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Abstract. The article is Part IV of the author’s work devoted to a new ap-
proach to the series expansion of iterated Stratonovich stochastic integrals with
respect to components of a multidimensional Wiener process. The above ap-
proach was proposed by the author in 2022 and is based on generalized multiple
Fourier series in complete orthonormal systems of functions in Hilbert space.
In the previous parts of the work, expansions of iterated Stratonovich stochas-
tic integrals of multiplicities 1 to 6 (the case of Legendre polynomials and the
trigonometric Fourier basis) and multiplicities 1 to 4 (the case of an arbitrary
complete orthonormal system of functions in Hilbert space) were obtained. In
this article, an expansion of iterated Stratonovich stochastic integrals of multi-
plicity 5 (the case of an arbitrary complete orthonormal system of functions in
Hilbert space) is obtained. The mentioned expansion is generalized to the case
of an arbitrary multiplicity of iterated Stratonovich stochastic integrals. The
results of the article will be useful for construction of strong numerical methods
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with orders 1.0, 1.5, 2.0, ... (based on the Taylor—Stratonovich expansion) for
systems of Ito stochastic differential equations with non-commutative noise.
Key words: iterated Stratonovich stochastic integral, iterated Ito stochastic
integral, Ito stochastic differential equation, multidimensional Wiener process,
generalized multiple Fourier series, factorized Volterra—type kernel, integral op-
erator, trace series, mean-square convergence, expansion.

Contents
1 Introduction [@
2 Preliminary Results 107

2.1 Connection Between Iterated Stratonovich and It6 Stochastic Integrals of Arbi-
trary Multiplicity (K € N) . . . . . .. 107

2.2 Expansion of Iterated Stratonovich Stochastic Integrals of Arbitrary Multiplicity
k (k € N) Under the Condition on Trace Series . . . . . . . ... ... ... ... 08

2.3 Auxiliary Result That Follows From Lebesgue’s Dominated Convergence Theorem(L1]]

3 Main Results 112
3.1 Expansion of Iterated Stratonovich Stochastic Integrals of Multiplicity 5. The

Case of an Arbitrary CONS in Ly([¢t,T]) and 1 (7),...,¢s(7) =1 . . . . . ... 119

3.2 On the Calculation of Matrix Traces of Volterra—Type Integral Operators . . . . [141]

3.3 Expansion of Iterated Stratonovich Stochastic Integrals of Arbitrary Multiplicity
k (k € N). The Case of an Arbitrary CONS in Lo([t, T]) and 1 (7), ..., Yk(T) €

Lo([6T)) - o oo

3.4 Another Approach to the Expansion of Iterated Stratonovich Stochastic Integrals
of Arbitrary Multiplicity £ (k € N) . . . . . ... ... 165
References [182

1 Introduction

Let (2, F, P) be a complete probability space, let {F,¢ € [0,T]} be a nonde-
creasing right-continous family of o-algebras of F', and let w; be a standard m-
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dimensional Wiener stochastic process which is Fi-measurable for any ¢ € [0, T
and has independent components ng) (i =1,...,m). Consider an It6 stochastic

differential equation (SDE) in the integral form

t

X = X + /a(XT, T)dT + Z

0 =1

T

t
/Bj(XT,T)dW(j), x)=x%x(0,w), we, (1)
0

where x; is the n-dimensional stochastic process satisfying (), the functions
a, B; : R"x[0,T] — R" guarantee the existence and uniqueness up to stochastic
equivalence of a solution of ([l [1], the second integral in () is the It6 stochastic
integral, xy is Fy-measurable and M{\Xo\z} < 00 (M denotes a mathematical
expectation). Futhermore, we assume that xy and w; — w( are independent
when ¢ > 0.

Consider the following iterated It6 and Stratonovich stochastic integrals

T 2}
T = / Urlty) - / dit)dwy . dwy, )
t t
*T )
PO = [t [ oslw? 3)
t t

where (1), ..., Un(T) [ T] = R, i, ig =0,1, ..., m, w =7,

[ |

denote It6 and Stratonovich stochastic integrals, respectively.

It is well known that the stochastic integrals (2)) and (3]) are an essential
ingredient for the numerical solution of It6 SDEs using the Taylor-Ito and
Taylor—Stratonovich expansions [2]-[14]. Moreover, It6 SDEs have a wide range
of applications, which confirms the importance of the problem of their approx-
imate solution [2]-[13].

Note that the so-called classical [2]-[8] (1(7),...,Yr(T) = 1, i1,...,0 =
0,1,...,m) and unified [9]-[14] (¢y(7) = (t — 1), ¢ = 0,1,..., 1 =1,... k,
i1y...,0 = 1,...,m) Taylor-It6 and Taylor—Stratonovich expansions are
known.
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This article is Part IV of the work devoted to a new approach to the series
expansion of iterated Stratonovich stochastic integrals (3) ([I5]-[17] are Parts I-
III of the above work, respectlively). Throughout this article we will use the
definition of the Stratonovich stochastic integral from Sect. 2.2 [17] (see also

21).
Other approaches to the expansion of iterated It6 and Stratonovich stochas-
tic integrals (2) and (3) should also be noted [2]-[5], [11], [14], [18]-[51].

2 Preliminary Results

2.1 Connection Between Iterated Stratonovich and Ito Stochastic

Integrals of Arbitrary Multiplicity & (k € N)

Introduce the following notations

l
i1...0)[S1yeey81]  def
J[w ] 1.0k [81 1] — Hl{i5q2i5q+l¢0} X

q=1
sl+3 Sl+2
/¢I€ t/{ / 77bSH-2 Sl—|—2 / djSl s1+1 ¢5l+1( SH—I)
o1 Loy +3 Loy 42
/ wsl 1 Sl 1 / w81+2 81+2 / wsl s1+1 ¢51+1( 81+1)><

81 +1

/ b1 (ty 1) / eu(t)dwi) L dwy T dt dwy

Zs

ity adwy L dwl ), (4)

ts)+2

.dw
where (sq,...,s1) € Agy,

Ak,l: {(Sl,...,Sl) s >s1+ 1,000,889 > 81+ 1; sl,...,slzl,...,k—l},

(5)
[=1,2,...,[k/2],i1,...,9x = 0,1,...,m, [x] is an integer part of a real number
x, 14 is the indicator of the set A.
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Let us formulate the statement on connection between iterated Stratonovich
and It6 stochastic integrals (B) and (2)) of arbitrary multiplicity k£ (k € N).

Theorem 1 [51] (1997) (also see [11]-[14], [40], [50]). Suppose that 11 (1),
., (7)) are continuous nonrandom functions at the interval [t, T]. Then, the
following relation between iterated Stratonovich and Ité stochastic integrals (3]

and (2) is correct

[k/2]

J*[w ]21 Zk — J 21 Zk —I—Z Z J[w ]Zl Zk Sr,...,Sl] W. p 1’
(Sra aSI)EAkr
(6)

where iy, ... i = 0,1,...,m, Y is supposed to be equal to zero, w. p. 1 (here
0
and further) means with probability 1.

Note that the condition of continuity of the functions i1(7),...,¥x(7) is
related to the definition of the Stratonovich stochastic integral that we use (see
[17], Sect. 2.2 for details).

2.2 Expansion of Iterated Stratonovich Stochastic Integrals of Ar-
bitrary Multiplicity k¥ (kK € N) Under the Condition on Trace

Series

In this section, we recall Theorem 14 from [17] (Part III of this work) on the ex-
pansion of iterated Stratonovich stochastic integrals (3]) of arbitrary multiplicity
k (k € N) and introduce some notations.

Consider the unordered set {1,2, ..., k} and separate it into two parts: the
first part consists of r unordered pairs (sequence order of these pairs is also
unimportant) and the second one consists of the remaining k — 2r numbers. So,
we have

({dg1, 92}, - Ao, 2 1A, - - @20}, (7)

part 1 part 2

where {91,992, .-, 921,927, q1, - -, Q—2-} = {1,2,...,k}, braces mean an un-
ordered set, and parentheses mean an ordered set.

Suppose that 1(7),...,¥r(7) € Lo([t, T]). Consider the Fourier coefficient
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Crrosn = [ dnltont) .. [wrou(eyin...do ®)

corresponding to the factorized Volterra—type kernel of the form

¢1(t1)...¢k(tk), h <...<t
K(tl,...,tk): ) (9)
0, otherwise

where {¢;(7)}52, is a complete orthonormal system (CONS) in the space
LQ([th])

Denote
def

(Jrji—1)~(2)

Cjk---jl+1jljl71jl72---j1

tiy2 ti41

def /¢k tr ¢]k tk /wl—i—l ti+1 ¢]l+1 tl‘f'l /wl b wl 1(tl)

X /@/}l_g(tl_Q)gﬁjl_z (tl_Q) c / Y (tl)qul (tl)dtl Codt_odtit g L diy, (10)
t t

where we suppose that {l,]/ — 1} is one of the pairs {g1, g2}, ..., {g2.—1, g2} (see
@)

Let
[k /2]

def j*[w(k)]gf’ltmik), (11)
where > is supposed to be equal to zero; another notations are the same as in
0
Theorem 1.

Theorem 2 [14], [17], [52]-[54]. Assume that the CONS {¢;(x)}32, in the
space Lo([t, T]) and Y1 (7), ..., () € Lo([t,T]) are such that
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X
q#91,92,-,92r—1,92r

,1};,{;002 Z Z

Jj1=0 Ja= Jx=0

SOy Y

Jg1=0 Jg3=0 Jg2r—1=0

min{pgl "Pgq } min{pg3 "Pgy } min{pgzr_ 1:Pgo,. }
X

Jg1= 092509271 =92,

=0

1 2
_y H 1{921292171+1}Cjk...j1
(Jggdgr )>()e-(Gggpdgay 1 )™ ()a]ql Jgg2Jgg 1= Jgo,

- (12)

forallr =1,2,...,[k/2] and for all possible g1, ga, - . ., g2r—1, gor (see ({)). Then,
for the sum J*[p* )](“ ) of iterated Ito stochastic integrals defined by (1) the

following expansion

P - i, 35S0 T

Jj1=0 Jx=0

that converges in the mean-square sense is valid, where Cj, _; 1is the Fourier

coefficient (8), 1.i.m. is a limit in the mean-square sense, i1, ...,i; =0,1,...,m

T
= / ¢;(7)dw!

are independent standard Gaussian random variables for various i or j (in the
case when i # 0), W&O) =T

Using Theorem 1, we obtain the following corollary of Theorem 2.

Theorem 3 [14], [17], [52]-[54]. Suppose that {¢;(x)}32, is an arbitrary
CONS in Lo([t, T]) and 11 (7), ..., ¥r(T) are continuous functions at the interval
[t, T]. Furthermore, assume that the condition (I2) is satisfied for py = ... =
pr = p. Then, for the iterated Stratonovich stochastic integral [B) of multiplicity
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k (k € N) the following expansion

p
J*w(k)];’lt“mzlﬁ?o' ST G [T

jl7"'7jk:0 =1

that converges in the mean-square sense is valid, where notations are the same
as in Theorem 2.

2.3 Auxiliary Result That Follows From Lebesgue’s Dominated

Convergence Theorem

Let us note one fact that follows from Lebesgue’s Dominated Convergence Theo-
rem. Suppose that {g; (x)};x;o is an arbitrary sequence of real-valued measurable
functions such that

P
Zgj(x) <K<oo VpeN (13)
=0

almost everywhere on X (with respect to Lebesgue’s measure), where constant
K does not depend on z and p, and

pP—00 -

P
lim Zgj(:z:) exists (14)
7=0

almost everywhere on X (with respect to Lebesgue’s measure).

Then by Lebesgue’s Dominated Convergence Theorem we obtain

t [ @) (Y g@)) do= [ ) (X a@)) an 03)
X j=0 X J=0

where g(x) € Lo(X).
The equality (I5) will be used further?.

n our article [I7] there was an inaccuracy. Namely, the formula (171) (see [I7]) is true under the additional

condition

P
> lgi(@)] € K < o,
§=0

where constant K does not depend on = and p, or under another sufficient conditions ([I3]), (I4)) (see this article).
Therefore, the conditions of Theorems 19-22 (see [I7]) must be clarified. More precise formulations of these
theorems can be found in [14] (see Theorems 2.52-2.55). This clarification in [14] is carried out using ([I3)), (I4)

(see this article).
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3 Main Results

3.1 Expansion of Iterated Stratonovich Stochastic Integrals of Mul-
tiplicity 5. The Case of an Arbitrary CONS in Ly([¢t,T]) and

(1), .., s(1) =1

In this section, we will prove the following theorem.

Theorem 4 [14], [52]-[54]. Suppose that {¢;(x)}32, is an arbitrary CONS
in Lo([t, T]). Then, for the iterated Stratonovich stochastic integral of fifth mul-
tiplicity

« T s l2
TN = / / dwyt) .. dwi
t t

the following expansion
(i1...i5) }p: (i1) (i5)
J*[w(S)]T,lt = ll_}g | Cj5...j1Cj11 R Cj;

that converges in the mean-square sense is valid, where iq,...,15=0,1,...,m,

T >
st---jl - /¢j5(t5) e / ¢j1 (tl)dtl . dis
¢ t

and
T
¢ = / ¢;(r)dwl
i

are independent standard Gaussian random variables for various i or j (in the

case when 1 # 0), w&o) =T

Proof. Step 1. According to Theorem 3, we conclude that Theorem 4 will
be proved if we prove the following equalities (see (I2) for £ = 5,7 = 1 and

k=57r=2(p1=...=ps;=p)) under the conditions of Theorem 4
p p 1 2
lim Z Z Cj5j4j3j1j1 - _Cj5j4j3j1j1 =0, (16>
oo et | 2 o
337]41.7520 .71:0 (-]1-]1)/—\’( )
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p p
lim Z Cj1j4j3j2j1 =0,
J2,33,J4=0 \j1=0
p p 1 2
lim § : Cj5j4j2j2j1 - _Cj5j4j2j2j1 = 07
p—o0 L ; 2 »
J1,J4,J5=0 \j2=0 (J272)(¢)
p p 2
lim E : E : Cj5j2j3j2j1 =0,
p—o0 | ]
]17]37]520 .]220
p p 2
lim E : E : Cj2j4j3j2j1 =0,
J1,33,J4=0 \j2=0
p p 1 2
lim Y~ Ciujainioin — 5Clsinisiai =0,
p—00 = ; 2 . _
J1,J2,J5=0 \j3=0 (j3js)(:)
p p 2
lim E Ciiiii =0
p—oo  L— ' J3J4J372J1 )
J1,J2,Ja=0 \j3=0
p p 1 2
lim § : E :Cj4j4j3j2j1 - _Cj4j4j3j2j1 =0,
p—o0 = ; 2 N
J1,J2,93=0 \j4=0 (Jaga) ()
p p 1 2
plggo E : Cj5j3j3j1j1 - ZCJ5j3j3j1j1 N N -
§5=0 \U1,j3=0 (Jrg) (), (J3gz) ()
p p 2
lim E Caiivi =0
P00 4 L J3J4J3J1J1 ’
Ja=0 \Jj1,73=0
p p 1 2
ph_{go E : Cj4j4j3j1j1 - 10j4j4j3]'1j1 =
(J170) (), (Gaga) ()

J3=0 \J1,54=0

p p
lim E : E : Cj5j4j1j2j1 =0,
p—o0 | ]
J2,34,J5=0 \j1=0
p p
lim E : § : Cj5j1j3j2j1 =0,
p—>OO

J2,33,J5=0 \j1=0

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)

(28)

https://doi.org/10.21638/11701 /spbu35.2024.406 Electronic Journal: http://diffjournal.spbu.ru/ 113



