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Àííîòàöèÿ. Â ñòàòüå ðàññìàòðèâàåòñÿ ñèñòåìà äâóõ ñèíãóëÿðíî âîçìóùåí-
íûõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé (ÈÄÓ), ïåðâîå èç êîòîðûõ ÿâ-
ëÿåòñÿ îäíîðîäíûì óðàâíåíèåì, à âòîðîå � íåîäíîðîäíûì, ñ èíòåãðàëüíûì
îïåðàòîðîì, ÿäðî êîòîðîãî ñîäåðæèò ôóíäàìåíòàëüíîå ðåøåíèå ïåðâîé ÈÄÓ.
Êëàññè÷åñêèé ñëó÷àé, êîãäà ÿäðî çàâèñèò îò áûñòðî ìåíÿþùåéñÿ ñêàëÿðíîé
ýêñïîíåíòû, ïîñâÿùåíî áîëüøîå êîëè÷åñòâî ðàáîò (ñì. áèáëèîãðàôèþ â êîíöå
ñòàòüè). Ñëó÷àé çàâèñèìîñòè ÿäðà îò ôóíäàìåíòàëüíûõ ðåøåíèé äèôôåðåí-
öèàëüíûõ ñèñòåì ïîäðîáíî èçó÷åí â ìîíîãðàôèè àâòîðîâ À.À. Áîáîäæàíîâà
è Â.Ô. Ñàôîíîâà ¾Ñèíãóëÿðíî âîçìóùåííûå èíòåãðàëüíûå è èíòåãðîäèôôå-
ðåíöèàëüíûå óðàâíåíèÿ ñ áûñòðî ìåíÿþùèìèñÿ ÿäðàìè è óðàâíåíèÿ ñ äèãî-
íàëüíûì âûðîæäåíèåì ÿäðà¿, îïóáëèêîâàííîé â Ñïóòíèê+ â 2017 ãîäó. Êàê
ïîêàçàíî â äàííîé ðàáîòå, ñëîæíîñòü ïîñòðîåíèÿ ðåãóëÿðèçîâàííîé (â ñìûñëå
Ëîìîâà) àñèìïòîòèêè ÈÄÓ îáóñëîâëåíà ñëîæíîé ñòðóêòóðîé àñèìïòîòè÷å-
ñêèõ ðåøåíèé ôóíäàìåíòàëüíûõ ðåøåíèé îäíîðîäíûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé. Ïðîáëåìà ïîñòðîåíèÿ àñèìïòîòèêè ôóíäàìåíòàëüíîãî ðåøåíèÿ
îäíîðîäíîãî ÈÄÓ è åå âëèÿíèÿ ÷åðåç ÿäðî íà ðåãóëÿðèçîâàííóþ àñèìïòî-
òèêó íåîäíîðîäíîãî ÈÄÓ äî ñèõ ïîð íå èññëåäîâàíà. Â íàñòîÿùåé ðàáîòå
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âîñïîëíÿåòñÿ ýòîò ïðîáåë. Ñíà÷àëà ñòðîèòñÿ ðåãóëÿðèçîâàííàÿ àñèìïòîòèêà
ôóíäàìåíòàëüíîãî ðåøåíèÿ îäíîðîäíîãî ÈÄÓ, à çàòåì ðàçðàáàòûâàåòñÿ àë-
ãîðèòì ïîñòðîåíèÿ àñèìïòîòè÷åñêîãî ðåøåíèÿ íåîäíîðîäíîãî ÈÄÓ. Ïîêàçà-
íî, ÷òî (â îòëè÷èå îò àñèìïòîòèêè ñ ÿäðîì, çàâèñÿùèì îò ôóíäàìåíòàëüíîãî
ðåøåíèÿ îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ) àñèìïòîòèêà ðåøåíèÿ
íåîäíîðîäíîãî ÈÄÓ áóäåò ñîäåðæàòü ïîìèìî áûñòðî ìåíÿþùèõñÿ ÷ëåíîâ åùå
è ìåäëåííî ìåíÿþùèåñÿ êîìïîíåíòû, èíäóöèðîâàííûå àñèìïòîòèêîé ôóíäà-
ìåíòàëüíîãî ðåøåíèÿ.

Êëþ÷åâûå ñëîâà: ñèíãóëÿðíî âîçìóùåííûå èíòåãðî-äèôôåðåí�
öèàëüíûå óðàâíåíèÿ, ðåãóëÿðèçàöèÿ,àñèìïòîòèêà ôóíäàìåíòàëüíûõ ðåøå-
íèé.

1 Ââåäåíèå

Ðàññìîòðèì ñèíãóëÿðíî âîçìóùåííóþ ñèñòåìó

εdV (t,s,ε)
dt = a (t)V (t, s, ε) +

∫ t
s K0 (t, x)V (x, s, ε) dx,

v (s, s, ε) = 1, 0 ≤ s ≤ t ≤ 1,
(1)

εdy(t,ε)dt = b (t) y (t, ε) +
∫ t
0 V (t, s, ε)K (t, s) y (s, ε) ds+ h (t) ,

y (0, ε) = y0, 0 ≤ t ≤ 1
(2)

ñîñòîÿùóþ èç äâóõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé, ïåðâîå èç êî-
òîðûõ îïèñûâàåò ôóíäàìåíòàëüíîå ðåøåíèå îäíîðîäíîãî ÈÄÓ, à âòîðîå �
íåîäíîðîäíîå, ñ ÿäðîì, çàâèñÿùèì îò ôóíäàìåíòàëüíîãî ðåøåíèÿ ïåðâîãî
ÈÄÓ (çäåñü åäèíèöà â íåðàâåíñòâå äëÿ s è t âçÿòà ðàäè ïðîñòîòû; ìîæíî
áûëî áû âçÿòü 0 ≤ s ≤ t ≤ T, ãäå T � ëþáîå ôèêñèðîâàííîå ïîëîæèòåëü-

íîå ÷èñëî). Ðîëü áûñòðî óáûâàþùåé ýêñïîíåíòû exp
(
1
s

∫ t
s µ (θ) dθ

)
, êîòîðàÿ

âõîäèëà â ÿäðî èíòåãðî-äèôôåðåíöèàëüíûõ ñèñòåì ðàíåå ðàññìîòðåííûõ ðà-
áîò [2,3,6,8], â çàäà÷å (2) èãðàåò ôóíäàìåíòàëüíîå ðåøåíèå v (t, s, ε) èíòåãðî-
äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1). Çàäà÷à (1)�(2) ÿâëÿåòñÿ îáîáùåíèåì ñèí-
ãóëÿðíî âîçìóùåííîé ñèñòåìû óðàâíåíèé

εdZ(t,s,ε)dt = B (t)Z (t, s, ε) , Z (s, s, ε) = I, 0 ≤ s ≤ t ≤ 1,

εdy(t,ε)dt = A (t) y (t, ε) +
∫ t
0 K (t, s)Z (t, s, ε) y (s, ε) ds+ h (t) ,

y (0, ε) = y0, 0 ≤ t ≤ 1,

ðàññìîòðåííîé â [9], â êîòîðîé ïåðâàÿ ñèñòåìà ÿâëÿåòñÿ äèôôåðåíöèàëüíîé,
à íå èíòåãðî-äèôôåðåíöèàëüíîé. Êàê áóäåò ïîêàçàíî íèæå, íàëè÷èå èíòå-
ãðàëüíîãî ñëàãàåìîãî â ïåðâîì óðàâíåíèè (1) ïðèâîäèò ê òîìó, ÷òî â ðåøåíèè
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óðàâíåíèÿ (2), êðîìå ìåäëåííûõ ñîñòàâëÿþùèõ, èíäóöèðóìûõ íåîäíîðîäíî-
ñòüþ h(t), áóäóò ïîÿâëÿòüñÿ è ìåäëåííûå ñîñòàâëÿþùèå, èíäóöèðóåìûå ÿä-
ðîì K0(t, s) ïåðâîãî óðàâíåíèÿ, ÷òî ñèëüíî óñëîæíÿåò ïîñòðîåíèå ðåãóëÿðè-
çîâàííîãî àñèìïòîòè÷åñêîãî ðåøåíèÿ çàäà÷è (2).

2 Ðåãóëÿðèçàöèÿ çàäà÷è (1)

Çàäà÷ó (1) áóäåì ðàññìàòðèâàòü ïðè ñëåäóþùèõ óñëîâèÿõ:

1) ôóíêöèÿ a (t) ∈ C∞ [0, 1] , ÿäðî K0 (t, s) ∈ C∞ (0 ≤ s ≤ t ≤ 1) ;

2) Re a (t) ≤ 0, a (t) ̸= 0 ∀t ∈ [0, 1] .

Ñëåäóÿ ìåòîäó ðåãóëÿðèçàöèè Ñ.À. Ëîìîâà [2,7], ââåäåì äîïîëíèòåëüíóþ
ïåðåìåííóþ

η =
1

ε

∫ t

s

a (θ) dθ ≡ φ (t, s)

ε
(3)

è âìåñòî çàäà÷è (1) ðàññìîòðèì ¾ðàñøèðåííóþ¿ çàäà÷ó

ε∂Ṽ (t,s,η,ε)
∂t + a (t) ∂Ṽ (t,s,η,ε)

∂η = a(t)Ṽ (t, s, η, ε)+

+
∫ t
s K0 (t, x) Ṽ

(
x, s, φ(x,s)ε , ε

)
dx, Ṽ (s, s, 0, ε) = 1

(4)

äëÿ ôóíêöèè Ṽ (t, s, η, ε) òàêîé, ÷òî ôóíêöèÿ V (t, s, ε) = Ṽ
(
t, s, φ(t,s)ε , ε

)
ÿâëÿåòñÿ òî÷íûì ðåøåíèåì çàäà÷è (1). Îäíàêî çàäà÷ó (4) íåëüçÿ ñ÷èòàòü
ïîëíîñòüþ ðåãóëÿðèçîâàííîé, òàê êàê â íåé íå ïðîèçâåäåíà ðåãóëÿðèçàöèÿ
èíòåãðàëüíîãî îïåðàòîðà

JṼ (t, s, η, ε) ≡ J
(
Ṽ (t, s, η, ε) |

t=x,η=φ(x,s)
ε

)
=

=
∫ t
s K0 (t, x) Ṽ

(
x, s, φ(x,s)ε , ε

)
dx.

