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Abstract. The article is Part IV of the author’s work devoted to a new ap-

proach to the series expansion of iterated Stratonovich stochastic integrals with
respect to components of a multidimensional Wiener process. The above ap-

proach was proposed by the author in 2022 and is based on generalized multiple
Fourier series in complete orthonormal systems of functions in Hilbert space.

In the previous parts of the work, expansions of iterated Stratonovich stochas-
tic integrals of multiplicities 1 to 6 (the case of Legendre polynomials and the
trigonometric Fourier basis) and multiplicities 1 to 4 (the case of an arbitrary

complete orthonormal system of functions in Hilbert space) were obtained. In
this article, an expansion of iterated Stratonovich stochastic integrals of multi-

plicity 5 (the case of an arbitrary complete orthonormal system of functions in
Hilbert space) is obtained. The mentioned expansion is generalized to the case

of an arbitrary multiplicity of iterated Stratonovich stochastic integrals. The
results of the article will be useful for construction of strong numerical methods
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with orders 1.0, 1.5, 2.0, . . . (based on the Taylor–Stratonovich expansion) for

systems of Itô stochastic differential equations with non-commutative noise.
Key words: iterated Stratonovich stochastic integral, iterated Itô stochastic

integral, Itô stochastic differential equation, multidimensional Wiener process,
generalized multiple Fourier series, factorized Volterra–type kernel, integral op-

erator, trace series, mean-square convergence, expansion.
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1 Introduction

Let (Ω, F, P) be a complete probability space, let {Ft, t ∈ [0, T ]} be a nonde-
creasing right-continous family of σ-algebras of F, and let wt be a standard m-
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dimensional Wiener stochastic process which is Ft-measurable for any t ∈ [0, T ]

and has independent componentsw
(i)
t (i = 1, . . . , m). Consider an Itô stochastic

differential equation (SDE) in the integral form

xt = x0 +

t∫

0

a(xτ , τ)dτ +

m∑

j=1

t∫

0

Bj(xτ , τ)dw
(j)
τ , x0 = x(0, ω), ω ∈ Ω, (1)

where xt is the n-dimensional stochastic process satisfying (1), the functions
a, Bj : R

n×[0, T ] → R
n guarantee the existence and uniqueness up to stochastic

equivalence of a solution of (1) [1], the second integral in (1) is the Itô stochastic
integral, x0 is F0-measurable and M

{
|x0|

2} < ∞ (M denotes a mathematical

expectation). Futhermore, we assume that x0 and wt − w0 are independent
when t > 0.

Consider the following iterated Itô and Stratonovich stochastic integrals

J [ψ(k)]
(i1...ik)
T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk , (2)

J∗[ψ(k)]
(i1...ik)
T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk , (3)

where ψ1(τ), . . . , ψk(τ) : [t, T ] → R, i1, . . . , ik = 0, 1, . . . , m, w
(0)
τ = τ ,

∫

and

∗∫

denote Itô and Stratonovich stochastic integrals, respectively.

It is well known that the stochastic integrals (2) and (3) are an essential

ingredient for the numerical solution of Itô SDEs using the Taylor–Itô and
Taylor–Stratonovich expansions [2]-[14]. Moreover, Itô SDEs have a wide range

of applications, which confirms the importance of the problem of their approx-
imate solution [2]-[13].

Note that the so-called classical [2]-[8] (ψ1(τ), . . . , ψk(τ) ≡ 1, i1, . . . , ik =
0, 1, . . . , m) and unified [9]-[14] (ψl(τ) ≡ (t − τ)ql, ql = 0, 1, . . . , l = 1, . . . , k,

i1, . . . , ik = 1, . . . , m) Taylor–Itô and Taylor–Stratonovich expansions are
known.
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This article is Part IV of the work devoted to a new approach to the series

expansion of iterated Stratonovich stochastic integrals (3) ([15]–[17] are Parts I–
III of the above work, respectlively). Throughout this article we will use the

definition of the Stratonovich stochastic integral from Sect. 2.2 [17] (see also
[2]).

Other approaches to the expansion of iterated Itô and Stratonovich stochas-
tic integrals (2) and (3) should also be noted [2]–[5], [11], [14], [18]–[51].

2 Preliminary Results

2.1 Connection Between Iterated Stratonovich and Itô Stochastic

Integrals of Arbitrary Multiplicity k (k ∈ N)

Introduce the following notations

J [ψ(k)]
(i1...ik)[sl,...,s1]
T,t

def
=

l∏

q=1

1{isq=isq+1 6=0} ×

×

T∫

t

ψk(tk) . . .

tsl+3∫

t

ψsl+2(tsl+2)

tsl+2∫

t

ψsl(tsl+1)ψsl+1(tsl+1)×

×

tsl+1∫

t

ψsl−1(tsl−1) . . .

ts1+3∫

t

ψs1+2(ts1+2)

ts1+2∫

t

ψs1(ts1+1)ψs1+1(ts1+1)×

×

ts1+1∫

t

ψs1−1(ts1−1) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(is1−1)
ts1−1

dts1+1dw
(is1+2)
ts1+2

. . .

