′1
. . . dw

(0)
t′n
dw

(i1)
t1 . . . dw

(iq)
tq (66)

w. p. 1, where n, q ∈ N, dw
(0)
τ = dτ, i1, . . . , iq 6= 1 in (65) and i1, . . . , iq 6= 0 in

(66),
∑

(j1,...,jg)

means the sum with respect to all possible permutations (j1, . . . , jg). At the

same time if jr swapped with jd in the permutation (j1, . . . , jg), then ir swapped
with id in the permutation (i1, . . . , ig).

The equalities (65) and (66) mean that

J ′′[φj1 . . . φjqφj′1 . . . φj′n]
(i1...iq1...1)
T,t = J ′′[φj1 . . . φjq ]

(i1...iq)
T,t · J ′′[φj′1 . . . φj′n]

(1...1)
T,t , (67)
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J ′′[φj1 . . . φjqφj′1 . . . φj′n]
(i1...iq0...0)
T,t = J ′′[φj1 . . . φjq ]

(i1...iq)
T,t · J ′′[φj′1 . . . φj′n]

(0...0)
T,t (68)

w. p. 1, where i1, . . . , iq 6= 1 in (67) and i1, . . . , iq 6= 0 in (68).

First, we prove the equality (65). Consider the case n = 1. Using the Itô

formula, we get w. p. 1

s∫

t

φj′1(θ)dw
(1)
θ

s∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq =

= J
(1iq...i1)

(j′1jq...j1)s,t
+

+

s∫

t

φjq(τ)





τ∫

t

φjq−1
(tq−1) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq−1)
tq−1

τ∫

t

φj′1(θ)dw
(1)
θ



dw(iq)
τ =

. . .

= J
(1iq...i1)

(j′1jq...j1)s,t
+ J

(iq1iq−1...i1)

(jqj′1jq−1...j1)s,t
+ . . .+ J

(iq...i11)

(jq...j1j′1)s,t
, (69)

where
s∫

t

φjr(tr) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(ir)
tr

def
= J

(ir...i1)
(jr...j1)s,t

, (70)

i1, . . . , ir = 0, 1, . . . , m.

From (69) we obtain

s∫

t

φj′1(θ)dw
(1)
θ

∑

(j1,...,jq)

s∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq =

=
∑

(j1,...,jq)

s∫

t

φj′1(θ)dw
(1)
θ

s∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq =

=
∑

(j1,...,jq)

(

J
(1iq...i1)

(j′1jq...j1)s,t
+ J

(iq1iq−1...i1)

(jqj′1jq−1...j1)s,t
+ . . .+ J

(iq...i11)

(jq...j1j′1)s,t

)

=

https://doi.org/10.21638/11701/spbu35.2023.405 Electronic Journal: http://diffjournal.spbu.ru/ 97



Differential Equations and Control Processes, N. 4, 2023

=
∑

(j1,...,jq,j′1)

J
(iq...i11)

(jq...j1j′1)s,t
(71)

w. p. 1, where J
(ir...i1)
(jr...j1)s,t

is defined by (70). The equality (65) is proved for the

case n = 1.

Let us assume that the equality (65) is true for n = 2, 3, . . . , k − 1, and

prove its validity for n = k.

Applying (32), (33), (35)–(37), we obtain w. p. 1

∑

(j′1,...,j
′
k)

s∫

t

φj′k(t
′
k) . . .

t′2∫

t

φj′1(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′k

=

=

s∫

t

φj′k(θ)dw
(1)
θ

∑

(j′1,...,j
′
k−1)

s∫

t

φj′k−1
(tk−1) . . .

t2∫

t

φj′1(t1)dw
(1)
t1 . . . dw

(1)
tk−1

−

−
∑

(j′1,...,j
′
k−1)

s∫

t

φj′k(θ)φj′k−1
(θ)dθ

s∫

t

φj′k−2
(tk−2) . . .

t2∫

t

φj′1(t1)dw
(1)
t1 . . . dw

(1)
tk−2

. (72)

Substituting s = T in (72) and applying the orthonormality of {φj(x)}∞j=0,
we get w. p. 1

∑

(j′1,...,j
′
k)

T∫

t

φj′k(t
′
k) . . .

t′2∫

t

φj′1(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′k

=

=

T∫

t

φj′k(θ)dw
(1)
θ

∑

(j′1,...,j
′
k−1)

T∫

t

φj′k−1
(tk−1) . . .

t2∫

t

φj′1(t1)dw
(1)
t1 . . . dw

(1)
tk−1

−

−
∑

(j′1,...,j
′
k−1)

1{j′k=j′k−1}

T∫

t

φj′k−2
(tk−2) . . .

t2∫

t

φj′1(t1)dw
(1)
t1 . . . dw

(1)
tk−2

, (73)

where 1A is the indicator of the set A.
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Using (73) and the induction hypothesis, we obtain w. p. 1

∑

(j′1,...,j
′
k)

T∫

t

φj′k(tk) . . .

t2∫

t

φj′1(t1)dw
(1)
t1 . . . dw

(1)
tk ×

×
∑

(j1,...,jq)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq =

=

T∫

t

φj′k(θ)dw
(1)
θ

∑

(j′1,...,j
′
k−1)

T∫

t

φj′k−1
(tk−1) . . .

t2∫

t

φj′1(t1)dw
(1)
t1 . . . dw

(1)
tk−1

×

×
∑

(j1,...,jq)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq −

−
∑

(j′1,...,j
′
k−1)

1{j′k=j′k−1}

T∫

t

φj′k−2
(tk−2) . . .

t2∫

t

φj′1(t1)dw
(1)
t1 . . . dw

(1)
tk−2

×

×
∑

(j1,...,jq)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq =

=

T∫

t

φj′k(θ)dw
(1)
θ ×

×
∑

(j1,...,jq,j′1,...,j
′
k−1)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′k−1
(t′k−1) . . .