Differential Equations and Control Processes, N. 4, 2024

(J2g2)

p p
hm E C’ .....
P00 P4 J5J2J1J2J1
J5=0 \J1,52=0
p p
hm E C’ .....
oo 4 L J2J4J1J2J1
Ja=0 \J1,j2=0
p ( P \
lim E Clivisiioi
proc - P4 JaJ4J1J2J1
J2=0 \J1,j4=0
b p
lim E Clisivinjai
P00 4 \ . J5J1]212J1/
75=0 \J1,72=0
p p
hm E C’ .....
oo 4 \ ' J2J1J3J2J1
73=0 \Jj1,72=0
D ( p
hm E C’ .....
poo 4 L J3J1J3J2J1
J2=0 \J1,j3=0
p ( P \
lim E Cli\ivinai
pro0 - P4 J1Jaj2J2J1
Ja=0 \J1,j2=0
b p
lim E Cl\ivisji
oo 4 \ j1]2j3]2]1/
J3=0 \J1,52=0
hm C’ .....
P00 J1J3J3J2J1
J2=0 \J1,53=0
p
plggo E , Cj4j4j2j2j1 - Cj4j4j2j2j1
J1=0 \J2,74=0
p
lim E Clisivisjai
poc 4 J3J2J3J2J1
J1=0 \J2,53=0
p
hm E C’ .....
oo 4 J2J373J2J1
J1=0 \J2,j3=0

(), (Jaja)~

=0,

(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)

https://doi.org/10.21638/11701 /spbu35.2024.406 Electronic Journal: http://diffjournal.spbu.ru/ 114



Differential Equations and Control Processes, N. 4, 2024

Step 2. Let us prove the equalities (I6)—(25). Using Fubini’s Theorem and
Parseval’s equality, we obtain the following relations for the prelimit expressions
on the left-hand sides of (I6)—(25)

2
(jljl)f\v(')>

p p 1
Z (Z Cj5j4j3jljl o 20j5j4j3j1j1
t3 2
t3 — 1
(/ ¢35 t5 /¢J4 t4 /¢J3 t3 Py /¢j1(7_)d7_ - 2 X
t

J3,J4,35=0 \71=0

J3:J4,J5=0 ]
2
thgdt4dt5> <
D 1 i3 2 -
(/ ¢J5 t5 /¢j4 t4 /Qb]?, t3 Zi /gbjl(T)dT - 2 X
J3:J4,J5=0 1=0 4
2
thgdt4dt5) =
2
ts —t
= / (1{t3<t4<t5} /Qﬁh - 5 dtgdt4dt5, (41)
[t,T]3 n= 0
2
Z (Z Cj5j4j1j2j1> -
J2,J4,J5=0 \j1=0
</¢j5 t5 /¢J4 t4 /quz t2 Z/Qb]l 131 dt1/¢]1 t3 dt3 x
J2:J4,J5=0

X dtg dt4dt5) S

(/@5 t5) /@4 ty) /% ) Z/% t dm/% t3)dts x
J2,J4,J5=0

j—O
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2
th2dt4dt5> =
to 2
_ / (Lityetier)” Z / 5, (1) dty / ; (t3)dts | dtadtydts, (42)
Ak n=0% b

2
Z (Z Cj5j1j3j2j1> -
=0

J2,33,J5=0 \j1=0

(/ ;s (t5) /% t3) /% ta) 1poj¢jl(t1)dt1Z¢jl(t4)dt4><

X dtgdtgdt5) <

(/%5 ts) /625;3 ts) /%2 t2) Z/¢J1 ty dtl/%l ta)dtsx

J2,73,J5=0

J2,J3.J5=0
thzdtgdt5> =
2
_ / (Lityetsetny)’ Z / 5, (1) dty / ¢; (ta)dty | dtydtsdts, (43)
[t,T]3 J1=0

2
Z (Z Cj1j4j3j2j1> -

J2,J3,J4a=0 \71=0

(/% ty) /@3 t3) /% t) Z/% t dm/% t5)dts x
72,73,54=0

X dtgdtgdt4) <
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( / 03, (11) / 03, (1) / 0 (1) Z / o3 (1)t / 03 (1)t
J2,73,74=0

X dtzdtgdt4> =

2

= / (1{t2<t3<t4} / bj, (t1)dty / ¢, (ts)dts | dtadtsdty, (44)

[t,T]3 J1=0
2
(j2j2)f\v(')>

(/ ®js (ts) /¢g4 ts) /%1 t1) :)07%'2(752)i¢j2(t3)dt3dt2><

§ : <§ :Cj5j4j2j2j1 - j5j4j2j2j1
=0

J1,34,J5=0 \j2=0

J1:J4,95=0
ta 1o 2
thldt4dt5 /¢j5 t5 /gbh t4 //gﬁ]l tl dtldtgdt4dt5> =
ty 2
ty — 11
¢j5 t5 ¢j4 t4 ijl tl ¢j2(t2)dt2 — 9 X
J1 j4j5 0 i
2
thldt4dt5> S
ty 2
ty — 11
% t;) @4 ta) % th) Z— bp(t2)dty | — == | x
J 3435 0 i
2
thldt4dt5) =
) 2
ty — 11
= (1{t1<t4<t5} ¢32 ty)dty | — 5 dtidtydts,  (45)
[t,T]3 J2= 0
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2
Z (Z Cj5j2j3j2j1> -

J1,J3,95=0 \j2=0

zp: (h O/ﬁ% ts) /%3 t3) /%2 t2) /%1 ty dtldtQ/gbjz ty)dtyx

J1,73,95=0

thgdt5> =

( / 03 () / 03, (1) / 5y / 0 (1)t / 0 (11}t X
71,73,95=0

Jo _Otl

X dtl dtgdt5) <

( / 03 (1) / 03, (1) / o3, (1) Z / 0y (t2)dt / 0 (£2) s X
J1,73,75=0

—Otl
thldtgdt5> =
2
— / (1{t1<t3<t5} Z / bj, (t2)dts / G, (ta)dty | dtidtsdts, (46)
[t,T]3 Jo= 0t1

2
Z (Z Cj2j4j3j2j1 ) -

J1,J3,J4=0 \j2=0

p
= ) ( / ¢, (ty) / ¢, (t3) / ¢, (t2) / ;. (1) dtydtydts / ¢, (t5)dts %
J2=0

J1,J3,J4=0
th4) =
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(/ i, (ta) /%3 t3) /%1 t1) Z/%Q b dtz/ﬁ% t5)dts ¥
J1odsrga=0

J2 _Otl

X dtl dtgdt4) S

(/@4 t4) /@3 t3) /qﬁ]l t1) Z/% ty d@/% t5)dtsx
J1,73,74=0

J2 _Ot1

X dtldtgdt4> =

2

— / (1{t1<t3<t4} Z / bj, (t2)dts / b, (ts5)dts | dtidtsdty, (47)

it.7]? 2704
2
(j3j3)f\v(')>

(Z/¢J5 t5 /gb]l tl /¢j2 t2 /ijg t3 /¢j3 t4 dt4dt3><
J1,J2,55=0 \j3=0

ts ts
th2dt1dt5 /¢35 t5 //¢32 t2 /¢]1 t1 dtldtgdtgdt5> =
(Z/@S t5) /@1 th) /¢Jz t2) /@3 t3) /¢J3 ty)dtydts x
J1,J2:95=0 \j3=0

2
thzdtldt5 /¢j5 t5 /gﬁ]l tl /(;5]2 t2 /dtgdtgdtldt5> =

to

E | (E Cisjsiniois — 5 Clsjajaiuin

J1,92,J5=0 \j3=0

2

</¢J5 t5) /% t1) /gbh t2) sz%% icbjg(t?))dt?, B t5;t2 X
T t2
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2
th2dt1dt5> <
P g ?
ts — to
(/%5 t5) /Qbh t) /(rbjz t2) 25 /¢j3(t3)dt3 -3
J1:J2:5=0 J3=0 t
thgdtldt5) =
2 2
ls — 1o
= (1{t1<t2<t} gbjg t3)dtz | — 5 dtydtidts,  (48)
[t,T]3 J3= 0
p 2
Z (Z Cj3j4j3j2j1> =
J1:J2:J4a=0 \7j3=0
T T
( /@1 t1) /¢32 t2) /¢33 t3) /%4 ts) /¢33 ts)dtsdtadts <
J1,J2,J4=0 \j3=0
2
th2dt1> =
(/ ¢j, (t1) /%2 ts) /¢j4 ts) Z/%g ts dt5/¢g3 t3)dtzdtyx
J1,J2,54=0 ja= Ot4
thgdtl) S
» T
(/ ¢, (t1) /¢32 t2) /¢g4 ty) Z/¢y3 ts dt5/¢g3 t3)dtsdtyx
J1,J2,Ja=0 J3=0%,
2
th2dt1> =
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T 2

- / (1{L‘1<L‘2<t4} Z/¢33 ls dt5/¢]3 ts)dts | dtydtadty, (49)
Z (Z Cj4j4j3j2j1 - j4j4j3j2j1

[t,T]3 J3=0¢,
2
J1,J2,33=0 \ja=0 (j4j4)m(-)>

(/ ¢J3 t3 /¢J2 t2 /¢j1 t1 dtldt22/¢j4 t4 /¢J4 t5 dt5dt4><
J1,J2,J3=0

Ja= 0t3

T ty

Xdts — —//(% ts) /%2 t2) /%1 t1 dt1dt2dt3dt4> =

2

"1 T —t3
( / iy (t3) / jy(t2) / 5, (t) 25 / Gja(ta)dty | ———— | X
J1,J2,33=0 j4=0 iy

X dtldtht3> <

2

T
T —t
</¢33 ts) /¢32 ta) /¢31 t1) Z— /¢j4(t4)dt4 i X
J1,J2,J3=0 %
2
thldtgdt;;) =
2 2
T—t
= / (1{t1<t2<t3} /¢J4 ty)dty | — 5 E dt1dtodts. (50)
Ja= 0

[t,T]?

Further, applying the Parseval equality and the generalized Parseval equal-
ity (Parseval’s equality for two functions) as well as using the Cauchy—
Bunyakovsky inequality, we have

T

t 2
Z /¢j(5)d5 = / (1{t1<s<t2})2d5 =ty — 11, (51)

7=0 131 t
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o B2 12 ~ T T
Z/¢j(5)ds/¢j(3)dsz Z/l{t1<s<tz}¢j(3)ds/1{t3<s<t4}¢j(3)d5’:
=07 ts J=0"7% t

T
= /1{t1<s<t2}1{t3<s<t4}d5 =0, (52)

(tgtl)zp:(/gbj(s)ds <t <T—t <o, (53)

ii@(S)dsi@(s)dS | < i /t2¢g(s)ds>2i i@(s)ds 2 <
< 00, (54)

Wheret§t1<t2§t3<t4§T.

Using Lebesgue’s Dominated Convergence Theorem and (BI)—(54), we ob-
tain that the right-hand sides of (dI)—(50) tend to zero when p — oo. The
equalities (I6)—(25]) are proved.

Step 3. Before proving the equalities (26)—(40), we show that

p
Z Cj3j3j1j1(377-) <K, (55)
J1,J3=0
p
Z Cj1j3j3j1(5a7-> < K, (56)
J1,J3=0
p
Z Cj2j1j2j1(877-) <K, (57)
J1,52=0
p D 2 S P to s 2
> (Z cy-lj-m(sm)) < [|3 [ oatwin [otades| a9
J2=0 \j1=0 ~ J1=0 " t2

where constant K does not depend on p, s, 7; here and further in this proof

S tg
Cjk_._jl(S,T):/¢jk(t/€).../¢jl(t1>dt1...dtk (]{3:1,...,4, tST<S§T>.
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Further, by K, K, Ky we will denote contants that can change from line to
line.

By analogy with the formulas (145), (155), (165) and (128)—(130) from [17],
we get

Z CJ3J3J1J1 S, 7- Z st J3Jl]1(S7T) _% (Z (le(S,T))2> ) (59)

J1,33=0 J1,93=0 §1=0
Z 012]1]211 Z Cjz S, 7- ]1]2]1 Z 011]2 12]1( 7-)7
J1,J2=0 J1,J2=0 ]1]2 0
(60)
1 & 2
Z 0]1]313]1 S, 7- Z C]l S, 7- ]3]3]1( 7-) o 5 Z (Cj3j1(877-)) ) (61)
J1,J3=0 J1,J3=0 J1,J3=0
1
lim Z Clajsiin (5:7) = 3(s = 7)%, (62)
p—00 8
J1,J3=0
ph_glo Z 03231]2]1(3 7_) 0 (63>
J1,J2=0
ph_glo Z 011]3]311( ) = 0. (64)
J1,93=0

Using (B9), Parseval’s equality, Cauchy—Bunyakovsky’s inequality, as well
as Fubini’s Theorem and the elementary inequality (a + b)? < 2a? + 2b?, we
obtain

( Z Cj3j3j1j1(877-)> <2 ( Z ng(‘s’T)stjlh(SvT)) =+

J1,33=0 J1,J3=0

42 6—14 (Z(le(s T))2> <

J1=0
p 2
- 22 (Cj3( Z (Z J3Jii S T)) + K <
J3=0 73=0
00 P 2
< K Z (Z Cj3j1j1(377_)> + Ky =
J3=0 \j1=0
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00 S P t3 tg 2
= Ko Z /¢j3 (tg) Z/¢j1 (tz) /¢j1 (tl)dtldtzdtg + K4 =
J3=0 \ 7 =07 -

2

S t3

P
= K2/ Z /¢j1(t2)dt2 dtz + Kp <
T =0 \7
2 2

i3
Z /¢j1 (t2)dts dts + Ky =
=0 \;

N | —

S

SKz/

T

N | —

S

1 2
:K2/(§(t3—7'>> dt3+K1§K<OO,

T

where constants K, K1, K> do not depend on p, s, 7. The equality (55 is proved.
Let us prove (B6]). Using (61I) and the above reasoning, we get

(Z Cirjsisi (8 > <Z Cj, (8, 7)Cligjan (8 T)) +

J1,33=0 J1,53=0
1{ & ?
). ! ( > (CunteF) <
J1,53=0
p ) p 2
Z Z (Z Cj3j3j1(577_)> + K; <
1=0 J1=0 \js3=0
00 D 2
T (z Chonts)) +16-
J1=0 \y3=0
S S S 2
00 p
= K2Z /%(tl)Z/%(tz)/¢jg(t3)dt3dt2dt1 + Ky =
J1=0 T jSZOtl to

2\ 2

S 1 D S
— Kg/ 5 ZO /¢j3(t2)dt2 dt + K; <
T J3= th
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S 1 00 S
< Kz/ 5]220 /¢j3(t2)dt2 dt; + Ky =
T 3= tl

:K2/<§(S—t1>> dt1+K1§K<OO,

T

where constants K, K1, K> do not depend on p, s, 7. The equality (B6)) is proved.
Let us prove (57), (5). Applying (60), (B4) and the above reasoning, we

have
p 2 p 2
( Z Cj2j1j2j1(377_)> <2 ( Z Cjz(SaT)lejﬂl(S?T)) +
J1,j2=0 J1,Jj2=0
2
+2- - ( Z lejz S T)CJQJI(S T)) <
J1,J2=0
p - p P 2
Z Jo S 7_ Z (Z lejzjl ) +
7o=0 Jo= 0 N 0
1 p p )
5 Z Jljz Z (032]1(5 T)) <
' J1,j2=0
p p 00 p 2
< K Z (Z Cj1j2j1(877-)> + K1 < Ky Z (Z Cj1j2j1(877-)> + Ky = (65)
Jj2=0 \j1=0 Jj2=0 \j1=0
50 S p to S 2
— K5y /@ﬁgz;ﬁ%mﬂh/@ﬁﬂmﬁg LK, =
J2=0 \ 7 71=07 to
s 2
:&/“ /@J“m/@ﬁ@ﬁ3<m+Kl (66)