(5)

Êàê áûëî ïîêàçàíî â [1], äëÿ åãî ðåãóëÿðèçàöèè íàäî ââåñòè ïðîñòðàíñòâî
Mε, èíâàðèàíòíîå îòíîñèòåëüíî èíòåãðàëüíîãî îïåðàòîðà J (ñì. [1], ñòð. 62).
Äåëàåòñÿ ýòî òàê. Ââåäåì ñíà÷àëà òàê íàçûâàåìîå ïðîñòðàíñòâî ¾áåçðåçî-
íàíñíûõ ðåøåíèé¿:

U = {v (t, s, η) : v (t, s, η) = v1 (t, s) e
η + v0 (t, s) ,

v0 (t, s) , v1 (t, s) ∈ C∞ (0 ≤ s ≤ t ≤ 1,C)}.
(6)

Â êà÷åñòâå Mε âîçüìåì êëàññ U |
η=φ(t,s)

ε
. Íàäî ïîêàçàòü, ÷òî îáðàç

Jv (t, s, η) ≡ J
(
v (t, s, η) |t=x,η=φ(x,s)/ε

)
=

∫ t

s

K0 (t, x) v

(
x,
φ (x, s)

ε

)
ds, (7)
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ïðåäñòàâëÿåòñÿ ðÿäîì âèäà

∞∑
k=0

εk
(
z(k)(t, s)eη + z

(k)
0 (t, s)

)
|
η=φ(t,s)

ε
,

àñèìïòîòè÷åñêè ñõîäÿùèìñÿ ê Jv ïðè ε → +0 (ðàâíîìåðíî ïî (t, s) ∈
{0 ≤ s ≤ t ≤ 1}).

Ïîäñòàâëÿÿ ýëåìåíò v (t, s, η) = v1 (t, s) e
η + v0 (t, s) ïðîñòðàíñòâà (6) â

(7), áóäåì èìåòü

Jv (t, s, η) =

∫ t

s

K0 (t, x) v0 (x, s) dx+

∫ t

s

K0 (t, x) v1 (x, s) e
1
ε

∫ x
s
a(θ)dθdx (8)

Ñòîÿùèé çäåñü âòîðîé èíòåãðàë ðàçëîæèì â àñèìïòîòè÷åñêèé ðÿä. Ïðèìåíÿÿ
îïåðàöèþ èíòåãðèðîâàíèÿ ïî ÷àñòÿì, áóäåì èìåòü∫ t

s K0 (t, x) v1 (x, s) e
1
ε

∫ x
s
a(θ)dθdx = ε

∫ t
s
K0(t,x)
a(x) v1 (x, s) dxe

1
ε

∫ x
s
a(θ)dθ =

= ε
[
K0(t,x)
a(x) v1 (x, s) e

1
ε

∫ x
s
a(θ)dθ|x=tx=s

]
− ε

∫ t
s

∂
∂x

(
K0(t,x)
a(x) v1 (x, s)

)
e

1
ε

∫ x
s
a(θ)dθdx =

= ε
[
K0(t,t)
a(t) v1 (t, s) e

1
ε

∫ t
s
a(θ)dθ − K0(t,s)

a(s) v1 (s, s)
]
−

−ε
∫ t
s

∂
∂x

(
K0(t,x)
a(x) v1 (x, s)

)
e

1
ε

∫ x
s
a(θ)dθdx.

Ïðîäîëæàÿ ýòîò ïðîöåññ äàëåå, ïîëó÷èì ðÿä∫ t
s K0 (t, x) v1 (x, s) e

1
ε

∫ x
s
a(θ)dθdx =

=
∑∞

m=0 (−1)m εm+1[(Im (K0 (t, x) v1 (x, s)))x=t e
1
ε

∫ x
s
a(θ)dθ−

− (Im (K0 (t, x) v1 (x, s)))x=s],

(9)

ãäå ââåäåíû îïåðàòîðû:

I0 =
1

a (x)
, I1 =

1

a (x)

∂

∂x
I0, Im =

1

a (x)

∂

∂x
Im−1, m ≥ 2.

Íåòðóäíî ïîêàçàòü (ñì., íàïðèìåð, [10], ñòð. 291�293 ), ÷òî ðÿä, ñòîÿùèé â
ïðàâîé ÷àñòè ðàâåíñòâà (9), ñõîäèòñÿ àñèìïòîòè÷åñêè ïðè ε→ +0 ê èíòåãðà-
ëó ∫ t

s

K0 (t, x) v1 (x, s) e
1
ε

∫ x
s
a(θ)dθdx

(ðàâíîìåðíî ïî (t, s) ∈ {0 ≤ s ≤ t ≤ 1}). Òåì ñàìûì, ïîêàçàíî, ÷òî êëàññ
Mε = U |

τ=ψ(t)
ε
àñèìïòîòè÷åñêè èíâàðèàíòåí îòíîñèòåëüíî îïåðàòîðà J.
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Êëàññ Mε, èíâàðèàíòíûé îòíîñèòåëüíî îïåðàòîðà J, ïîçâîëÿþò ïðîèçâå-
ñòè ðåãóëÿðèçàöèþ ýòîãî îïåðàòîðà, èñïîëüçóÿ åãî îáðàç íà ýëåìåíòå êëàññà
Mε. Äåëàåòñÿ ýòî òàê. Ââåäåì îïåðàòîðû

R0 (v (t, s, η)) =
∫ t
s K0 (t, x) v0 (x, s) dx,

Rm+1 (v (t, s, η)) = (−1)m [(Im (K0 (t, x) v1 (x, s)))x=t e
η−

− (Im (K0 (t, x) v1 (x, s)))x=s], m ≥ 0.

(10)

Ýòè îïåðàòîðû íàçûâàþò îïåðàòîðàìè ïîðÿäêà (ïî ε); îíè ÿâëÿþòñÿ êîýô-
ôèöèåíòàìè ïðè ñîîòâåòñòâóþùåé ñòåïåíè εm+1 â Jv (t, τ, η) . Èñïîëüçóÿ Rm,

îïåðàòîð Jv (t, τ, η) ìîæíî çàïèñàòü êîðî÷å:

Jv (t, s, η) =

(
R0v (t, s, η) +

∞∑
m=0

εm+1Rm+1v (t, s, η)

)
η=φ(t,s))

ε

.

Ïóñòü òåïåðü ṽ(t, s, η, ε) � ïðîèçâîëüíàÿ íåïðåðûâíàÿ ïî

(t, s, η) ∈ {0 ≤ s ≤ t ≤ 1} × Π (Π = {η : Re η ≤ 0})

ôóíêöèÿ, èìåþùàÿ àñèìïòîòè÷åñêîå ðàçëîæåíèå

ṽ(t, s, η, ε) =
∞∑
k=0

εkvk(t, s, η), vk(t, s, η) ∈ U, (11)

ñõîäÿùååñÿ ïðè ε→ +0 (ðàâíîìåðíî ïî (t, s, η) ∈ {0 ≤ s ≤ t ≤ 1}×Π). Òîãäà
îáðàç Jṽ(t, s, η, ε) ðàçëàãàåòñÿ â àñèìïòîòè÷åñêèé ðÿä

Jṽ(t, s, η, ε) =
∞∑
k=0

εkJvk(t, s, η) =
∞∑
r=0

εr
r∑

k=0

Rr−kvk(t, s, η)|η=φ(t,s))
ε
. (12)

Ðàâåíñòâî (12) ÿâëÿåòñÿ îñíîâàíèåì äëÿ ââåäåíèÿ ñëåäóþùåãî ïîíÿòèÿ.

Îïðåäåëåíèå 1 Ôîðìàëüíûì ðàñøèðåíèåì îïåðàòîðà J íàçîâåì îïåðàòîð
J̃ , äåéñòâóþùèé íà êàæäóþ ôóíêöèþ ṽ(t, s, η, ε) ∈ C({0 ≤ s ≤ t ≤ 1} × Π)
(ε→ +0) âèäà (6) ïî çàêîíó

J̃ ṽ(t, s, η, ε) ≡ J̃(
∞∑
k=0

εkvk(t, s, η))
def
=

∞∑
r=0

εr
r∑

k=0

Rr−kvk(t, s, η). (13)

Èç (12) ñëåäóåò àñèìïòîòè÷åñêîå ðàâåíñòâî

(J̃ ṽ(t, τ, ε)|
η=ψ(t)

ε
= Jṽ(t, η, ε)

η=ψ(t)
ε
(ε→ +0),
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êîòîðîå ïîêàçûâàåò, ÷òî ââåäåííûé íàìè îïåðàòîð J̃ äåéñòâèòåëüíî ÿâëÿåòñÿ
ðàñøèðåíèåì îïåðàòîðà J. Õîòÿ îïåðàòîð J̃ îïðåäåëåí ôîðìàëüíî, åãî ïîëåç-
íîñòü î÷åâèäíà, òàê êàê íà ïðàêòèêå îáû÷íî ñòðîÿò N -å ïðèáëèæåíèå àñèìï-
òîòè÷åñêîãî ðåøåíèÿ (11), â êîòîðîì áóäóò ó÷àñòâîâàòü ëèøü N -e ÷àñòè÷íûå
ñóììû ðÿäà (11), èìåþùèå íå ôîðìàëüíûé, à èñòèííûé ñìûñë. Òåïåðü ìîæ-
íî çàïèñàòü çàäà÷ó, ïîëíîñòüþ ðåãóëÿðèçîâàííóþ ïî îòíîøåíèþ ê èñõîäíîé
çàäà÷å (2):

ε∂Ṽ (t,s,η,ε)
∂t + a (t) ∂Ṽ (t,s,η,ε)

∂η = a(t)Ṽ (t, s, η, ε)+

+J̃ Ṽ (t, s, η, ε) , Ṽ (s, s, 0, ε) = 1,
(14)

ãäå J̃ Ṽ (t, s, η, ε) èìååò âèä (13).

