
dx
dt6

�
-

?

ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÅ ÓÐÀÂÍÅÍÈß
È

ÏÐÎÖÅÑÑÛ ÓÏÐÀÂËÅÍÈß
N. 4, 2024

Ýëåêòðîííûé æóðíàë,
ðåã. Ýë. N ÔÑ77-39410 îò 15.04.2010

ISSN 1817-2172

http://di�journal.spbu.ru/
e-mail: jodi�@mail.ru

Òåîðèÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
Ïðèêëàäíûå çàäà÷è

Ìåòîä ãîëîìîðôíîé ðåãóëÿðèçàöèè ñèñòåìû
äèôôåðåíöèàëüíûõ óðàâíåíèé ôåðìåíò-ñóáñòðàòíîé

ðåàêöèè

Áåñîâà Ì.È.∗, Êà÷àëîâ Â.È.∗∗, Ìàñëîâ Ä.À.∗∗∗

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò ¾ÌÝÈ¿

∗e-mail: besovami@mpei.ru
∗∗e-mail: vikachalov@rambler.ru
∗∗∗e-mail: maslovdma@mpei.ru

Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü êëàññè÷åñêîé
ôåðìåíò-ñóáñòðàòíîé ðåàêöèè Ìèõàýëèñà - Ìåíòåí, ïðåäñòàâëÿþùàÿ ñîáîé
çàäà÷ó Êîøè äëÿ äâóõ íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, çàïèñàí-
íûõ â áåçðàçìåðíîì âèäå. Äàííàÿ ñèñòåìà óðàâíåíèé îòíîñèòñÿ ê êëàññó
òèõîíîâñêèõ ñèñòåì, òàê êàê îäíî èç äâóõ óðàâíåíèé ÿâëÿåòñÿ ñèíãóëÿð-
íî âîçìóù¼ííûì. Äëÿ ïîñòðîåíèÿ ïðèáëèæ¼ííîãî ðåøåíèÿ ïðèìåíÿåòñÿ
ìåòîä ãîëîìîðôíîé ðåãóëÿðèçàöèè. Ìåòîä ãîëîìîðôíîé ðåãóëÿðèçàöèè
ÿâëÿåòñÿ ëîãè÷åñêèì ïðîäîëæåíèåì ìåòîäà ðåãóëÿðèçàöèè Ñ.À. Ëîìîâà è,
â îòëè÷èå îò äðóãèõ ìåòîäîâ, êîòîðûå äàþò ïðèáëèæåíèÿ â âèäå ðÿäîâ,
ñõîäÿùèõñÿ àñèìïòîòè÷åñêè, ïîçâîëÿåò ïîëó÷àòü ðåøåíèÿ íåëèíåéíûõ
ñèíãóëÿðíî âîçìóù¼ííûõ çàäà÷ â âèäå ðÿäîâ ïî ñòåïåíÿì ìàëîãî ïàðàìåòðà,
ñõîäÿùèõñÿ â îáû÷íîì ñìûñëå. Ïðèâåäåíî îïèñàíèå ìåòîäà ãîëîìîðôíîé
ðåãóëÿðèçàöèè äëÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé òèõîíîâñêîãî
òèïà. Ïîñòðîåíû ïðèáëèæåíèÿ ê ðåøåíèþ ñèñòåìû äèôôåðåíöèàëüíûõ
óðàâíåíèé ôåðìåíò-ñóáñòðàòíîé ðåàêöèè, êîòîðûå çàäàíû åäèíûìè ôîðìó-
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ëàìè êàê â ïîãðàíè÷íîì ñëîå, òàê è âíå åãî. Ïðåèìóùåñòâîì ïðèìåíåíèÿ
ìåòîäà ãîëîìîðôíîé ðåãóëÿðèçàöèè ÿâëÿåòñÿ âûâîä ôîðìóë ïðèáëèæ¼ííîãî
ðåøåíèÿ, êîòîðûå ïîçâîëÿþò ïðîâîäèòü êà÷åñòâåííûé àíàëèç ïðèáëèæ¼ííî-
ãî ðåøåíèÿ ôåðìåíòàòèâíîé ðåàêöèè íà âñ¼ì ðàññìàòðèâàåìîì âðåìåííîì
îòðåçêå, âêëþ÷àÿ ïîãðàíè÷íûé ñëîé. Ïîñòðîåííûå ãðàôèêè çàâèñèìîñòè
êîíöåíòðàöèè ñóáñòðàòà è êîíöåíòðàöèè ôåðìåíò-ñóáñòðàòíîãî êîìïëåêñà
îò âðåìåíè äåìîíñòðèðóþò âûñîêóþ òî÷íîñòü ïîëó÷åííûõ ïðèáëèæ¼ííûõ
ðåøåíèé. Èç ïîëó÷åííûõ ïðèáëèæ¼ííûõ ðåøåíèé ñèñòåìû óðàâíåíèé ôåð-
ìåíòàòèâíîé ðåàêöèè âûâåäåíû ôîðìóëû äëÿ ñêîðîñòè ðåàêöèè ñóáñòðàòà
è ñêîðîñòè ðåàêöèè ôåðìåíò-ñóáñòðàòíîãî êîìïëåêñà, êîòîðûå ñïðàâåäëèâû
êàê â ïîãðàíè÷íîì ñëîå, òàê è âíå ïîãðàíè÷íîãî ñëîÿ.

Êëþ÷åâûå ñëîâà: òèõîíîâñêàÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé, ìå-
òîä ãîëîìîðôíîé ðåãóëÿðèçàöèè, ïñåâäîãîëîìîðôíîå ðåøåíèå, ôåðìåíòàòèâ-
íàÿ ðåàêöèÿ Ìèõàýëèñà - Ìåíòåí, ñêîðîñòü ðåàêöèè.

1. Ââåäåíèå

Îäíèìè èç âàæíåéøèõ ðåàêöèé áèîêèíåòèêè ÿâëÿþòñÿ ôåðìåíòàòèâíûå
ðåàêöèè. Ïîìèìî øèðîêîãî èñïîëüçîâàíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé
ôåðìåíòàòèâíûõ ðåàêöèé â áèîõèìèè [1, 2, 3, 4, 5] è ìîëåêóëÿðíîé áèîëî-
ãèè [6, 7], ñôåðîé èõ ïðèìåíåíèÿ ÿâëÿåòñÿ ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
ìîðñêèõ ýêîñèñòåì [8, 9], à òàêæå àíàëîãè÷íûå óðàâíåíèÿ íàøëè ïðèìåíåíèå
â òåîðèè ìàññîâîãî îáñëóæèâàíèÿ [10].