- =07
g&/WTwW—MVm+&§K<m,

where constants K, K1, Ko do not depend on p, s, 7. The equalities (57) and
(BS) (see (65), (66)) are proved.
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Step 4. Let us start proving the equalities (26)—(#0). Using Fubini’s The-
orem and Parseval’s equality, we obtain the following relations for the prelimit

expressions on the left-hand sides of (26)), (29), (| BY])-
p
> ( > Chuaisiuii — Cj5j3j3j1j1 )
Js=0 \Jj1,j3=0 (J171) (), (Jsgs)
p A p
- Z /¢J5 t5) Z 0]31311]1 t57 U /(T - t)d dts <
J5=0 J1,J3=0 f
o0 T p 1 ts 2
< Z /¢3° ts) Z Clajajus (t5,1) — 4 /(T —t)dr | di; =
J5=0 J1,J3=0 !
T P | 92
2
~ [ X Coniiltst) — 5015~ 02 ) s (67
t J1,J3=0
2
p
3 (32 ) =3 ([0 55 st <
J5=0 \J1,j2=0 J5=0 \} J1,J2=0
00 2 T P 2
Z /gbjs t5 Z 03231]2]1 t57 dt5 :/ ( Z Cj2j1j2j1(t5vt)) dts,
Js=0 J1,72=0 f j1,72=0
(68)
2
p
31 S IS0 of J EXED SEcmYs 1B
J5=0 \J1,j2=0 J5=0 \'} J1,J2=0
00 2 T P 2
Z /¢35 ts) Z 03132]2]1 ts, t)dts :/ ( Z Cj1j2j2j1(t5?t>) dts,
Js=0 J1,72=0 f j1,72=0
(69)
2
Z ( Z Cj4j4j2j2j1 - Cj4j4j2j2j1 ) =
J1=0 \Jj2,j4=0 (J242) (), (Jaja) ()
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p
Z /%1 th) Z /%2 t2) /%2 t3) /%4 ta) /¢j4 ts)dtsdtsdtsdtadt; —
J1=0

.]2 .]4 Otl
ts ts 2
_—///¢Jl ty)dtdtsdts | =
» T p T 2
=y S () | D Cirjuguin(T tl)—1 (T —t3)dts | dty | <
' ¥ P4 Ja34J292 \+ » A ~
J1=0 \ '} J2,74=0 i
T 2
- 1
Z (/ (t1) ( Z Ciajagoin (T 1) — g(T — t1)2> dt; | =
J1=0 J2,74=0
T 2
& 1
:/ ( Z Cj4j4j2j2(T, tl) - g(T - t1)2) diy, (70)
+ J2,J4=0
P 2
Z ( Z Cj3j2j3j2j1) -
71=0 \J2,73=0
D T P T T
Z( [oat) > [onte / 0313 / a(t0) [ 03 t5)dtadtix
1=0 \% J2:J3=04 b s i
thgdtgdt1> =
2
p
Z Cj3j2j3j2 (T7 tl)dtl <
Jj1=0 J2,J3=0
0 T 2
< Z / tl Z 033323332 T tl dtl =
Jj1=0 J2,J3=0
2
_/<Z Cj3jzj3j2(T7t1)) dty, (71)
+ J2,J3=0
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P 2
Z ( Z Cj2j3j3j2j1) -

J2,73=0

:hi(/% oy /% t) /% t) /% ) /% 45 )dtadts

J2,J3= Otl

X dtgdtgdt1> =

2

p
- Z /¢31 tl Z 032333332 T t1>dt1 <
J1=0

J2,J3=0
2 T

2
p
< Z /¢31 tl Z 032333332 T tl)dtl :/ ( Z Cj2j3j3j2(Ta tl)) dt.

=0 \'} J2,J3=0 f J2,73=0
(72)

Using Lebesgue’s Dominated Convergence Theorem and (55)—(57), (62)—-
(64)), we obtain that the right-hand sides of (67))—(72) tend to zero when p — oo.
The equalities (26]), (29), (32), (88)-(0) are proved.

Further, let us prove the equalities (28), (B0), (33)), (34), (Bd). Using Fu-
bini’s Theorem, Parseval’s equality and Cauchy—Bunyakovsky’s inequality, we
have the following relations for the prelimit expressions on the left-hand sides

of [28), (30), (33), B4), (36)

p 2
Z ( Z Cj4j4j3j1j1 - Cj4j4j3j1j1 > =
J3=0 \Jj1,ja=0 (7)), (Jaga) ()
p
- Z /¢]3 t3 Z /¢31 t2 /¢j1 tl dtldt2/¢]4 t4 /¢j4 t5 dt5dt4dt3—
J3=0 J1,4=0
T t4 t3 2
1
_1/ ¢j3(t3)/dt1dt3dt4 <

t t t

> 2
/%1 ty)dty /¢j4(t4)dt4 -
t3
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- 2
1
—Z(tg—t)/du dts | =
i3
T t5 » T 2 2
1
_ / / o (t)dts | S / Sty | — 1ty =0T —13) | dny,
t t Ja=0 \4,
(73)
2
Z ( Z Cj2j4j1j2j1) -
Ja=0 \J1,72=0
2
P
-3 / o103 / 03 (1) / 0 (1) / 05, (1) dtrdbdt / o (1) dtsdty | <
Ja=0 J1,52=0

2

< Z /¢J4 t4 Z lejzjl la, )CJQ(T t4)dt4 =

Ja= J1,52=0

T 2
/ (Z Z lejzjl t47 Jz (T t4>) dty <
t

J2=071=0

o

T » 2
/ 32 T t4 22 (Z lejzjl by, t ) dty <

+ J2=0 J2=0 \j1=0

/Z 32 T t4 22 (Z lejzjl ty,t ) dty <

+ J2=0 J2=0 \j1=0

T D p 2
< Kl/z (Z lejzjl(fzxat)) dty < (74)

t jQZO j1:O

< K, / / Z / ¢, (t)dty / ¢;,(t3)dts | dtadty = (75)

t J1=07%
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= K, / Liyety) Z / 5, (1) dt / ;, (t3)dts | dtadty, (76)

[t 772 n=07%

where constant K; does not depend on p and the transition from ([74]) to (75)
is based on (G8));

2
Z ( Z Cjzjljsjzjl) =

J3=0 \J1,52=0
p T ?
= Z /@3 /¢]2 t2) /%1 1] dtldt2/¢gl ty) /¢j2 ts)dtsdtsdts | <
J3=0 J1,72=0
T 2
< Z /¢33 /¢32 t2) /%1 t dt1dt2/¢gl t1) /¢32 to)dtadt dts | =
J3=0 J1,72=0
T
:/ ( /¢]2 t2 /¢j1 3] dtldt2/¢]1 tl /Qbh t2 dthtl dtg =
J1,J2= =0 t

T
p
:/ Z /1{t1<t2<t3}¢j2(t2)¢j1(t1)dt1dt2x
/ —

2

X / Litysty >G5 (t2) @5, (T1)dtadty | dts, (77)

[t,T]?

where, using the generalized Parseval equality and the Cauchy—Bunyakovsky
inequality, we obtain

p

Jim > / Lit <ty <ts} @2 (12) &5, (1) dtrdt / Lity >ty 515} ) (£2) &5, (1) dtrdto =
I632=0 1 e it.7]?

- / 1{t1<t2<t3}1{t2>t1>t3}dt1dt2 - 07
.77
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2
/ Lit, <ty <t;) 95 (E2) @), (f1)dtrdty / Lityst > ;)0 (t2) B, (T)dtadtz | <
I:32=0 1y 7y [t,T]?
2
p
S Z / 1{t1<t2<t3}¢j2(t2)¢j1(tl)dtldt2 X
jlaj2:0 t’T]Q
2
x> / Lityot,515) 95 (E2) @), (f1)dtrdts | < Ky < o0,
j11j2:0 t,T]Q
where constant K does not depend on p;
2
Z ( Z Cj3j1j3j2j1) -
J2=0 \J1,j3=0
2
p
- Z @2 ts) Z / ¢, (t1)dty / 3, (t3) / ¢, (t4) / s, (ts ) dtsdtydtsdty | <
J2=0 J1,J3=0
2
< Z @2 ts) Z / ¢;, (t1)dty / ¢, (t3) / @, (t4) / ¢, (b5 ) dtsdtydtsdty | =
J2=0 J1,J3=0
T D to
/ Z / ¢, (t1)dty / 3, (t3) / 0, (t4) / s, (ts)dtsdtydts | dby =
Js= t

T
p
= / > i (ta,t) / b, (ts) / bj, (ts) / ¢, (t3)dtsdtydts | dty =
t

J1=0 J3=04,

/(Z le to,t Z 1311]3(T t2)) dty <

J1=0 j3=0
T » 2
< [ 30?3 (3 th) it <
+ 1=0 J1=0 \j3=0

https://doi.org/10.21638/11701 /spbu35.2024.406 Electronic Journal: http://diffjournal.spbu.ru/ 131



Differential Equations and Control Processes, N. 4, 2024

< Kl/zp: (i Cliajjs (T, t2)> dty < (78)

J1=0 \j3=0

T T
<K / / Z / ¢, (1) dt / ¢, (t3)dts | ddty = (79)
t i

J3= Otg

— K, / (t2<0) Z / 5, (1) dt / 5, (t3)dts | dfdts, (80)
T2

J3= Ot2

where constant K; does not depend on p and the transition from (78) to (79)
is based on (G8]);

2
plggoz ( Z Cj1j2j3j2j1) -

J3=0 \J1,52=0
p T 2
=y / ¢, (t3) Z / 3, (t2) / ¢, (t1)dtdt / b, (1) / 5, (ts)dtsdtydts | <
J3=0 J1,Jj2=0
2
< Z ¢J3 t3 Z /¢Jz t2 /¢jl tl dtldt2/¢32 t2 /¢]1 tl dtldtgdtg =
J3=0 J1,Jj2=0
Z / ¢, (t2) / ¢, (t)dt dts / ¢, (t2) / ¢;,(t)dtydty | dts =
J1,72=0
T
/ / 1{t1<752<t3}¢j2(t2)¢j1 (tl)dtldtQX
J1,J2=0 [t, 772
2
X / Lty ty55) Do (2) B, (1) dtrdty | dt3, (81)
[t 1]

where, using the generalized Parseval equality and the Cauchy—Bunyakovsky
inequality, we obtain
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p

Jim > / Lit <ty <ts} @2 (12) &5, (1) dtrdt / Liti>ty515} o (£2) &5, (11)dtrdto =
J1:2=0 1 2 £,
= / 1{t1<t2<t3}1{t1>t2>t3}dt1dt2 - 07
[t,17?
P
/1{t1<t2<t3}¢32(t2)¢31(tl)dtldt2 / Lt sty @jo (2) @5, (B1)dtrdty | <
J1,72=0 [tT]2 [t’T]Q

p

< Z / 1{t1<t2<t3}¢j2 (t2)¢j1 (tl)dtldt2 X

jlaj?zo t,T]Q

2

p
x> / Lt >4 05 (t2) )y () dtrdiy | < Ky < o0,

jlaj?zo t,T]Q

where constant K7 does not depend on p.

Using Lebesgue’s Dominated Convergence Theorem, we obtain that the
right-hand sides of (73), (7)), (77), (8Q), (8I) tend to zero when p — oo. The
equalities (28), (30), ([33)), (34), (B6) are proved.

Step 5. Finally, let us prove the equalities (27)), (31]), (83), (37). Using Par-
seval’s equality, Cauchy—Bunyakovsky’s inequality, as well as Fubini’s Theorem
and the elementary inequality (a + b)? < 2a® + 2b?, we obtain for the prelimit
expression on the left-hand side of (27))

2
Z ( > Cj3j4j3j1j1) -

Ja=0 \J1,j3=0
2
p
— Z / ¢, (ts) Z / b, (13) / 5, (12) / ;. (1) dtydtydts / s, (ts)dtsdty | <
=0 Py
2

o /T
< ¢, (ta)

/ 4 (13) / ¢, (t2) / b, (1) dt dtadts / ¢y, (ts)dtsdty | =
j =
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T P ty t3 to T 2
- Z Dis(ts) | &5, (t2) | @5 (t1)dtidtadts | ¢j,(ts)dts | dts =
(8 fo s

t j1,j3:0 t

T ty ! D i3 2 ; ; T 2
:/ Z/¢j3(t3) 52 /%(b)dtz F 32 dt3/¢j3(t5)dt5 dty <
t o \Js=0% =0\ t
T, t L ts 2 T 2
t3 —1
<2 / > / ;s (t3) EZ / ) (t2)dts | — 32 dts / js (L5)dts | dtst
t \J3=0% =0 \% t4
T/, T 2
t3 —1
+2 / Z / &3, (t3) 32 dts / i (ts)dts | dity <
¢ \Js=07% ty
Ty
<2 [ 30 (€T 1)
t jBZO
2
r o[ f e 2 ty —t
X Z /¢j3 (tg) 5 Z ¢j1 (tQ)dtQ — 5 dtg dt4 + Ep S
jSZO t j1:O t
T, ty L ts 2 2
ts —t
§K1/Z /¢j3(t3) EZ (/¢j1(t2)dt2 5 dts | dty+¢, <
¢ J3=0 \ % 1=0 \ %
T t4 L t3 2 2
t3 — 1
< Kl/z /¢j3(t3) 52 (/ ¢j1(t2)dt2 — 5 dtg dt4—|—€p —
t Jj3=0 t Jj1=0 t
T t4 " ts 2 2
t3 —1
:Kl// 52 /¢j1(t2>dt2 — 32 dtgdt4+8p:
t ot 71=0\%
2

ts 2
ty —t
( ¢ (t2)dly | ——5 dtzdty +¢,  (82)
t
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where constant K does not depend on p,
2

/ /gbjg ts) dt;;/gb]g ts)dts | diy.

By analogy with (52), (54)) we get

J3=07%

2

Z/¢]3 t3 dt3/¢]3 t5 dt5 < K2 < 00, (83)

J3=07%

Z / b, (15) " _tdtg / ¢, (ts)dts = (84)

J3=07%

where constant K5 does not depend on p.

Using Lebesgue’s Dominated Convergence Theorem and (1)), (53), (83),
(B4)), we obtain that the right-hand side of (82) tends to zero when p — oo.
The equality (27)) is proved.