3 Ðàçðåøèìîñòü èòåðàöèîííûõ çàäà÷

Îïðåäåëÿÿ ðåøåíèå ýòîé çàäà÷è (14) â âèäå ðÿäà (11), ïîëó÷èì ñëåäóþùèå
èòåðàöèîííûå çàäà÷è:

L v0(t, s, η) ≡ a(t)
∂v0
∂η

− a(t)v0 −R0v0 = 0, v0(s, s, 0) = 1; (150)

L v1(t, s, η) = −∂v0
∂t

+R1v0, v1(s, s, 0) = 0; (151)

L v2(t, s, η) = −∂v1
∂t

+R1v1 +R2v0, v2(s, s, 0) = 0; (152)

· · ·
L vk(t, s, η) = −∂vk−1

∂t +R1vk−1 +R2vk−2 + . . .+Rkv0,

vk(s, s, 0) = 0, k ≥ 2.
(15k)

Ïåðåéäåì ê èññëåäîâàíèþ èõ ðàçðåøèìîñòè â ïðîñòðàíñòâå U. Êàæäóþ èç
çàäà÷ (15k) ìîæíî ïðåäñòâèòü â âèäå

L v(t, s, η) ≡ a(t)
∂v

∂η
− a(t)v −R0v = H(t, s, η), y0(s, s, 0) = b, (16)

ãäå H (t, s, η) = H1 (t, s) e
η + H0 (t, s) ∈ U � èçâåñòíàÿ ïðàâàÿ ÷àñòü çàäà÷è

(16), à R0 � îïåðàòîð, äåéñòâóþùèé íà êàæäóþ ôóíêöèþ (6) ïðîñòðàíñòâà U
ïî çàêîíó:

R0 (v1 (t, s) e
η + v0 (t, s))

∆
=

∫ t

s

K0 (t, x) v0 (x, s) dx.
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Â ïðîñòðàíñòâå U ââåäåì ñêàëÿðíîå (ïðè êàæäîì (t, s) ∈ {0 ≤ s ≤ t ≤ 1} )
ïðîèçâåäåíèå

⟨v, w⟩ ≡ ⟨v1 (t, s) eη + y0 (t, s) , w1 (t, s) e
η + w0 (t, s)⟩

∆
=

∆
= v1 (t, s) · w̄1 (t, s) + v0 (t, s) · w̄0 (t, s) .

Èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1 Ïóñòü âûïîëíåíû óñëîâèÿ 1), 2) è ïðàâàÿ ÷àñòü H (t, s, η) =
=H1 (t, s) e

η+H0 (t, s) óðàâíåíèÿ (16) ïðèíàäëåæèò ïðîñòðàíñòâó U. Òîãäà
äëÿ ðàçðåøèìîñòè óðàâíåíèÿ (16) â ïðîñòðàíñòâå U íåîáõîäèìî è äîñòà-
òî÷íî, ÷òîáû

⟨H (t, s, η) , eη⟩ ≡ 0 ⇔ H1 (t, s) ≡ 0 (∀ (t, s) ∈ {0 ≤ s ≤ t ≤ 1}) . (17)

Äîêàçàòåëüñòâî.Ïîäñòàâèì ýëåìåíò (6) ïðîñòðàíñòâà U â óðàâíåíèå (16); ïî-
ëó÷èì ðàâåíñòâî

a (t) v1 (t, s) e
η − a (t) v1 (t, s) e

η − a (t) v0 (t, s)−
−
∫ t
s K0 (t, x) v0 (x, s) dx = H1 (t, s) e

η +H0 (t, s) .

Ïðèðàâíèâàÿ çäåñü îòäåëüíî ñâîáîäíûå ÷ëåíû è êîýôôèöèåíòû ïðè ýêñïî-
íåíòå, ïîëó÷èì óðàâíåíèÿ

0·v1 (t, s) = H1 (t, s) , −a (t) v0 (t, s)−
∫ t

s

K0 (t, x) v0 (x, s) dx = H0 (t, s) . (18)

Âòîðîå óðàâíåíèå (18) ÿâëÿåòñÿ èíòåãðàëüíûì óðàâíåíèåì òèïà Âîëüòåððà;
îíî îäíîçíà÷íî ðàçðåøèìî â ïðîñòðàíñòâå C∞ (0 ≤ s ≤ t ≤ 1,C) . Äëÿ ðàç-
ðåøèìîñòè ïåðâîãî óðàâíåíèÿ (18) â ýòîì ïðîñòðàíñòâå íåîáõîäèìî è äîñòà-
òî÷íî, ÷òîáû H1 (t, s) ≡ 0, ò. å. ÷òîáû âûïîëíÿëîñü óñëîâèå (17). Òåîðåìà
äîêàçàíà.

Çàìå÷àíèå 1. Ïðè âûïîëíåíèè óñëîâèé 1) è 2), à òàêæå óñëîâèÿ 17 óðàâíå-
íèå (16) èìååò ñëåäóþùåå ðåøåíèå â ïðîñòðàíñòâå U :

v (t, s, η) = α (t, s) eη + v0 (t, s) , (19)

ãäå α (t, s) ∈ C∞ (0 ≤ s ≤ t ≤ 1,C) � ïðîèçâîëüíàÿ ôóíêöèÿ, v0 (t, s) � ðå-
øåíèå èíòåãðàëüíîãî óðàâíåíèÿ (18).

Íå áóäåì ôîðìóëèðîâàòü òåîðåìó îá îäíîçíà÷íîé ðàçðåøèìîñòè îáùåé
èòåðàöèîííîé çàäà÷è (16). Çàìåòèì, ÷òî ïðèìåíåíèå òåîðåìû 1 ê äâóì ïîñëå-
äîâàòåëüíûì èòåðàöèîííûì çàäà÷àì (15k) è (15k+1) ïðèâîäèò ê îäíîçíà÷íî-
ìó âû÷èñëåíèþ ðåøåíèÿ èòåðàöèîííîé çàäà÷è (15k) â ïðîñòðàíñòâå U. Ïîêà-
æåì ýòî íà ïðèìåðå çàäà÷ (150), (151) è (152).
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Ðåøåíèå óðàâíåíèÿ (150) èìååò âèä ñóììû (19). Ïîñêîëüêó â (150) îò-
ñóòñòâóåò íåîäíîðîäíîñòü H(t, s, η), òî èíòåãðàëüíîå óðàâíåíèå (18) áóäåò
îäíîðîäíûì è ïîýòîìó v0 (t, s) ≡ 0, à ñàìî ðåøåíèå (19) ïðèíèìàåò âèä
v0 (t, s, η) = α (t, s) eη. Ïîä÷èíÿÿ åãî íà÷àëüíîìó óñëîâèþ v0(s, s, 0) = 1,
íàéäåì, ÷òî α (s, s) = 1. Òàêèì îáðàçîì, ðåøåíèå çàäà÷è (150) áóäåò çàïè-
ñàíî â âèäå v0 (t, s, η) = α (t, s) eη, ãäå ôóíêöèÿ α (t, s) íàéäåíà ëèøü â òî÷êå
(t, s) = (s, s) . Äëÿ îêîí÷àòåëüíîãî åå âû÷èñëåíèÿ ïåðåéäåì ê óðàâíåíèþ
(151):

L v1(t, s, η) = −∂v0
∂t +R1v0, v1(s, s, 0) = 0 ⇔

⇔ L v1(t, s, η) = −∂α(t,s)
∂t eη +

[
K0(t,t)
a(t) α (t, s) eη − K0(t,s)

a(s)

]
.

(20)

Ïî òåîðåìå 1 ýòî óðàâíåíèå ðàçðåøèìî â ïðîñòðàíñòâå U òîãäà è òîëüêî
òîãäà, êîãäà âûïîëíÿåòñÿ óñëîâèå −∂α(t,s)

∂t + K0(t,t)
a(t) α (t, s) ≡ 0. Ïðèñîåäèíÿÿ ê

íåìó íà÷àëüíîå óñëîâèå α (s, s) = 1, íàéäåì îäíîçíà÷íî ôóíêöèþ α (t, s) =

= exp
{∫ t

s
K0(x,x)
a(x) dx

}
, à çíà÷èò îäíîçíà÷íî ïîñòðîèì ðåøåíèå v0 (t, s, η) =

=α (t, s) eη çàäà÷è (150) â ïðîñòðàíñòâå U. Ïðè ýòîì çàäà÷à (151) áóäåò óæå
íåîäíîðîäíîé:

L v1(t, s, η) = −∂α(t,s)
∂t eη +

[
K0(t,t)
a(t) α (t, s) eη − K0(t,s)

a(s)

]
≡

≡ −K0(t,s)
a(s) , v1(s, s, 0) = 0.

Ïîñêîëüêó â ïðàâîé ÷àñòè ýòîãî óðàâíåíèÿ îòñóòñòâóåò êîýôôèöèåíò ïðè
ýêñïîíåíòå eη, òî óñëîâèå (17) âûïîëíåíî è ìû ìîæåì âû÷èñëèòü ðåøåíèå
ýòîãî óðàâíåíèÿ (ñì. ôîðìóëó (19)):

v1(t, s, η) = α1 (t, s) e
η + v0 (t, s) , (21)

ãäå α1 (t, s) ∈ C∞ (0 ≤ s ≤ t ≤ 1,C) � ïðîèçâîëüíàÿ ôóíêöèÿ, v0 (t, s) ðåøå-
íèå èíòåãðàëüíîãî óðàâíåíèÿ òèïà Âîëüòåððà:

−a (t) v0 (t, s)−
∫ t
s K0 (t, x) v0 (x, s) dx = −K0(t,s)

a(s) ⇔
⇔ v0 (t, s) =

∫ t
s
K0(t,x)
−a(t) v0 (x, s) dx+

K0(t,s)
a(t)a(s) .

