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Àííîòàöèÿ. Èññëåäîâàíà ïåðèîäè÷åñêàÿ çàäà÷à c ïåðèîäîì ðàâíûì 1 äëÿ
äâóìåðíîé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî
ïîðÿäêà, â êîòîðîé ãëàâíàÿ íåëèíåéíàÿ ÷àñòü ïîðîæäåíà ìíîãî÷ëåíîì îò
îäíîãî êîìïëåêñíîãî ïåðåìåííîãî. Äîêàçàíî, ÷òî åñëè âûïóêëàÿ îáîëî÷êà
êîðíåé ïîðîæäàþùåãî ìíîãî÷ëåíà íå ñîäåðæèò ÷èñåë êðàòíûõ i2π, òî èìå-
åò ìåñòî àïðèîðíàÿ îöåíêà äëÿ ðåøåíèé ïåðèîäè÷åñêîé çàäà÷è. Â óñëîâèÿõ
àïðèîðíîé îöåíêè, ïðèìåíÿÿ ìåòîäû âû÷èñëåíèÿ âðàùåíèÿ âåêòîðíûõ ïîëåé,
äîêàçàíà ðàçðåøèìîñòü ïåðèîäè÷åñêîé çàäà÷è ïðè ëþáîì âîçìóùåíèè èç çà-
äàííîãî êëàññà. Ðàññìàòðèâàåìàÿ ñèñòåìà óðàâíåíèé íå ñâîäèòñÿ ê àíàëîãè÷-
íîé ñèñòåìå óðàâíåíèé ïåðâîãî ïîðÿäêà ñ ãëàâíîé ïîëîæèòåëüíî îäíîðîäíîé
íåëèíåéíîé ÷àñòüþ. Äëÿ ñèñòåì íåëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé ïåðâîãî ïîðÿäêà ïåðèîäè÷åñêàÿ çàäà÷à èññëåäîâàíà â ðàáîòàõ
Â.À. Ïëèññà, Ì.À. Êðàñíîñåëüñêîãî è èõ ïîñëåäîâàòåëåé ñ ïðèìåíåíèåì ìå-
òîäîâ àïðèîðíîé îöåíêè è âû÷èñëåíèÿ âðàùåíèÿ âåêòîðíûõ ïîëåé. Èçâåñò-
íî, ÷òî àïðèîðíàÿ îöåíêà ðåøåíèé êðàåâûõ çàäà÷ äëÿ ñèñòåì íåëèíåéíûõ
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà ñîïðÿæåíà ñ
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òðóäíîñòÿìè, ñâÿçàííûìè ñ îöåíêîé ïðîèçâîäíîé ïåðâîãî ïîðÿäêà ðåøåíèÿ
ïðè îãðàíè÷åííîñòè ñàìîãî ðåøåíèÿ. Â íàñòîÿùåé ðàáîòå íà ïðèìåðå ïåðè-
îäè÷åñêîé çàäà÷è äëÿ ðàññìàòðèâàåìîé ñèñòåìû óðàâíåíèé âòîðîãî ïîðÿäêà
óñòàíîâëåíî, ÷òî àïðèîðíàÿ îöåíêà âûâîäèìà, åñëè ñî÷åòàòü ìåòîäû èññëåäî-
âàíèÿ àíàëîãè÷íûõ ñèñòåì óðàâíåíèé ïåðâîãî ïîðÿäêà è ìåòîäû êà÷åñòâåí-
íîãî èññëåäîâàíèÿ ñèíãóëÿðíî âîçìóùåííûõ ñèñòåì óðàâíåíèé. Ïîëó÷åííûå
ðåçóëüòàòû â ïîñëåäóþùåì ìîæíî îáîáùèòü äëÿ ìíîãîìåðíûõ ñèñòåì óðàâ-
íåíèé âòîðîãî ïîðÿäêà, ïðèìåíÿÿ èäåþ ìåòîäà íàïðàâëÿþùåé ôóíêöèè.

Êëþ÷åâûå ñëîâà: ïåðèîäè÷åñêàÿ çàäà÷à, àïðèîðíàÿ îöåíêà, âðàùåíèå âåê-
òîðíîãî ïîëÿ.

1 Ââåäåíèå

Ðàññìîòðèì ñëåäóþùóþ ïåðèîäè÷åñêóþ çàäà÷ó

z′′(t) = (z′(t)− c1z(t))
m1 · . . . · (z′(t)− cqz(t))

mq
+ f(t, z(t), z′(t)), (1)

t ∈ (0, 1), z(t) ∈ C,

z(0) = z(1), z′(0) = z′(1). (2)