Let us prove the equality (BI]). Using Parseval’s equality, Cauchy—Buny-
akovsky’s inequality, as well as Fubini’s Theorem and the elementary inequality
(a+b)? < 2a® + 2b%, we obtain for the prelimit expression on the left-hand side

of (31)
Z ( Z Cj4j4j1j2j1) =

J2=0 \Jj1,74=0
2
p
= Z % t2) Z / @5 (t1)dty / )i (t3) / )i (ta) / ¢, (t5)dtsdtsdtsdty | <
J2=0 J1,74=0
2
< Z ¢J2 /¢]1 1 dtl/gb]l t3 /¢]4 t4 /¢j4 t5 dt5dt4dt3dt2 =
J2=0 J1,74=0
= Z / 6, (t1)dty / &, (t3) / &4 () / 6, (ts)dtsdtydts | dty =
J1,74=0
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9 2

T
1 < T —t5
/ ¢, (t)dty / ¢, (t3) 5;} / ¢, (t)dty | T 5 dts | dty <
4= t3

J1=0
T P to T 2 . 2
—t
< 2/ Z/¢jl(t1)dt1/¢jl t3 /@4 t4 dt4 D & dts | dto+
t \1=0% t j4 0 \4,
T D to T 2
T —t3
w2 [ 30 [ ontdn [ (k) 2ty | dty <
t J1=07% i
Ty
< 2/2 (C;, (t2, 1)) X
+ =0
P T 1 T 2 T ?
ij‘g / NG EJZO / Gty | === | dty | dta+ 1y <
=0\ ¢, 1=0 \{,

T
T —1t
/¢j4(t4)dt4 T E dtz | dta+ ppy <

T T L T 2 - 2
— t3
< G / Z /%1(153) 5 Z /%'4(754)61?54 — g | ds | dbzt =
t Jj1=0 to Ja=0 ts
T T » T 2 2
1 T —t3
= K 5 Z ¢j4 (t4)dt4 — 5 dtsdty + My =
bty 7a=0 \4,
T 2 2
1< T —t3
= Kl 1{t2<t3} 5 Z ¢j4 (t4)dt4 - 2 dt3dt2 + ,LLp, (85)
[t,TP Ja=0 ts
where constant K7 does not depend on p,
T/, T 2
T —t3
fp = > o (tdty | ¢ (ts) dts | dts
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By analogy with (52), (54)) we get

Z/%l t dt1/¢g1 t3)

J1=0%

—1
3dt3 < Ky < oQ, (86)

—1
/%1 t dt1/¢]1 t3) 3dt3 =0, (87)

1=07%

where constant K5 does not depend on p.

Using Lebesgue’s Dominated Convergence Theorem and (B1l), (53), (86,
(B7), we obtain that the right-hand side of (8H) tends to zero when p — oo.
The equality (31)) is proved.

Let us prove the equality (B5). Using Parseval’s equality, Cauchy—Buny-
akovsky’s inequality, as well as Fubini’s Theorem and the elementary inequality
(a+b)% < 2a*+ 2b%, we obtain for the prelimit expression on the left-hand side

of (33)
Z ( Z Cj1j4j2j2j1) =

Ja=0 \J1,j2=0
2
p
= Z % ty) Z / i, (t3) / i (t2) / o, (t)dtrdtadts / i, (ts)dtsdty | <
Ja=0 J1,72=0
2
< Z gbh ty) Z / ¢, (t3) / ¢, (t2) / ¢, (1) dty dtodts / b, (ts)dtsdty | =
Ja=0 J1,J2=0
= Z / ¢, (t3) / ¢, (t2) / ;, (1) dtydtydts / o; (ts)dts | dty =
J1,§2=0
T
= / Z / ¢, (1) / ¢, (12) / ¢, (t3)dtsdtydty / o; (ts)dts | dty =
t J1J2=
T " ty 2 T 2
ty—t
:/ : O/¢31 t1) 532_0 /¢j2(t2)dt2 T dt1/¢j1(t5)dt5 dty <
t 1= 2= i1 ty
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T D ta . » ty 2 , t T 2
= 2/ Z/¢jl(t1) §Z /¢j2(t2)dt2 - 5 . dt1/¢j1(t5)dt5 dt,+
t J1=07% j2=0 b Y
T p U T 2
ty —t
"‘2/ Z/¢jl(t1) : 5 1dt1/¢jl(t5)dt5 dty <
t J1=07% i
T
<2 [ Y@, T.1) %
+ 1=0
v (7 A 2 ty—t 2
% Z /¢j1(t1) 2 /¢j2(t2)dt2 S — dty | dts+ p, <
n=0\1 72=0 \¢,

1< ty —t
_ Z /¢j2 (t2)dt2 — 5 Cltl dt4 + pp S

9 2
re (] LA ty—t
41
S Kl/z /¢]1 (tl) 5 Z /¢j2(t2)dt2 — 5 dtl dt4 —I-,Op —
¢ J1=0 t J2=0 t
T t L ts 2 2
ty — 1
— Kl// 5 Z /¢j2(t2>dt2 — 1 5 L dtldt4 —I—pp =
t ot J2=0 \¢,
p b ? i
1 gy — 1t
=K, [ g, 52 Op(ta)dtz | —— dtydty + p,,  (88)
[t,TP J2=0 t
where constant K does not depend on p,
T/, t T 2
ty — 1
Pp :2/ Z/%(tl) : 5 1dt1/¢j1(t5)dt5 dts.
t \J1=0% t

By analogy with (52), (54]) we get (ty —t; = (t4 — t) + (t — 1))
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t —
Z/% t)— 1dt1/¢jl ts)dts | < Ko < o0, (89)

1=07%

jfa—t
Z / i (t1)— 1dt1 / ¢, (t5)dts = 0, (90)

J1= Ot

where constant K5 does not depend on p.

Using Lebesgue’s Dominated Convergence Theorem and (B1I), (B53)), (89),
(@0), we obtain that the right-hand side of (88) tends to zero when p — oo.
The equality (35]) is proved.

Let us prove the equality (B7). Using Parseval’s equality, Cauchy—Buny-
akovsky’s inequality, as well as Fubini’s Theorem and the elementary inequality
(a+b)% < 2a*+ 2b%, we obtain for the prelimit expression on the left-hand side
of (B7)

2
Z ( Z lej3j3j2jl) -

J2=0 \J1,73=0
2
p
- Z ¢]2 /¢j1 31 dtl/%g t3 /ijg t4 /¢j1 t5 dt5dt4dt3dt2 <
J2=0 J1,J3= Ot
2
< Z % to) Z / ¢, (t1)dty / ¢, (t3) / s, (t4) / o, (ts)dtsdtydtsdty | =
J2=0 J1,J3=0
2
= Z / o5, (1) dt / ;4 (t3) / ¢, (ty) / ¢;, (ts)dtsdtydts | dty =
J1,53=0
T 2
= / Z / ¢, (t1)dt, / ;. (t5) / ¢, (L4) / ;) dtsdtydts | dty =
t J1,J3=0
T » ta T P ts5 2 2
1 ts — to
= [ |32 [ entwan foaen | 532 | [onteaans | £ 252 far | o<
t 1=V ¢ to 3= to
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t 2 2
1< [ ts — to
qﬁjl t))dt, qﬁjl ts) 52 bis(t)dts | — ——— | dts | dtr+
t J1 —O J3=0 to
T to 2
—1
+2 / Z / ¢, (t1)dt / ¢ ( t5 th5 dty <
t Jj1=0
T p
<2 [ 30 (G (ta,1))
t j1:O
T t 2 2
e 1<~ f ts — t
X Z ¢j1 (t5) 5 ' ¢j3 (t4)dt4 — 5 dt5 dtg + Xp <
J1=0 to J3=0 to
T, T L ts 2 2
s — 1
SKl/Z /¢j1(t5) EZ /¢j3(t4)dt4 ~ 2 5 2 dts | dty + x, <
L 1=0 \tQ 73=0 \j,
T (T L ts 2 2
ts — 1
SKl/Z /¢j1(t5) 52 /%'3(?54)61754 ~ 2 5 2 dts | dty+x, =
¢ 1=0 \tz J3=0 t2
T T " t5 2 2
ts — 1
:Kl// 52 /¢j3(t4)dt4 =5 5 2 dt5dt2+xp:
t oty J3=0 \g,
2

ts 2
ts — ¢
( ¢j3(t4)dt4 — 5 5 2 dt5dt2 —|-Xp, (91)
t

where constant K does not depend on p,

/ Z/%l t1 dtl/%l ts)

J1=07%

2

—t
2dts | dts.

By analogy with (52), (54]) we get (t5 —to = (t5 — t) + (t — t2))
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2

t —1
Z/%l t dt1/¢31 t5)-> 2dt5 < K3 < o0, (92)

1=07%

—1
th5 =0, (93)

Z/¢gl t1 dt1/¢31 ts)

n=07%

where constant K5 does not depend on p.

Using Lebesgue’s Dominated Convergence Theorem and (1)), (53), (92),
(@3), we obtain that the right-hand side of (O1l) tends to zero when p — oo.
The equality (B7) is proved. The equalities (I6)—(40) are proved. Theorem 4 is

proved.

3.2 On the Calculation of Matrix Traces of Volterra—Type Integral
Operators

Consider the so-called factorized Volterra—Type kernel (@), where ¢(7),. ..,

¢k(T) € Lg([t,T]), t1,...,l € [t,T] (]{5 > 2) and K(tl) = ¢1(t1) for t; € [t,T]

It is easy to see that the function () for even k = 2r (r € N) forms a family of
integral operators K : Lo([t, T]") — Lo([t, T]") (with the kernel ([@)) of the form

(Kf) (tg,,---,tg) /Ktl,... f(tg s o tg)dty,., .. .dtg, (94)

where {g1,...,gx} = {1, ..., k}, k = 2r, the kernel K(ty,...,t;) is defined by
@), f(tg,.r,---,tg) € La([t,T]"). For example,

(Kf) (ta, t3) = / K(ty, ... ty) f(t1,ts)dt1dty =
[t,T]?

to T
— ot nty) Lytyery) / () / a(t2) f (b1, )bty (95)

Consider the matrix trace of integral operator defined by (03])

(0.9]

Z <K\I’j1j2? \];,jlj2>L2([t’T]2) -

J1,J2=0
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50 T ty t3 to
= > [ ulta)d,(ta) [ ws(ts)ds(ts) [ walta)es(ta) [ r(tr)dy, (tr)x
2 framtn frstint [t |
thldthtgdt4 =
- Z Cjzjzjljw (96)
J1,72=0

where {\lejz(xay)};o,jz:o - {¢31( )¢32( )}]1 jo=0" {¢3( )};}io 1s an arbitrary
CONS in La([t, T)).

As we have already seen, matrix traces of integral operators (04]) play an
important role when proving expansions for iterated Stratonovich integrals. In
[14] (Sect. 2.27) it was explained why calculation the above matrix traces is a
problem (see also [56]). Further, we will develop the results from [17] (Sect. 3.9).

Recall that in [56], the following relation

T
P 1
plg{)lo | Z | Cjzrj2rj2r—2j2r—2---j2j2 - §/¢2r(t2r)¢2r—l(t2r)x
J2r3J2r—25--45 ]220 t

ty

X /¢2r—2(t2r—2)@/}2r—3(t2r—2) e / Uo(ta)r (ta)dts . . . dtg,_odta,, (97)
t t
is proved, where r € N, Cj, j; o, 5 »..joj> 18 defined by &), {¢;(z)}2, is an
arbitrary CONS in Lo([t, T]), and ¢1(7), ..., 9. (7) € Lao([t, T1]).

Let us prove the equality (O7)) by another method, namely by induction.
The case r = 1 is considered in [56]. Thus, the equality (@7) is true for r = 1.

Suppose that the equality (O7) is true for some r > 1. Then, using the induction
hypothesis and (97) for » = 1, we get

torio
]}gglo /¢2r+2 t21“—|—2)¢j2r+2(t21"—|—2) / l/}2r+1(t2r+1)¢jgr+2(t2r+1)><
Jor42, .]2r ----- Jo2=0 t

X t/¢2r(t2r)¢j2r(t2r)t/¢2r1(t2r1)¢j2r(t2rl)---

--/¢2(t2)¢jg(t2)/¢1(t1)¢jg(t1)dt1dt2---dtzr—1dt2rdt2r+1dt2r+2 =
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o T torio
Z / Vori2(tar+2)@js,n (torta) / Vo1 (t2r+1) Djoyn (barg1) Ao p1dtoy 2 X
J2r+2=0 t

t?r

X Z /w% t??‘ ¢]2r t2r /w2r 1 t2r 1 ¢]2T(t27‘ 1)

JorJor—2,..,J2=0

tor—1 tor 2

X / Vor—a(tor—2)dj,, ,(tar—2) / Vor—3(tar—3)0j,, ,(tar—3) ...

--/%(tz)%z(tz) /¢1(t1)¢j2(t1)dt1dt2 - dtop_3dto,_odto,_1dty,. =

T T
1

=3 / Yarto(tart2)Varia(tarre)dtato - / or (tor )1or—1(t2r) X

t t

2 ty
X /¢2r—2(t2r—2)@/}2r—3(t2r—2) o / Pa(ta)r(te)dts . . . dtoy_odts,. (98)
¢ ¢

Let us rewrite the equality (98) in the form

tort2

lim / Vor42(tars2) @y, o (t2rs2) / Yor1(tors1)Djy, s (F2rr1) X

p—)OO
Jor42 j2r ,,,,, Jj2=0 )

T 2r
X / Var (tar) iy, (tar) / Yor—1(tar—1)Pj,, (f2r-1) - - .

--/¢2(t2)¢jg(t2) /¢1(t1)¢jg(t1)dt1dt2 - dtgp_qdto,dtay1dta o =

T T
= %/¢2r+2(t2r+2)w2r+1(t2r+2)/¢2r(t2r)w2r—1(t2r)x

t t

tor 12
X /¢2r—2(t2r—2)¢2r—3(t2r—2) . -/¢2(t2)¢1(t2)dt2 L dtg_odtydtayo,  (99)
t t
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where ¢1(7), ..., ¥2r12(7) € La([t, T7).

Suppose that 1(7), (7). . ., ar_3(7), Yir(7), Yz (7) in (09) are Legen-
dre polynomials of finite degrees. Denote

h(ta, ta, ... tor—o,tor—1,tar40) =
= o(ta)a(ty) . . . Yar_a(tor—2)ar—1(tar—1)Yorsa(torta),

g(ti,ts, ... tor_s, top, tors1) =

= 1 (t1)3(t3) . . -1;%-3(t2r—3)722r(t2r)7;2r+1(t2r+1)1{t2r<tgr+1}a (100)
Sq<t17 t37 S 7t27’—37 t27’7 t21"—|—1) —
q
= Z Clyyr s O (0 O1, (t3) - - - D1 (tar—3) D1, (tor) 1.,y (T2r41), (101)
ll,...,lr_;,_l:O
where Cj ., ;, are Fourier-Legendre coefficients for the function (I00),

{éj(x)};io is a CONS of Legendre polynomials in Ly([t, T]), and (1), 3(7),
o Vo 3(T), Vo, (T), ar41(7) € La([t, T]). Then we have

. 2 o
1 lsq = gll7, .7y = 0

From (@9) we obtain (the sum on the right-hand side of ([I0T]) is finite)

p
lim Z / 1{t1<t2<---<t2r}1{t2r+1<t2r+2}8q(t17 t37 SR t2r—3a t27‘7 t2r+1) X

32r+27.727‘7"'7¢72:0 [t T]2r+2

Xh<t27 t47 Ce t21"—27 t21"—17 t27’+2) X

r+1
X H Pira(t2a—1)Pjoy (tod)dtidls . . . dbor_1dtopdla,q1dta o =

d=1

1
- 21"—!—1 1{t2<t4<...<t27«}8q(t27 t47 ) t27’—27 t27’7 t27’+2) X
[t,T]r+1
Xh(tQ, t4, cee tgr_g, tQT, t2r+2)dt2dt4 ce dtQT_thgrdtgH_g. (102)

The right-hand side of the equality (I02)) defines (as a scalar product of
Sq(t27 t47 s 7t21"—27 t21"7 t21"—|—2) and

1
ﬁl{t2<t4<...<t%}h(t27 tay. .. tor_a, tor, tori2)
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in Ly([t,T]"™")) a linear bounded (and therefore continuous) functional in
Ly([t, T)"*). The mentioned functional is given by the function

1
ﬁl{t2<t4<...<tgr}h(t27 tay ... tor—2, tor, tor42).