(22)

Îíî ñóùåñòâóåò, åäèíñòâåííî è ïðèíàäëåæèò êëàññó C∞ (0 ≤ s ≤ t ≤ 1,C).
Ïîä÷èíÿÿ (21) íà÷àëüíîìó óñëîâèþ v1(s, s, 0) = 0, ïîëó÷èì óðàâíåíèå

α1 (s, s) +
K0 (s, s)

a2 (s)
= 0 ⇔ α1 (s, s) = −K0 (s, s)

a2 (s)
. (23)

Äëÿ îêîí÷àòåëüíîãî âû÷èñëåíèÿ ôóíêöèè (21) íàäî ïåðåéòè ê ñëåäóþùåé
çàäà÷å (152):

L v2(t, s, η) = −∂v1
∂t

+R1v1 +R2v0, v2(s, s, 0) = 0.
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Ó÷èòûâàÿ âèä îïåðàòîðîâ R1 è R2:

R1 (v1(t, s)e
η + v0(t, s)) =

K0(t,t)
a(t) v1 (t, t) e

η − K0(t,s)
a(s) v1 (s, s)

R2 (v1(t, s)e
η + v0(t, s)) = −

(
I1 (K0 (t, x) v1(x, s))

)
x=t

eη+

+
(
I1 (K0 (t, x) v1(x, s))

)
x=s

,

âûäåëèì â ïðàâîé ÷àñòè óðàâíåíèÿ (152) êîýôôèöèåíò ïðè ýêñïîíåíòå e
η. Îí

áóäåò òàêèì:

− ∂

∂t
α1 (t, s) +

K0 (t, t)

a (t)
α1 (t, s)−

(
I1 (K0 (t, x)α(x, s))

)
x=t

= 0, (231)

ãäå α (t, s) = exp
{∫ t

s
K0(x,x)
a(x) dx

}
� èçâåñòíàÿ ôóíêöèÿ. Ïðèñîäèíÿÿ ê ýòîìó

óðàâíåíèþ íà÷àëüíîå óñëîâèå (23), íàéäåì îäíîçíà÷íî ôóíêöèþ α1 (t, s) è
çíà÷èò, ïîñòðîèì îäíîçíà÷íî ðåøåíèå (21) çàäà÷è (151). Àíàëîãè÷íî âû÷èñ-
ëÿþòñÿ ðåøåíèÿ â ïðîñòðàíñòâå U ñëåäóþùèõ èòåðàöèîííûõ çàäà÷ (15k) ïðè
k ≥ 2.

4 Àñèìïòîòè÷åñêàÿ ñõîäèìîñòü ôîðìàëüíûõ ðåøåíèé

óðàâíåíèÿ (1) ê òî÷íîìó

Ïðèìåíÿÿ òåîðåìó 1 ê èòåðàöèîííûì çàäà÷àì (15k), âû÷èñëèì îäíîçíà÷íî
èõ ðåøåíèÿ vk(t, s, η) â ïðîñòðàíñòâå U. Îáîçíà÷èì N− óþ ÷àñòè÷íóþ ñóììó

ðÿäà (11) ÷åðåç SN(t, s, η, ε) à ÷åðåç vεN(t, s) = SN(t, s,
φ(t,s)
ε , ε)� ñóæåíèå ýòîé

ñóììû íà ðåãóëÿðèçèðóþùåé ïåðìåííîé (3) (ò.å. ïðè η = φ(t,s)
ε ). Íåòðóäíî

äîêàçàòü ñëåäóþùåå óòâåðæäåíèå (ñì. [1], c. 143).

Ëåììà 1 Ïóñòü âûïîëíåíû óñëîâèÿ 1) è 2). Òîãäà ôóíêöèÿ vεN(t, s) ÿâëÿ-
åòñÿ ôîðìàëüíûì àñèìïòîòè÷åñêèì ðåøåíèåì çàäà÷è (1) ïîðÿäêà N, ò.å.
îíà óäîâëåòâîðÿåò çàäà÷å

εdvεNdt = a(t)vεN +
∫ t
s K0 (t, x) vεN (x, s) dx+ εN+1FN(t, s, ε),

vεN (s, s, 0) = 1, (s, t) ∈ {0 ≤ s ≤ t ≤ 1} ,
(240)

ãäå ||FN(t, s, ε)||C(0≤s≤t≤1) ≤ F̄ (F̄ > 0− ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò ε ïðè
ε ∈ (0, ε0], ε0− äîñòàòî÷íî ìàëî).

Äëÿ îöåíêè ðàçíîñòè V (t, s, ε) − vεN (t, s) ìåæäó òî÷íûì è ïðèáëèæåííûì
ðåøåíèåì çàäà÷è (1) íàäî ðàññìîòðòü èíòåãðî-äèôôåðåíöèàëüíóþ çàäà÷ó

ε
dz

dt
= a(t)z +

∫ t

s

K0 (t, x) z (x, s, ε) dx+H(t, s, ε), z(s, s, ε) = 0, (24)
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ãäåH(t, s, ε) ∈ C (0 ≤ s ≤ t ≤ 1,C)� èçâåñòíàÿ ôóíêöèÿ. Ýòà çàäà÷à ïðè êàæ-
äîì ε > 0 èìååò åäèíñòâåííîå ðåøåíèå z = z (t, s, ε) ∈ C1 (0 ≤ s ≤ t ≤ 1,C) è
íàäî îöåíèòü íîðìó ðåøåíèÿ ÷åðåç ïðàâóþ ÷àñòü H (t, s, ε) . Ââåäåì åùå îäíó
íåèçâåñòíóþ ôóíêöèþ

u(t, s, ε) =

∫ t

s

K0 (t, x) z (x, s, ε) dx.

Äèôôåðåíöèðóÿ åå ïî t, ïîëó÷èì èíòåãðî-äèôôåðåíöèàëüíóþ çàäà÷ó:

du(t,s,ε)
dt = K0 (t, t) z (t, s, ε) +

∫ t
s
∂K0(t,x)

∂t z (x, s, ε) dx,

u (s, s, ε) = 0.
(25)

Â èòîãå äëÿ âåêòîð-ôóíêöèè ω = {z, u} ïîëó÷èì èíòåãðî-äèôôåðåíöèàëüíóþ
ñèñòåìó

εdω(t,s,ε)dt =

(
a(t) 1

0 0

)
ω(t, s, ε) + ε

(
0

K0 (t, t) z (t, s, ε)

)
+

+ε
∫ t
s

(
0

∂K0(t,x)
∂t z (x, s, ε) dx

)
+

(
H (t, s, ε)

0

)
, ω (s, s, ε) = 0.

(26)

Îáîçíà÷èì ÷åðåç Y (t, x, ε) ìàòðèöó Êîøè äèôôåðåíöèàëüíîé çàäà÷è

ε
dY (t, x, ε)

dt
=

(
a(t) 1

0 0

)
Y (t, x, ε), Y (x, x, ε) = I, 0 ≤ s ≤ t ≤ 1.

Ìàòðèöà A (t) =

(
a(t) 1

0 0

)
ÿâëÿåòñÿ ìàòðèöåé ïðîñòîé ñòðóêòóðû ñî ñïåê-

òðîì {a (t) , 0} . Òàê êàê ñïåêòð {a (t) , 0} ìàòðèöû A (t) ëåæèò â ïîëóïëîñêî-
ñòè Reλ ≤ 0, òî ìàòðèöà Y (t, x, ε) ðàâíîìåðíî îãðàíè÷åíà (ñì., íàïðèìåð,
[10], ñòð. 119�120), ò. å.

∥Y (t, x, ε)∥ ≤ c0 = const (∀ (t, x, ε) ∈ {0 ≤ s ≤ t ≤ 1} × {ε > 0}) .

Îáðàòèì ñ ïîìîùüþ ýòîé ìàòðèöû ñèñòåìó (26); ïîëó÷èì èíòåãðàëüíóþ ñè-
ñòåìó

ω(t, s, ε) =

=
∫ t
s Y (t, x, ε)

((
0

K0 (x, x) z (x, s, ε)

)
+

(
0

∂K0(x,ξ)
∂t z (ξ, s, ε) dξ

))
dx =

+1
ε

∫ t
s Y (t, x, ε)

(
H (x, s, ε)

0

)
dx.
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Ïåðåõîäÿ çäåñü ê íîðìàì, ïîëó÷èì èíòåãðàëüíîå íåðàâåíñòâî îòíîñèòåëü-
íî íîðìû ∥ω(t, s, ε)∥ . Ó÷èòûâàÿ ðàâíîìåðíóþ îãðàíè÷åííîñòü ìàòðèöû

Y (t, x, ε) , à òàêæå íåïðåðûâíîñòü ôóíêöèé K0 (t, s) è
∂K0(x,ξ)

∂t (à çíà÷èò, èõ
îãðàíè÷åííîñòü) è ïðèìåíÿÿ íåðàâåíñòâî Ãðîíóîëëà-Áåëëìàíà, ïîëó÷èì ïðè
äîñòàòî÷íî ìàëûõ ε ∈ (0, ε0] îöåíêó

∥ω(t, s, ε)∥C({0≤s≤t≤1}) ≤
1

ε

∥∥∥∥∥
(
H (x, s, ε)

0

)∥∥∥∥∥
C({0≤s≤t≤1})

,

èç êîòîðîé âûòåêàåò îöåíêà

∥z(t, s, ε)∥C({0≤s≤t≤1}) ≤
c1
ε
∥H (x, s, ε)∥C({0≤s≤t≤1}). (27)

Äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 2 Ïóñòü âûïîëíåíû óñëîâèÿ 1) è 2). Òîãäà ðåøåíèå z(t, s, ε) çà-
äà÷è (25) ñóùåñòâóåò, åäèíñòâåííî ïðè äîñòàòî÷íî ìàëûõ ε ∈ (0, ε0] è
óäîâëåòâîðÿåò îöåíêå (27), ãäå ïîñòîÿííàÿ c1 > 0 íå çàâèñèò îò ε ïðè
äîñòàòî÷íî ìàëûõ ε ∈ (0, ε0] .