Êèíåòèêà ðåàêöèé, êàòàëèçèðóåìûõ ôåðìåíòîì, îïèñûâàåòñÿ ñ èñïîëüçî-
âàíèåì ôóíäàìåíòàëüíîãî ïðåäñòàâëåíèÿ î ôåðìåíò-ñóáñòðàòíîì êîìïëåêñå,
îáðàçóþùåìñÿ ïðè òðàíñôîðìàöèè ñóáñòðàòà â ïðîäóêò ïîä äåéñòâèåì ôåð-
ìåíòà. Ðàññìîòðèì êëàññè÷åñêóþ ìàòåìàòè÷åñêóþ ìîäåëü áàçîâîé ôåðìåí-
òàòèâíîé ðåàêöèè, ïðåäëîæåííóþ â 1913ã. Ë. Ìèõàýëèñîì è Ì.Ë. Ìåíòåí è
çàïèñàííóþ â áåçðàçìåðíîì âèäå ñëåäóþùèì îáðàçîì [11]:

dx

dt
= −x+ (x+K − λ)y, t ∈ (0, T ] ,

ε
dy

dt
= x− (x+K)y, t ∈ (0, T ] ,

x(0) = 1, y(0) = 0.

(1)

ãäå x � êîíöåíòðàöèÿ ñóáñòðàòà, 0 ≤ x ≤ 1; y � êîíöåíòðàöèÿ ôåðìåíò-
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ñóáñòðàòíîãî êîìïëåêñà, 0 ≤ y ≤ 1; ðàçíîñòü ïàðàìåòðîâ K − λ > 0; ε > 0
� ìàëûé ïàðàìåòð, êîòîðûé ÿâëÿåòñÿ ñëåäñòâèåì ìàëîãî îòíîøåíèÿ êîíöåí-
òðàöèè ôåðìåíòà ê êîíöåíòðàöèè ñóáñòðàòà. Êîíöåíòðàöèÿ ïðîäóêòà ìîæåò
áûòü ðàññ÷èòàíà ïî íàéäåííîé êîíöåíòðàöèè ôåðìåíò-ñóáñòðàòíîãî êîìïëåê-
ñà [11].

Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé â çàäà÷å Êîøè (1) ñîäåðæèò îäíî
ñèíãóëÿðíî âîçìóù¼ííîå óðàâíåíèå è, ñîîòâåòñòâåííî, ìåäëåííûå è áûñòðûå
ïåðåìåííûå, ÷òî ïîçâîëÿåò îòíåñòè å¼ ê êëàññó òèõîíîâñêèõ ñèñòåì. Çàìå-
òèì, ÷òî çàäà÷à (1) ÿâëÿåòñÿ íåëèíåéíîé, êîòîðàÿ íå ìîæåò áûòü ðåøåíà â
êâàäðàòóðàõ. Îäèí èç ñïîñîáîâ ïîëó÷èòü ïðèáëèæåíèå ê ðåøåíèþ çàäà÷è
Êîøè (1) � ÷èñëåííîå ðåøåíèå, îäíàêî íàëè÷èå ìàëîãî ïàðàìåòðà â îäíîì èç
óðàâíåíèé óêàçûâàåò íà æ¼ñòêîñòü ñèñòåìû, ÷òî òðåáóåò èñïîëüçîâàíèå ñïå-
öèàëüíûõ ìåòîäîâ, ïðåäíàçíà÷åííûõ äëÿ ÷èñëåííîãî ðåøåíèÿ æ¼ñòêèõ çàäà÷
[12, 13, 14]. Äðóãîé ñïîñîá � ïîñòðîåíèå ïðèáëèæ¼ííîãî ðåøåíèÿ àñèìïòî-
òè÷åñêèìè ìåòîäàìè. Ïðåèìóùåñòâîì ïðèìåíåíèÿ àñèìïòîòè÷åñêèõ ìåòîäîâ
ÿâëÿåòñÿ âûâîä ôîðìóëû äëÿ ïîñòðîåííîãî ïðèáëèæåíèÿ, êîòîðóþ ìîæíî
èñïîëüçîâàòü äëÿ êà÷åñòâåííîãî àíàëèçà ïðîöåññà, îïèñûâàåìîãî íåëèíåéíîé
ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé.

Ïåðåä èñïîëüçîâàíèåì àñèìïòîòè÷åñêèõ ìåòîäîâ ñëåäóåò óáåäèòüñÿ â âû-
ïîëíåíèè óñëîâèé òåîðåìû À.Í. Òèõîíîâà î ïðåäåëüíîì ïåðåõîäå [15]. Ðàñ-
ñìîòðèì âìåñòî çàäà÷è Êîøè (1) îáùèé âèä çàïèñè:

dx

dt
= f(t, x, y), t ∈ (t0, T ] ,

ε
dy

dt
= F (t, x, y), t ∈ (t0, T ] ,

x(t0) = x0, y (t0) = y0,

(2)

ãäå ε > 0 � ìàëûé ïàðàìåòð.

Ïðèâåä¼ì óñëîâèÿ òåîðåìû Òèõîíîâà î ïðåäåëüíîì ïåðåõîäå [15].

I. Ïóñòü ôóíêöèè f(t, x, y) è F (t, x, y) íåïðåðûâíû è óäîâëåòâîðÿþò óñëî-
âèþ Ëèïøèöà ïî x è y ñîîòâåòñòâåííî â íåêîòîðîé îáëàñòè G ïðîñòðàíñòâà
ïåðåìåííûõ (t, x, y).

II. Óðàâíåíèå F (t, x, y) = 0 îòíîñèòåëüíî y èìååò â íåêîòîðîé îãðàíè÷åí-
íîé çàìêíóòîé îáëàñòè D̄ ïðîñòðàíñòâà ïåðåìåííûõ (t, x) êîðåíü y = ϕ(t, x),
òàêîé ÷òî:
1. y = ϕ(t, x) - íåïðåðûâíàÿ ôóíêöèÿ â D̄,
2. (t, x, ϕ(t, x)) ∈ G ïðè (t, x) ∈ D̄,
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3. êîðåíü y = ϕ(t, x) ÿâëÿåòñÿ èçîëèðîâàííûì â D̄, òî åñòü, ñóùåñòâóåò òàêîå
δ > 0, ÷òî â F (t, x, y) ̸= 0 ïðè 0 < ∥y − ϕ(t, x)∥ < δ, (t, x) ∈ D̄.