Çäåñü C � êîìïëåêñíàÿ ïëîñêîñòü, âåðõíÿÿ ÷åðòà îçíà÷àåò êîìïëåêñíîå ñî-
ïðÿæåíèå, c1, . . . , cq � êîìïëåêñíûå ÷èñëà, q,m1, . . . ,mq � íàòóðàëüíûå ÷èñëà
è m := m1 + . . . + mq > 1. Êîìïëåêñíîçíà÷íàÿ ôóíêöèÿ f(t, z, w) íåïðå-
ðûâíà ïî ñîâîêóïíîñòè ïåðåìåííûõ (t, z, w) ∈ R × C2, ïî t óäîâëåòâîðÿåò
óñëîâèþ ïåðèîäè÷íîñòè f(t + 1, z, w) ≡ f(t, z, w), à ïî z è w óäîâëåòâîðÿåò
ñëåäóþùåìó óñëîâèþ íà ïîðÿäîê ðîñòà íà áåñêîíå÷íîñòè:

lim
|z|+|w|→∞

(|z|+ |w|)−mmax
t∈R

|f(t, z, w)| = 0. (3)

Â ñèëó óñëîâèÿ (3) ôóíêöèþ f(t, z, w) íàçûâàåì âîçìóùåíèåì. Ãëàâíàÿ íåëè-
íåéíàÿ ÷àñòü ñèñòåìû óðàâíåíèé (1) ïîðîæäåíà ìíîãî÷ëåíîì

Pm(u) := (u− c1)
m1 · . . . · (u− cq)

mq ,

à èìåííî, îíà ðàâíà
zm(t)Pm(z′(t)z−1(t)).

Ôóíêöèþ z(t) ∈ C2([0, 1]; C) íàçûâàåì ðåøåíèåì ïåðèîäè÷åñêîé çàäà÷è
(1), (2), åñëè îíà óäîâëåòâîðÿåò ñèñòåìå óðàâíåíèé (1) è óñëîâèÿì (2). Òàêîå
ðåøåíèå ïåðèîäè÷åñêè è ãëàäêî ïðîäîëæèìî íà R = (−∞,+∞).
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Öåëü ðàáîòû ñîñòîèò â íàõîæäåíèè óñëîâèé íà cj ∈ C, j = 1, q, ïðè
êîòîðûõ ïåðèîäè÷åñêàÿ çàäà÷à (1), (2) ðàçðåøèìà ïðè ëþáîì âîçìóùåíèè
f(t, z, w).

Ñóùåñòâîâàíèå ïåðèîäè÷åñêèõ ðåøåíèé äëÿ ñèñòåì íåëèíåéíûõ îáûêíî-
âåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé èññëåäîâàíî â ìíîãî÷èñëåííûõ ðàáî-
òàõ äðóãèõ àâòîðîâ. Ìîæíî îòìåòèòü ìîíîãðàôèè [1, 2, 3] è ðàáîòû [4, 5],
ãäå ïðèìåíÿþòñÿ èäåè è ìåòîäû, áëèçêèå ê íàñòîÿùåé ðàáîòå. Íàïðèìåð, â
ðàáîòå [5], ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ, êîòîðûì äîëæíà óäîâëåòâîðÿòü
àñèìïòîòè÷åñêè óñòîé÷èâàÿ â öåëîì àâòîíîìíàÿ ñèñòåìà äèôôåðåíöèàëüíûõ
óðàâíåíèé, çàäàííàÿ â Rn, ÷òîáû ïðè ëþáîì ω-ïåðèîäè÷åñêîì å¼ âîçìóùåíèè
îíà èìåëà ω-ïåðèîäè÷åñêîå ðåøåíèå.

Â ðàáîòàõ [6, 7] èññëåäîâàíî ñóùåñòâîâàíèå ïåðèîäè÷åñêèõ ðåøåíèé äëÿ
ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà ñ ãëàâ-
íîé ïîëîæèòåëüíî îäíîðîäíîé ÷àñòüþ, ïðèìåíÿÿ è ðàçâèâàÿ ìåòîäû àïðè-
îðíîé îöåíêè è âû÷èñëåíèÿ âðàùåíèÿ âåêòîðíûõ ïîëåé. Ïðèìåíåíèå ýòèõ
ìåòîäîâ ê ñèñòåìå óðàâíåíèé âòîðîãî ïîðÿäêà çàòðóäíåíî òðåìÿ îáñòîÿòåëü-
ñòâàìè. Âî-ïåðâûõ, äëÿ ñèñòåìû óðàâíåíèé âòîðîãî ïîðÿäêà íåîáõîäèìî èñ-
êëþ÷èòü ñëó÷àé, êîãäà ìíîæåñòâî ïåðèîäè÷åñêèõ ðåøåíèé îãðàíè÷åíî, à èõ
ïðîèçâîäíûå íåîãðàíè÷åíû â ñîâîêóïíîñòè (ñì. íàïð., [8]). Âî-âòîðûõ, â óêà-
çàííûõ ðàáîòàõ ïðè âûâîäå àïðèîðíîé îöåíêè èñïîëüçóåòñÿ ïðåîáðàçîâàíèå
ïîäîáèÿ, ñîõðàíÿþùåå ãëàâíóþ ïîëîæèòåëüíî îäíîðîäíóþ ÷àñòü ñèñòåìû
óðàâíåíèé ïåðâîãî ïîðÿäêà, è òåì ñàìûì óäàåòñÿ íàéòè óñëîâèÿ àïðèîðíîé
îöåíêè. À â ñëó÷àå ñèñòåìû óðàâíåíèé âòîðîãî ïîðÿäêà íàõîäèòü òàêîå ïðå-
îáðàçîâàíèå íå âñåãäà âîçìîæíî. Â-òðåòüèõ, ïðè âûâîäå àïðèîðíîé îöåíêè
ïåðèîäè÷åñêèõ ðåøåíèé ñèñòåìû óðàâíåíèé âòîðîãî ïîðÿäêà íóæíî ó÷èòû-
âàòü ñòðóêòóðó ìíîæåñòâà íóëåé ãëàâíîé ïîëîæèòåëüíî îäíîðîäíîé ÷àñòè
ñèñòåìû óðàâíåíèé.