Ïðèìåíèì ýòó ëåììó äëÿ äîêàçàòåëüñòâà ñëåäóþùåãî óòâåðæäåíèÿ.

Òåîðåìà 2 Ïóñòü âûïîëíåíû óñëîâèÿ 1) è 2). Òîãäà çàäà÷à (1) îäíîçíà÷-
íî ðàçðåøèìà â êëàññå C1([0, 1],C) è äëÿ åå ðåøåíèÿ V (t, s, ε) ñïðàâåäëèâà
îöåíêà

||V (t, s, ε)− vεN(t, s)||C(0≤s≤t≤1) ≤ cNε
N+1, N = 0, 1, 2, ...,

ãäå ïîñòîÿííàÿ cN > 0 íå çàâèñèò îò ε ïðè ε ∈ (0, ε0](ε0 > 0 � äîñòàòî÷íî
ìàëî).

Äîêàçàòåëüñòâî. Çàäà÷à (1) îäíîçíà÷íî ðàçðåøèìà, òàê êàê îíà ïðèâîäèòñÿ ê
çàäà÷å (24) çàìåíîé V −1 = z. Äëÿ ðàçíîñòè ∆N(t, s, ε) = V (t, s, ε)−vεN(t, s)
ïîëó÷àåì çàäà÷ó

ε∆N (t,s,ε)
dt = a(t)∆N(t, s, ε) +

∫ t
s K(t, x)∆N(x, s, ε)dx−

−εN+1FN(t, s, ε),∆N(s, s, ε) = 0.

Îíà èìååò âèä çàäà÷è (24) ñ íåîäíîðîäíîñòüþ H(t, s, ε) ≡ −εN+1FN(t, s, ε).
Ïî ëåììå 2 ñïðàâåäëèâà îöåíêà

||∆N(t, s, ε)||C(0≤s≤t≤1) ≡ ||V (t, s, ε)− vεN(t, s)||C(0≤s≤t≤1) ≤
≤ c2

ε ε
N+1||FN(t, s, ε)||C(0≤s≤t≤1) ≤ c̄0F̄Nε

N ≡ c̄N−1ε
N ,
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à çíà÷èò äëÿ ∆N+1(t, s, ε) = V (t, s, ε)− vε,N+1(t, s) áóäåò èìåòü ìåñòî îöåíêà

||∆N+1(t, s, ε)||C(0≤s≤t≤1) ≡

≡||(V (t, s, ε)− vεN(t, s))− εN+1vN+1(t, s,
φ (t, s)

ε
)||C(0≤s≤t≤1) ≤ c̄Nε

N+1.

Îòñþäà ïîëó÷àåì, ÷òî

c̄Nε
N+1 ≥ ||V (t, s, ε)−vεN(t, s)||C(0≤s≤t≤1)−εN+1||vN+1(t, s,

φ (t, s)

ε
)||C(0≤s≤t≤1),

èëè
||V (t, s, ε)− vεN(t, s)||C(0≤s≤t≤1) ≤ cNε

N+1,

ãäå cN = c̄N + v̄N > 0, ||vN+1(t, s,
φ(t,s)
ε )||C(0≤s≤t≤1) ≤ v̄N , ïðè÷åì ïîñòîÿííàÿ

cN íå çàâèñèò îò ε ∈ (0, ε0], ãäå ε0 > 0 � äîñòàòî÷íî ìàëî. Òåîðåìà äîêàçàíà.

5 Ïîñòðîåíèå ðåãóëÿðèçîâàííîãî àñèìïòîòè÷åñêîãî ðå-

øåíèÿ çàäà÷è (2)

Ðàññìîòðèì òåïåðü çàäà÷ó (2). Ïîäñòàâèì â íåå àñèìïòîòè÷åñêîå ðåøåíèå

v (t, s, η, ε) =
∞∑
k=0

εk
(
v
(k)
1 (t, s) eη + v

(k)
0 (t, s)

)
(28)

çàäà÷è (1). Ïîëó÷èì èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå

εdydt = b (t) y +
∑∞

k=0 ε
k
∫ t
0

(
v
(k)
1 (t, s) e

1
ε

∫ t
s
a(θ)dθ + v

(k)
0 (t, s)

)
×

×K (t, s) y (s, ε) ds+ h (t) , y (0, ε) = y0.
(29)

Ââåäåì îáîçíà÷åíèÿ:

K (t, s) v
(k)
1 (t, s) ≡ K1,k (t, s) ,

K (t, s) v
(k)
0 (t, s) ≡ K0,k (t, s) , k = 0, 1, 2, ... .

Òîãäà çàäà÷à (29) ïåðåïèøåòñÿ â âèäå

εdydt = b (t) y+

+
∑∞

k=0 ε
k
∫ t
0 e

1
ε

∫ t
s
a(θ)dθK1,k (t, s) y (s, ε) ds+

+
∑∞

k=0 ε
k
∫ t
0 K0,k (t, s) y (s, ε) ds+ h (t) , y (0, ε) = y0.

(30)
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Ïîëó÷åíà èíòåãðî-äèôôåðåíöèàëüíàÿ ñèñòåìà ñ áûñòðî è ìåäëåííî èçìåíÿ-
þùèìèñÿ ÿäðàìè èíòåãðàëüíîãî îïåðàòîðà. Ýòà ñèñòåìà áîëåå îáùàÿ, ÷åì
ñèñòåìà, ðàññìîòðåííàÿ â [6], òàê êàê â íåé ÿäðà ÿâëÿþòñÿ àñèìïòîòè÷åñêè-
ìè ðÿäàìè ïî ε (òîãäà êàê â [6] â ÿäðå ñòîèò òîëüêî îäíî ñëàãàåìîå k (t, s)).
Çàäà÷ó (30) áóäåì ðàññìàòðèâàòü ïðè óñëîâèÿõ 1)�2). Êðîìå òîãî, áóäåì ïðåä-
ïîëàãàòü, ÷òî âûïîëíåíû òðåáîâàíèÿ:

3) ôóíêöèè b (t) ∈ C∞ ([0, 1]) è h (t) ∈ C∞ ([0, 1]) ;

4) a (t) ̸= b (t) , a (t) , b (t) ̸= 0, Re a (t) ,Re b (t) ≤ 0 ∀t ∈ [0, 1] .

Îáîçíà÷èì a (t) ≡ λ2 (t) , b (t) ≡ λ1 (t) è ââåäåì ðåãóëÿðèçèðóþùèå ïåðå-
ìåííûå

τj =
1

ε

∫ t

0

λj (x) dx ≡ ψj (t)

ε
, j = 1, 2.

Äëÿ ðàñøèðåíèÿ ỹ = ỹ (t, τ, ε) ðåøåíèÿ óðàâíåíèÿ (30) ïîëó÷èì ñëåäóþùóþ
çàäà÷ó:

ε∂ỹ∂t +
∑2

j=1 λj (t)
∂ỹ
∂τj

−
∑∞

k=0 ε
kJkỹ

(
s, ψ(s)ε , ε

)
= h (t) ,

ỹ (0, ε) = y0,
(31)

ãäå îáîçíà÷åíî:

Jkỹ (t, τ, ε) = J1,kỹ (t, τ, ε) + J0,kỹ (t, τ, ε) ,

J1,kỹ (t, τ, ε) =
∫ t
0 e

1
ε

∫ t
s
λ2(θ)dθK1,k (t, s) ỹ

(
s, ψ(s)ε , ε

)
ds,

J0,kỹ (t, τ, ε) =
∫ t
0 K0,k (t, s) ỹ

(
s, ψ(s)ε , ε

)
ds, k ≥ 0,

èëè, áîëåå ïîäðîáíî,

ε∂ỹ∂t +
∑2

j=1 λj (t)
∂ỹ
∂τj

−
−
∑∞

k=0 ε
k
∫ t
0 e

1
ε

∫ t
s
a(θ)dθK1,k (t, s) ỹ

(
s, ψ(s)ε , ε

)
ds−

−
∑∞

k=0 ε
k
∫ t
0 K0,k (t, s) ỹ

(
s, ψ(s)ε , ε

)
ds = h (t) ,

ỹ (0, 0ε) = y0.

(31a)

Îäíàêî çäåñü íå ïðîèçâåäåíà ðåãóëÿðèçàöèÿ èíòåãðàëüíûõ îïåðàòî-
ðîâ J1,kỹ (t, τ, ε) è J0,kỹ (t, τ, ε) . Äëÿ ðåãóëÿðèçàöèè ýòèõ îïåðàòîðîâ ââå-
äåì ïðîñòðàíñòâî M̂ε, àñèìïòîòè÷åñêè èíâàðèàíòíîå îòíîñèòåëüíî îïåðàòîðà
Ji,kỹ (s, τ, ε) (k = 0, 1)(ñì. [1; ãë. 2,§ 6]).