III. Âûðîæäåííàÿ çàäà÷à, ïîëó÷åííàÿ èç (2) ïðè ε = 0,

dx̄

dt
= f(t, x, ϕ(t, x)), t ∈ (t0, T ] ,

x̄ (t0) = x0,
(3)

èìååò åäèíñòâåííîå ðåøåíèå x̄(t) íà îòðåçêå [t0, T ], ïðè÷¼ì (t, x̄(t)) ∈ D.

IV. Óðàâíåíèå
dỹ

dτ
= F (t, x, ỹ), (4)

ãäå t è x âûñòóïàåò â ðîëè ïàðàìåòðîâ, íàçûâàåòñÿ ïðèñîåäèí¼ííûì. Â ñè-
ëó óñëîâèÿ II ỹ = ϕ(t, x) ÿâëÿåòñÿ èçîëèðîâàííîé òî÷êîé ïîêîÿ óðàâíåíèÿ
(4). Ïóñòü òî÷êà ïîêîÿ ỹ = ϕ(t, x) ïðèñîåäèí¼ííîãî óðàâíåíèÿ (4) ÿâëÿåòñÿ
àñèìïòîòè÷åñêè óñòîé÷èâîé ïî Ëÿïóíîâó ðàâíîìåðíî íà (t, x) ∈ D̄. Â òàêîì
ñëó÷àå êîðåíü âûðîæäåííîé çàäà÷è ỹ = ϕ(t, x) íàçûâàþò óñòîé÷èâûì.

V. Ïóñòü òî÷êà y0 òàêîâà, ÷òî ðåøåíèå ỹ(τ) íà÷àëüíîé çàäà÷è äëÿ ïðèñî-
åäèí¼ííîãî óðàâíåíèÿ

dỹ

dτ
= F (t0, x0, ỹ) ,

ỹ (t0) = y0,

ñóùåñòâóåò ïðè âñåõ τ ≥ t0 è ỹ(τ) →
τ→∞

ϕ (t0, x0). Â ýòîì ñëó÷àå ãîâîðÿò, ÷òî

y0 ïðèíàäëåæèò îáëàñòè âëèÿíèÿ òî÷êè ïîêîÿ ỹ = ϕ(t, x).

Ïðè âûïîëíåíèè óñëîâèé I - V ñïðàâåäëèâà òåîðåìà (À.Í. Òèõîíîâà) [15]:
íàéä¼òñÿ ïîñòîÿííàÿ ε0 > 0 òàêàÿ, ÷òî ïðè 0 < ε < ε0 ðåøåíèå x(t, ε), y(t, ε)
çàäà÷è (2) ñóùåñòâóåò íà [t0, T ], åäèíñòâåííî è ñïðàâåäëèâ ïðåäåëüíûé ïåðå-
õîä

lim
ε→+0

x(t, ε) = x̄(t), t ∈ [t0, T ] ,

lim
ε→+0

y(t, ε) = ȳ(t) = ϕ(t, x̄(t)), t ∈ (t0, T ] .

Òåîðåìà À.Í. Òèõîíîâà óñòàíàâëèâàåò ïðåäåëüíûé ïåðåõîä, ÷òî èìååò
áîëüøîå çíà÷åíèå â ñëåäóþùåì ñìûñëå: êàêèìè áû ìåòîäàìè íè ðåøàëàñü
ñèíãóëÿðíî âîçìóùåííàÿ çàäà÷à, ïîñòðîåííûå ñ èõ ïîìîùüþ àñèìïòîòè÷å-
ñêèå ïðèáëèæåíèÿ äîëæíû ñõîäèòüñÿ ïðè ε → +0 ê ïðåäåëüíîìó ðåøåíèþ,
óêàçàííîìó â òåîðåìå.

Äëÿ ïîñòðîåíèÿ àñèìïòîòè÷åñêèõ ïðèáëèæåíèé íåëèíåéíûõ çàäà÷ óñïåø-
íî ïðèìåíÿþòñÿ ìåòîäû Âàñèëüåâîé � Áóòóçîâà � Íåô¼äîâà [15, 16, 17, 18, 19,
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20, 21], Êðûëîâà � Áîãîëþáîâà � Ìèòðîïîëüñêîãî [22], Ëîìîâà [23, 24, 25]. Â
äàííîé ðàáîòå ìû ïðèìåíèì ê ìàòåìàòè÷åñêîé ìîäåëè ôåðìåíòàòèâíîé ðåàê-
öèè ìåòîä ãîëîìîðôíîé ðåãóëÿðèçàöèè, êîòîðûé ÿâëÿåòñÿ ëîãè÷åñêèì ïðî-
äîëæåíèåì ìåòîäà ðåãóëÿðèçàöèè Ñ.À. Ëîìîâà, è â áîëüøåé ñòåïåíè îðèåíòè-
ðîâàí íà òèõîíîâñêèå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé [26, 27, 28, 29].
Êðîìå òîãî, ìåòîä ãîëîìîðôíîé ðåãóëÿðèçàöèè ïîçâîëÿåò ñòðîèòü ïðèáëè-
æåíèå ê ðåøåíèþ â âèäå ðÿäà ïî ñòåïåíÿì ìàëîãî ïàðàìåòðà, ñõîäÿùåãîñÿ
íå òîëüêî àñèìïòîòè÷åñêè, íî è â îáû÷íîì ñìûñëå [26, 27, 28, 29, 30, 31, 32].

Äëÿ çàäà÷è (1) âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû Òèõîíîâà î ïðåäåëüíîì ïå-
ðåõîäå [11]. Ñëåäóåò çàìåòèòü, ÷òî â çàäà÷å (1) ñ ïîìîùüþ òåîðåìû Òèõîíîâà
î ïðåäåëüíîì ïåðåõîäå ìîæåò áûòü ïîëó÷åíî ïðèáëèæåíèå ïåðâîãî ïîðÿäêà
òî÷íîñòè ïî ìàëîìó ïàðàìåòðó ε äëÿ êîíöåíòðàöèè ñóáñòðàòà x(t) íà âñ¼ì
âðåìåííîì îòðåçêå [0, T ], îäíàêî äëÿ êîíöåíòðàöèè ôåðìåíò-ñóáñòðàòíîãî
êîìïëåêñà y(t) (ñëåäîâàòåëüíî, è äëÿ êîíöåíòðàöèè ïðîäóêòà) ìû íå ïîëó-
÷èì ïðèáëèæåíèÿ â îêðåñòíîñòè íà÷àëüíîãî ìîìåíòà âðåìåíè. Äëÿ ïîñòðî-
åíèÿ ïðèáëèæåíèé äëÿ x(t) è y(t) íà [0, T ] ïðèìåíèì ìåòîä ãîëîìîðôíîé
ðåãóëÿðèçàöèè.