Àïðèîðíàÿ îöåíêà è ñóùåñòâîâàíèå ïåðèîäè÷åñêèõ ðåøåíèé óðàâíåíèé
âèäà (1) â ñêàëÿðíîì ñëó÷àå èññëåäîâàíû â ðàáîòå [9], ãäå ïðè âûâîäå àïðèîð-
íîé îöåíêè ñóùåñòâåííî èñïîëüçóåòñÿ îäíîìåðíîñòü óðàâíåíèÿ è îáùàÿ èäåÿ
êà÷åñòâåííîãî èññëåäîâàíèÿ ñèíãóëÿðíî âîçìóùåííûõ îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé. Â íàñòîÿùåé ðàáîòå, ñî÷åòàÿ ìåòîäû ðàáîòû [9] è
âûøå óïîìÿíóòûõ ðàáîò, íàéäåíî óñëîâèå, îáåñïå÷èâàþùåå àïðèîðíóþ îöåí-
êó è ðàçðåøèìîñòü ïåðèîäè÷åñêîé çàäà÷è (1), (2). Ïîëó÷åííûå ðåçóëüòàòû â
ïîñëåäóþùåì ìîæíî îáîáùèòü äëÿ ìíîãîìåðíûõ ñèñòåì óðàâíåíèé âòîðîãî
ïîðÿäêà, ïðèìåíÿÿ èäåþ ìåòîäà íàïðàâëÿþùåé ôóíêöèè.
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2 Îñíîâíûå ðåçóëüòàòû

Ðàçðåøèìîñòü ïåðèîäè÷åñêîé çàäà÷è (1), (2) èññëåäîâàíà â äâà ýòàïà. Íà
ïåðâîì ýòàïå íàéäåíî óñëîâèå, ïðè êîòîðîì äëÿ ðåøåíèé çàäà÷è èìååò ìåñòî
àïðèîðíàÿ îöåíêà

max
0≤t≤1

|z(t)|+ max
0≤t≤1

|z′(t)| < M1, (4)

ãäå M1 > 0 è íå çàâèñèò îò z(t). Íà âòîðîì ýòàïå ñîñòàâëåíî âïîëíå íåïðå-
ðûâíîå âåêòîðíîå ïîëå

Φ(z1, z2) :=

(
z1(t)− z1(1)−

∫ t

0

z2(s)ds,

z2(t)− z2(1)−
∫ t

0

(
zm1 (s)Pm(z2(s)z

−1
1 (s)) + f(s, z1(s), z2(s))

)
ds

)
, (5)

êîòîðîå îïðåäåëåíî â áàíàõîâîì ïðîñòðàíñòâå E := C([0, 1]; C2) ñ íîðìîé

||(z1, z2)||E := ||z1||C + ||z2||C , ãäå ||z||C = max
0≤t≤1

|z(t)|.

Ðàçðåøèìîñòü çàäà÷è (1), (2) ðàâíîñèëüíà ñóùåñòâîâàíèþ íóëÿ âïîëíå íåïðå-
ðûâíîãî âåêòîðíîãî ïîëÿ Φ. Äàëåå, ïðè âûïîëíåíèè àïðèîðíîé îöåíêè (4)
âû÷èñëåíî âðàùåíèå (ñòåïåíü îòîáðàæåíèÿ) γ∞(Φ) âïîëíå íåïðåðûâíîãî âåê-
òîðíîãî ïîëÿ Φ íà ñôåðå ||(z1, z2)||E = r äîñòàòî÷íî áîëüøîãî ðàäèóñà
r ≥ M1. Îíî áóäåò îòëè÷íûì îò íóëÿ, ÷òî, ñîãëàñíî ïðèíöèïó íåíóëåâîãî
âðàùåíèÿ, [3, ñ. 138] è äîêàçûâàåò ðàçðåøèìîñòü çàäà÷è (1), (2).

Îñíîâíûå ðåçóëüòàòû íàñòîÿùåé ðàáîòû çàêëþ÷åíû â ñëåäóþùèõ äâóõ
òåîðåìàõ.

Òåîðåìà 1 Ïóñòü âûïóêëàÿ îáîëî÷êà êîìïëåêñíûõ ÷èñåë cj, j = 1, q íå ñî-

äåðæèò ÷èñåë âèäà i2πl, ãäå l � öåëîå. Òîãäà äëÿ ðåøåíèé çàäà÷è (1), (2)
èìååò ìåñòî àïðèîðíàÿ îöåíêà (4).