Îïðåäåëåíèå 2 Áóäåì ãîâîðèòü, ÷òî âåêòîð-ôóíêöèÿ

w(t, τ ) = {w1, ..., wn}
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ïðèíàäëåæèò ïðîñòðàíñòâó Y, åñëè îíà ïðåäñòàâèìà â âèäå ñóììû

w(t, τ ) = w0 (t) + w1 (t) e
τ1 + w2 (t) e

τ2, wj (t) ∈ C∞ ([0, 1]) ,

j = 0, 1, 2.
(32)

Çàìåòèì, ÷òî çäåñü τ2 =
1
ε

∫ t
0 a (x) dx = φ(t,0)

ε . Ïîäñòàâèì âìåñòî ỹ ýòó ôóíê-
öèþ â êàæäûé èíòåãðàëüíûé îïåðàòîð, âõîäÿùèé â Ji,kỹ (s, τ, ε) . Áóäåì èìåòü

J1,kw(t, τ ) ≡
≡
∫ t
0 e

1
ε

∫ t
s
λ2(x)dxK1,k (t, s)

(
w0 (s) + w1 (s) e

1
ε

∫ s
0
λ1(x)dx + w2 (s) e

1
ε

∫ s
0
λ2(x)dx

)
ds =

=
∫ t
0 e

1
ε

∫ t
s
λ2(x)dxK1,k (t, s)w0 (s) ds+ e

1
ε

∫ t
0
λ2(x)dx

∫ t
0 K1,k (t, s)w2 (s) ds+

+

∫ t

0

e
1
ε

∫ t
s
λ2(x)dxK1,k (t, s)w1 (s) e

1
ε

∫ s
0
λ1(x)dxds =

= e
1
ε

∫ t
0
λ2(x)dx

∫ t
0 K1,k (t, s)w2 (s) ds+

∫ t
0 e

1
ε

∫ t
s
λ2(x)dxK1,k (t, s)w0 (s) ds+

+e
1
ε

∫ t
0
λ2(x)dx

∫ t
0 e

− 1
ε

∫ s
0
λ2(x)dxK1,k (t, s)w1 (s) e

1
ε

∫ s
0
λ1(x)dxds

Ïðèìåíÿÿ îïåðàöèþ èíòåãðèðîâàíèÿ ïî ÷àñòÿì, ïîëó÷èì∫ t
0 e

1
ε

∫ t
s
λ2(x)dxK1,k (t, s)w0 (s) ds =

= −ε
∫ t
0
K1,k(t,s)w0(s)

λ2(s)
de

1
ε

∫ t
s
λ2(x)dx =

= ε
[
K1,k(t,0)w0(0)

λ2(0)
e

1
ε

∫ t
0
λ2(x)dx − K1,k(t,t)w0(t)

λ2(t)

]
+

+ε
∫ t
0 e

1
ε

∫ t
s
λ2(x)dx ∂

∂s
K1,k(t,s)w0(s)

λ2(s)
ds =

= ε
[
K1,k(t,0)w0(0)

λ2(0)
e

1
ε

∫ t
0
λ2(x)dx − K1,k(t,t)w0(t)

λ2(t)

]
+

+ε2[
(

1
λ2(s)

∂
∂s
K1,k(t,s)w0(s)

λ2(s)

)
s=0

e
1
ε

∫ t
0
λ2(x)dx−

−
(

1
λ2(s)

∂
∂s
K1,k(t,s)w0(s)

λ2(s)

)
s=t

]+

+ε2
∫ t
0 e

1
ε

∫ t
s
λ2(x)dx ∂

∂s

(
1

λ2(s)
∂
∂s
K1,k(t,s)w0(s)

λ2(s)

)
ds =

=
∑∞

m=0 ε
m+1[(Im2 (K1,k (t, s)w0 (s)))s=0 e

1
ε

∫ t
0
λ2(x)dx−

− (Im2 (K1,k (t, s)w0 (s)))s=t]

ãäå ââåäåíû îïåðàòîðû:

I02 = 1
λ2(s)

, I12 = 1
λ2(s)

∂
∂sI

0
1 ,

Im2 = 1
λ2(s)

∂
∂sI

m−1
2 ,m ≥ 2.

(33)
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Äàëåå èìååì:

e
1
ε

∫ t
0
λ2(x)dx

∫ t
0 e

− 1
ε

∫ s
0
λ2(x)dxK1,k (t, s)w1 (s) e

1
ε

∫ s
0
λ1(x)dxds =

= e
1
ε

∫ t
0
λ2(x)dx

∫ t
0 K1,k (t, s)w1 (s) e

1
ε

∫ s
0
(λ1(x)−λ2(x))dxds =

= εe
1
ε

∫ t
0
λ2(x)dx

∫ t
0
K1,k(t,s)w1(s)
λ1(s)−λ2(s) de

1
ε

∫ s
0
(λ1(x)−λ2(x))dx =

= εe
1
ε

∫ t
0
λ2(x)dx

[
K1,k(t,t)w1(t)
λ1(t)−λ2(t) e

1
ε

∫ t
0
(λ1(x)−λ2(x))dx − K1,k(t,0)w1(0)

λ1(0)−λ2(0)

]
−

.

−εe 1
ε

∫ t
0
λ2(x)dx

∫ t
0 e

1
ε

∫ s
0
(λ1(x)−λ2(x))dx

(
∂
∂s
K1,k(t,s)w1(s)
λ1(s)−λ2(s)

)
ds =

=
∑∞

m=0 ε
m+1 (−1)m [

(
Im1,2 (K1,k (t, s)w1 (s))s=t e

1
ε

∫ t
0
λ1(x)dx

)
s=t

−

−
(
Im1,2 (K1,k (t, s)w1 (s))s=0 e

1
ε

∫ t
0
λ2(x)dx

)
],

ãäå ââåäåíû îïåðàòîðû:

I01,2 =
1

λ1(s)−λ2(s) , I
1
1,2 =

1
λ1(s)−λ2(s)

∂
∂sI

0
1,2,

Iν1,2 =
1

λ1(s)−λ2(s)
∂
∂sI

ν−1
1,2 , ν ≥ 2.

(34)

Òàêèì îáðàçîì, äëÿ ïðîèçâîëüíîé âåêòîð-ôóíêöèè (32) áóäåì èìåòü

J1,kw(t, τ ) = e
1
ε

∫ t
0
λ2(x)dx

∫ t
0 K1,k (t, s)w2 (s) ds+

+
∑∞

m=0 ε
m+1 (−1)m [(Im2 (K1,k (t, s)w0 (s)))s=0 e

1
ε

∫ t
0
λ2(x)dx−

− (Im2 (K1,k (t, s)w0 (s)))s=t]+

+
∑∞

m=0 ε
m+1 (−1)m [

(
Im1,2 (K1,k (t, s)w1 (s))s=t e

1
ε

∫ t
0
λ1(x)dx

)
s=t

−

−
(
Im1,2 (K1,k (t, s)w1 (s))s=0 e

1
ε

∫ t
0
λ2(x)dx

)
].

(35)

Ïðîèçâåäåì òåïåðü ðåãóëÿðèçàöèþ èíòåãðàëà ñ ìåäëåííî èçìåíÿþùèìñÿ ÿä-
ðîì:

J0,kỹ (t, τ, ε) =
∫ t
0 K0,k (t, s) ỹ

(
s, ψ(s)ε , ε

)
ds =

=
∫ t
0 K0,k (t, s)

(
w0 (s) +

∑2
j=1wj (s) e

1
ε

∫ s
0
λj(x)dx

)
ds =

=
∫ t
0 K0,k (t, s)w0 (s) ds+

+
∫ t
0 K0,k (t, s)

(∑2
j=1wj (s) e

1
ε

∫ s
0
λj(x)dx

)
ds.

Âíîâü èñïîëüçóÿ îïåðàöèþ èíòåãðèðîâàíèÿ ïî ÷àñòÿì, ïðèäåì ê ñëåäóþùåìó
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ðÿäó:∫ t
0 K0,k (t, s)w0 (s) ds+

+
∫ t
0 K0,k (t, s)

(∑2
j=1wj (s) e

1
ε

∫ s
0
λj(x)dx

)
ds =

=
∫ t
0 K0,k (t, s)w0 (s) ds+

=
∑2

j=1

∑∞
m=0 (−1)m εm+1[

(
Imj (K0,k (t, s)wj (s))

)
s=t

e
1
ε

∫ t
0
λj(x)dx−

−
(
Imj (K0,k (t, s)wj (s))

)
s=0

],

(36)

ãäå ââåäåíû îïåðàòîðû:

I0j = 1
λj(s)

, I1j = 1
λj(s)

∂
∂sI

0
0,j,

Imj = 1
λj(s)

∂
∂sI

m−1
j , j = 1, 2, m ≥ 2.

(37)

Íåòðóäíî ïîêàçàòü, ÷òî ðÿäû, ñòîÿùèå â ïðàâûõ ÷àñòÿõ ðàâåíñòâ (35) è (36),
àñèìïòîòè÷åñêè ñõîäÿòñÿ ïðè ε→ +0 ê ñîîòâåñòâóþùèì èíòåãðàëàì (ðàâíî-
ìåðíî ïî t ∈ [0, 1]). Îáîçíà÷àÿ ÷åðåç Rm,k : Y → Y îïåðàòîðû ïîðÿäêà (ïî ε),
äåéñòâóþùèå íà êàæäóþ ôóíêöèþ (32) ïî çàêîíó

R0,kw (t, τ ) = eτ2
∫ t
0 K1,k (t, s)w2 (s) ds+

+
∫ t
0 K0,k (t, s)w0 (s) ds;

Rm+1,kw (t, τ ) = [(Im2 (K1,k (t, s)w0 (s)))s=0 e
τ2−

− (Im2 (K1,k (t, s)w0 (s)))s=t]+

+ (−1)m [
(
Im1,2 (K1,k (t, s)w1 (s))s=t e

τ1
)
−

−
(
Im1,2 (K1,k (t, s)w1 (s))s=0 e

τ2
)
]+

(38)

+
∑2

j=1 (−1)m [
(
Imj (K0,k (t, s)wj (s))

)
s=t

eτj

−
(
Imj (K0,k (t, s)wj (s))

)
s=0

],

ãäå îïåðàòîðû Im2 , I
m
1,2 è I

m
j âû÷èñëÿþòñÿ ïî ôîðìóëàì (33),(34) è (37) ñîîò-

âåòñòâåííî. Òîãäà îáðàç Jkw (t, τ ) ìîæíî çàïèñàòü êðàòêî â ôîðìå

Jkw (t, τ ) ≡ J1,kw (t, τ ) + J0,kw (t, τ ) =
∞∑
m=0

εmRm,kw (t, τ ) .