t′2∫

t

φj′1(t
′
1)×

×dw(1)
t′1
. . . dw

(1)
t′k−1

dw
(i1)
t1 . . . dw

(iq)
tq −

−
∑

(j′1,...,j
′
k−1)

1{j′k=j′k−1}

T∫

t

φj′k−2
(tk−2) . . .

t2∫

t

φj′1(t1)dw
(1)
t1 . . . dw

(1)
tk−2

×
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×
∑

(j1,...,jq)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq . (74)

Further, applying the induction hypothesis, we have w. p. 1

∑

(j′1,...,j
′
k−1)

1{j′k=j′k−1}

T∫

t

φj′k−2
(tk−2) . . .

t2∫

t

φj′1(t1)dw
(1)
t1 . . . dw

(1)
tk−2

×

×
∑

(j1,...,jq)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq =

=

(
∑

(j′1,...,j
′
k−2)

1{j′k=j′k−1}

T∫

t

φj′k−2
(tk−2) . . .

t2∫

t

φj′1(t1)dw
(1)
t1 . . . dw

(1)
tk−2

+

+
∑

(j′1,...,j
′
k−3,j

′
k−1)

1{j′k=j′k−2}

T∫

t

φj′k−1
(tk−2)

tk−2∫

t

φj′k−3
(tk−3) . . .

t2∫

t

φj′1(t1)×

×dw(1)
t1 . . . dw

(1)
tk−3

dw
(1)
tk−2

+ . . .

. . .+
∑

(j′2,...,j
′
k−1)

1{j′k=j′1}

T∫

t

φj′k−2
(tk−2) . . .

t3∫

t

φj′2(t2)

t2∫

t

φj′k−1
(t1)×

×dw(1)
t1 dw

(1)
t2 . . . dw

(1)
tk−2

)

×

×
∑

(j1,...,jq)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq =

=

(

1{j′k=j′k−1}
∑

(j′1,...,j
′
k−2)

T∫

t

φj′k−2
(tk−2) . . .

t2∫

t

φj′1(t1)dw
(1)
t1 . . . dw

(1)
tk−2

+
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+1{j′k=j′k−2}
∑

(j′1,...,j
′
k−3,j

′
k−1)

T∫

t

φj′k−1
(tk−2)

tk−2∫

t

φj′k−3
(tk−3) . . .

t2∫

t

φj′1(t1)×

×dw(1)
t1 . . . dw

(1)
tk−3

dw
(1)
tk−2

+ . . .

. . .+ 1{j′k=j′1}
∑

(j′2,...,j
′
k−1)

T∫

t

φj′k−2
(tk−2) . . .

t3∫

t

φj′2(t2)

t2∫

t

φj′k−1
(t1)×

×dw(1)
t1 dw

(1)
t2 . . . dw

(1)
tk−2

)

×

×
∑

(j1,...,jq)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq =

= 1{j′k=j′k−1}
∑

(j1,...,jq,j′1,...,j
′
k−2)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′k−2
(t′k−2) . . .

t′2∫

t

φj′1(t
′
1)×

×dw(1)
t′1
. . . dw

(1)
t′k−2

dw
(i1)
t1 . . . dw

(iq)
tq +

+1{j′k=j′k−2}
∑

(j1,...,jq,j′1,...,j
′
k−3,j

′
k−1)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′k−1
(t′k−2)×

×
t′k−2∫

t

φj′k−3
(t′k−3) . . .

t′2∫

t

φj′1(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′k−3

dw
(1)
t′k−2

dw
(i1)
t1 . . . dw

(iq)
tq +

. . .

+1{j′k=j′1}
∑

(j1,...,jq,j′2,...,j
′
k−1)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)×

×
t1∫

t

φj′k−2
(t′k−2) . . .

t′3∫

t

φj′2(t
′
2)

t′2∫

t

φj′k−1
(t′1)dw

(1)
t′1
dw

(1)
t′2
. . . dw

(1)
t′k−2

dw
(i1)
t1 . . . dw

(iq)
tq

def
=
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def
= S4(T ). (75)

By analogy with (34) we obtain w. p. 1

T∫

t

φl(τ)φjr(τ)dτ

T∫

t

φjr−1
(tr−1) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(ir−1)
tr−1

=

=

T∫

t

φl(τ)φjr(τ)

τ∫

t

φjr−1
(tr−1) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(ir−1)
tr−1

dτ + . . .

. . .+

T∫

t

φjr−1
(tr−1) . . .

t2∫

t

φj1(t1)

t1∫

t

φl(τ)φjr(τ)dτdw
(i1)
t1 . . . dw

(ir−1)
tr−1

, (76)

where i1, . . . , ir−1 = 0, 1, . . . , m.

Using iteratively the Itô formula, as well as (76) and combinatorial reason-
ing, we get w. p. 1 (see Remark 2 below for details)

T∫

t

φj′k(θ)dw
(1)
θ ×

×
∑

(j1,...,jq,j′1,...,j
′
k−1)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′k−1
(t′k−1) . . .

t′2∫

t

φj′1(t
′
1)×

×dw(1)
t′1
. . . dw

(1)
t′k−1

dw
(i1)
t1 . . . dw

(iq)
tq =

=
∑

(j1,...,jq,j′1,...,j
′
k)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′k(t
′
k) . . .

t′2∫

t

φj′1(t
′
1)×

×dw(1)
t′1
. . . dw

(1)
t′k
dw

(i1)
t1 . . . dw

(iq)
tq +
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+
∑

(j1,...,jq,j′1,...,j
′
k−1)

( T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′k(θ)φj′k−1
(θ)

θ∫

t

φj′k−2
(t′k−2) . . .