2. Ìåòîä ãîëîìîðôíîé ðåãóëÿðèçàöèè òèõîíîâñêèõ ñè-

ñòåì

Ðàññìîòðèì çàäà÷ó Êîøè (2). Ïóñòü äëÿ íå¼ âûïîëíåíû óñëîâèÿ I-V òåî-
ðåìû Òèõîíîâà î ïðåäåëüíîì ïåðåõîäå. Ïóñòü òàêæå â íåêîòîðîé çàìêíóòîé
îáëàñòè Ω̄ ⊂ G ôóíêöèè f(t, x, y) è F (t, x, y) àíàëèòè÷íû, F (t, x, y) ̸= 0 â Ω,
è òî÷êà (t0, x0, y0) ïðèíàäëåæèò Ω.

Îò íåëèíåéíîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (2) ïåðåéä¼ì ê
ëèíåéíîìó óðàâíåíèþ å¼ ïåðâûõ èíòåãðàëîâ:

εLU + F
∂U

∂y
= 0, (5)

ãäå îïåðàòîð L =
∂

∂t
+ f

∂

∂x
.

Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (5) â âèäå ðåãóëÿðíîãî ðÿäà ïî ñòåïåíÿì
ε, ò.å.

U(t, x, y, ε) = U0(t, x, y) + εU1(t, x, y) + . . .+ εnUn(t, x, y) + . . .

Êîýôôèöèåíòû ðàçëîæåíèÿ ìîãóò áûòü íàéäåíû â ðåçóëüòàòå ðåøåíèÿ ñåðèè
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óðàâíåíèé

F
∂U0

∂y
= 0, F

∂U1

∂y
= −LU0, . . . F

∂Un

∂y
= −LUn−1, . . . (6)

Â êà÷åñòâå ðåøåíèÿ ïåðâîãî óðàâíåíèÿ ñåðèè (6) ìîæåò áûòü âçÿòà ïðî-
èçâîëüíàÿ ãîëîìîðôíàÿ ôóíêöèÿ U0 = ψ(t, x), íå çàâèñÿùàÿ îò y. Ïîñëåäî-
âàòåëüíî ðåøàÿ îñòàëüíûå óðàâíåíèÿ, ïîëó÷èì

U(t, x, y, ε) = ψ(t, x)− ε

y∫
y0

Lψ(t, x)ds

F (t, x, s)
+

+ ε2
y∫

y0

L s∫
y0

Lψ(t, x)dξ

F (t, x, ξ)

 ds

F (t, x, s)
− . . . (7)

Äîêàçàòåëüñòâî ñõîäèìîñòè ðÿäîâ âèäà (7) â íåêîòîðîé îêðåñòíîñòè çíà-
÷åíèÿ ε = 0 ðàâíîìåðíî íà êàæäîì êîìïàêòå èç Ω, êîòîðîå îñíîâàíî íà
ìåòîäå îöåíêè êîíòóðíûõ èíòåãðàëîâ, ìîæíî íàéòè â [26].

Äîëãîå âðåìÿ îñíîâíûì ïîíÿòèåì, èñïîëüçóåìûì â òåîðèè ñèíãóëÿðíûõ
âîçìóùåíèé, ÿâëÿëîñü ïîíÿòèå àñèìïòîòè÷åñêîãî ðÿäà. Ê íàñòîÿùåìó âðåìå-
íè â å¼ àêòèâå èìååòñÿ ìíîãî ðàçëè÷íûõ àñèìïòîòè÷åñêèõ ìåòîäîâ, êîòîðûå
ïîçâîëÿþò íàõîäèòü ïðèáëèæ¼ííûå ðåøåíèÿ çàäà÷ â âèäå ðÿäîâ, ñõîäÿùèõ-
ñÿ, êàê ïðàâèëî, àñèìïòîòè÷åñêè. Â ðàìêàõ ìåòîäà ðåãóëÿðèçàöèè Ñ.À. Ëî-
ìîâà áûëî äîêàçàíî [23, 24] ñóùåñòâîâàíèå ñõîäÿùèõñÿ â îáû÷íîì ñìûñëå
ðÿäîâ ïî ñòåïåíÿì ìàëîãî ïàðàìåòðà, ïðåäñòàâëÿþùèõ ðåøåíèÿ ëèíåéíûõ
ñèíãóëÿðíî âîçìóùåííûõ çàäà÷. Òðóäíîñòè ïåðåíîñà òåîðèè ñõîäÿùèõñÿ â
îáû÷íûì ñìûñëå ðåãóëÿðèçîâàííûõ ðÿäîâ íà íåëèíåéíûå çàäà÷è ïðèâåëè ê
ââåäåíèþ ïîíÿòèÿ ïñåâäîãîëîìîðôíîãî ðåøåíèÿ è ðàçðàáîòêå ìåòîäà ãîëî-
ìîðôíîé ðåãóëÿðèçàöèè. Èäåÿ ìåòîäà ãîëîìîðôíîé ðåãóëÿðèçàöèè ñîñòîèò
â ñëåäóþùåì: íåëèíåéíàÿ çàäà÷à ñâîäèòñÿ ê ëèíåéíîé çàäà÷å äëÿ ïåðâûõ èí-
òåãðàëîâ èñõîäíîé çàäà÷è, êîòîðàÿ èçó÷àåòñÿ óæå ñ òî÷êè çðåíèÿ ðåãóëÿðíîé
òåîðèè âîçìóùåíèé, à çàòåì ïðèìåíÿåòñÿ àïïàðàò òåîðèè íåÿâíûõ ôóíêöèé.