Note that the equality (I02) will also remain true if s, is replaced by 3,
(54 is the partial sum of the Fourier-Legendre series of any function from
Lo([t, T]Y)), i.e. the modified equality (I02) is true on a dense subset in
Ly([t, T]™™). On the left-hand side of (I02) (by virtue of the equality (I02))
there is a linear continuous functional on a dense subset in Lo([t, T]"1).
This functional can be uniquely extended to a linear continuous functional in
Lo([t, T]Y) (see [67], Theorem 1.7, P. 9). Thus, we have the equality of two
linear continuous functionals in Ly([t, T]"™1). Let us implement the passage to

the limit lim in the mentioned equality if instead of 5, we choose s, of the form
q—00

(I0T) (i.e. passage to the limit qlg{)lo in (102))

p
llm Z / 1{t1<t2<...<tgr}1{tgr+1<tgr+2}g(t17 t37 et t2T—37 t27’7 t27’+1) X

p—00 . )
Jor+2:J2rs-,J2=0 [t T]2T+2

Xh(t27 t47 SR t??‘—?a t??‘—l) t27‘+2) X

r+1
X | [ @i (ta—1) Gjos(baa)dtrdty . . . dbyy_ydbyydty,sydty,yo =

d—1

1
= 51 Litycts<. <to19(ta, ta, . o oo, toy, toryn) X
[t7T]7‘+1
Xh(ta, ta, ..., tor—o, top, toppo)dtadty . . . dto,_odto,dta, o, (103)

where 11 (1), 93(7), . . ., Yor_3(T)Uor (), Yor1 (1) € Lo([t, T)).
It is easy to see that the equality (I03) (up to notations) is the equality (97)
in which r is replaced by r + 1. So, we proved the equality (@7) by induction.

Note that the series on the left-hand side of (O7]) converges absolutly since
its sum does not depend on permutations of basis functions (here the basis in

Lo([t, T1") is {¢s(z1) .. &, (x)}), 5 —o)-
Further, let us show that
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p

lim C.
s E , heeet

jgl ajgg 7"'7jg274,1:0

1 T
- ? H 1{9212921714’1}0]"“"']'1
=1

J91= 092509271 =92,

(104)

(j!]Qj!]l )m(')"'(jQQTngr—l )m(')ng = jg2 7"'7j92T_1 = ngT

for all possible g1, g2, . . ., gar—1, g2r (see (@), where k = 2r (r =2,3,...), Cj,..j,
is defined by (R]), another notations are the same as in (97).

The case

.
H Ligo=gur+1y = 1
=1

corresponds to (O7). Thus, it remains to prove that

p

lim C.
s E , heeet

jgl 7.].937"'7.]'927«,1:0

=0 (105)

Jg1=Dg2> D927 1 =92,

for the case

H 1{9212921—1-1—1} = 0.
=1

Below we consider two examples that clearly explain the algorithm for the

proof of equality (I05). After this we will formulate the algorithm.

First, let us prove that

p
lim g Clisjnjaising =
P00 13743473711

J1,33,Ja=0
P T tg ts t4
:]}Lrgo jl’jgz’j;_o t/ Ve(te)dj, (ts) t/ V5(ts)9j,(ts) t/ Va(ta)9j,(ta) t/ V3(t3)pjs(ts) X

t3 to
X / V2(t2) 9, (t2) / P1(t1)dj, (1) dtydtadtsdtdtsdts = 0, (106)
t t

where {¢;(z)};2, is an arbitrary CONS in Ly([t,T]) and ¢1(7),...,¢s(7) €
LZ([th])
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Step 1. Using (97) (r = 1) and generalized Parseval’s equality, we obtain

) T T s
lim Y [ Welte)ds(ts) | Us(ts)p(ts) [ alta)ds,(ta) | s(ts)ey, (ts)x
e J1,J3:J4a=0 t/ : t/ : t/ : t/ :
T s
X /@/}Q(tg)gﬁjl (tg) /@/Jl(tl)gﬁjl (tl)dtldtzdt3dt4dt5dt6 = (107)
/ /
= ]}E&Z/% t6)dj, (Lo dt6/¢3 t3) @), (t3)dts %

J3=0 t

X lim Z/¢5 t5 ¢j4 t5 /¢4 t4 ¢j4 t4 dt4dt5><

p—>OO
J4=0

Xplgroloz:/l/& t2)dj, (t2) /@/11 t1)gj, (t1)dt dty =
j1=0

T

T
— [ttt 5 / ws(tn(tydts- 5 [t (108

t

Let us rewrite (I08)) in the form

LT T ts T
¢ (t )gbj?,(t ) ¢ (t )¢j4(t ) ¢4(t4)¢j4(t4) ¢ (t )gbj?,(t )X
jl,jgz,j;ot/ﬁﬁ 6/55 5/ /33 3
X /wg(t2)¢jl(t2)/wl(t1)¢j1(tl)dtldthtgdt4dt5dt6 =
= i/¢6(t6)¢3(t6)/77/}5(t4)77/}4(t4)/¢2(t2)¢1(t2)dt2dt4dt6~ (109)

Step 2. Suppose that 19(7),93(7), 14(7) are Legendre polynomials of finite

degrees. Denote

Sqlta, 3, 1a) = Z Clatat @1, (t2) D1, (£3) D1, (4), (110)

l1,l2.13=0
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where {¢;(z) };io is a CONS of Legendre polynomials in Ls([t, T']) and Cj,,;, are
Fourier—Legendre coefficients for the function g(ta, t3,ts) = Wo(te)1s(t3)1s(ts) X
XLsyety (Ga(7), B5(r), () € L[t TN, e Tim sy — g1y =0

From (T09) we obtain (the sum on the right-hand side of (II0) is finite)

(0.9]

> / Lt etny Lt <ts) Sq(tas ta, ta) e (te) Vs (5 )01 (81) By, (t6) djs (t3) D5, (E5) X

J1,J3 aj4:O[t7T]6

X ¢j4 (t4)¢j1 (t2)¢j1 (tl)dtldtgdt3dt4dt5dt6 =

1
=1 / Sq(ta, e, ta)Yo(te) s (ta) i (ta) dladtsdts. (111)
[t.1]3
Note that the equality (I1I]) remains true when s, is a partial sum of the
Fourier-Legendre series of any function from Ly ([t, T]?), i.e. the equality holds

on a dense subset in Ly([t, T]?).

The right-hand side of (I11)) defines (as a scalar product of s,(ts, s, t4) and
M6(t6)Us(ta)wr1(t2) in Lo([t, T1%)) a linear bounded (and therefore continuous)
functional in Ly ([¢, T]?), which is given by the function 3t(t6)ts(ts)1h1(t2). On
the left-hand side of (III)) (by virtue of the equality (ITI])) there is a linear
continuous functional on a dense subset in Lo([t, T]?). This functional can be
uniquely extended to a linear continuous functional in Ly ([t, T]?) (see [57], The-
orem 1.7, P. 9). Let us implement the passage to the limit qlggo in (IT1)) (at that
we suppose that s, is defined by (II0))

0]

> / Lt <tywto} Ltawts) V6 (16) 15 (1) Va(ta) s (t3) o (ta) b1 (1) 5, (te ) 5, (£3) X

J1.J3 ’j4:0[t,T] 6

X ¢, (t5) 05, (t4) D), (t2) dj, (t1)dt1dtadtsdtsdtsdts =

/1{t2<t6}w6(%)%(t@%(u)@(u)%(mwl<t2>dt2dt4dt6. (112)
T

] =
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Rewrite the equality (I12) in the form

(0.9]

> / Lt <ty<ts) Lityets) V6 (6) s (t5)10a(ta) 3 (t3) 2 (t2) vr (t1) @y, (t6) 0y (£3) X

jl aj3 aj4:O[t7T]6

X ¢, (t5) D5, (ta) @), (t2) by, (t1)dtydtadtsdtdtsdts =

/1{t2<t6}@/}6(t6)¢3(t6)@/}5(t4)¢4(t4)@/12(t2)l/11(t2)dt2dt4dt6, (113)

[t,T]?

where 1 (7), ..., 06(7) € Lao([t, T1]).

Step 3. Suppose that ¥3(7), 1¥4(7), 1¥1(7) are Legendre polynomials of finite

degrees. Denote

q
sqltatit) = Y Cigon, 01, (t) i, (14) i (1), (114)

I1,l0.13=0

where {@(m)}jio as in (II0) and C,,;, are Fourier-Legendre coefficients
for the function g(fs,ts,t1) = ¥3(t3)Va(ta)vr(t1) Lisyary (W3(7), 9a(7), ¥1(7) €
La([t, 7)), Le. lim flsq = gl[i, 79 = O-

From (IT3]) we obtain (the sum on the right-hand side of (I14]) is finite)

0]

> / Lyt <tyetsy Lrawts) Sq(t3s ta, 1) W6 (t6) 05 (85) o (ta) dj, () 0y (£3) X

jl 1j3 ’j4:0[t,T]6

X ¢, (t5) @), (t4) D), (t2) dj, (t1)dt1dtadtsdtsdtsdts =

1

-1 / L1, craySa (o, £, £2) 0t ) s (£4) o (£2) dtadlt st (115)

[t,T]?
Note that the equality (II5) remains true when s, is a partial sum of the
Fourier—Legendre series of any function from Ls([t, T]%), i.e. the equality holds

on a dense subset in Lo([t, T]3).
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The right-hand side of (II5) defines (as a scalar product of s,(t, t4,2)
and 11y, 06(t6) s (ta)Ya(ta) in Lo([t,T]*)) a linear bounded (and there-
fore continuous) functional in Lo([t, T]?), which is given by the function
11, <i03 W6 (t6)Us(t1)1ha(t2).  On the left-hand side of (II5) (by virtue of the
equality (II15)) there is a linear continuous functional on a dense subset in
Ls([t, T]?). This functional can be uniquely extended to a linear continuous
functional in Lo([t, T]?) (see [57], Theorem 1.7, P. 9). Let us implement the
passage to the limit qlg]glo in (II5) (at that we suppose that s, is defined by
(114))

o0

Z / Loty <ty<tyatsts} V6 (t6) U5 () tha(ta) 3 (t3) o (t2) 01 (t1) @y, (t6) 0y, (t3) X

jl 7j37j4:0[t,T]6

X ¢, (t5) D5, (ta) @), (L2) by, (t1)dtydtadtsdtdtsdts =

/ Lttt Litgty V6 (t6) 03 (t6) 15 () 1ha(t) o (to) 1 (t2)dtadtsdts.  (116)

[t,T]°

1
4

Rewrite (IT6]) in the form

oo

S [ Lncoctcteci dulte) s (ts)on(tbslta)balta) o ()6, (10) 0 1)

jl 7j37j4:0[t,T]6

X ¢, (t5) 05, (ta) D), (t2) dj, (t1)dt1dtadtsdtsdtsdts =

/1{t2<t6}1{t6<t4}¢6(tﬁ)%(t6)¢5(t4)1/}4(t4)@/12(t2)¢1(t2)dt2dt4dt6, (117)
[t,T]?
where ¢1(T)7 SR wﬁ(T) S L?([t? T])

Step 4. Suppose that ¥5(7), 1¥¢(7), (1) are Legendre polynomials of finite

degrees. Denote

q
sqltstorts) = > Cun, &1, (t) 6, (t6) iy (12), (118)

I1,l2.15=0
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where {ggj(x)};io as in (II0) and Cy,,, are Fourier-Legendre coefficients
for the function g(ts,ts,t2) = ¥5(t5)Ue(te)a(ta) Lt <ty (Ws(T), 6(T), ¥a(T) €
Ly([t, T1)), i-e. (}gglo Isg = g|‘L2([t,T]3) = 0.

From (II7) we obtain (the sum on the right-hand side of (II8) is finite)

oo

> / Lty <ta<to<ta<ts}Sqlls, to, b2)10a(ta) s (ts) b1 (t1)dj, (t) &5, (£) X

jl 7j3 7j4:0[t,T]6

X ¢, (t5) @), (ta) D), (t2) dj, (t1)dt1dtadtsdtsdtsdts =

1
== / Lity<to} Lito<tay Sq(tas Lo, 12)3(t6)a(ta) 01 (t2) dtadtsdls. (119)

[t,T]?

W

Note that the equality (I19) remains true when s, is a partial sum of the
Fourier-Legendre series of any function from Ly ([t, T]?), i.e. the equality holds

on a dense subset in Lo([t, T]3).

The right-hand side of (I19) defines (as a scalar product of s,(t4,ts,t2)
and 11, <1 Litg<ry¥3(t6)Ya(ta) 1 (t2) in Lo([t,T]%)) a linear bounded (and
therefore continuous) functional in Lo([t, T]?), which is given by the function
1 ctoy o<t ¥3(te)a(ta) Y1 (t2). On the left-hand side of (I19) (by virtue of
the equality (I19)) there is a linear continuous functional on a dense subset
in Ly([t, T]?). This functional can be uniquely extended to a linear continuous
functional in Lo([t, T]?) (see [57], Theorem 1.7, P. 9). Let us implement the

passage to the limit lim in (TI9) (at that we suppose that s, is defined by
q—00

o0

> / Lty <tpctg<ticts<tayUo(to) Vs (t5)a (ta) s (ta) o (t2) 1 (1) b, (6) s (£) X

jl 7j37j4:O[t,T]6

X ¢, (t5) @), (t4) D), (t2) by, (t1)dt1dtadtsdtsdtsdts =

1 _ _ _
=1 / Lity<to) Litgets) Lita<ty V6 (6)¥3(t6 ) 15 (ta) a(ta) Y2 (t2) 01 (t2) dbadisdis = 0.
[t, T3
(120)
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It is obvious that the equality (I120) (up to notations) is (I06). The equality
(I0d)) is proved.

As a second example, we will prove the equality

plLI(I)lO Z 012]11211 = 0. (121)

J1,Jj2=0
In this case, we will use the same approach as in the proof of equality (I06]).

Step 1. Using generalized Parseval’s equality, we obtain

lim /¢4 t4 ¢32 t4 /¢3 i3 ¢31 t3 /Qﬁz to ¢]2 t2 /wl(t1)¢j1 (tl)x

P—00
J1,72=0

thldthtgdt4 = (122)

= lim Z/% t4) by, (ta dt4/¢2 ta) @y, (t2)dtax

2_t

X lim Z/’g/}g t3);, (ts3 dt3/¢1(t1)¢jl(t1)dt1 =

J1=07%

= /¢4(t4)@/12(t4)dt4/¢3(t3)¢1(t3)dt3- (123)

Rewrite the equality (I23) in the form

o0

Z /¢4(t4)¢3(t3)¢2(t2)¢1(t1)¢j2(t4)¢jl(t3)¢j2(t2)¢j1(t1)dt1dt2dt3dt4:

lez:O[t,T]‘l
- / ata)a(ta)Ps(ta) i (t2)dtadty. (124)
072

Step 2. Suppose that 1(7), (1) are Legendre polynomials of finite de-

grees. Denote

o(t1,ta) = Z Cloty 01, (1) 01, (t2),

1,lo=0

https://doi.org/10.21638/11701 /spbu35.2024.406 Electronic Journal: http://diffjournal.spbu.ru/ 152



Differential Equations and Control Processes, N. 4, 2024

where {ggj(x)};io as in (II0), C),;, are Fourier-Legendre coefficients for the
function g(t1,t2) = ¥1(t1)Va(t2) Ly <ty (¥1(7), ¥a(7) € Lo([t, T7)).
From (I24)) we obtain

oo

> / Sq(t1, t2)Va(ta)s(ts) by, (ta) B5, (t3) by, (t2) by, (B dtrdtaditsdt, =
jl’jQZO[t,T]‘l
= [ stttz (125)
t,T]?