. . .

t′2∫

t

φj′1(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′k−2

dw
(0)
θ dw

(i1)
t1 . . . dw

(iq)
tq +

+

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′k−1
(t′k−1)

t′k−1∫

t

φj′k(θ)φj′k−2
(θ)

θ∫

t

φj′k−3
(t′k−3) . . .

. . .

t′2∫

t

φj′1(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′k−3

dw
(0)
θ dw

(1)
t′k−1

dw
(i1)
t1

. . . dw
(iq)
tq

+ . . .

. . .+

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′k−1
(t′k−1) . . .

t′3∫

t

φj′2(t
′
2)

t′2∫

t

φj′k(θ)φj′1(θ)dw
(0)
θ ×

×dw(1)
t′2
. . . dw

(1)
t′k−1

dw
(i1)
t1 . . . dw

(iq)
tq

)

=

=
∑

(j1,...,jq,j′1,...,j
′
k)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′k(t
′
k) . . .

t′2∫

t

φj′1(t
′
1)×

×dw(1)
t′1
. . . dw

(1)
t′k
dw

(i1)
t1 . . . dw

(iq)
tq +

+
∑

(j1,...,jq,j′1,...,j
′
k−2)

{ T∫

t

φj′k(θ)φj′k−1
(θ)

θ∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′k−2
(t′k−2) . . .

. . .

t′2∫

t

φj′1(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′k−2

dw
(i1)
t1 . . . dw

(iq)
tq dw

(0)
θ + . . .
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. . .+

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′k−2
(t′k−2) . . .

t′2∫

t

φj′1(t
′
1)

t′1∫

t

φj′k(θ)φj′k−1
(θ)dw

(0)
θ ×

×dw(1)
t′1
. . . dw

(1)
t′k−2

dw
(i1)
t1 . . . dw

(iq)
tq

}

+

+
∑

(j1,...,jq,j′1,...,j
′
k−3,j

′
k−1)

{ T∫

t

φj′k(θ)φj′k−2
(θ)

θ∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′k−1
(t′k−1)×

×
t′k−1∫

t

φj′k−3
(t′k−3) . . .

t′2∫

t

φj′1(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′k−3

dw
(1)
t′k−1

dw
(i1)
t1 . . . dw

(iq)
tq dw

(0)
θ + . . .

. . .+

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′k−1
(t′k−1)

t′k−1∫

t

φj′k−3
(t′k−3) . . .

t′2∫

t

φj′1(t
′
1)×

×
t′1∫

t

φj′k(θ)φj′k−2
(θ)dw

(0)
θ dw

(1)
t′1
. . . dw

(1)
t′k−3

dw
(1)
t′k−1

dw
(i1)
t1 . . . dw

(iq)
tq

}

+ . . .

. . .+
∑

(j1,...,jq,j′2,...,j
′
k−1)

{ T∫

t

φj′k(θ)φj′1(θ)

θ∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′k−1
(t′k−1) . . .

. . .

t′3∫

t

φj′2(t
′
2)dw

(1)
t′2
. . . dw

(1)
t′k−1

dw
(i1)
t1 . . . dw

(iq)
tq dw

(0)
θ + . . .

. . .+

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′k−1
(t′k−1) . . .

t′3∫

t

φj′2(t
′
2)

t′2∫

t

φj′k(θ)φj′1(θ)dw
(0)
θ ×

×dw(1)
t′2
. . . dw

(1)
t′k−1

dw
(i1)
t1 . . . dw

(iq)
tq

}

=
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=
∑

(j1,...,jq,j′1,...,j
′
k)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′k(t
′
k) . . .

t′2∫

t

φj′1(t
′
1)×

×dw(1)
t′1
. . . dw

(1)
t′k
dw

(i1)
t1 . . . dw

(iq)
tq +

+

T∫

t

φj′k(θ)φj′k−1
(θ)dθ

∑

(j1,...,jq,j′1,...,j
′
k−2)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′k−2
(t′k−2) . . .

. . .

t′2∫

t

φj′1(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′k−2

dw
(i1)
t1 . . . dw

(iq)
tq +

+

T∫

t

φj′k(θ)φj′k−2
(θ)dθ

∑

(j1,...,jq,j′1,...,j
′
k−3,j

′
k−1)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′k−1
(t′k−1)×

×
t′k−1∫

t

φj′k−3
(t′k−3) . . .

t′2∫

t

φj′1(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′k−3

dw
(1)
t′k−1

dw
(i1)
t1 . . . dw

(iq)
tq + . . .

. . .+

T∫

t

φj′k(θ)φj′1(θ)dθ
∑

(j1,...,jq,j′2,...,j
′
k−1)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′k−1
(t′k−1) . . .

. . .

t′3∫

t

φj′2(t
′
2)dw

(1)
t′2
. . . dw

(1)
t′k−1

dw
(i1)
t1

. . . dw
(iq)
tq

=

=
∑

(j1,...,jq,j′1,...,j
′
k)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′k(t
′
k) . . .

t′2∫

t

φj′1(t
′
1)×

×dw(1)
t′1
. . . dw

(1)
t′k
dw

(i1)
t1 . . . dw

(iq)
tq + S4(T ). (77)

From (74), (75), and (77) we conclude that the equality (65) is proved for
n = k. The equality (65) is proved.
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Remark 2. It should be noted that the sums with respect to permutations

∑

(j1,...,jq,j′1,...,j
′
k−1)

in (77), containing the expressions φj′k(θ)φj′k−1
(θ), . . . , φj′k(θ)φj′1(θ), should be un-

derstood in a special way. Let us explain this rule on the following sum

∑

(j1,...,jq,j′1,...,j
′
k−1)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′k(θ)φj′k−1
(θ)

θ∫

t

φj′k−2
(t′k−2) . . .