Îïðåäåëåíèå 1 Ðåøåíèå x(t, ε), y(t, ε) çàäà÷è Êîøè (2) íàçûâàåòñÿ ïñåâ-
äîãîëîìîðôíûì â òî÷êå ε = 0, åñëè ñóùåñòâóþò ôóíêöèè X(t, η, ε) è
Y (t, η, ε) òàêèå, ÷òî äëÿ ëþáîãî äîñòàòî÷íî ìàëîãî ε > 0 íà íåêîòîðîì
îòðåçêå [t0, tε] ñïðàâåäëèâî ïðåäñòàâëåíèå

x(t, ε) = X(t, η, ε)
∣∣∣
η=φ(t)/ε

, y(t, ε) = Y (t, η, ε)
∣∣∣
η=φ(t)/ε

,
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è êîòîðûå àíàëèòè÷íû ïî òðåòüåé ïåðåìåííîé, ò.å. ðÿäû

X(t, η, ε) =
∞∑
n=0

Xn(t, η)ε
n, Y (t, η, ε) =

∞∑
n=0

Yn(t, η)ε
n,

ñõîäÿòñÿ â íåêîòîðîé îêðåñòíîñòè òî÷êè ε = 0 ðàâíîìåðíî ïî t ∈ [t0, T ]
ïðè êàæäîì η èç íåêîòîðîãî íåîãðàíè÷åííîãî ìíîæåñòâà.

Òåîðåìà 1 Ïóñòü ðåãóëÿðèçèðóþùàÿ ôóíêöèÿ φ(t) àíàëèòè÷íà íà [t0, T ] è
φ (t0) = 0, φ′(t) < 0 íà [t0, T ]. Òîãäà ïðè âûïîëíåíèè óñëîâèé I - V òåîðåìû
Òèõîíîâà ðåøåíèå x(t, ε), y(t, ε) çàäà÷è Êîøè (2) ÿâëÿåòñÿ ïñåâäîãîëîìîðô-
íûì â òî÷êå ε = 0.

Äîêàçàòåëüñòâî. Âîçüì¼ì â (7) äâå ðåãóëÿðèçèðóþùèå ôóíêöèè ψ1(t, x) =
φ(t) è ψ2(t, x) = x − x̄(t), ãäå φ(t) � ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèÿì
òåîðåìû, x̄(t) � ðåøåíèå âûðîæäåííîé çàäà÷è (3). È çàïèøåì äâà íåçàâèñè-
ìûõ ïåðâûõ èíòåãðàëà â âèäå

y∫
y0

φ′(t)ds

F (t, x, s)
− ε

y∫
y0

L s∫
y0

φ′(t)dξ

F (t, x, ξ)

 ds

F (t, x, s)
+ . . . =

φ(t)

ε
, (8)

x− x̄(t)−ε
y∫

y0

L(x− x̄(t))ds

F (t, x, s)
+ε2

y∫
y0

L s∫
y0

L(x− x̄(t))dξ

F (t, x, ξ)

 ds

F (t, x, s)
− . . . = 0,

(9)
ãäå îáîçíà÷åíà ïåðåìåííàÿ η = φ(t)/ε.

Ôèêñèðóåì ε0 ìåíüøå ðàäèóñà ñõîäèìîñòè ðÿäîâ â (8), (9) è îáîçíà÷àåì
çàìêíóòûé ïðÿìîóãîëüíèê

Π̄tη = {(t, η) : t0 ≤ t ≤ T ; φ(T )/ε0 ≤ η ≤ 0}.

Î÷åâèäíî, â âèäó ìàëîñòè ε0, ÷òî â ýòîì ïðÿìîóãîëüíèêå äëÿ ñèñòåìû óðàâ-
íåíèé (8), (9) âûïîëíåíû óñëîâèÿ òåîðåìû î íåÿâíîé ôóíêöèè, à çíà÷èò îíà
èìååò â íåêîòîðîé îêðåñòíîñòè σtη êàæäîé åãî òî÷êè (t, η) àíàëèòè÷åñêîå ïî
ε ðåøåíèå {x, y}. Âûáèðàÿ èç ïîêðûòèÿ σtη êîíå÷íîå ïîäïîêðûòèå {σtη}N1 ,
îïðåäåëèì ε̃ > 0 òàêîå, ÷òî ðÿäû äëÿ X(t, η, ε) è Y (t, η, ε) ñõîäÿòñÿ ðàâíî-
ìåðíî íà Π̄tη ïðè 0 < ε < ε̃. Åñëè ïðè ýòîì îêàæåòñÿ, ÷òî ε̃ < ε0, òî çàäà÷à (2)
áóäåò èìåòü ïñåâäîãîëîìîðôíîå ðåøåíèå {x, y}, îïðåäåëÿåìîå ðÿäàìè, ñõî-
äÿùèìèñÿ ïðè êàæäîì ε, óäîâëåòâîðÿþùåì íåðàâåíñòâó 0 < ε < ε̃, îäíàêî
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íå íà âñ¼ì îòðåçêå [t0, T ], à íà îòðåçêå [t0, Tε], ãäå Tε óäîâëåòâîðÿåò ðàâåíñòâó
φ(Tε)/ε = φ(T )/ε0. Â äàííîì ñëó÷àå ñóùåñòâîâàíèå ïñåâäîãîëîìîðôíîãî ðå-
øåíèÿ íà âñ¼ì [t0, T ] äîêàçûâàåòñÿ ñ ïîìîùüþ òåõíèêè ïðîäîëæåíèÿ ðåøåíèÿ
[29].

Çàìåòèì, ÷òî èñïîëüçîâàëàñü îãðàíè÷åííîñòü ïðè ε→ +0 ðàâíîìåðíî íà

[t0, T ] ôóíêöèè y = Y0

(
t, φ(t)ε

)
- ðåøåíèÿ óðàâíåíèÿ

φ′(t)

y∫
y0

ds

f(t, s)
=
φ(t)

ε
(10)

êîòîðàÿ ñëåäóåò èç íàëîæåííûõ óñëîâèé íà ôóíêöèþ φ(t) è óñëîâèÿ IV òåî-
ðåìû Òèõîíîâà î ïðåäåëüíîì ïåðåõîäå.