Òåîðåìà 2 Â óñëîâèÿõ òåîðåìû 1 çàäà÷à (1), (2) ðàçðåøèìà.

Â äîêàçàòåëüñòâå òåîðåìû 1 èñïîëüçóåòñÿ ñëåäóþùàÿ îöåíêà, êîòîðàÿ
âåðíà äëÿ ðåøåíèé çàäà÷è (1), (2) â ñèëó ðåçóëüòàòîâ ðàáîòû [10]:

|z′(t)| < M2(1 + |z(t)|), t ∈ [0, 1], (6)

ãäå M2 > 0 è íå çàâèñèò îò t è z(t).

Â äîêàçàòåëüñòâå òåîðåìû 2 óñòàíîâëåíî ðàâåíñòâî γ∞(Φ) = −m ñ ïîìî-
ùüþ ãîìîòîïèè ïîëÿ Φ ê êîíå÷íîìåðíîìó âåêòîðíîìó ïîëþ.
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3 Àïðèîðíàÿ îöåíêà

Ïðèâåäåì äîêàçàòåëüñòâî òåîðåìû 1. Îáîçíà÷èì ÷åðåç d ðàññòîÿíèå îò âû-
ïóêëîé îáîëî÷êè êîìïëåêñíûõ ÷èñåë cj, j = 1, q äî ìíîæåñòâà ÷èñåë âèäà
i2πl, ãäå l � öåëîå. Ïî óñëîâèþ òåîðåìû d > 0. Ïðåäïîëîæèì, ÷òî äëÿ ðåøå-
íèé çàäà÷è (1), (2) íå èìååò ìåñòî àïðèîðíàÿ îöåíêà (4). Òîãäà ñóùåñòâóåò
ïîñëåäîâàòåëüíîñòü ðåøåíèé zk(t), k = 1, 2, . . . çàäà÷è (1), (2), íåîãðàíè÷åí-
íàÿ ïî íîðìå ïðîñòðàíñòâà E:

rk := ||zk||C + ||z′k||C → ∞, k → ∞.

Ìîæíî ñ÷èòàòü, ÷òî ôóíêöèè zk(t), k = 1, 2, . . . ïåðèîäè÷åñêè è ãëàäêî ïðî-
äîëæåíû íà R = (−∞,+∞)..

Ðàññìîòðèì ôóíêöèè wk(t) = r−1
k zk(t), k = 1, 2, . . .. Äëÿ íèõ â ñèëó (1),

(2) è îöåíêè (6) èìååì:

r1−m
k w′′

k(t) = wm
k (t)Pm(w′

k(t)w
−1
k (t)) + r−m

k f(t, rkwk(t), rkw
′
k(t)), t ∈ R, (7)

wk(0) = wk(1), w′
k(0) = w′

k(1), ||wk||C + ||w′
k||C = 1, (8)

|w′
k(t)| < M2(r

−1
k + |wk(t)|), t ∈ R. (9)

Èç óñëîâèÿ (3) ñëåäóåò, ÷òî

r−m
k ||f(·, rkwk, rkw

′
k)||C → 0, k → ∞.

Áåç îãðàíè÷åíèÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî

||wk − w0||C → 0, k → ∞.

Â ñèëó (8) è (9) èìååì w0(t) ̸≡ 0. Ïðîâåðèì, ÷òî w0(t) íèãäå íå îáðàùàåòñÿ â
íîëü:

w0(t) ̸= 0 ∀t ∈ R. (10)

Ïóñòü (α, β) � íàèáîëüøèé èíòåðâàë, ãäå w0(t) íå îáðàùàåòñÿ â íîëü. Èç
îöåíêè (9) ñëåäóåò, ÷òî íà ïðîèçâîëüíîì îòðåçêå [a, b] ⊂ (α, β) èìååò ìåñòî
íåðàâåíñòâî

lim sup
k→∞

max
a≤t≤b

|w′
k(t)|

|wk(t)|
≤ M2.

Îòñþäà ñ ó÷åòîì ðàâåíñòâ

ln
|wk(b)|
|wk(a)|

=

∫ b

a

(ln |wk(t)|)′ dt =
∫ b

a

Re(w′
k(t)wk(t))|wk(t)|−2dt,
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ïðè áîëüøèõ k èìååì: ∣∣∣∣ln |wk(b)|
|wk(a)|

∣∣∣∣ < (M2 + 1)(b− a).

Ïåðåõîäÿ ê ïðåäåëó, ïîëó÷àåì íåðàâåíñòâà

−(M2 + 1)(b− a) ≤ ln
|w0(b)|
|w0(a)|

≤ (M2 + 1)(b− a).

Åñëè α > −∞, òî â ïðàâîì íåðàâåíñòâå óñòðåìëÿÿ a ê α ïîëó÷àåì w0(α) ̸= 0,
÷òî ïðîòèâîðå÷èò âûáîðó α. Çíà÷èò, α = −∞. Àíàëîãè÷íûì îáðàçîì èç
ëåâîãî íåðàâåíñòâà ñëåäóåò, ÷òî β = +∞. Òàêèì îáðàçîì, (10) âåðíî.