. . .

t′2∫

t

φj′1(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′k−2

dw
(0)
θ dw

(i1)
t1 . . . dw

(iq)
tq . (78)

More precisely, permutations
(
j1, . . . , jq, j

′
1, . . . , j

′
k−1

)
when summing in (78)

are performed in such a way that if j∗r swapped with j∗d in the permutation
(
j∗q+k−1, . . . , j

∗
1

)
=
(
jq, . . . , j1, j

′
k−1, j

′
k−2, . . . , j

′
1

)
, then i∗r swapped with i∗d in the

permutation
(
i∗q+k−1, . . . , i

∗
1

)
=
(
iq, . . . , i1, 0, 1, . . . , 1

︸ ︷︷ ︸

k−2

)
.

Moreover, φ̄j∗r swapped with φ̄j∗d in the permutation

(
φ̄j∗q+k−1

, . . . , φ̄j∗1
)
=
(
φjq , . . . , φj1, φj′k ·φj′k−1

, φj′k−2
, . . . , φj′1

)
.

A similar rule should be applied to all other sums with respect to permutations

∑

(j1,...,jq,j′1,...,j
′
k−1)

in (77) that contain the expressions φj′k(θ)φj′k−2
(θ), . . . , φj′k(θ)φj′1(θ).

Let us prove the equality (66). Consider the case n = 1. By analogy with

(69) and (71) we obtain

s∫

t

φj′1(θ)dw
(0)
θ

∑

(j1,...,jq)

s∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . .w

(iq)
tq =

∑

(j1,...,jq,j′1)

J
(iq...i10)

(jq...j1j′1)s,t
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w. p. 1, where J
(ir...i1)
(jr...j1)s,t

is defined by (70). The equality (66) is proved for the
case n = 1.

Let us assume that the equality (66) is true for n = 2, 3, . . . , k − 1, and
prove its validity for n = k.

In complete analogy with (56) we get

s∫

t

φj′k(θ)dθ

s∫

t

φj′k−1
(tk−1) . . .

t2∫

t

φj′1(t1)dt1 . . . dtk−1 =

= J
(0...0)
(j′kj

′
k−1...j

′
1)s,t

+ J
(0...0)
(j′k−1j

′
kj

′
k−2...j

′
1)s,t

+ . . .+ J
(0...0)
(j′k−1...j

′
1j

′
k)s,t

. (79)

Applying (79), we have

∑

(j′1,...,j
′
k)

T∫

t

φj′k(t
′
k) . . .

t′2∫

t

φj′1(t
′
1)dw

(0)
t′1
. . . dw

(0)
t′k

=

=
∑

(j′1,...,j
′
k−1)

(

J
(0...0)
(j′kj

′
k−1...j

′
1)s,t

+ J
(0...0)
(j′k−1j

′
kj

′
k−2...j

′
1)s,t

+ . . .+ J
(0...0)
(j′k−1...j

′
1j

′
k)s,t

)

=

=

T∫

t

φj′k(θ)dθ
∑

(j′1,...,j
′
k−1)

T∫

t

φj′k−1
(tk−1) . . .

t′2∫

t

φj′1(t1)dw
(0)
t1 . . . dw

(0)
tk−1

. (80)

Using (80) and the induction hypothesis, we obtain w. p. 1

∑

(j′1,...,j
′
k)

T∫

t

φj′k(tk) . . .

t2∫

t

φj′1(t1)dw
(0)
t1 . . . dw

(0)
tk ×

×
∑

(j1,...,jq)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq =

=

T∫

t

φj′k(θ)dθ
∑

(j′1,...,j
′
k−1)

T∫

t

φj′k−1
(t′k−1) . . .

t′2∫

t

φj′1(t
′
1)dw

(0)
t′1
. . . dw

(0)
t′k−1

×
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×
∑

(j1,...,jq)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq =

=

T∫

t

φj′k(θ)dθ
∑

(j1,...,jq,j′1,...,j
′
k−1)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)×

×
t1∫

t

φj′k−1
(t′k−1) . . .

t′2∫

t

φj′1(t
′
1)dw

(0)
t′1
. . . dw

(0)
t′k−1

dw
(i1)
t1 . . . dw

(iq)
tq =

=
∑

(j1,...,jq,j′1,...,j
′
k−1)

T∫

t

φj′k(θ)dθ

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)×

×
t1∫

t

φj′k−1
(t′k−1) . . .

t′2∫

t

φj′1(t
′
1)dw

(0)
t′1
. . . dw

(0)
t′k−1

dw
(i1)
t1 . . . dw

(iq)
tq . (81)

An iterative application of the Itô formula leads to the following equality

T∫

t

φj′k(θ)dθ

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)×

×
t1∫

t

φj′k−1
(t′k−1) . . .

t′2∫

t

φj′1(t
′
1)dw

(0)
t′1
. . . dw

(0)
t′k−1

dw
(i1)
t1 . . . dw

(iq)
tq =

= J
(0iq...i10...0)

(j′kjq...j1j
′
k−1...j

′
1)T,t

+ J
(iq0iq−1...i10...0)

(jqj′kjq−1...j1j′k−1...j
′
1)T,t

+ . . . J
(iq...i10...0)

(jq...j1j′kj
′
k−1...j

′
1)T,t

+

+J
(iq...i10...0)

(jq...j1j′k−1j
′
kj

′
k−2...j

′
1)T,t

+ . . .+ J
(iq...i10...0)

(jq...j1j′k−1...j
′
1j

′
k)T,t

(82)

w. p. 1.