Ñëåäñòâèå 1 Çàïèñûâàÿ (8) è (9) â âèäå

Ũ [1](t, x, y, ε) = η, U [2](t, x, y, ε) = 0,

è äèôôåðåíöèðóÿ ïî ε, ìîæíî ïîëó÷èòü êîýôôèöèåíòû ðÿäîâ

x(t, ε) = x̄(t) +
∞∑
n=1

Xn

(
t,
φ(t)

ε

)
εn, y(t, ε) =

∞∑
n=0

Yn

(
t,
φ(t)

ε

)
εn, (11)

ïðè n = 1, 2, . . .. Íàïðèìåð, äëÿ n = 1, ïîëó÷èì ñèñòåìó

∂Ũ [1]

∂x

∂x

∂ε
+
∂Ũ [1]

∂y

∂y

∂ε
= −∂Ũ

[1]

∂ε
,

∂U [2]

∂x

∂x

∂ε
+
∂U [2]

∂y

∂y

∂ε
= −∂U

[2]

∂ε
,

(12)

è âûðàæåíèÿ

X1

(
t,
φ(t)

ε

)
=

[
∂x

∂ε

]∣∣∣∣
ε=0,x=x̄,y=Y0

, Y1

(
t,
φ(t)

ε

)
=

[
∂y

∂ε

]∣∣∣∣
ε=0,x=x̄,y=Y0

. (13)
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3. Ïðèáëèæåíèå ê ðåøåíèþ ôåðìåíòàòèâíîé ðåàêöèè

Ìèõàýëèñà - Ìåíòåí

Ðåøèì âûðîæäåííóþ çàäà÷ó, ñîîòâåòñòâóþùóþ çàäà÷å Êîøè äëÿ òèõî-
íîâñêîé ñèñòåìû (1):

ȳ =
x̄

x̄+K
,

dx̄

dt
= − λx̄

x̄+K
, t ∈ (0, T ],

x̄(0) = 1.

Äëÿ óäîáñòâà äàëüíåéøèõ âûêëàäîê, ìîæíî ñäåëàòü çàìåíó ïåðåìåííûõ

z =
x̄

K
, òîãäà

dz

dt
= − λ

K

z

z + 1
, t ∈ (0, T ],

z(0) =
1

K
.

Òàê êàê äèôôåðåíöèàëüíîå óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè,
òî

z + ln |z| = − λ

K
t+ C,

ñ ó÷¼òîì íà÷àëüíîãî óñëîâèÿ C =
1

K
+ ln

1

K
, òîãäà

zez =
1

K
e

−λt+1
K ,

z = W

(
1

K
e

−λt+1
K

)
,

ãäå W � ôóíêöèÿ Ëàìáåðòà [33], ïðè÷¼ì å¼ îñíîâíàÿ âåòâü, ïîñêîëüêó ôóíê-
öèÿ ðàññìàòðèâàåòñÿ ïðè ïîëîæèòåëüíîì àðãóìåíòå.

Â èòîãå ïîëó÷àåì

x̄ = K ·W
(

1

K
e

−λt+1
K

)
,

ȳ =
W

(
1
Ke

−λt+1
K

)
W

(
1
Ke

−λt+1
K

)
+ 1

.

(14)
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Çàìåòèì, ÷òî

x̄(0) = 1, ȳ(0) =
1

K + 1
̸= 0.

Ïî ìåòîäó ãîëîìîðôíîé ðåãóëÿðèçàöèè ïðèíèìàåì X0(t) = x̄(t) è îïðå-
äåëÿåì Y0(t, φ(t)/ε):

φ′(t)

y∫
0

ds

x̄(t)− (x̄(t) +K)s
=
φ(t)

ε
,

− φ′(t)

x̄(t) +K
ln

∣∣∣∣x̄(t) +K

x̄(t)
y − 1

∣∣∣∣ = φ(t)

ε
,

y =
x̄(t)

x̄(t) +K

(
1± exp

(
−x̄(t) +K

φ′(t)

φ(t)

ε

))
.

Òàêèì îáðàçîì, ñ ó÷¼òîì íà÷àëüíîãî óñëîâèÿ, ïîëó÷àåì

Y0

(
t,
φ(t)

ε

)
=

x̄(t)

x̄(t) +K

(
1− exp

(
−x̄(t) +K

φ′(t)

φ(t)

ε

))
. (15)

Çàìåòèì, ÷òî

Y0|t=0 = 0, Y0

(
t,
φ(t)

ε

)
→

ε→+0

x̄(t)

x̄(t) +K
= ȳ(t), t ∈ (0, T ].

Äëÿ çàäà÷è (1) îïåðàòîð

L =
∂

∂t
+ (−x+ (x+K − λ)y)

∂

∂x
.

Òîãäà

y∫
0

L(x− x̄(t))ds

x− (x+K)s
=

y∫
0

(−x+ (x+K − λ)s)ds

x− (x+K)s
− dx̄

dt

y∫
0

ds

x− (x+K)s
=

= −y − λ

y∫
0

s ds

x− (x+K)s
+ λ

x̄(t)

x̄(t) +K

y∫
0

ds

x− (x+K)s
=

= −y + λ
1

x+K

y + x

y∫
0

ds

(x+K)s− x

− λ
x̄(t)

x̄(t) +K

y∫
0

ds

(x+K)s− x
,
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∂U [2]

∂ε

∣∣∣∣
ε=0, x=x̄, y=Y0

= −
(

λ

x̄(t) +K
− 1

)
· Y0

(
t,
φ(t)

ε

)
,

∂U [2]

∂x

∣∣∣∣
ε=0, x=x̄, y=Y0

= exp

(
λK

(x̄(t) +K)2
φ(t)

φ′(t)

)
,

∂U [2]

∂y

∣∣∣∣
ε=0,x=x̄,y=Y0

= 0.

Â èòîãå, èç (12), (13) ïîëó÷àåì

X1

(
t,
φ(t)

ε

)
=

(
λ

x̄(t) +K
− 1

)
· Y0

(
t,
φ(t)

ε

)
· exp

(
− λK

(x̄(t) +K)2
φ(t)

φ′(t)

)
.

(16)

Âûáèðàåì â (15) è (16) ðåãóëÿðèçèðóþùóþ ôóíêöèþ φ(t) = −t è çàïè-
ñûâàåì ïîëó÷åííûå ïðèáëèæåíèÿ:

X0(t) = x̄(t) = K ·W
(

1

K
e

−λt+1
K

)
,

Y0

(
t,− t

ε

)
=

x̄(t)

x̄(t) +K

(
1− exp

(
− t
ε
(x̄(t) +K)

))
,

X(1)

(
t,− t

ε

)
= X0(t) + εX1

(
t,− t

ε

)
=

= x̄(t) + ε

(
λ

x̄(t) +K
− 1

)
· Y0

(
t,− t

ε

)
· exp

(
− λKt

(x̄(t) +K)2

)
.