Ïóñòü òåïåðü íåêîòîðàÿ âåêòîð-ôóíêöèÿ ỹ (t, τ, ε) , íåïðåðûâíàÿ ïî (t, τ ) ∈
∈ [0, T ]× Π(Π = {Re τj ≤ 0, j = 1, 2}) , ïðåäñòàâëÿåòñÿ â âèäå ðÿäà

ỹ (t, τ, ε) =
∑∞

l=0 ε
lyl (t, τ ) ,

yl (t, τ ) = w
(l)
0 (t) +

∑2
j=1w

(l)
j (t) eτj ∈ Y,

(39)
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ñõîäÿùåãîñÿ àñèìïòîòè÷åñêè ïðè ε → +0 (ðàâíîìåðíî ïî(t, τ ) ∈ [0, 1] × Π).
Ïîäñòàâëÿÿ åå â èíòåãðàëüíûå îïåðàòîðû ñèñòåìû (31), áóäåì èìåòü

∞∑
k=0

εkJkỹ
(
s, ψ(s)ε , ε

)
=

≡
∞∑
k=0

∞∑
l=0

εk+lJkyl (t, τ ) =
∞∑
l=0

∞∑
k=0

R0kyl (t, τ )+

+
∞∑
r=1

εr
∑

k+l+m=r

Rm,kyl (t, τ ) =

=
∞∑
r=0

εr
∑

k+l+m=r

Rm,kyl (t, τ ) ,

.

ãäå τ = ψ (t) /ε.

Îïðåäåëåíèå 3 Îïåðàòîð J̃ ỹ =
∑∞

r=0 ε
r
∑

k+l+m=rRm,kyl (t, τ ) áóäåì íàçû-
âàòü ôîðìàëüíûì ðàñøèðåíèåì èíòåãðàëüíîãî îïåðàòîðà

∞∑
k=0

εkJkỹ

(
s,
ψ (s)

ε
, ε

)
.

Òåïåðü ìîæíî çàïèñàòü çàäà÷ó, ïîëíîñòüþ ðåãóëÿðèçîâàííóþ ïî îòíîøåíèþ
ïî îòíîøåíèþ ê (30):

ε
∂ỹ

∂t
+

2∑
j=1

λj (t)
∂ỹ0
∂τj

− λ1 (t) ỹ − J̃ ỹ = h (t) , ỹ (0, 0, ε) = y0. (40)

Ïîäñòàâëÿÿ ðÿä (39) â (40) è ïðîèçâîäÿ ïðèðàâíèâàíèå êîýôôèöèåíòîâ ïðè
îäèíàêîâûõ ñòåïåíÿõ ε, ïîëó÷èì ñëåäóþùèå èòåðàöèîííûå çàäà÷è:

Fy0 ≡
2∑
j=1

λj (t)
∂y0
∂τj

− λ1 (t) y0 −R0,0y0 = h (t) , y0 (0, 0) = y0; (410)

Fy1 = −∂y0
∂t

+ (R1,0 +R0,1)y0, y1 (0, 0) = 0; (411)

...

Fyr = −∂yr−1

∂t
+

∑
k+l+m=r

Rm,kyl (t, τ ) , yr (0, 0) = 0, (41r)

Êàæäóþ ïàðó èòåðàöèîííûõ çàäà÷ (41r) , (41r+1) ìîæíî çàïèñàòü â âèäå

Fy ≡
2∑
j=1

λj (t)
∂y

∂τj
− λ1 (t) y −R0,0y = f (t, τ ) , y (0, 0) = y∗, (42)
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Fv = −∂y
∂t

+ (R1,0 +R0,1)y + g (t, τ ) , (43)

ãäå f (t, τ ) = f0 (t)+
∑2

j=1 fj (t) e
τj , g (t, τ ) = g0 (t)+

∑2
j=1 gj (t) e

τj� èçâåñòíûå
ôóíêöèè êëàññà Y. Çäåñü òàê æå, êàê è â ï.1, íåòðóäíî äîêàçàòü ñëåäóþùèé
ðåçóëüòàò.

Òåîðåìà 3 Ïóñòü âûïîëíåíû óñëîâèÿ 1)�4) è ôóíêöèÿ f (t, τ ) ∈ Y.Òîãäà äëÿ
ðàçðåøèìîñòè ñèñòåìû (42) â ïðîñòðàíñòâå Y íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû

⟨f (t, τ ) | eτ1⟩ ≡ 0 ⇔ f1 (t) ≡ 0 ∀t ∈ [0, 1] . (44)

Ïðè âûïîëíåíèè óñëîâèé (44) è ïðè äîïîëíèòåëüíîì òðåáîâàíèè〈
−∂y
∂t

+ (R1,0 +R0,1)y + g (t, τ )

∣∣∣∣ eτ1〉 ≡ 0 (45)

çàäà÷à (42) îäíîçíà÷íî ðàçðåøèìà â ïðîñòðàíñòâå Y.

Çäåñü ÷åðåç ⟨∗ | ∗⟩ îáîçíà÷åíî ñêàëÿðíîå (ïðè êàæäîì t ∈ [0, 1]) ïðîèçâå-
äåíèå â Y :

⟨f (t, τ ) | g (t, τ )⟩ ∆
=

2∑
j=0

fj (t) ḡ (t) .

Îáðàùàåì âíèìàíèå íà òî, ÷òî â (44) è (45) â óìíîæåíèè ó÷àñòâóþò òîëüêî
ôóíêöèÿ eτ1, òàê êàê ôóíêöèè òèïà q2 (t) e

τ2 íå âõîäÿò â ÿäðî îïåðàòîðà
Fy ≡ ≡

∑2
j=1 λj (t)

∂y
∂τj

− λ1 (t) y.

È, íàêîíåö, îáîçíà÷àÿ ÷åðåç yεN (t) =
∑N

r=1 ε
ryr

(
t, ψ(t)ε

)
ñóæåíèå N -é ÷à-

ñòè÷íîé ñóììû ðÿäà (39) ïðè τ = ψ (t) /ε ≡ (ψ1 (t) /ε, ψ2 (t) /ε) , äîêàæåì (
òàê æå, êàê è â [10], ñòð. 303�308) îöåíêó

∥y (t, ε)− yεN (t)∥C[0,T ] ≤MNε
N+1, M = 0, 1, 2, ...,

ãäå ïîñòîÿííàÿ MN > 0íå çàâèñèò îò ε ∈ (0, ε0](ε0 > 0−äîñòàòî÷íî ìàëî).

6 Ïîñòðîåíèå ãëàâíîãî ÷ëåíà àñèìïòîòèêè. Ïðèìåð

Ðàçâèòûé íàìè àëãîðèòì ïîçâîëÿåò ïîëó÷àòü àñèìïòîòèêó ðåøåíèÿ èñõîä-
íîé çàäà÷è ëþáîãî ïîðÿäêà (ïî ε). Îäíàêî âû÷èñëåíèå âûñøèõ ïðèáëèæåíèé
ñâÿçàíî ñ ãðîìîçäêèìè âûêëàäêàìè. Íà ïðàêòèêå îáû÷íî îãðàíè÷èâàþòñÿ
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ãëàâíûì ÷ëåíîì àñèìïòîòèêè, ñòðóêòóðà êîòîðîãî ïîâòîðÿåò ñòðóêòóðó òî÷-
íîãî ðåøåíèÿ çàäà÷è (2). Â ýòîì ñëó÷àå äîñòàòî÷íî ðàññìîòðåòü çàäà÷ó1

ε
dy

dt
= λ1 (t) y+

+

∫ t

0

e
1
ε

∫ t
s
λ2(θ)dθK (t, s)

(
v
(0)
1 (t, s) + εv

(1)
1 (t, s)

)
y (s, ε) ds+

+

∫ t

0

K (t, s)
(
v
(0)
0 (t, s) + εv

(1)
0 (t, s)

)
y (s, ε) ds+ h (t) , y(0, ε) = y0.

(46)

Çäåñü â óðàâíåíèè (30) óäåðæèâàåòñÿ òîëüêî àñèìïòîòèêà ïåðâîãî ïîðÿäêà
ôóíäàìåíòàëüíîãî ðåøåíèÿ V (t, s, ε):

vε1 (t, s) ≡
(
v
(0)
1 (t, s) + εv

(1)
1 (t, s)

)
e

1
ε

t∫
s

λ2dθ
+
(
v
(0)
0 (t, s) + εv

(1)
0 (t, s)

)
=

=
(
α (t, s) + εv

(1)
1 (t, s)

)
e

1
ε

t∫
s

λ2dθ
+ εv

(1)
0 (t, s) ,

ãäå α (t, s) � ôóíêöèÿ (200) , α1 (t, s) � ðåøåíèå çàäà÷è (23) − (231) , v0 =

=v
(1)
0 (t, s) � ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (22). Íàäî ðåøèòü äâå ïåðâûå

èòåðàöèîííûå çàäà÷è:

Fy0 ≡
2∑
j=1

λj (t)
∂y0
∂τj

− λ1 (t) y0 −R0,0y0 = h (t) , y0 (0, 0) = y0; (470)

Fy1 = −∂y0
∂t

+ (R1,0 +R0,1)y0, y1 (0, 0) = 0, (471)

ãäå

R0,0y0 (t, τ ) ≡ R0,0

(
y
(0)
0 (t) +

∑2
j=1 y

(0)
j (t) eτj

)
=

= eτ2
∫ t
0 K1,0 (t, s) y

(0)
2 (s) ds+

∫ t
0 K0,0 (t, s) y

(0)
0 (s) ds;

R1,0y0 (t, τ ) = [
(
I02

(
K1,0 (t, s) y

(0)
0 (s)

))
s=0

eτ2−

−
(
I02

(
K1,0 (t, s) y

(0)
0 (s)

))
s=t

]+

+[
(
I01,2

(
K1,0 (t, s) y

(0)
1 (s)

)
s=t

eτ1
)
−

−
(
I01,2

(
K1,0 (t, s) y

(0)
1 (s)

)
s=0

eτ2
)
]+

+
∑2

j=1[
(
I0j

(
K0,0 (t, s) y

(0)
j (s)

))
s=t

eτj

−
(
I0j

(
K0,0 (t, s) y

(0)
j (s)

))
s=0

],

1Íàïîìíèì, ÷òî λ1 (t) = b (t) , λ2 (t) = a (t) .
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R0,1y0 (t, τ ) = eτ2

t∫
0

K1,1 (t, s)y
(0)
2 (s) ds+

t∫
0

K0,1 (t, s)y
(0)
0 (s) ds.