Combining (81) and (82) we finally obtain w. p. 1

∑

(j1,...,jq)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq ×
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×
∑

(j′1,...,j
′
k)

T∫

t

φj′k(t
′
k) . . .

t′2∫

t

φj′1(t
′
1)dw

(0)
t′1
. . . dw

(0)
t′k

=

=
∑

(j1,...,jq,j′1,...,j
′
k)

T∫

t

φjq(tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′k(t
′
k) . . .

t′2∫

t

φj′1(t
′
1)×

×dw(0)
t′1
. . . dw

(0)
t′k
dw

(i1)
t1 . . . dw

(iq)
tq .

The equality (66) is proved for n = k. The equality (66) is proved. Theo-

rem 4 is proved.

Let us consider the following theorem.

Theorem 5. Suppose that {φj(x)}∞j=0 is an arbitrary complete orthonormal

system of functions in the space L2([t, T ]). Then the following representation

J ′′[φj1 . . . φjk ]
(i1...ik)
T,t =

k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig2s−1
= ig2s 6=0}1{jg2s−1

= jg2s }

k−2r∏

l=1

ζ
(iql)

jql
(83)

is valid w. p. 1, where i1, . . . , ik = 0, 1, . . . , m, J ′′[φj1 . . . φjk ]
(i1...ik)
T,t is defined

by (19), [x] is an integer part of a real number x,
∏

∅

def
= 1,

∑

∅

def
= 0; another

notations are the same as in Theorems 1, 2.

Remark 3. It should be noted that the formulas (29), (64), (67), (68) follow

from (83). It is only necessary to set the values of the corresponding indicators

of the form 1A from the formula (83) equal to 0 or 1.

Proof. The proof of Theorem 5 is carried out by induction using the fol-
lowing recurrence relation

J ′′[φj1 . . . φjk ]
(i1...ik)
T,t = J ′′[φjk ]

(ik)
T,t · J ′′[φj1 . . . φjk−1 ]

(i1...ik−1)
T,t −
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−
k−1∑

l=1

1{il=ik 6=0}1{jl=jk} ·J ′′[φj1 . . . φjl−1
φjl+1

. . . φjk−1
]
(i1...il−1il+1...ik−1)
T,t w. p. 1. (84)

Let us prove the recurrence relation (84). Using iteratively the Itô formula,
the orthonormality of {φj(x)}∞j=0, as well as (76) and combinatorial reasoning,
we obtain w. p. 1 (see Remark 4 below for details)

J ′′[φjk ]
(ik)
T,t · J ′′[φj1 . . . φjk−1

]
(i1...ik−1)
T,t =

=

T∫

t

φjk(θ)dw
(ik)
θ

∑

(j1,...,jk−1)

T∫

t

φjk−1
(tk−1) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(ik−1)
tk−1

=

=
∑

(j1,...,jk−1)

T∫

t

φjk(θ)dw
(ik)
θ

T∫

t

φjk−1
(tk−1) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(ik−1)
tk−1

=

=
∑

(j1,...,jk)

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(ik)
tk +

+
∑

(j1,...,jk−1)

(

1{ik=ik−1 6=0}

T∫

t

φjk(θ)φjk−1
(θ)

θ∫

t

φjk−2
(tk−2) . . .

t2∫

t

φj1(t1)×

×dw(i1)
t1 . . . dw

(ik−2)
tk−2

dw
(0)
θ +

+1{ik=ik−2 6=0}

T∫

t

φjk−1
(tk−1)

tk−1∫

t

φjk(θ)φjk−2
(θ)

θ∫

t

φjk−3
(tk−3) . . .

t2∫

t

φj1(t1)×

×dw(i1)
t1 . . . dw

(ik−3)
tk−3

dw
(0)
θ dw

(ik−1)
tk−1

+ . . .

. . .+ 1{ik=i1 6=0}

T∫

t

φjk−1
(tk−1) . . .

t3∫

t

φj2(t2)

t2∫

t

φjk(θ)φj1(θ)×
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×dw(0)
θ dw

(i2)
t2 . . . dw

(ik−1)
tk−1

)

=

=
∑

(j1,...,jk)

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(ik)
tk +

+
∑

(j1,...,jk−2)

1{ik=ik−1 6=0}

{ T∫

t

φjk(θ)φjk−1
(θ)

θ∫

t

φjk−2
(tk−2) . . .

t2∫

t

φj1(t1)×

×dw(i1)
t1 . . . dw

(ik−2)
tk−2

dw
(0)
θ + . . .

. . .+

T∫

t

φjk−2
(tk−2) . . .

t2∫

t

φj1(t1)

t1∫

t

φjk(θ)φjk−1
(θ)dw

(0)
θ dw

(i1)
t1 . . . dw

(ik−2)
tk−2

}

+

+
∑

(j1,...,jk−3,jk−1)

1{ik=ik−2 6=0}

{ T∫

t

φjk(θ)φjk−2
(θ)

θ∫

t

φjk−1
(tk−1)

tk−1∫

t

φjk−3
(tk−3) . . .

. . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(ik−3)
tk−3

dw
(ik−1)
tk−1

dw
(0)
θ + . . .

. . .+

T∫

t

φjk−1
(tk−1)

tk−1∫

t

φjk−3
(tk−3) . . .

t2∫

t

φj1(t1)

t1∫

t

φjk(θ)φjk−2
(θ)×

×dw(0)
θ dw

(i1)
t1 . . . dw

(ik−3)
tk−3

dw
(ik−1)
tk−1

}

+ . . .