Ïðèâåä¼ì ðåçóëüòàòû âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ. Ïîñòðîåííûå ïðè-
áëèæåíèÿ Y0(t) è X(1)(t) ñðàâíèâàþòñÿ ñ ðåøåíèåì x̂(t), ŷ(t), ïîëó÷åí-
íûì ÷èñëåííûì ìåòîäîì ðåøåíèÿ æ¼ñòêèõ çàäà÷ ñ øàãîì, íåîáõîäèìûì
äëÿ äîñòèæåíèÿ âûñîêîé òî÷íîñòè. Èñïîëüçîâàëàñü ïðîãðàììà Wolfram
Mathematica ñî âñòðîåííîé ôóíêöèåé Ëàìáåðòà è âîçìîæíîñòüþ âûáîðà ÷èñ-
ëåííîãî ìåòîäà ðåøåíèÿ æ¼ñòêèõ çàäà÷.

Âîçüì¼ì áèîëîãè÷åñêè òèïè÷íûå çíà÷åíèÿ k = 1, λ = 0.5 [1] è äîñòàòî÷íî
áîëüøîå ε = 0.1, îáû÷íî èñïîëüçóåìîå äëÿ ëó÷øåãî âèçóàëüíîãî âîñïðèÿòèÿ
ïîãðàíè÷íîãî ñëîÿ íà ãðàôèêàõ ðåøåíèé. Íà ïîñòðîåííûõ ãðàôèêàõ (ðèñ. 1)
îò÷¼òëèâî âèäåí ïîãðàíè÷íûé ñëîé, â òîì ÷èñëå íåñîîòâåòñòâèå çíà÷åíèÿ äëÿ
(14) â íà÷àëüíûé ìîìåíò âðåìåíè ȳ(0) = 0.5 ñ íà÷àëüíûì óñëîâèåì y(0) = 0,
òàêæå âèäíà ïîãðåøíîñòü ðåøåíèÿ âûðîæäåííîé çàäà÷è x̄(t). Ïðèáëèæåíèÿ
Y0(t) è X(1)(t) âèçóàëüíî íåîòëè÷èìû îò ïðèáëèæåíèÿ âûñîêîé òî÷íîñòè,
âçÿòîãî äëÿ ñðàâíåíèÿ.
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Ðèñ. 1: Ãðàôèêè ôóíêöèé ïðè ε = 0.1: âûñîêîòî÷íîå ÷èñëåííîå ðåøåíèå x̂(t), ŷ(t) � òîíêàÿ
ñïëîøíàÿ ëèíèÿ, ðåøåíèå âûðîæäåííîé çàäà÷è x̄(t), ȳ(t) � ëèíèÿ èç äëèííîãî ïóíêòèðà,

ïðèáëèæåíèÿ Y0(t), X
(1)(t) � ëèíèÿ èç êîðîòêîãî ïóíêòèðà.

Ðèñ. 2: Ãðàôèêè ðàçíîñòè ôóíêöèé ïðè ε = 0.1: x̂(t)− x̄(t) � ëèíèÿ èç äëèííîãî ïóíêòèðà,

x̂(t)−X(1)(t) � ëèíèÿ èç êîðîòêîãî ïóíêòèðà.

Ãðàôèêè ðàçíîñòè x̂(t)− x̄(t) è x̂(t)−X(1)(t) äåìîíñòðèðóþò çíà÷èòåëü-
íîå ïðåâîñõîäñòâî òî÷íîñòè ïðèáëèæåíèÿ X(1)(t) ïî ñðàâíåíèþ ñ ðåøåíèåì
âûðîæäåííîé çàäà÷è x̄(t) â îáëàñòè ïîãðàíè÷íîãî ñëîÿ (ðèñ. 2). Óìåíüøå-
íèå ìàëîãî ïàðàìåòðà ε ïðèâîäèò ê óìåíüøåíèþ ïîãðåøíîñòåé ïîñòðîåííûõ
ïðèáëèæåíèé.

Âûðàæåíèå Y0(t) äåìîíñòðèðóåò ïðèáëèæåíèå ê ðåøåíèþ y(t) íà âñ¼ì îò-
ðåçêå âû÷èñëåíèé, âêëþ÷àÿ ïîãðàíè÷íûé ñëîé (ðèñ. 3), ÷òî îòëè÷àåò åãî îò
ȳ(t), à òàêæå Y0(t) îòëè÷àåòñÿ ïðîñòîòîé ïîñòðîåíèÿ, ÷òî âàæíî äëÿ ïðèêëàä-
íûõ çàäà÷. Â äàííîé ðàáîòå íå ïðèâåäåíî ïîñòðîåíèå ïðèáëèæåíèÿ Y (1)(t) è
ïðèáëèæåíèé áîëåå âûñîêîãî ïîðÿäêà, ïîñêîëüêó îíè òðåáóþò çíà÷èòåëüíûõ
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ïðåîáðàçîâàíèé è íå ïðåäñòàâëÿþò áîëüøîãî èíòåðåñà äëÿ ïðèêëàäíûõ çà-
äà÷.

Ðèñ. 3: Ãðàôèê ðàçíîñòè ôóíêöèé ŷ(t)− Y0(t) ïðè ε = 0.1.

4. Ïðèáëèæåíèå äëÿ ñêîðîñòè ôåðìåíòàòèâíîé ðåàêöèè

Ïîñêîëüêó ñêîðîñòü ðåàêöèè ïðåäñòàâëÿåò çíà÷èòåëüíûé èíòåðåñ äëÿ
ïðèëîæåíèé â áèîëîãèè è ìåäèöèíå, ðàññìîòðèì ïðèáëèæåíèÿ ñêîðîñòè ðå-
àêöèè â áåçðàçìåðíîé ôîðìå. Äëÿ ñóáñòðàòà ñêîðîñòü ðåàêöèè îïðåäåëÿåòñÿ

âûðàæåíèåì v(x) =

∣∣∣∣dxdt
∣∣∣∣, äëÿ ôåðìåíò-ñóáñòðàòíîãî êîìïëåêñà v(y) =

∣∣∣∣dydt
∣∣∣∣

[1]. Áóäåì èñïîëüçîâàòü ïîñòðîåííûå â äàííîé ðàáîòå ïðèáëèæåíèÿ X(1) è
Y0.