Ïîêàæåì, ÷òî∫ 1

0

|w′
k(t)− c1wk(t)|2m1 · . . . · |w′

k(t)− cqwk(t)|2mqdt → 0, k → ∞. (11)

Äëÿ ýòîãî ïåðåìíîæèì îáå ñòîðîíû ðàâåíñòâà (7) íà

(w′
k(t)− c1wk(t))

m1 · . . . · (w′
k(t)− cqwk(t))

mq ,

à çàòåì ïðîèíòåãðèðóåì ïî t â ïðåäåëàõ îò 0 äî 1:∫ 1

0

|w′
k(t)− c1wk(t)|2m1 · . . . · |w′

k(t)− cqwk(t)|2mqdt =

= r1−m
k

∫ 1

0

w′′
k(t)(w

′
k(t)− c1wk(t))

m1 · . . . · (w′
k(t)− cqwk(t))

mqdt+ o(1).

Â ïðàâîé ÷àñòè êàæäîå ñëàãàåìîå âèäà∫ 1

0

w′′
k(t)(w

′
k(t))

l1(wk(t))
l2dt

îãðàíè÷åíî (ðàâíîìåðíî ïî âñåì k) â ñèëó ðàâåíñòâà∫ 1

0

w′′
k(t)(w

′
k(t))

l1(wk(t))
l2dt = −

∫ 1

0

(l1 + 1)−1(w′
k(t))

l1+1l2(wk(t))
l2−1w′

k(t)dt

è îãðàíè÷åííîñòè ïîñëåäîâàòåëüíîñòåé ||w′
k||C , ||wk||C . Ñëåäîâàòåëüíî, (11)

âåðíî.

Èç (10) è (11) âûâîäèì:∫ 1

0

∣∣∣∣w′
k(t)

wk(t)
− c1

∣∣∣∣2m1

· . . . ·
∣∣∣∣w′

k(t)

wk(t)
− cq

∣∣∣∣2mq

dt → 0, k → ∞. (12)
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Ââåäåì ìíîæåñòâà

Ej
k,δ :=

{
t ∈ [0, 1] :

∣∣∣∣w′
k(t)

wk(t)
− cj

∣∣∣∣ < δ

}
, j = 1, q,

Fk,δ := [0, 1] \ ∪q
j=1E

j
k,δ.

Çäåñü δ > 0 íàñòîëüêî ìàëî, ÷òî ìíîæåñòâà Ej
k,δ, j = 1, q ïîïàðíî íå ïåðå-

ñåêàþòñÿ, ïðè ýòîì ÷èñëà cj, j = 1, q ñ÷èòàåì ïîïàðíî ðàçëè÷íûìè. Èç (12)
ñëåäóåò, ÷òî

δ2mmesFk,δ → 0, k → ∞.

Âûáåðåì è ôèêñèðóåì δ è k òàê, ÷òîáû èìåëî ìåñòî íåðàâåíñòâî

δ + (|cq|+ ||w′
k/wk||C)mesFk,δ < d, (13)

çäåñü d � ðàññòîÿíèå îò âûïóêëîé îáîëî÷êè êîìïëåêñíûõ ÷èñåë cj, j = 1, q
äî ìíîæåñòâà ÷èñåë âèäà i2πl, ãäå l � öåëîå.

Äëÿ w′
k(t)/wk(t) â ñèëó ïåðèîäè÷íîñòè èìååì∫ 1

0

w′
k(t)

wk(t)
dt = i2πlk, ãäå lk − öåëîå.

Ñ äðóãîé ñòîðîíû,∫ 1

0

w′
k(t)

wk(t)
dt =

q∑
j=1

∫
Ej

k,δ

w′
k(t)

wk(t)
dt+

∫
Fk,δ

w′
k(t)

wk(t)
dt =

=

q∑
j=1

cjmesEj
k,δ +

q∑
j=1

∫
Ej

k,δ

(
w′

k(t)

wk(t)
dt− cj

)
dt+

∫
Fk,δ

w′
k(t)

wk(t)
dt,∣∣∣∣∣

∫ 1

0

w′
k(t)

wk(t)
dt−

q∑
j=1

cjmesEj
k,δ

∣∣∣∣∣ ≤ δ + ||w′
k/wk||CmesFk,δ.

Îòñþäà âûâîäèì:

d ≤

∣∣∣∣∣
q∑

j=1

cjmesEj
k,δ + cqmesFk,δ − i2πlk

∣∣∣∣∣ ≤
≤

∣∣∣∣∣
q∑

j=1

cjmesEj
k,δ − i2πlk

∣∣∣∣∣+ |cq|mesFk,δ ≤

≤ δ + (|cq|+ ||w′
k/wk||C)mesFk,δ < d (â ñèëó (13)).

Ïðèøëè ê ïðîòèâîðå÷èþ.