. . .+
∑

(j2,...,jk−1)

1{ik=i1 6=0}

{ T∫

t

φjk(θ)φj1(θ)

θ∫

t

φjk−1
(tk−1) . . .

t3∫

t

φj2(t2)×

×dw(i2)
t2 . . . dw

(ik−1)
tk−1

dw
(0)
θ + . . .
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. . .+

T∫

t

φjk−1
(tk−1) . . .

t3∫

t

φj2(t2)

t2∫

t

φjk(θ)φj1(θ)dw
(0)
θ dw

(i2)
t2 . . . dw

(ik−1)
tk−1

}

=

=
∑

(j1,...,jk)

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(ik)
tk +

+

T∫

t

φjk(θ)φjk−1(θ)dθ
∑

(j1,...,jk−2)

1{ik=ik−1 6=0}

T∫

t

φjk−2(tk−2) . . .

t2∫

t

φj1(t1)×

×dw(i1)
t1 . . . dw

(ik−2)
tk−2

+

+

T∫

t

φjk(θ)φjk−2
(θ)dθ

∑

(j1,...,jk−3,jk−1)

1{ik=ik−2 6=0}

T∫

t

φjk−1
(tk−1)

tk−1∫

t

φjk−3
(tk−3) . . .

. . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(ik−3)
tk−3

dw
(ik−1)
tk−1

+ . . .

. . .+

T∫

t

φjk(θ)φj1(θ)dθ
∑

(j2,...,jk−1)

1{ik=i1 6=0}

T∫

t

φjk−1
(tk−1) . . .

t3∫

t

φj2(t2)×

×dw(i2)
t2 . . . dw

(ik−1)
tk−1

=

= J ′′[φj1 . . . φjk ]
(i1...ik)
T,t + 1{ik=ik−1 6=0}1{jk=jk−1} · J ′′[φj1 . . . φjk−2

]
(i1...ik−2)
T,t +

+1{ik=ik−2 6=0}1{jk=jk−2} · J ′′[φj1 . . . φjk−3
φjk−1

]
(i1...ik−3ik−1)
T,t + . . .

. . .+ 1{ik=i1 6=0}1{jk=j1} · J ′′[φj2 . . . φjk−1
]
(i2...ik−1)
T,t =

= J ′′[φj1 . . . φjk ]
(i1...ik)
T,t +
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+

k−1∑

l=1

1{il=ik 6=0}1{jl=jk} · J ′′[φj1 . . . φjl−1
φjl+1

. . . φjk−1
]
(i1...il−1il+1...ik−1)
T,t . (85)

The equality (84) is proved. Theorem 5 is proved.

Remark 4. It should be noted that the sums with respect to permutations

∑

(j1,...,jk−1)

in (85), containing the expressions

1{ik=ik−1 6=0}φjk(θ)φjk−1
(θ), . . . , 1{ik=i1 6=0}φjk(θ)φj1(θ),

should be understood in a special way. Let us explain this rule on following sum

∑

(j1,...,jk−1)

1{ik=ik−1 6=0}

T∫

t

φjk(θ)φjk−1
(θ)

θ∫

t

φjk−2
(tk−2) . . .

t2∫

t

φj1(t1)×

×dw(i1)
t1 . . . dw

(ik−2)
tk−2

dw
(0)
θ . (86)

More precisely, permutations (j1, . . . , jk−1) when summing in (86) are per-

formed in such a way that if jr swapped with jd in the permutation (j1, . . . , jk−1),

then ir swapped with id in the permutation (i1, . . . , ik−2, ik−1) (note that ik−1 =

0). Moreover, φ̄jr swapped with φ̄jd in the permutation

(
φ̄j1, . . . , φ̄jk−1

)
=
(
φj1, . . . , φjk−2

, 1{ik=ik−1 6=0} · φjk · φjk−1

)
,

where φ̄jk−1
(τ) = 1{ik=ik−1 6=0}φjk(τ)φjk−1

(τ).

A similar rule should be applied to all other sums with respect to permuta-

tions
∑

(j1,...,jk−1)

in (85) that contain the expressions

1{ik=ik−2 6=0}φjk(θ)φjk−2
(θ), . . . , 1{ik=i1 6=0}φjk(θ)φj1(θ).
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3 Main Results

3.1 Generalizations of Theorem 2 to the Case of an Arbitrary Com-

plete Orthonormal Systems of Functions in the Space L2([t, T ])

and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ])

Theorems 3–5 imply the following two theorems on expansion of iterated Itô
stochastic integrals (2).

Theorem 6 [10], [15]. Suppose that the condition (⋆) is fulfilled for the

multi-index (i1 . . . ik) (see Sect. 2.2) and the condition (27) is also fulfilled.

Furthermore, let ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and {φj(x)}∞j=0 is an arbitrary

complete orthonormal system of functions in the space L2([t, T ]). Then the fol-

lowing expansion

J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1×

×
k∏

l=1









1{ml=0} + 1{ml>0}







Hn1,l

(

ζ
(il)
jh1,l

)

. . . Hndl,l

(

ζ
(il)
jhdl,l

)

, if il 6= 0

(

ζ
(0)
jh1,l

)n1,l

. . .
(

ζ
(0)
jhdl,l

)ndl,l

, if il = 0









(87)

converging in the mean-square sense is valid, where Hn(x) is the Hermite

polynomial (28), 1A is the indicator of the set A, i1, . . . , ik = 0, 1, . . . , m;

n1,l + n2,l + . . . + ndl,l = ml; n1,l, n2,l, . . . , ndl,l = 1, . . . , ml; dl = 1, . . . , ml;

l = 1, . . . , k; m1 + . . . + mk = k; the numbers m1, . . . , mk, g1, . . . , gk de-

pend on (i1, . . . , ik) and the numbers n1,l, . . . , ndl,l, h1,l, . . . , hdl,l, dl depend on

{j1, . . . , jk}; moreover, {jg1, . . . , jgk} = {j1, . . . , jk};

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ (i = 0, 1, . . . , m; j = 0, 1, 2, . . .)

are independent standard Gaussian random variables for various i or j (in the

case when i 6= 0) and dw
(0)
τ = dτ ; another notations as in Theorems 1, 2.
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Theorem 7 [10], [15]. Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and

{φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the

space L2([t, T ]). Then the following expansion

J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig2s−1
= ig2s 6=0}1{jg2s−1

= jg2s }

k−2r∏

l=1

ζ
(iql )

jql

)

(88)

converging in the mean-square sense is valid, where [x] is an integer part of a

real number x; another notations are the same as in Theorems 1, 2, 5.