The left-hand and right-hand sides of (I25]) define linear continuous func-
tionals in Lo([t, T]?) (see explanation earlier in this section). Let us implement

the passage to the limit lim in (I25])

g—00

(0.9]

Z /1{t1<t2}@/}4(t4)@/13(753)@/_12(752)151(t1)¢j2(t4)¢j1(t3)¢j2(t2)¢j1(t1)dt1dt2dt3dt4=

jl’jQZO[t,T]‘*

— [ Lca bttt ()t (126)

[t,T]?

Rewrite the equality (I26) in the form

(0.9]

> / Lty <) Wa(ta)3(t3) 2 (t2)th1(t1) 0j, (La) Bj, (t3) D5, (t2) @, (t1) dtr dtadtzdty =

jl’jQZO[t,T]‘*

_ / <oyt o (t) s (b2 (£2) diadts, (127)

[t.T]?
where Y (7), ..., 04(T) € Lo([t, T1]).

Step 3. Suppose that 1o(7),13(7) are Legendre polynomials of finite de-
grees. Denote

q
sq(ta,ts) = Y Cup, b (t2) iy (ts),

l1,1o=0
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where {ggj(x)};io as in (II0), C),;, are Fourier-Legendre coefficients for the
function g(ta, t3) = a(ta)hs(ts) 1<,y (V2(7),U3(7) € Lo([t, T1)).
From (I27) we obtain

0]

> / Lty <t,)8¢(t2, 13)0a(ta) 1 (t1) ), (L4) @5, (t3) by, (t2) By (E1)dtr dtadtsdty =

n 7]2:0[t’T]4

= / 1{t2<t4}8q(t4,t2)¢4(t4)¢1(t2)dt2dt4- (128)

.71
The left-hand and right-hand sides of (I28) define linear continuous func-
tionals in Lo([t, T]?). Let us implement the passage to the limit lim in (I28)

q—00
> / Ly <tyety) Va(ta)Us(t3)a(ta) b1 (t) @, (ta) by (3) Bj, (t2) 0y, (11) X
jl’jQZO[t,T]‘*
thldtzdtgdt4 =
= / iyt Ltgetoy a(ta) Vo (L) Vs (ta)ihn (t)dtadty = 0. (129)
t. 1]
Rewrite the equality (I29) in the form
Z / Lty <tytyyVa(ta)3(t3)ha(t2) 01 (t1) @), (Ba) B, (E3) Py (E2) @y (F1) X
jl’jQZO[t,T]‘*
thldtgdtgdt4 = 0. (130)

Step 4. Suppose that 3(7),14(7) are Legendre polynomials of finite de-

grees. Denote

q
sq(ts,te) = D Cli,du, (t3)du, (),

11,15=0
where {ggj(x)};io as in (II0), C),;, are Fourier-Legendre coefficients for the
function g(t3, ts) = ¥3(t3)a(ts) Lyy<ryy (V3(7), ¥u(7) € Lo([t, T7)).

https://doi.org/10.21638/11701 /spbu35.2024.406 Electronic Journal: http://diffjournal.spbu.ru/ 154



Differential Equations and Control Processes, N. 4, 2024

From (I30) we obtain

o0

> / Lty <ty<ty) Sq(ts, ta)¥a(t2) 1 (E1) By, (1) 5, (83) @)y (E2) D5, (£1) X

e

thldtzdtgdt4 = 0. (131)

The left-hand and right-hand sides of (I31]) define linear continuous func-
tionals in Ly([t, T)?) (we interpret the right-hand side of (I31)) as the zero func-
tional in Lo([t, T]?)). Let us implement the passage to the limit lim in (I31))

q— 0

(0.9]

Z /1{t1<t2<t3<t4}1;4(t4)1;3(t3)¢2(t2)¢1(t1)¢j2(t4)¢j1(t3)¢j2(t2)¢j1(tl)><

n 7]2:0[t’T]4

thldtzdtgdt4 = 0. (132)

[t is easy to see that the equality (I32) (up to notations) is the equality
(I21). The equality (I21)) is proved.

Let us formulate the ideas used when considering the two above examples

in the form of an algorithm.

Algorithm 1. Step 1. Suppose k& = 2r (r = 2,3,...), where r is the
number of pairs {g1, g2}, ..., {921, g2-} (see (). Let us select blocks in the

multi-index ji ... 71 that correspond to the fulfillment of the condition

Td
H 1{9212921—1—1—1} =1,
=1

where 7, is the number of pairs (see (7)) in the block with number d.

Step 2. Let us write the Volterra—type kernel (@) in the form

K(tl, e ,tk) — wl(tl) e wk(tk)l{t1<t2}1{t2<t3} e 1{tk71<tk}7 (133)

where Y1 (7), ..., Up(7) € Lo([t, 1)), t1,...,tx € [t,T], k > 4.

Let us save multipliers of the form 1y . .} in the expression (I33)) that

correspond to the above blocks. At that, we remove the remaining multipliers
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of the form 1y ¢ ) from the expression (I33). As a result, we get a modified
kernel K (t1,...,t;). Let us write an analogue of the left-hand side of equality
(I05) for the modified kernel K (ty,...,t;) (see (I07) and (I22) as examples).

For definiteness, let us denote this expression by (7).

Step 3. Using generalized Parseval’s equality and (Q7)), we represent the
expression (7) as an integral over the hypercube [t, T]" (see the right-hand sides
of (I09) and (I24) as examples). For definiteness, let us denote the obtained
equality by (K) ((I09) and (I24) are examples of (K)).

Step 4. Further, transformations and passages to the limit in the equality
(K) are performed iteratively in such a way as to restore the removed multipliers
{1, <t,,,} on the left-hand side of (K) (for more details, see the proof of formulas
(I06), (I2T))). As a result, we obtain the equality (I05). More precisely, we can
move from left to right along a multi-index corresponding to the left-hand side
of (K). Let us assume that at the n-th step we need to restore the multiplier
1g, <, .3~ Then the function g (see the proof of formulas (I06G), (I2I))) will
be the product of 1g < 1¥n(tn)¥ns1(tns1) and r — 2 weight functions that

are chosen so that on the right-hand side of the equality (K) there is a scalar
product in Lo([t,T]") involving s, (s, is an approximation of g).

Using the above algorithm, we prove the equality (I04]) for the case k = 2r
(r =2,3,...). The equality (I04) is proved.

Note that the series on the left-hand side of (I04]) converges absolutly since
its sum does not depend on permutations of basis functions (here the basis in
Lo([t, T1) is {bjy (1) - @5, (20) }5 5 —o)-

Let us generalize (I04) to the case k > 2r, i.e. we prove that

p

lim C.
v E : ieert

j!]l ’j.(13 ""’j92r—1 =0

J91=Jg25 09271 =92,

1 T
- ? H 1{9212921714-1}0]'19---]'1 (134)

=1 (jgzj!h )m(')"'(jgzrjgzr_l )m(')vj!]l = jgg 7"'7j92T_1 = ngT
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for all possible g1, go, . .., gor—1, g2r (see (), where k > 2r, r = 1,2,...,[k/2],

Cj,..;, is defined by (&), another notations are the same as in Theorem 2.
Moreover (assuming that (I34]) is proved), the series on the left-hand side

of (I34)) converges absolutly (the case k = 2r; this case is considered above)

and converges absolutly for any fixed j1,..., 4, ..., Jr and ¢ # g1, 92, . . ., g2r—1,

gor (the case k > 2r) since its sum does not depend on permutations of basis

functions (here the basis in Lo([t, T]") is {¢;, (1) ... ¢;.(z )} 77777 i—0)-
Using Fubini’s Theorem, we obtain
T tio b t
/hk(tk)--~/hl+1 tiv1) /hz t) /hl 1(ti-1) /h1(t1)dt1
i ' ' i
by dbydt iy, =
T tiy2 tiy1 tiy ti tip1
_ / he(te) / B (f) / I (t) / ho(ts) .. / b (f1) / (1)t x
t t t t1 ti—2 ti—1
dti_y .. dtydtydts,y .. dty =
T tiyo ti1 i1 i1 i1
_ / he(te) / B (tr) / ha(t)dt, / ha () / h(ts) . / B (t1) X
t t t t t1 ti—2
wdti_y .. dbydtydtys, . dtp—
T tiy2 tiy tiy tiy1 ti—1
_/hk(tk)~-~/hl+1(tl+1)/hl(tl)/h2(t2)-~-/hl—1(tl—1) /hz(tz)dtl X
t t t t1 ti—2 t
dti_y .. dtydtydtr,y . . dty =
T s " iy
_ / hte) / B (f) / ha(t)dt, / B (t)
t t t t
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to

y / ha(t)dt -ty dtre . dte—

t

T tigo tia1 ti—1 ti—1
—/hk(tk)---/hl+1(tz+1)/hz—1(tz—1) /hl(tz)dtl /hl—z(tz—2)---
t t t t t
to
) / ha(b)dty . dbysdty 1,y . dty, (135)

t

where 2 < <k —1 and hy(7),..., hi(7) € Lao([t, T7]).
By analogy with (I35) we have for [ = k

T t to

/ ha(t) / ha(hy) . / ha(b)dty byt =
t t t
T T T T
_ / b () / ho(ty) . / B (f) / ha(t)dtydt . diadty =
t t1 ti_o ti—1
T T T T
= /hl(tl)dtl /hl(tl)/hg(tg).../hl_l(tl_l)dtl_l...dthtl—
t t 3] ti—2
T T t1—1
/ / ha(ts) / hia(tiy) / h(t)dty | dtiy .. dtadt, =

~+

7

T to

T
hy(t))dt /hl 1(ti-1) /h1(t1)dt1 Lt —
/

—

t

T ti—1 t1—1 to
_ / B (b)) / ha(t)dt, / ha(ts) .. / ha(t)dty . dty. (136)
t t t t

We will assume that for [ = 1 the transformation (I35]) is not carried out

since
to

/ hy(t1)dt

t
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is the innermost integral on the left-hand side of (I3H). The formulas (I35),
(I36) will be used further.

Let us carry out the transformations (I35]), (I36]) for

Cjk---jl (]€ > QT)

Jg1=Dg2> D927 1 =92,

iteratively for ji,...,Jg .-,k (@ 7 91, 92, - - -, G2r—1, gor). As a result, we obtain

Jg1=0g925+ D920 —1 = D92y
2k—2r
_ _1yd-1 [ Ald) _ Ald)
d=1 J91=T925+ D920 —1 = J g2y J91=T925+ 3 J 927 —1 = J g2y
where some terms in the sum
2k—2r
d=1
can be identically equal to zero due to the remark to (I35]), (136).
Using (I37), we obtain
p
hm E Cjk---jl =
p—oo - o ) .
]gla.]ggv"'nggr_lzo ‘791_‘792""’]927‘—1_*792r
P 2k—2r
. _ ~(d
= lim E E (—1)%! oy —
Jk---J1
p—oo - o ) iy
jglngga"'ajggr_lzo d=1 Jg1=Jg25++3dg2p—1= g2y
~(d) _
Cjk---jl _ ' _ _ -
J91=T925+ 3 d 927 —1 = J g2y
2k—27‘ D
_ . ~(d
= ( l)d U im E o —
p—oo . Je-Ju| . . .
d=1 -791 ,393,...,392“1:0 -791_.]!]27"'3.792,«,1_.]92,«
~(d)
col (138)
Jg1 =925 09271 =92,
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Further, consider 3 possible cases.

Case 1. The quantities

2 (d) ~(d)
Cjk---jl o , o Cjk---jl o , , (139)
J91=Dg2>:J 920 —1=Jg2r Jg1=Jg9>:Jg2, 1= g2,
are such that .
H L go—goi 141} = 1 (140)
=1
ford=1,2,...,2" 2" and
Ciyoi (141)
Jg1=Jgzs+5Jagr—1=J g2,

is such that the condition (I40) is fulfilled for (I41)).

Case 2. The quantities (I39) are such that the condition (I40) is satisfied
for d =1,2,...,2"2" and (I4)) is such that the condition

H 1{9212921—1+1} =0 (142)
=1

is fulfilled for (I41]).

Case 3. The quantities (I39) are such that the condition (I42) is satisfied
for d =1,2,...,2¥ 2" and (I4])) is such that the condition (I42) is fulfilled for
(141

For Case 1, applying (I04) (k = 2r) and (I38)), we get for any fixed ji, ...,

Jar- Tk (@ F 91,92, - Gar—1, Gor)
p

lim C:
v E heert

jgl a.jg3 7'-'7jg2T_1 =0

J91=Jg25 309271 =92,

2k—27‘ D
. d—1 1 ~(d)
=2 (=1)7" lim > (Cjk...jl -

d=1 Jg1:Jg3++Jg2,—1 =0

Jo1=Jgg > Jg2p—1=Jg0, )
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1 r
d—
- (_1) 1? | I 1{921292171+1}X

(jggjgl )m(')"'(jggTjggr_l )m()uqu = jg2 7"'=jg27__1 = j92r

~(d
-G ) = (143)
(jgzj!h)m(')"'(jgzrjggr_l)m(')vj!]l: jgg?"'ngQT,l: jggr
2k72r 1
_ d—1 A(d)
d=1 (]92]91)m(')"'(]gzr]gzr_l)m(')ﬂgl: Jgg 13099, _1 = Jgq,
~(d
-0 ) , (144)
(jgzj!h)m(')"'(jgzrjgzr_l)m(')vj!]l: ]’927'-'7]}7%71: jggr

where g1, 92, ..., 92r—1, 92 asin (@), k > 2r, r = 1,2,...,[k/2] (it is not difficult
to see that the left-hand side of (I40) is a constant for the quantities (I39) for
alld =1,2,...,282).

Using (I35)), (13d), we obtain

2k—27‘ 1
d—1 ~(d)
>0y (e,

jgzjgl)m(')---(ngTjQQT,1)m(');jgl = jg2 ’""j92r71 = ngr

o C(d)

Tk

(j92j91)m(')"'(jggr.jgg,«,1 )m(')ngl = j92 7"'7jg27ﬂ71 = ngr )

1
- _Cjk---jl

> (145)

(j_lJngl)m(')"'(jggr.jgg,«,1)m(')ajgl = jg2 ’”"'jg2r—1 = jg2T

Combining (I44)) and (I4H), we have for any fixed ji,...,7q, .-, jk (¢ #
91,92, - -+, 92r-1, 927’)

p

lim g i
p—>OO Jk--J1

j!]l ’j.(13 ""’j92r—1 =0

J91= 0925 D 92 —1 = J g2y
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1

= 5:Ci

(146)

k...jl 9
(j_lJngl)m(')"'(jggr.jgg,«,1)m(')ajgl = jg2 aaaa j92T71 = ngr

where g1, 92, ..., gor—1, 92 as in (M), k > 2r, r=1,2,...,[k/2].
From (I04) (k = 2r) and (I46]) (k > 2r) we obtain (I34)) for the case k > 2r.
The equality (I34]) is proved for Case 1.

For Case 2, applying (I04)) (k = 2r) and (I38), we get (I44) for any fixed
j17 SR 7jq7 s 7jk (q 7£ 91,92 - - -5 92r—1, 927“)- Further, note that

)

Jke--J1

(Jgadg1 )m(')"'(jggrjggr_l)m(')ngl: Jggr3Jgg, 1= Jag,.