Òåîðåìà 1 äîêàçàíà.
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4 Ðàçðåøèìîñòü ïåðèîäè÷åñêîé çàäà÷è

Ïóñòü âûïóêëàÿ îáîëî÷êà êîìïëåêñíûõ ÷èñåë cj, j = 1, q íå ñîäåðæèò ÷èñåë
âèäà i2πl, ãäå l � öåëîå. Äîêàæåì, ÷òî çàäà÷à (1), (2) ðàçðåøèìà. Äëÿ ýòîãî
äîñòàòî÷íî ïîêàçàòü, ÷òî âåêòîðíîå ïîëå Φ, ñîñòàâëåííîå ôîðìóëîé (5), èìååò
õîòÿ áû îäèí íîëü. Ñóùåñòâîâàíèå íóëÿ âåêòîðíîãî ïîëÿ Φ óñòàíîâèì ïóòåì
âû÷èñëåíèÿ âðàùåíèÿ γ∞(Φ) âåêòîðíîãî ïîëÿ Φ íà áåñêîíå÷íîñòè. Âðàùåíèå
γ∞(Φ), ñîãëàñíî àïðèîðíîé îöåíêå (4) è òåîðèè âïîëíå íåïðåðûâíûõ âåêòîð-
íûõ ïîëåé [3, ñ. 135], îïðåäåëåíî è ðàâíî âðàùåíèþ (ñòåïåíè îòîáðàæåíèÿ)
Φ íà ñôåðå ||(z1, z2)||E = r ïðè r ≥ M1. Ñïðàâåäëèâî ðàâåíñòâî

γ∞(Φ) = −m. (14)

Äëÿ äîêàçàòåëüñòâà ðàâåíñòâà (14) ðàññìîòðèì ñåìåéñòâî ïåðèîäè÷åñêèõ
çàäà÷

z′′(t) = zm(t)Pm,λ(z′(t)z−1(t)) + λf(t, z(t), z′(t)), t ∈ (0, 1), λ ∈ [0, 1], (15)

z(0) = z(1), z′(0) = z′(1), (16)

ãäå Pm,λ(u) = (u− c1,λ)
m1 · . . . · (u− cq,λ)

mq , cj,λ = λcj +(1−λ)c∗, c∗ � ôèêñèðî-
âàííîå ÷èñëî èç âûïóêëîé îáîëî÷êè ÷èñåë cj, j = 1, q. Ïðè êàæäîì λ ∈ [0, 1]
÷èñëà cj,λ, j = 1, q óäîâëåòâîðÿþò óñëîâèÿì òåîðåìû 1. Ïîýòîìó àíàëîãè÷íî
òåîðåìå 1 ìîæíî äîêàçàòü, ÷òî äëÿ ðåøåíèé ñåìåéñòâà çàäà÷ (15), (16) èìååò
ìåñòî àïðèîðíàÿ îöåíêà (4), ãäå M1 íå çàâèñèò îò λ. Â ïîñëåäóþùåì ìîæ-
íî ñ÷èòàòü, ÷òî òî÷êà c∗ íå ëåæèò íà ìíèìîé îñè êîìïëåêñíîé ïëîñêîñòè C.
Èç àïðèîðíîé îöåíêè ñëåäóåò, ÷òî ñåìåéñòâî âïîëíå íåïðåðûâíûõ âåêòîðíûõ
ïîëåé

Φλ(z1, z2) :=

(
z1(t)− z1(1)−

∫ t

0

z2(s)ds, z2(t)− z2(1)−

−
∫ t

0

(
zm1 (s)Pm,λ(z2(s)z

−1
1 (s)) + λf(s, z1(s), z2(s))

)
ds

)
, λ ∈ [0, 1],

íå îáðàùàåòñÿ â íîëü ïðè ||(z1, z2)||E ≥ M1. Ñëåäîâàòåëüíî, âåêòîðíûå ïîëÿ
Φ1 è Φ0 ãîìîòîïíû íà ëþáîé ñôåðå ||(z1, z2)||E = r ðàäèóñà r ≥ M1 ïðîñòðàí-
ñòâà E è ðàâíû èõ âðàùåíèÿ íà áåñêîíå÷íîñòè:

γ∞(Φ1) = γ∞(Φ0). (17)

Âåêòîðíîå ïîëå Φ1 ñîâïàäàåò ñ Φ, à âåêòîðíîå ïîëå Φ0 èìååò ñëåäóþùèé âèä:

Φ0(z1, z2) :=

(
z1(t)− z1(1)−

∫ t

0

z2(s)ds,
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z2(t)− z2(1)−
∫ t

0

(z2(s)− c∗z1(s))
m
ds

)
.

Ñ ïîìîùüþ ãîìîòîïèè Φ0 ê êîíå÷íîìåðíîìó âåêòîðíîìó ïîëþ äîêàæåì ðà-
âåíñòâî

γ∞(Φ0) = −m. (18)

Ãîìîòîïèþ ïîñòðîèì ñëåäóþùåé ôîðìóëîé

Ψλ(z1, z2) :=

(
z1(t)− z1(1)−

(∫ t

0

+λ

∫ 1

t

)
z2(s)ds,

z2(t)− z2(1)−
(∫ t

0

+λ

∫ 1

t

)
(z2(s)− c∗z1(s))

m
ds

)
, λ ∈ [0, 1].