3.2 Modifications of Theorems 6, 7 for the Case of an Arbitrary

Complete Orthonormal Systems of Functions in the Space

L2([t, T ]) and Φ(t1, . . . , tk) ∈ L2([t, T ]).

Replacing the function K(t1, . . . , tk) of the form (4) in Theorems 6, 7 by the
function Φ(t1, . . . , tk) ∈ L2([t, T ]), we get the following two theorems.

Theorem 8 [10], [15]. Suppose that the condition (⋆) is fulfilled for the

multi-index (i1 . . . ik) (see Sect. 2.2) and the condition (27) is also fulfilled.

Furthermore, let Φ(t1, . . . , tk) ∈ L2([t, T ]) and {φj(x)}∞j=0 is an arbitrary com-

plete orthonormal system of functions in the space L2([t, T ]). Then the following

expansion

J ′′[Φ](i1...ik)T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1×

×
k∏

l=1









1{ml=0} + 1{ml>0}







Hn1,l

(

ζ
(il)
jh1,l

)

. . . Hndl,l

(

ζ
(il)
jhdl,l

)

, if il 6= 0

(

ζ
(0)
jh1,l

)n1,l

. . .
(

ζ
(0)
jhdl,l

)ndl,l

, if il = 0









(89)
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converging in the mean-square sense is valid, where the sum of iterated Itô

stochastic integrals J ′′[Φ](i1...ik)T,t is defined by (19),

Cjk...j1 =

∫

[t,T ]k

Φ(t1, . . . , tk)
k∏

l=1

φjl(tl)dt1 . . . dtk (90)

is the Fourier coefficient, Hn(x) is the Hermite polynomial (28), 1A is the in-

dicator of the set A, i1, . . . , ik = 0, 1, . . . , m; n1,l + n2,l + . . . + ndl,l = ml;

n1,l, n2,l, . . . , ndl,l = 1, . . . , ml; dl = 1, . . . , ml; l = 1, . . . , k; m1+ . . .+mk = k;

the numbers m1, . . . , mk, g1, . . . , gk depend on (i1, . . . , ik) and the numbers

n1,l, . . . , ndl,l, h1,l, . . . , hdl,l, dl depend on {j1, . . . , jk}; moreover, {jg1, . . . , jgk} =

{j1, . . . , jk};

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ (i = 0, 1, . . . , m; j = 0, 1, 2, . . .)

are independent standard Gaussian random variables for various i or j (in the

case when i 6= 0) and dw
(0)
τ = dτ.

Theorem 9 [10], [15]. Suppose that Φ(t1, . . . , tk) ∈ L2([t, T ]
k) and

{φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the

space L2([t, T ]). Then the following expansion

J ′′[Φ](i1...ik)T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig2s−1
= ig2s 6=0}1{jg2s−1

= jg2s }

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense is valid, where the sum of iterated Itô

stochastic integrals J ′′[Φ](i1...ik)T,t is defined by (19), the Fourier coefficient Cjk...j1

has the form (90); another notations are the same as in Theorems 5, 8.
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4 Comparison with Other Results and Conclusions

Before starting this section, we recall that the sum of iterated Itô stochastic

integrals (19), which plays a central role in the proofs of Theorems 6–9, is equal
w. p. 1 to the multipleWiener stochastic integral with respect to the components

of a multidimensional Wiener process (see the proof in [10], Sect. 1.11).

It should be noted that an analogue of Theorem 8 (more precisely, the

expansion like (89) for the case i1, . . . , ik = 1, . . . , m) was obtained in [39]. The
mentioned expansion is formulated in [39] using the multiple Wiener stochastic

integral and the Wick product. Also note that the proof in [39] is different from
the proof given in this article. Let us describe these differences.

In [39], the author interprets the multiple Wiener stochastic integral from
a finite-dimensional kernel Kp,...,p(t1, . . . , tk) of the form (6) as a linear operator

and proves that this operator is bounded. We note that the proof from [39] is
essentially based on Theorem 3.1 from [40].

In our proof of Theorems 6–9 we use the sum of iterated Itô stochastic inte-
grals (19) several times and do not explicitly use the multiple Wiener stochastic

integral. Moreover, our proof of Theorems 6–9 is based on the Itô formula and
does not use Theorem 3.1 from [40]. The methodology of our proof is a direct

development of the approach we used to prove Theorem 5.1 in [6] (2006).

Note that the results of [39], as well as the results of this article, are based

on our idea [1] (2006) on the expansion of the kernel (4) (or Φ(t1, . . . , tk) ∈
L2([t, T ]

k)) into a generalized multiple Fourier series (see [1], Chapter 5, Theo-
rem 5.1, pp. 235-245 or [10], Chapter 1 for details).

We also note a number of works [40], [42]-[46] in which the properties of

multiple Wiener stochastic integrals were studied using measure theory, in par-
ticular, the formulas for the product of such integrals were obtained.

First of all, let us compare Theorem 5 with Proposition 5.1 from [43]. An
analogue of the right-hand side of (83) for nonrandom x1, . . . , xk is constructed

in [43] using diagrams (see the formula (5.1) in [43]). This means that the
application of the formula (5.1) from [43], unlike the formula (83), is difficult
when performing algebraic transformations.