— o9

Jke-J1

(147)

jggjgl)m(')---(jggrjggr_l)m(')ngl: Jggr3J99, 1= Jgo,.

for Case 2. Combining (I44)) and (I47), we obtain (Case 2) for any fixed jy, ...,
Jgr -5k (@ # 91,92, -+ Gar—1, Gor)

p

lim E i
p—>oo Jk--J1

jgl a.jgg 77777 ngT_lzo

= 0. (148)

Jg1= 0925 Dg92r—1 = Jg2r

From (I04) (k = 2r) and (I48) (k > 2r) we obtain (I48)) for the case k > 2r.
The equality (I34]) is proved for Case 2.

For Case 3, applying (I04) (k = 2r) and (I3]), we get (I43)) for any fixed
jlv cee 7jq7 cee 7j/€ (q 7£ 91,92, -+, 92r-1, 927”)' Since

H 1{9212921_14-1} =0 (149)
=1

for Case 3, then from (I43)) we get (I48) for k£ > 2r (recall that the left-hand
side of (I49) is a constant for the quantities (I39) for all d = 1,2,...,2%2").
From (I04) for £ = 2r and (148)) for & > 2r (Case 3) we obtain (I48) for k > 2r
(Case 3). The equality (I34]) is proved for Case 3. The equality (I34)) is proved.
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3.3 Expansion of Iterated Stratonovich Stochastic Integrals of Ar-
bitrary Multiplicity k£ (k € N). The Case of an Arbitrary CONS
in Ly([t, T]) and ¢1(7),...,Y(7) € Lo([t, T))

Consider the following condition

q p
TN SN (D

oo i =0
q7#91:92:--+:927—1:92r

jgl 7jg35---ajgg7«,1:0 ‘791:']92""’]927“71:'7927“

1 T
- or H 1{921292171-%1}0]'1@---]'1

2
) < 0
=1 (jgzjgl)m(')“'(jgzrjgzr_1)m(')’jfll: j!]Q""’jggT_l: ngT

(150)

forallr =1,2,...,[k/2] and for all possible g1, g2, . . ., gor_1, g2 (see (), where

o0 q
def ..
E = lim E ;
q—00
F1seeerdiqreesif =0 F1seeerdiqreesif=0
47#91:92;--:92r—1:92r 4791925927 —1,92r

another notations are the same as in Theorem 2.

This section is devoted to the following two theorems.

Theorem 5 [14]. Suppose that the condition (I50) is fulfilled, {¢;(x)}3,
is an arbitrary CONS in the space Lo([t,T]) and ¥1(7), ..., Yx(T) € La([t, T)).

Then, for the sum j*[w(k)]%lt“'i’“) (k € N) of iterated Ité stochastic integrals
defined by (L)) the following expansion

p k

p . .
jlv"'v]k:O =1

that converges in the mean-square sense is valid, where Cj, _; 1is the Fourier

coefficient (), 1.i.m. is a limit in the mean-square sense, i1, ... i = 0,1,...,m,

T
G = [ eulryaw
-
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are independent standard Gaussian random variables for various i or j (in the
case when i # 0), wl = 7.

Theorem 6 [14]. Suppose that the condition (I50) is fulfilled, {¢;(x)}32, is
an arbitrary CONS in the space Lo([t, T]) and ¥1(T),...,¥r(T) are continuous
functions at the interval [t,T]. Then, for the iterated Stratonovich stochastic
integral B) of multiplicity k (k € N)

*T

t
J [ :/ W(tk)---/ e(t)dwy,) . dwy
t t

the following expansion
k

T W) = Lim. Z Cj.. ﬁHCJ (151)

p—>OO
.717 7]/€ 0

that converges in the mean-square sense is valid, where C;, _; s the Fourier

coefficient (), 1.i.m. is a limit in the mean-square sense, i1, ... i = 0,1,...,m,

T
= [ osrawt!

are independent standard Gaussian random variables for various i or j (in the
case when 1 # 0), W&O) =T.
Note that Theorem 6 is a corollary of Theorem 5 (see Theorem 1).

Proof of Theorems 5, 6. It is easy to see that Theorem 5 will be proved

if we prove that (see Theorem 2 for the case p; = ... = pr = p)

p p
TS ( Y o

1 seerigseeesd =0
4791925927 —1:92r

jgl 7j937"'7jg27«,120 .7_(]1 :‘792"""7927‘—12'7927‘

=0

1 i
_y H 1{921292171-%1}0]'1@---]'1
l:l (.]g2]gl)m(')"'(]!]?,«jgg,«,1)m(')a.]gl: ‘]g2"”"7927‘—l: ']927‘

(152)
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for all » = 1,2,...,[k/2] and for all possible g1, ga, . . ., gor—1, go2r (see (0)).

Using the condition (I50), theorem on reducing of a limit to iterated one
and the equality (I34) (k > 2r), we obtain

q p
oY (Y

Foeidqre ;=0
q#91:92+-:92r—1:92p

jgl 7jg3 ""7j927«71:O J91=Jg25+592r 1= Jg2r

1 r
S or H 1{9212921—1+1}Cjk---j1

2
=1 (.jggjgl)m(')"'(ngTjQQT,1)m(')ajgl = jg2 ’""j92r71 = ngr )

q p
Y om0y o

J1seedqsesdp=0
947#91:92--92r—1:92r

jgl 7j931"'1jggT_1:0 Jg1=Dg2>:J g2 —1=Jg2r

1 + ’
_y H 1{921292171-%1}0]'1@---]'1 = 0.
=1 (392391)m(')'“(jgzr]gzr_l)m(')’]gl: Jgg 11099, 1= Jgg,
Thus, we get
q p
hm E E Cjk---jl —
P,q—0 . ; . : =
J1s++Jqs--J=0 .]gl 7.7g35---7]g2T,1:O .7!]1_]!]27"'7392T_1_.792T
q7#91:925---92r—1:92r
1 i
Cor H 1{9212921—1+1}Cjk---j1 = 0.
=1 (]gzjm)m(')---(]gzrjggr_l)m(')ajgl: Jg9 11099, 1= Jgg,
(153)

Substituting p = ¢ in (I53]), we obtain (I52). Theorems 5, 6 are proved.

3.4 Another Approach to the Expansion of Iterated Stratonovich
Stochastic Integrals of Arbitrary Multiplicity & (k € N)

We will start this section with an example. Let us assume that hy(7), ..., hio(7)

€ Lo([t, T]) and consider the following integral

T t12 tz
e /h12(t12)/h11(t11) : --/hl(tl)dtl .- dtridiya.
t t t
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We want to transform the integral I in such a way that

T 10 le 2]

I = /th(tlo)/hG(tG)/h4(t4)/h3(t3) (-..) dlsdtydtedtyg,

t t t t

where (...) is some expression.

Using Fubini’s Theorem, we obtain

T 12 11 t1o tg tg ty

]:/h12(t12)/hll(tll)/M/hg(tg)/hs(tS)/h?(t7)/h6(t6)><

te ts ty t3 ta

X/h5(t5)/h4(t4)/h3(t3)/hg(tg)/hl(tl)dtldtgdtgdt4dt5dt6dt7dt8><
t t t t t

thgdtl()dtndtlg =
T th tg tg t7 t6
/hm t10) /hg t9)/h8(t8)/h7(t7)/h6(t6)/h5(t5)x
¢ t t ¢
t3 to
/ /hg tg)/hg(tg)/h1(tl)dtldtgdtgdt4dt5dt(jdt7dt8dt9><
¢ ¢ ¢ t
T T
X /hn(tn)/h12(t12)dt12dt11 dtip =
10 t11
T tio te s ty
:/hlo(tlo)/h6(t6)/h5(t5)/h4(t4)/h3 ts) /hz ta) /hl
¢ ¢ ¢ ¢ ¢
t1o t1o t1o
thldthtgdt4dt5 /h7(t7)/h8(t8)/h9 tg dtgdtgdt7 dt6><
te tr ts
T T
X /hn(tn)/h12(t12)dt12dt11 dtio =
10 t11
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_ /T huo(tio) 70h6(t6) ] ha(ts) ] ha(ts) ( ] ha(ts) /t hl(tl)dtldt2> dt3

t t

X ( i h5(t5)dt5> dt (70h7(t7) 70h8(t8) 70h9(t9)dt9dt8dt7> ditgx

ty tg t7 ts

T T
X <'/ hn(tn)/h12(t12)dt12dt11> dtyg =

10 t11

= /Thm(tm) 70h6(t6)7h4(t4)7h3(t3) (i hz(tz)/bhl(tl)dtld@) X

t t t t t t

X (]6 h5(t5)dt5> (70h9(t9)7h8(t8)]8h7(t7)dt7dt8dt9> X

t4 te tg te

T t12
X ('/ hlz(tlg)/hn(tn)dtndtm) dtgdt4dt6dt10. (154)

10 t10

Further, let us suppose that h(7) = ¥i(7)¢,(7) (I = 1,...,12) in (I54)

(here {@(w)};io is an arbitrary CONS in Lo([t,T]) and 91(7),...,¥12(T) €

Lo([t, T])). Thus, we get

T t10 te
Cirajijrogodsrisisjsaioin = / Y10(t10)Pj1 (t10) / Ve(te)djs(t6) / Pa(ta)j,(ta) x
t t t

ty
X / s (ts) by, (t3) O (T, t10) CLls Y (to, t6) CL (b, ta) O (23, 1) X
t

thgdt4dt6dt10, (155)

where (here and further)

S to
Cili(s,7) = / (k) e (tr) - - / (1), (t)dty . diy,
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wheret <7t <s<T.

Suppose that g1, 92, ..., 92-1,92 as in (@) and k& > 2r, r > 1. Consider
di,eq,...,dpeyr, f € Nsuch that

I1<di—e+1<...<d1<...<df—ep+1<...<dy <k,

61+€2—|—...+€f=2?“,
{gl,gg,...,ggr_l,ggr}:{d1—61+1,...,d1}U...U{df—€f+1,...,df},

{17 SR k} \{917927 s 7921"—17927"} - {Q17 .. '7q/€—27’}'

We will say that the condition (A) is satisfied if ¥ {g;, g1} (I = 1,...,
2r— 1) 3 he{l,..., f} such that

{glagl—i—l} C {dh_eh_l_l)"'?dh}' (156)

Moreover, ¥ h € {1,....f} 3 {g, g1} (L =1,..., 2r — 1) such that (I56) is
fulfilled.

If the condition (A) is satisfied, then ey, ..., es are even and we can write

{dl — €]+ 17 .- '7d1} - {ggl)ag§1)7 s 7952—17952} )

{dy—ep+1,....ds} = {gg),géﬁ, . -,95‘2—179%3«} )

{917 g2, -5 92r—1, g2r} =

1) (@ 1 1
R L O (T N )3
If the condition (A) is not fulfilled, then some of ey, ..., es can be uneven.

Suppose that {(bj(:z:)};io is an arbitrary CONS in Lo([t, T]) and ¢ (7), ...,
Yr(1) € Lao([t, T]). Using (I04)) and a modification of Algorithm 1 from Sect. 3.2
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(see below for details) it can be proved that

p
VapootVd p—e pt1
. 2 : f f=cf
]}i)l/glo (def”'jdfefJ"l (tdf+17 tdf_ef) ttt
]glnggu'-'ujggr_lzo

Yy - Pdy—e
C-dl 'd1 1+1(td1+1,tdl—el)>

‘]dl "'jdlfelJrl

Jg1= 092509271 =92,

= 1 h X
H H =g 1)
h= 1

djdh djdh €h+1
XC]dh Jdp—ep+1 (tan+1: Ly —en)

(jq(h)jq(h))f\v(')---(j ) J (n) )f\v('),J ) J SO J ) =Jj
72 71

92ry, 92r) -1 927, -1 92ry,
(157)
if the condition (A) is satisfied, and
p
Ya s dp—ept1
lim E (C'j-fj t tdi—es) - -
poo . Jape-Jap—ept1 (df-l-la ds ef)
.7917]!]31"'1.792T_1:0
1/}d1"'/¢)d1781+1 o
der'jdreﬁl (td1+1?tdl_el) o ' T 0 (158)
J91=Jg2+-3 0920 -1 =92

if the condition (A) is not fulfilled, where ¢, def T, to t r+4...+ry=rin

(I57), (I58) and e, = 2r, (R =1,..., f) in (I57).

Note that the series on the left-hand sides of (I57) and (I58) converge
absolutly since their sums do not depend on permutations of basis functions
(here the basis in Lo([t, T1") is {j,(z1) ... ¢; (z,)}; ;o) Recall that any
permutation of basis functions in a Hilbert space forms a basis in this Hilbert
space [5§].

Let us prove the formulas (I57) and (I58)).

1. Suppose that the condition (A) is satisfied and

H 1{921 =i +1} T 1 (159)
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for all h =1, f. In this case we can use the results from Sect. 3.2. We have

(see (104))

Zp "
. df dffeerl
llm (def---jdfeerl (tdf+17 tdf_ef) .« .

p—oo -
Ja1 7]g35-'-a.]ggT_1:O

. del "'wdl—el-i-l

Jdy--Jdy—eq+1 (td1+17 tdl_el)

Jg1= 092509271 =92,

p
_ 3 1/}d1"'/¢)d1781+1
_pliglo § : del...jdl,elﬂ (td1+17td1_€1) ' . ' X
] ] = JW=J )sd =J] (1
Jggl)ngél)a ’jgéi«)lﬂ 0 gg) gé) (T)1 ) gér)l
p
Wapothdy—epit
: f fF=°f _
xlm >0 G (b i) =
S -0 J =J o] (. =J «.
jggj),]géf)7 g é}r‘; ) (f) (f) 957;;_1 9;7:;
1 &
“TT1=1711
le 2Th H {951)2921 1+1}

wdh"'wdh—€h+1
X deh ---jdhfethl (tdh+17 tdh_eh)

(jgéh)jggh)) ()7 e 'gé%_l)f\v(')ajggh)ngéh)a---,jgéfiz_l=jg§f;2
Thus, we get the formula (I57).
2. Suppose that the condition (A) is satisfied and for some h =1,..., f

H 1{921 —921 1+1} =0. (160)

In this case, we act the same as in the previous case. Applying (I04]), we

obtain
- Ya s dp—ept1
lim > (G gty

.7_(]1 7]937"'7.7g2T_1:0

Yy - Pdy—e
C-dl 'd1 1+1(td1+1,tdl—el)>

‘]dl "'jdlfelJrl

Jg1= 092509271 =92,
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p
_ : 1/}d1"'¢d1761+1
_pliglo Z C'jﬂll"'jdreﬁr1 (tdﬁ—l’tdl_el) . . . ) X
j ] es] =0 J (1)=7 (1)--d (1 =J
Jggl)ngg), ,Jgéi)rl gg) gé) gér)l—l gér)l
p
VYapPdp—ept1
: I F=cf _
xlim Y G ety =0
' | (f)seen] = o J (=T ()] =J
G L AP T
(161)

(al least one of the multipliers is equal to zero on the right-hand side of (I61))).

The equality (I57) is proved in our case (the right-hand side of (I57) is
equal to zero for the considered case (see (I60))).

3. Suppose that the condition (A) is not satisfied. In this case, we act
according to Algorithm 1 from Sect. 3.2. More precisely, let us select blocks in
the multi-index jg, . .. ja,—e,+1 (h=1,..., f) that correspond to the fulfillment

of the condition .
m,h

1. »n o =1
ZH =g 41y =1
=1

where 7,5 is the number of pairs {gélzll,gé?)} (from the set {g1,¢o,. ..,
921, g2r}) in the block with number m that corresponds to the multi-index
Jdy -+ Jdp—ent1-

Let us save multipliers of the form 1y - .,y in the Volterra—type kernels

corresponding to the Fourier coefficients

wdl "'djdlfel‘i’l
jdl "']dlfel +1

Va gV p—ept1
(tdl-i-l) td1—61)7 ceey deff---jdfiefJfrl (tdf-f—l) tdf—ef) (162)

and corresponding to the above blocks.