Ïîêàæåì, ÷òî

Ψλ(z1, z2) ̸= 0 ∀(z1, z2) ∈ E, λ ∈ [0, 1], ||(z1, z2)||E ≥ M3, (19)

ãäå M3 > 0 è íå çàâèñèò îò (z1, z2), λ. Åñëè íå òàê, òî ñóùåñòâóþò ïîñëåäîâà-
òåëüíîñòè (z1,k, z2,k) ∈ E, λk ∈ [0, 1], k = 1, 2, . . . òàêèå, ÷òî Ψλk

(z1,k, z2,k) = 0
è rk := ||(z1,k, z2,k)||E → ∞ ïðè k → ∞. Èç ðàâåíñòâà Ψλk

(z1,k, z2,k) = 0
ñëåäóåò

z′1,k(t) = (1− λk)z2,k(t), z′2,k(t) = (1− λk)(z2,k(t)− c∗z1,k(t))
m
, t ∈ [0, 1],∫ 1

t

z2,k(s)ds = 0,

∫ 1

t

(z2,k(s)− c∗z1,k(s))
m
ds = 0,

z1,k(0) = z1,k(1), z2,k(0) = z2,k(1).

Ðàññìîòðèì ôóíêöèè w1,k(t) = r−1
k z1,k(t), w2,k(t) = r−1

k z2,k(t), t ∈ [0, 1], k =
1, 2, . . .. Äëÿ ýòèõ ôóíêöèé èìååì:

w′
1,k(t) = (1− λk)w2,k(t), r1−m

k w′
2,k(t) = (1− λk)(w2,k(t)− c∗w1,k(t))

m
, (20)∫ 1

t

w2,k(s)ds = 0,

∫ 1

t

(w2,k(s)− c∗w1,k(s))
m
ds = 0, (21)

w1,k(0) = w1,k(1), w2,k(0) = w2,k(1), ||w1,k||C + ||w2,k||C = 1.

Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî

||w1,k − w1,0||C → 0, λk → λ0 ïðè k → ∞.

Åñëè λ0 < 1, òî äëÿ w1,k(t) èìååì:

r1−m
k w′′

1,k(t) = (1− λ0)
2−m(w′

1,k(t)− (1− λ0)c∗w1,k(t))
m
+ o(1), t ∈ [0, 1],
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w1,k(0) = w1,k(1), w′
1,k(0) = w′

1,k(1), ||w1,k||C + (1− λk)
−1||w′

1,k||C = 1.

Â íàøèõ óñëîâèÿõ (1 − λ0)c
∗ ̸= i2πl ïðè ëþáîì öåëîì l. Äàëåå, ïðèõîäèì ê

ïðîòèâîðå÷èþ, ðàññóæäàÿ êàê ïðè äîêàçàòåëüñòâå òåîðåìû 1.

Åñëè λk = 1 ïðè íåêîòîðîì k, òî èç (20) è (21) âûòåêàþò òîæäåñòâà
w1,k(t) ≡ 0, w2,k(t) ≡ 0, ÷òî ïðîòèâîðå÷èò ðàâåíñòâó ||w1,k||C + ||w2,k||C = 1.

Îñòàåòñÿ ðàññìîòðåòü ñëó÷àé, êîãäà λk < 1 ïðè âñåõ k è λ0 = 1. Â ýòîì
ñëó÷àå w1,0(t) ≡ w1,0(0) è

εkw
′
2,k(t) = (w2,k(t)− c∗w1,0(0))

m
+ o(1), t ∈ [0, 1], (22)∫ 1

t

w2,k(s)ds = 0, w2,k(0) = w2,k(1), |w1,0(0)|+ ||w2,k||C → 1, k → ∞.

(23)
ãäå εk = r1−m

k (1 − λk)
−1. Ôóíêöèè w2,k(t), k = 1, 2, . . . ìîæíî ñ÷èòàòü ïåðèî-

äè÷åñêè è ãëàäêî ïðîäîëæåííûìè íà R = (−∞,+∞). Ïðîâåðèì, ÷òî

||w2,k − c∗w1,0||C → 0, k → ∞. (24)

Â ïðîòèâíîì ñëó÷àå ìîæíî ñ÷èòàòü, ÷òî ïðè íåêîòîðûõ τk ∈ [0, 1], k = 1, 2, . . .
è z0 ̸= 0 èìååò ìåñòî ïðåäåë |w2,k(τk) − c∗w1,0 − z0| → 0, k → ∞. Òîãäà äëÿ
ôóíêöèé vk(t) = w2,k(τk + εkt)− c∗w1,0, t ∈ R, k = 1, 2, . . . â ñèëó (22) èìååì:

v′k(t) = vk(t))
m
+ o(1), |vk(t)| ≤ 1, t ∈ [0, 1],

|vk(0)− z0| → 0, k → ∞.