Further, we note that the formula (5.1) from [43] was applied to the repre-
sentation of the multiple Wiener stochastic integral somewhat differently than

the formula (83). Namely, using Proposition 5.1 [43]. Let us expain this differ-
ence in more detail.
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Proposition 5.1 from [43] in our degree of generality and in our notations

can be written as

J ′′ [φj1 . . . φjk ]
(i1...ik)
T,t =

= J ′′
[

φj1 . . . φj1
︸ ︷︷ ︸

m1

φj2 . . . φj2
︸ ︷︷ ︸

m2

. . . φjp . . . φjp
︸ ︷︷ ︸

mp

](

m1
︷ ︸︸ ︷
i1...im1

m2
︷ ︸︸ ︷
im1+1...im2

...

mp
︷ ︸︸ ︷
im1+...+mp−1+1...ik )

T,t

=

= J ′′ [φj1 . . .φj1]
(

m1
︷ ︸︸ ︷
i1...im1

)

T,t ·J ′′ [φj2 . . .φj2]
(

m2
︷ ︸︸ ︷
im1+1...im2

)

T,t ·. . .·J ′′ [φjp . . .φjp
](

mp
︷ ︸︸ ︷
im1+...+mp−1+1...ik)

T,t

(91)

w. p. 1, where

J ′′ [φj1 . . .φj1]
(

m1
︷ ︸︸ ︷
i1...im1

)

T,t , J ′′ [φj2 . . .φj2]
(

m2
︷ ︸︸ ︷
im1+1...im2

)

T,t , . . . , J ′′ [φjp . . .φjp
](

mp
︷ ︸︸ ︷
im1+...+mp−1+1...ik )

T,t

are defined by the right-hand side of the formula (5.1) from [43], m1+. . .+mp =
k, m1, . . . , mp > 0, jq 6= jd (q 6= d, q, d = 1, . . . , p), i1, . . . , ik = 1, . . . , m.

This actually means that in [43] an analogue of the formula (83) is con-
structed for the special case j1 = . . . = jk. Moreover, the specified analogue is

based on the formula (5.1) [43] obtained using diagrams.

Comparing the formulas (83) and (91) (or (5.1) from [43]), it is easy to

understand that the transition from (83) and (91) is obvious. It is only neces-
sary to set the values of the corresponding indicators of the form 1A from the

formula (83) equal to 0 or 1. The reverse transition from the formula (91) to
the formula (83) is not obvious. Note that the formula (83) (not the formula

(91)) is convenient for the numerical integration of Itô stochastic differential
equations (see [10], Chapter 5 for details).

Let us turn to the comparison of Theorem 5 with another interesting work
[46] (2019). As it turned out, a version of Theorem 5 was obtained in terms

of Wick polynomials and for the case of vector valued random measures in [46]
(see Theorem 7.2, p. 69). However, much earlier the formula (83) (Theorem 5)
is obtained in our monograph [8] (2009) as part of the formula (5.30) (see [8],
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p. 220). Moreover, particular cases of the formula (83) were obtained even

earlier in our works [6] (2006) and [7] (2007). More precisely, particular cases
k = 1, . . . , 5 of the formula (83) were obtained in [6] (2006) as parts of the

formulas on the pages 243-244 and partiular cases k = 1, . . . , 7 of the formula
(83) were obtained in [7] (2007) as parts of the formulas on the pages 208-218.

We also note that we have found an explicit expression for the Wick poly-
nomial of degree k of the arguments ζ

(i1)
j1
, . . . , ζ

(ik)
jk

(see the formula (83)), which

is very convenient for the numerical simulation of iterated Itô stochastic in-
tegrals (2) [13]. Note that the representation of the Wick polynomial of the

arguments ζ
(i1)
j1
, . . . , ζ

(ik)
jk

in terms of the product of Hermite polynomials is less

convenient for the numerical simulation of iterated Itô stochastic integrals (2).

For example, the expression for J ′′[φj1φj2φj3φj4]
(i1i2i3i4)
T,t in terms of the product

of Hermite polynomials, even under the condition i1 = i2 = i3 = i4, already
contains 15 different expressions (see [10], Sect. 1.10). At the same time, all

these 15 expressions are contained in one formula (83) provided that k = 4 and
i1 = i2 = i3 = i4. It is very convenient, since in computer simulation using

the formula (83), in addition to modeling of random variables ζ
(i1)
j1
, . . . , ζ

(ik)
jk

, it
remains only to set the values of the corresponding indicators of the form 1A

from the formula (83) equal to 0 or 1.

It should be noted that in [44] (Theorem 6.1) a diagram formula was ob-
tained for the product of two multiple Wiener stochastic integrals with respect

to vector valued random measures. The formula (65) can be derived from the
diagram formula [44]. Although the proof of the diagram formula [44] is much

more complicated than our proof of the formula (65).

To conclude this article, we say a few words about expansions (87) and

(88). The transition from the expansion (88) to the expansion (87) is obvious.
It is only necessary to set the values of the corresponding indicators of the

form 1A from the formula (88) equal to 0 or 1. The reverse transition from the
formula (87) to the formula (88) is also possible but not obvious. However,

Theorems 4 and 5 provide a transition from (87) to (88) and vice versa. Note
that the expansion (87) is interesting from the point of view of studying the

structure of the expansion of iterated Itô stochastic integrals. On the other
hand, the expansion (88) is exceptionally convenient for applications [13], [14].
For example, in [13], [14], approximations of iterated Itô stochastic integrals

of multiplicities 1 to 6 in the Python programming language were successfully
implemented using (88) (k = 1, . . . , 6) and Legendre polynomials.
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[35] Kastner, F., Rößler, A. An analysis of approximation algorithms for iter-
ated stochastic integrals and a Julia and MATLAB simulation toolbox.

arXiv:2201.08424v1 [math.NA], 2022, 43 pp.
DOI: https://doi.org/10.48550/arXiv.2201.08424

[36] Malham, S.J.A., Wiese A. Efficient almost-exact Lévy area sampling. Stat.
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