Äèôôåðåíöèðóÿ ñíà÷àëà Y0, ïîëó÷àåì

dY0
dt

= − λKx̄(t)

(x̄(t) +K)3

(
1− exp

(
− t
ε
(x̄(t) +K)

))
+

+
x̄(t)

ε

(
1− λx̄(t)

(x̄(t) +K)2
t

)
exp

(
− t
ε
(x̄(t) +K)

)
. (17)

Èç ôîðìóëû (17) ñëåäóåò, ÷òî â íà÷àëüíûé ìîìåíò âðåìåíè

dY0
dt

∣∣∣∣
t=0

=
1

ε
,

÷òî ñîîòâåòñòâóåò òî÷íîìó íà÷àëüíîìó çíà÷åíèþ ñêîðîñòè ðåàêöèè äëÿ
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ôåðìåíò-ñóáñòðàòíîãî êîìïëåêñà, êîòîðîå ñëåäóåò èç (1):

dy

dt

∣∣∣∣
t=0

=
1

ε
.

Ïðè óâåëè÷åíèè t, ñî çíà÷èòåëüíûì óìåíüøåíèåì ýêñïîíåíò, ñêîðîñòü
ðåàêöèè äëÿ ôåðìåíò-ñóáñòðàòíîãî êîìïëåêñà ñòðåìèòñÿ ê âûðàæåíèþ

v(y) =

∣∣∣∣− λKx̄(t)

(x̄(t) +K)3

∣∣∣∣ = λKx̄(t)

(x̄(t) +K)3
,

êîòîðîå ñîîòâåòñòâóåò òåîðèè ïñåâäîñòàöèîíàðíîãî ñîñòîÿíèÿ [1].

Òàêèì îáðàçîì, ôîðìóëà (17) äà¼ò ïðèáëèæåíèå ñêîðîñòè ðåàêöèè äëÿ
ôåðìåíòñóáñòðàòíîãî êîìïëåêñà íà âñ¼ì ðàññìàòðèâàåìîì ïðîìåæóòêå âðå-
ìåíè [0, T ], âêëþ÷àÿ ïîãðàíè÷íûé ñëîé ñ íà÷àëüíûì ìîìåíòîì âðåìåíè.

Äèôôåðåíöèðóÿ X(1), ïîëó÷àåì

dX(1)

dt
= − λx̄(t)

x̄(t) +K
+ ε · exp

(
− λKt

(x̄(t) +K)2

)
·
[

λ2x̄(t)

(x̄(t) +K)3
Y0(t)+

+

(
λ

x̄(t) +K
− 1

)(
dY0(t)

dt
− Y0(t) ·

(
2λ2Kx̄(t)

(x̄(t) +K)4
t+

λK

(x̄(t) +K)2

))]
. (18)

Èç ôîðìóëû (18) è èç çíà÷åíèé

dY0
dt

∣∣∣∣
t=0

=
1

ε
, Y0|t=0 = 0,

ñëåäóåò, ÷òî â íà÷àëüíûé ìîìåíò âðåìåíè

dX(1)

dt

∣∣∣∣
t=0

= − λ

1 +K
+ ε

(
λ

1 +K
− 1

)
· 1
ε
= −1,

÷òî ñîîòâåòñòâóåò òî÷íîìó çíà÷åíèþ íà÷àëüíîé ñêîðîñòè ðåàêöèè ñóáñòðàòà,
êîòîðîå ñëåäóåò èç (1): ∣∣∣∣dxdt

∣∣∣∣∣∣∣∣
t=0

= | − 1| = 1.

Ïðè óâåëè÷åíèè t, ñî çíà÷èòåëüíûì óìåíüøåíèåì ýêñïîíåíò, ñêîðîñòü
ðåàêöèè ñóáñòðàòà ñòðåìèòñÿ ê âûðàæåíèþ

v(x) =

∣∣∣∣− λx̄(t)

x̄(t) +K

∣∣∣∣ = λx̄(t)

x̄(t) +K
,
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êîòîðîå ñîîòâåòñòâóåò òåîðèè ïñåâäîñòàöèîíàðíîãî ñîñòîÿíèÿ [1].

Òàêèì îáðàçîì, ôîðìóëà (18) äà¼ò ïðèáëèæåíèå ñêîðîñòè ðåàêöèè ñóá-
ñòðàòà íà âñ¼ì ðàññìàòðèâàåìîì ïðîìåæóòêå âðåìåíè [0, T ], âêëþ÷àÿ ïîãðà-
íè÷íûé ñëîé ñ íà÷àëüíûì ìîìåíòîì âðåìåíè. Äàííîå îáñòîÿòåëüñòâî îòëè÷à-
åò ïðèáëèæåíèå (18) îò ôîðìóëû, ïîëó÷åííîé èç òåîðèè ïñåâäîñòàöèîíàðíîãî
ñîñòîÿíèÿ [1], êîòîðàÿ íå äà¼ò âåðíîãî çíà÷åíèÿ ñêîðîñòè ðåàêöèè â ïîãðà-
íè÷íîì ñëîå, âêëþ÷àÿ íà÷àëüíûé ìîìåíò âðåìåíè.

5. Áëàãîäàðíîñòè

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîí-
äà (ïðîåêò � 23-21-00496).
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Abstract. The mathematical model of classical enzyme-substrate Michaelis -
Menten reaction representing the Cauchy problem for two nonlinear di�erential
equations written in dimensionless form is studied. This system of equations
belongs to the class of Tikhonov systems since one of the two equations is
singularly perturbed. To obtain an approximate solution we use the holomorphic
regularization method. The holomorphic regularization method is a logical
continuation of the regularization method of S.A. Lomov and unlike other
methods that deduce approximations in the form of series that converge
asymptotically allows to obtain solutions to nonlinear singularly perturbed
problems in the form of series in powers of small parameter that converge in the
usual sense. The exposition of holomorphic regularization method for a system of
di�erential equations of Tikhonov type is given. Deduced approximation to the
solution of the enzyme-substrate reaction di�erential equations system is given
by uniform formulas both in the boundary layer and outside it. The advantage
of using the holomorphic regularization method is obtaining the formulas for
approximate solution, which allow to analyze the approximate solution of an
enzymatic reaction over the entire time interval under consideration including the
boundary layer. Represented plots of the dependence of substrate concentration
and enzyme-substrate complex concentration on the time demonstrate the high
accuracy of the obtained approximate solutions even for relatively large values
of the small parameter. The obtained approximate solution of the system of
enzymatic reaction equations is used for deducing the reaction rate of the
substrate and the reaction rate of the enzyme-substrate complex that are valid
both in the boundary layer and outside it.

Keywords: Tikhonov system of di�erential equations, holomorphic regularization
method, pseudoholomorphic solution, enzymatic Michaelis-Menten reaction,
reaction rate.
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