Ïåðåõîäÿ ê ïðåäåëó, ïîëó÷àåì íåíóëåâîå îãðàíè÷åííîå ðåøåíèå v0(t) àâòî-
íîìíîé ñèñòåìû v′(t) = v(t))

m
. Òàêîå íåâîçìîæíî, ïðèøëè ê ïðîòèâîðå÷èþ.

Ñëåäîâàòåëüíî, (24) âåðíî.

Ó÷èòûâàÿ (23) è (24), âûâîäèì, ñ îäíîé ñòîðîíû, w1,0 = 0, à ñ äðóãîé
ñòîðîíû w1,0 ̸= 0. Òàêèì îáðàçîì, (19) äîêàçàíî.

Èç (19) âûòåêàåò ðàâåíñòâî

γ∞(Φ0) = γ∞(Ψ1). (25)

Âïîëíå íåïðåðûâíîå âåêòîðíîå ïîëå Ψ1 êîíå÷íîìåðíî, ïîýòîìó ñîãëàñíî òåî-
ðèè âåêòîðíûõ ïîëåé [3, ñ. 135] ñïðàâåäëèâî ðàâåíñòâî

γ∞(Ψ1) = γ∞(F1). (26)

Çäåñü âåêòîðíîå ïîëå

F1(ξ, η) :=
(
−η,−(η − c∗ξ)

m
)
, (ξ, η) ∈ C2,
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ïîëó÷àåòñÿ èç âåêòîðíîãî ïîëÿ Ψ1 çàìåíîé ôóíêöèé z1(t) è z2(t) êîìïëåêñ-
íûìè ÷èñëàìè ξ è η. Äàëåå, èìååì

γ∞(F1) = γ(F1), (27)

ãäå γ(F1) � âðàùåíèå âåêòîðíîãî ïîëÿ F1 íà ëþáîé ñôåðå |ξ|+ |η| = r íåíóëå-
âîãî ðàäèóñà r ÷åòûðåõìåðíîãî ïðîñòðàíñòâà C2. Âåêòîðíîå ïîëå F1 íà ñôåðå

|ξ| + |η| = r ïîñðåäñòâîì ôîðìóëû
(
−η,−(λη − c∗ξ)

m
)
, λ ∈ [0, 1] ãîìîòîïè-

ðóåòñÿ ê âåêòîðíîìó ïîëþ F0(ξ, η) :=
(
−η,−(−c∗ξ)

m
)
. Ñëåäîâàòåëüíî,

γ(F1) = γ(F0) = −m. (28)

Èç (25) - (28) âûòåêàåò ðàâåíñòâî (18), à èç (17) è (18) ñëåäóåò (14). Îòñþäà,
â ñèëó ïðèíöèïà íåíóëåâîãî âðàùåíèÿ [3, ñ. 138], ñëåäóåò ñóùåñòâîâàíèå íóëÿ
âåêòîðíîãî ïîëÿ Φ.

Òåîðåìà 2 äîêàçàíà.

Áëàãîäàðíîñòè. Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî
íàó÷íîãî ôîíäà � 23-21-00032 (https://rscf.ru/project/23-21-00032/).
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ON THE SOLVABILITY OF A PERIODIC PROBLEM FOR A
TWO-DIMENSIONAL SYSTEM OF ORDINARY DIFFERENTIAL

EQUATIONS OF THE SECOND ORDER

Mukhamadiev E., Naimov A. N.

Vologda State University
emuhamadiev@rambler.ru
naimovan@vogu35.ru

Abstract. In this paper we study the periodic problem with a period equal to 1 for
a two-dimensional system of second-order ordinary di�erential equations, in which
the main nonlinear part is generated by a polynomial in one complex variable.
It is proven that if the convex hull of the roots of the generating polynomial
does not contain numbers that are multiples of i2π, then there is an a priori
estimate for solutions to the periodic problem. Under the conditions of an a priori
estimate, using methods for calculating the mapping degree of vector �elds, the
solvability of the periodic problem for any perturbation from a given class is
proven. The system of equations under consideration does not reduce to a similar
system of �rst-order equations with the main positive homogeneous nonlinear
part. For systems of �rst-order equations, the periodic problem was studied in
the works of V.A. Pliss, M.A. Krasnosel'skii and their followers using methods
of a priori estimation and calculation of the mapping degree of vector �elds. It
is known that an a priori estimate of solutions to boundary value problems for
systems of nonlinear ordinary second order di�erential equations is fraught with
di�culties associated with an estimate of the �rst-order derivative of the solution
when the solution itself is bounded. In this paper, using the example of a periodic
problem for the considered system of second-order equations, it is established
that the a priori estimate is deducible if we combine methods for studying similar
systems of �rst-order equations and methods for qualitative research of singularly
perturbed systems of equations. The results obtained can be further generalized
for multidimensional systems of second-order equations, applying the idea of the
directing function method.

Keywords: periodic problem, a priori estimate, the mapping degree of vector
�eld.
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