Ïðèìåíÿÿ ðàçðàáîòàííûé àëãîðèòì, ïîñòðîèì ãëàâíûé ÷ëåí àñèìïòîòèêè
ðåøåíèÿ çàäà÷è (2):

y0ε (t) = y
(0)
0 (t) + β

(0)
1 (t) e

1
ε

t∫
o

λ1(θ)dθ
+ y

(0)
2 (t) e

1
ε

t∫
o

λ2(θ)dθ
, (48)

ãäå y
(0)
2 (t) � èçâåñòíàÿ ôóíêöèÿ, âû÷èñëÿåìàÿ â ïðîöåññå ðåøåíèÿ çàäà÷è

(470), y
(0)
0 (t) = − h(t)

λ1(t)
, à ôóíêöèÿ β

(0)
1 (t) âû÷èñëÿåòñÿ èç óñëîâèÿ ðàçðåøèìî-

ñòè óðàâíåíèÿ (471) â ïðîñòðàíñòâå
2 Y :〈

−∂y0
∂t

+ (R1,0 +R0,1)y0 |eτ1
〉

≡ 0 ⇔
〈
−∂y0
∂t

+R1,0y0 |eτ1
〉

≡ 0,

y0 ≡ y0 (t, τ ) = y
(0)
0 (t) + β

(0)
1 (t) eτ1 + y

(0)
2 (t) eτ2. (480)

Èç (48) âèäíî, ÷òî âëèÿíèå èíòåãðàëüíîãî îïåðàòîðà íà ñòðóêòóðó ãëàâ-
íîãî ÷ëåíà àñèìïòîòèêè ðåøåíèÿ çàäà÷è (2) îñóùåñòâëÿåòñÿ ÷åðåç îïåðà-

òîðû K1,0 (t, t) = K (t, t) v
(0)
1 (t, t) , K0,0 (t, t) = K (t, t) v

(0)
0 (t, t) , âõîäÿùèõ â

R1,0y0(t, τ ) (ò. å. â êîíå÷íîì ñ÷åòå ÷åðåç äèàãîíàëüíîå ÿäðî K(t, t)). Åñëè
K(t, t) ≡ 0, òî óðàâíåíèå (1) íå îêàçûâàåò íèêàêîãî âëèÿíèÿ íà ñòðóêòóðó
ãëàâíîãî ÷ëåíà àñèìïòîòèêè ðåøåíèÿ çàäà÷è (2), ò. å â ïåðâîì ïðèáëèæåíèè
èíòåãðîäèôôåðåíöèàëüíàÿ ñèñòåìà (2) âåäåò ñåáÿ òàê æå, êàê è äèôôåðåí-
öèàëüíàÿ ñèñòåìà εẏ = λ1 (t) y + h (t) , y (0, ε) = y0 (âëèÿíèå èíòåãðàëüíîãî
÷ëåíà ïðîÿâèòñÿ ïðè ïîñòðîåíèè âûñøèõ ïðèáëèæåíèé). Îòìåòèì òàêæå, ÷òî

ôóíêöèÿ y
(0)
0 (t) ÿâëÿåòñÿ ðåøåíèåì âûðîæäåííîãî (ε = 0) óðàâíåíèÿ ïî îò-

íîøåíèþ ê èñõîäíîìó (46).

Ïðèìåð. Ðàññìîòðèì çàäà÷ó (1)�(2), â êîòîðîé ÿäðî K0 (t, s) = t − s.
Òîãäà

v
(0)
1 (t, s) = α (t, s) ≡ 1, K1,0 (t, s) = K (t, s) ,

K0,0 (t, s) = K (t, s) v
(0)
0 (t, s) ≡ 0, R0,0y (t, τ ) =

= eτ2
∫ t
0 K (t, s)R0,0y (t, τ ) y

(0)
2 (s) ds, R1,0y (t, τ ) =

=
(
I12

(
K (t, s) y

(0)
1 (s)

))
s=t

eτ1 + p (t, τ2) ,

2Ó÷åñòü, ÷òî R0,1y0 (t, τ) íå ñîäåðæèò ýêñïîíåíòó eτ1 .
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ãäå ôóíêöèÿ p (t, τ2) íå çàâèñèò îò eτ1. Â ýòîì ñëó÷àå èòåðàöèîííûå çàäà÷è
(470) è (471) çàïèøóòñÿ â âèäå

Fy0 ≡
∑2

j=1 λj (t)
∂y0
∂τj

− λ1 (t) y0−
−eτ2

∫ t
0 K (t, s) y

(0)
2 (s) ds = h (t) , y0 (0, 0) = y0,

(49)

Fy1 =
(
I12

(
K (t, s) y

(0)
1 (s)

))
s=t

eτ1 + p (t, τ2) . (50)

Îïðåäåëÿÿ ðåøåíèå çàäà÷è (49) â âèäå (480) , ïîëó÷èì óðàâíåíèÿ

−λ1 (t) y(0)0 (t) = h (t) , 0 · y(0)1 (t) = 0,

(λ2 (t)− λ1 (t)) y
(0)
2 (t) =

∫ t
0 K (t, s) y

(0)
2 (s) ds,

ðåøàÿ êîòîðûå íàéäåì êîýôôèöèåíòû ôóíêöèè (480) è çàïèøåì ðåøåíèå
óðàâíåíèÿ (49) â âèäå

y0 (t, τ ) = − h (t)

λ1 (t)
+ β

(0)
1 (t) eτ1, (51)

ãäå β
(0)
1 (t) ∈ C∞ ([0, 1] ,C)� ïðîèçâîëüíàÿ ôóíêöèÿ. Ïîä÷èíÿÿ (51) íà÷àëüíî-

ìó óñëîâèþ y0 (0, 0) = y0, íàéäåì, ÷òî β
(0)
1 (0) = y0+ h(0)

λ1(0)
.Äëÿ îêîí÷àòåëüíîãî

âû÷èñëåíèÿ ôóíêöèè β
(0)
1 (t) ïåðåéäåì ê çàäà÷å (50) Äëÿ åå ðàçðåøèìîñòè â

ïðîñòðàíñòâå Y íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû〈
−∂y0

∂t +R1,0y0 |eτ1
〉
≡ 0 ⇔< −β̇(0)

1 (t) eτ1 +
(
h(t)
λ1(t)

)�
+

+
(
I1,2

(
K (t, s)

(
β
(0)
1 (s)

)))
s=t

eτ1+p (t, τ2) |eτ1 >≡ 0.

Ïðîèçâîäÿ çäåñü ñêàëÿðíîå óìíîæåíèå, ïîëó÷èì äèôôåðåíöèàëüíîå óðàâíå-
íèå

−β̇(0)
1 (t) +

K (t, t)

λ1 (t)− λ2 (t)
β
(0)
1 (t) = 0.

Ïðèñîåäèíÿÿ ê íåìó íà÷àëüíîå óñëîâèå β
(0)
1 (0) = y0 + h(0)

λ1(0)
, íàéäåì îêîí÷à-

òåëüíî ôóíêöèþ

β
(0)
1 (t) =

(
y0 +

h (0)

λ1 (0)

)
exp

{∫ t

0

K (x, x)

λ1 (x)− λ2 (x)
dx

}
.

Çíà÷èò, ãëàâíûé ÷ëåí àñèìïòîòèêè ðåøåíèÿ çàäà÷è (49)�(50) áóäåò èìåòü âèä

yε0 (t) = − h (t)

λ1 (t)
+

(
y0 +

h (0)

λ1 (0)

)
exp

{∫ t

0

K (x, x)

λ1 (x)− λ2 (x)
dx

}
· e

1
ε

∫ t
0
λ2(θ)dθ.
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SINGULARLY PERTURBED PROBLEMS WITH KERNES
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Abstract. The paper considers a system of two singularly perturbed integro-
di�erential equations (IDEs), the �rst of which is a homogeneous equation,and
the second is an inhomogeneous one, with an integral operator whose kernel
contains the fundamental solution of the �rst IDE. The classical case, when
the kernel depends on a rapidly changing scalar exponential, is the subject of
a large number of papers (see bibliography at the end of the article). The case
of the dependence of the kernel on the fundamental solutions of di�erential
systems was studied in detail in the monograph by A.A. Bobodzhanov and
V.F. Safonov �Singularly perturbed integral and integro-di�erential equations
with rapidly changing kernels and equations with digonal degeneration of the
kernel�, published by Sputnik+ in 2017. As shown in this paper, the di�culty
of constructing a regularized (in the sense of Lomov) asymptotics of IDEs is
due to the complex structure of asymptotic solutions of fundamental solutions of
homogeneous di�erential equations. The problem of constructing the asymptotics
of the fundamental solution of a homogeneous IDE and its in�uence through
the kernel on the regularized asymptotics of a nonhomogeneous IDE has not been
studied so far. In the present work, this gap is �lled. It �rst constructs a regularized
asymptotics of the fundamental solution of a homogeneous IDE, and then develops
an algorithm for constructing an asymptotic solution of a nonhomogeneous IDE.
It is shown that (in contrast to the asymptotics with a kernel depending on the
fundamental solution of a homogeneous di�erential equation), the asymptotics
of the solution of an inhomogeneous IDE will contain, in addition to rapidly
changing terms, also slowly changing components induced by the asymptotics of
the fundamental solution.

Keywords: singularly perturbed, integro-di�erential equations,
regularization,fundamental solution asymptotics.
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