At that, we remove the remaining multipliers of the form 1¢ . .1 in the

Volterra—type kernels corresponding to the Fourier coefficients (162)).
As a result, we get a modified left-hand side of the equality (I58). For

definiteness, let us denote this expression by (7).
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Using generalized Parseval’s equality (Parseval’s equality for two functions)
and (97), we represent the expression (7) as an integral over the hypercube
[, T]".

It is not difficult to see that the indicated integral over the hypercube [t, T"
is represented as a product of integrals over hypercubes of smaller dimentions.
At that, at least one of these integrals is equal to zero due to the generalized
Parseval equality (Parseval’s equality for two functions) and the fulfillment of
the condition ¢ < #4, ¢, < tg41 < ... < tgpe; < g1 < T (see the above
example and (I54) and (I55)). For definiteness, let us denote the equality of
(7) to zero by (K). We interpret the above zero as the zero functional in
Lo([t, T]7).

Further, transformations and passages to the limit in the equality (K)
are performed iteratively in such a way as to restore the removed multipli-
ers 1y <¢,,,3 on the left-hand side of (K) (for more details, see Sect. 3.2). As a
result, we obtain the equality (I58). The equalities (I57) and (I58)) are proved.

For definiteness, suppose that ¢; < ... < qx_2r, k > 2r, r > 1 (recall that
the case k = 2r is proved earlier). Using Fubini’s Theorem (as in the above

example (see (I54))), we obtain

p

Z Cjk---jl

jgl a.jg37"'7jggr_1:O

Jg1 =925 D927 1 =92,

ql-l-l

/qu 2r Qk 2r)¢]qk o Qk 2r : / wa q1 ¢.7q1 ql)

p
WV pootDd p—e pt1
f f=°f
X Z (def---jdf—ef-l—l (tdf"'l’ tdf_ef) c

j!]l ’j.(13 ""’j92r—1 =0

U)dl "'djdlfel +1

. . X
jdl "']dlfelJrl

(td,+1,tdy—e,)

Jg1= g2 J g2 —1=J g2y

xdtq, .. .dt (163)

qk—2r)
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1 T
or H 1{9212921—1+1}Cjk---j1
=1

(jggjgl )m(')"'(jggTjggr_l )m(')ajgl = jg2 a"'7j92T71 = ngT

q1+1

/ Yo (b )05 () / Y ()5, (t) %

X].{the condition (A) is satisfied} H o, H {ggk)_g%)l_’_l}x
h=1

C]dh Jdp—ep+1 (tdh+1’ tdh_eh) . . . . . . %
(J myd mwy)>(-)--(d SORAQ I ()=J (h)rnd () =J (h)
92 " 9 92r), 92r), —1 9 92 92ry, -1 921,
xdty, ... dty . (164)
Suppose that
p
Q/de'"wdf—e‘f'f'l
Z (def'-'jdf—ef-i-l (tdf‘H’ tdf_ef) te
jglngga"'aj92T71:O
Ci_/fdl...?/fdlfelﬂ(t + ) < K < 00 (165)
g ey —eg 1 di+1y bdi—eq = )

Jg1= 092509271 =92,

where constant K does not depend on p and t4,41,%q,—e;, - - s tdp+1,td;—e, In

(I65): tgi1 def T, to def t, r1 + ...+ ry = r; another notations as above in this

section.
Applying (I57), (I5]), (I63), (I64), we obtain (k > 2r, r > 1)
p p
= a-l-,---yjqzv;jk—o Jonsdos ,Zu;w—o Cle P S S

4791925927 —1:92r

. 2
L | | C <
T or 1{9212921—14—1} Jke--J1 >

=1 (]92191 )m(')---(jgzr]gzr_l) ~(: )ng 1927 7]g2r 1= ]92r

e p
S hm E E Cjk---jl —
P—>00 o - o . .
J1seeordgse-rdf=0 3917]93""’39%—1:0 Jg1=JgsJg9r—1=Jgor

47#91:92;--:92r—1:92r
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1 1 i
" or H 1{921292171-%1}0]'1@-'-]'1 -
l:l (-7.(]2]91)m(')"'(j!]},«]ggr—l) ()7-7(]1 j‘]g’ 7-7(]2T 1 JGQT
ql-l-l
= plggo | / Vg o, (Lgi 2r)¢]qk o (tgp o) - / Vo (g, ¢]q1( o) X
Jag s+ ’qu 2=V Nt
p
Vi s dp—ept1
E f F=°r
X (def"'jdj'—Ej'+1 (tdf+17 tdj_ef) e

jgl 7j93 7""j92r—1 =0

Yy - Pdy—e
C dl dl 1+1 (td1+17td1—61)>

jdl el +1

J91= 092>+ D g2 —1 = D92y

_1{the condition (A) is satisfied} H O H {921 —921 1+1}
h=1

X Cq/}dh djdh eh+1

jdh ]dh ep+1 (tdh+17tdh_eh) X
U (wyJ (my)()--(4 (h)J () IN()sT ()= (h)seeend ( Y =i
92 = 91 92ry, 92rp, -1 91 92 92ry, -1 921,
2
xdty, ... dtg, , | = (166)
T q1+1
. 2
_ph_{go/wq;c—zr Qk— 27‘ : / wa Q1
t
p
VooV p—e pt1
E f F=cf
X (def---jdfef+l (tdf+17 tdf_ef) .« .

jgl 7jg35"'a.jgg,«,1:()

wdl"'q/}dlfelJrl
o del---jdl—elﬂ (td1+17 tdl_el)

J91= D923 J 920 —1=J g2y

_1{the condition (A) is satisfied} H O H {921 —921 1+1}
h=1
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2
wd "/]d ep+1
Xdehh ]dhhehil (tdh+1’tdh_eh) ><
G 03 )Gy 3y )T iy = wyoed ) =3 (1)
2o 2ry, S2ry -1 a9 I2rp—1 920,
thql e dtQk—zr = (167)
¢11+1

/%%%w./w

. Q/de'"wdf—e‘f'f'l
(Y (I et

jgl 7jg35"'7j92,o,1:0

wdl ---1/1d1—e1 +1
del cnJdy—eq 1 (td1+1 ) td1—€1 )

J91= 09259201 Jg2r

_1{the condition (A) is satisfied} H orn H {g§7)—g§7)1+1}><
h=1

2

deh Sy, —ep 1 (415 tdy—es) X
(U myd ) ()e(d () J () )A()5d (w) =J RO SRR N0
92~ 91 92ry, 92r) —1 91 92r, -1 92ry,

xdty .. .dtg_, =0, (168)

where the transition from (I66]) to (I67) is based on the Parseval equality and
the transition from (I67) to (I68) is based on Lebesgue’s Dominated Conver-
gence Theorem (see (I3)-(13), (I57), (I58), (I65)) and also on convergence to

zero (almost everywhere on X = {(t,, ..., %5, ) 1t <t, < ... <t <T}

qk—2r
with respect to Lebesgue’s measure) of the integrand function in (I67).

Thus, we have the following theorem.

Theorem 7 [14]. Suppose that the condition (165) is fulfilled, {$;(x)}52, is
an arbitrary CONS in Lo([t, T]) and 1 (7), ..., Yx(7) € Lo([t,T]). Then, for the
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sum, J*[ip* ] (ir..-ix) of iterated Ito stochastic integrals defined by (LT)) the following

expanszon

G

=

p

p . .
jlv"'v]k:O =1

that converges in the mean-square sense is valid, Cj, . j, is the Fourier coefficient

[®), Li.m. is a limit in the mean-square sense, iy,...,ip = 0,1,...,m,

T
— [ orawt?
t

are independent standard Gaussian random variables for various i or j (in the

case when i # 0), WS—O) = 7; another notations are the same as in Theorem 2.
Using Theorem 1, we obtain the following corollary of Theorem 7.

Theorem 8 [14]. Suppose that the condition (163) is fulfilled, {$;(x)}32, is
an arbitrary CONS in Lyo([t,T)) and Y (7), ..., ¥e(T) are continuous functions
at the interval [t,T]. Then, for the iterated Stratonovich stochastic integral of

multiplicity k (k € N)
« T s t2

T O AT
t t
the following expansion

J*[w ]21 Zk

||
i
E-M@
Il
Q
:w
o~

that converges in the mean-square sense 1s valid; another notations are the same

as i Theorem 7.

Consider application of Thorem 8 to the expansion of the following iterated

Stratonovich stochastic integrals
A x 13 )

I = / (s — t)" / (s — 1" / (t — 1) dwyVdwi dwi?, (169)

t t t
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T x 12

ﬁﬁifﬁ):1/ @4—tY%.l/ (t — O)dwi . dwi?, (170)
t t

Wherez’l,...,i4:0,1,...,m; ll,...,l4=0,1,2,...

Denote
s Y S
<ﬁfmaﬂ=/%HWMMM/w@MM@M@,Qﬁ&ﬂ:/%@mﬁmm,

where (here and further) i = 1,2,3,t <7 < s < T, ¢ (x) = (x — t)la, I, =
0,1,2,...,q=1,...,4, x € [t,T].
Using Fubini’s Theorem and the technique that leads to the formulas (154,

(I53), we obtain

T

Claijs = / V3 (ts) gy, (ts)CL20 (ts, t)dts,
t
T

Clajasn = / Yi(t)dy, (8)CL2 (T, ) d,

t
T

Cjmis = / (1) (12) 2 (12, )T 1),
t
T

121
Chaunn = [ 0r(t)05(t0) [ nlts)s ()O3 (s t)atades,
t

t
T

121
Clujijoir = / Va(ta) @, (ta) / o(t2) ds, (12) O (o, £) O (ta, o) diadlty,
t

t
T

i3
Cj1j3j2j1 = /¢3(t3)¢j3(t3)/wQ(tQ)Qsjz(t?)C;ﬁl(t?vt)C;'ﬁZL(Ta tB)dt2dt37
t

t

T ta
Cj4j2j2j1 = /¢4(t4)¢j4(t4)/¢1(t1)¢h (tl)qu/Zfz(tzhtl)dtldtzl,
t t
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T
Clajsois = / V3(t3) 9y, (L3) / Yi(t) (1) CL (b, 1) O (T ts)dtydts,
t

t

T 12
Chaansn = [ Va(t2)on(t) [ 01(t0)6,(0) O3 (T, )t
t t

where Cj,i,5,, Ciiisjpjr are defined by (@8]).

It is easy to see (based on the above equalities) that the condition (I63])
will be satisfied if

Zcﬁmt t)| < K, (171)
J1=0
ZCW ta, 11)C (t4,t3) < K, (172)
71=0

where p e N, i = 1,2,3, k,g=1,..., 4, t <t; <ty <T, t <ty <ty <T,

constant K does not depend on p, t1,...,1,.

Let us prove (ITT), i.e. we will prove the following equality

Z/ (s —t)\o;(s /(T—t)m¢j(7')d7'd8 < K < o0, (173)

=0 ¢
where [,m = 0,1,2,..., t < t1 < ty < T, constant K does not depend on
D, t1, to.
Using Fubini’s Theorem and Parseval’s equality, we have for m > [ (I, m =
0,1,2,...)

g / (s =)/ ¢5(s) / (1 — )" ;(r)drds =
> [l / (7 =0/ =) g3 (r)drds =

t

T

-3 / (5= 00509 [ = t98,00) 0= 07— s -

t t
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to to to

= (m—1) i /(9 — t)ymi-l /(T —t)'o;(7) /(s — )¢, (s)dsdrdf =

<
I
o
o~
S
ﬂ

¢ 7=0\p
[ 7 00 by ?
<! / 0ttty / (r = ) (r)dr | df =
t =0 \b
tQ t2
m — [ m—I—1 2l
:T/(Q—t) /(T—t) drdf < Ky < o0, (174)
t 0

where constant K7 does not depend on p, t.

Forl>m (I,m=0,1,2,...) we get

S

f/ s —1)'¢;(s /(T_t)m¢j(7')d7d5:

3 / (5 — 1)'as(s / (r = 1), (r)dr—

3

Z/ (s —t)'o;(s /(T—t)m¢j(7)d7d52

= zp;/ s —1)';(s 7(T —1)"¢;(T)dr—
f/ T —1)"¢;(T /T(St)l(bj(S)dsdT. (175)

Il
o

J t

Applying Cauchy—Bunyakovsky’s inequality and Parseval’s equality, we ob-

s (s —t)pi(s)ds | (T —t)"p;(T)dr | <
(& - fe-areson
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S s nosmas| S [ —iromr| <
2\ 2\
< (s = 1)';(s)ds (T =1)"¢;(r)dr | =
5 (fomme) £/
= /(S — t)2lds/(7‘ —t)?"dr < Ky < o0, (176)

where constant K5 does not depend on p, ts.

Using (I'74) (7€), we obtain

p B
> [ (s =) ey(s )" (T)drds| < Ky < o0, (177)
S fl-totn fie-or

where [ >m (I,m=0,1,2,...), constant K3 does not depend on p, ts.

For the case [ = m we get

i/h(s —1)'p;(s) /S(T — )¢, (1)drds =

D ta 2 00 ty ?
1 1
=S5 [t ) <3| [e-vmis)| -
J=0 t j=0 t
to
= %/(3 — t)2ld5 < Ky < o0, (178)

t

where constant K4 does not depend on p, ts.

Combining (I74)), (I77), (I78), we have

> [s=00) [ -tromaras| < K< oo (79

where [,m =0,1,2, ..., constant K5 does not depend on p, t,.
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Note that ., S
i/(s —1)';(s) /(T —t)"¢,(T)dTds =
= i/tg(s —t)l@'(s)/s(T — )" (7)drds—
> / (s — £)'65(5) / (r — 1) (r)drds—
jZ;h/st@ ds/(f—t) 83(r)dr (150)

where [Lm =0,1,2,...and t < t; <ty <T.

By analogy with (I76) we get

ty

Z/ (s —t)\o;(s )ds/(T—t)%j( )dr| < Kg < o0, (181)

J=04 t
where [,m =0,1,2,..., constant Ky does not depend on p, ts.

Combining (I80), (I79), and (I8T), we obtain (I73). The equality (I7T) is
proved. Obviously, the relation (I72) is proved in complete analogy with (I'76]).

Thus, the condition (I65]) of Theorem 8 is fulfilled for k = 3,4 and ¢, (x) =
(z —t)l, 1, =0,1,2,..., ¢ =1,...,4. Then, using Theorem 8, we obtain the
following expansions of iterated Stratonovich stochastic integrals (169), (I70)

p
I =1im. _Z i G, (182)
2,J3=

p
+(i1izisis) : (i1) -(i2) »(is) ~(ia)
111121314?;,15 - ll_glo Z 0]433]231631 CJz stg Cj44

p
J1,J2:d

that converge in the mean-square sense, where {¢;(x)}72 is an arbitrary CONS
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inLg([t,T]),il,...,i4:O,1,...,m; ll,...,l4:0,1,2,...,

T t3 12

Ciajojn = | (ts = 1)%0y,(t) [ (ta — )2y, (t2) [ (t1 — )"y, (t1)dtydtadts,
Jiomto flumato |
T 12
Cj4j3j2j1 - (t4 - t)l4¢j4 (t4) S (tl - t)ll¢j1 (t1>dt1 . -dt4;
/ /

another notations are the same as in Theorem 8.

Note that the iterated Stratonovich stochastic integrals (I69), (I70) are
important for applications [14] (Chapter 4).

Acknowledgement. I would like to thank Dr. Konstantin A. Rybakov

for useful discussion of some presented results.
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