. . . dw
(isl−1)
tsl−1

dtsl+1dw
(isl+2)
tsl+2

. . . dw
(ik)
tk , (4)

where (sl, . . . , s1) ∈ Ak,l,

Ak,l =
{
(sl, . . . , s1) : sl > sl−1 + 1, . . . , s2 > s1 + 1; sl, . . . , s1 = 1, . . . , k − 1

}
,

(5)
l = 1, 2, . . . , [k/2] , i1, . . . , ik = 0, 1, . . . , m, [x] is an integer part of a real number
x, 1A is the indicator of the set A.
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Let us formulate the statement on connection between iterated Stratonovich

and Itô stochastic integrals (3) and (2) of arbitrary multiplicity k (k ∈ N).

Theorem 1 [51] (1997) (also see [11]-[14], [40], [50]). Suppose that ψ1(τ),

. . . , ψk(τ) are continuous nonrandom functions at the interval [t, T ]. Then, the

following relation between iterated Stratonovich and Itô stochastic integrals (3)

and (2) is correct

J∗[ψ(k)]
(i1...ik)
T,t = J [ψ(k)]

(i1...ik)
T,t +

[k/2]
∑

r=1

1

2r

∑

(sr,...,s1)∈Ak,r

J [ψ(k)]
(i1...ik)[sr,...,s1]
T,t w. p. 1,

(6)

where i1, . . . , ik = 0, 1, . . . , m,
∑

∅

is supposed to be equal to zero, w. p. 1 (here

and further) means with probability 1.

Note that the condition of continuity of the functions ψ1(τ), . . . , ψk(τ) is

related to the definition of the Stratonovich stochastic integral that we use (see
[17], Sect. 2.2 for details).

2.2 Expansion of Iterated Stratonovich Stochastic Integrals of Ar-

bitrary Multiplicity k (k ∈ N) Under the Condition on Trace

Series

In this section, we recall Theorem 14 from [17] (Part III of this work) on the ex-
pansion of iterated Stratonovich stochastic integrals (3) of arbitrary multiplicity
k (k ∈ N) and introduce some notations.

Consider the unordered set {1, 2, . . . , k} and separate it into two parts: the

first part consists of r unordered pairs (sequence order of these pairs is also
unimportant) and the second one consists of the remaining k−2r numbers. So,
we have

({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}), (7)

where {g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k}, braces mean an un-
ordered set, and parentheses mean an ordered set.

Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]). Consider the Fourier coefficient
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Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1(t1)dt1 . . . dtk (8)

corresponding to the factorized Volterra–type kernel of the form

K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk), t1 < . . . < tk

0, otherwise

, (9)

where {φj(x)}∞j=0 is a complete orthonormal system (CONS) in the space

L2([t, T ]).

Denote

Cjk...jl+1jljl−1jl−2...j1

∣
∣
∣
∣
(jljl−1)y(·)

def
=

def
=

T∫

t

ψk(tk)φjk(tk) . . .

tl+2∫

t

ψl+1(tl+1)φjl+1
(tl+1)

tl+1∫

t

ψl(tl)ψl−1(tl)×

×

tl∫

t

ψl−2(tl−2)φjl−2(tl−2) . . .

t2∫

t

ψ1(t1)φj1(t1)dt1 . . . dtl−2dtltl+1 . . . dtk, (10)

where we suppose that {l, l− 1} is one of the pairs {g1, g2}, . . . , {g2r−1, g2r} (see
(7)).

Let

J [ψ(k)]
(i1...ik)
T,t +

[k/2]
∑

r=1

1

2r

∑

(sr,...,s1)∈Ak,r

J [ψ(k)]
(i1...ik)[sr,...,s1]
T,t

def
=

def
= J̄∗[ψ(k)]

(i1...ik)
T,t , (11)

where
∑

∅

is supposed to be equal to zero; another notations are the same as in

Theorem 1.

Theorem 2 [14], [17], [52]–[54]. Assume that the CONS {φj(x)}
∞
j=0 in the

space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) are such that
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lim
p1,...,pk→∞

p1∑

j1=0

. . .

pq∑

jq=0

. . .

pk∑

jk=0

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

×

×

( min{pg1 ,pg2}∑

jg1=0

min{pg3 ,pg4}∑

jg3=0

. . .

min{pg2r−1
,pg2r}∑

jg2r−1=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

−
1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2jg1)y(·)...(jg2r jg2r−1)y(·),jg1= jg2 ,...,jg2r−1

= jg2r

)2

= 0

(12)

for all r = 1, 2, . . . , [k/2] and for all possible g1, g2, . . . , g2r−1, g2r (see (7)). Then,

for the sum J̄∗[ψ(k)]
(i1...ik)
T,t of iterated Itô stochastic integrals defined by (11) the

following expansion

J̄∗[ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

that converges in the mean-square sense is valid, where Cjk...j1 is the Fourier

coefficient (8), l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . , m,

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (in the

case when i 6= 0), w
(0)
τ = τ.

Using Theorem 1, we obtain the following corollary of Theorem 2.

Theorem 3 [14], [17], [52]–[54]. Suppose that {φj(x)}∞j=0 is an arbitrary

CONS in L2([t, T ]) and ψ1(τ), . . . , ψk(τ) are continuous functions at the interval

[t, T ]. Furthermore, assume that the condition (12) is satisfied for p1 = . . . =

pk = p. Then, for the iterated Stratonovich stochastic integral (3) of multiplicity
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k (k ∈ N) the following expansion

J∗[ψ(k)]
(i1...ik)
T,t = l.i.m.

p→∞

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

that converges in the mean-square sense is valid, where notations are the same

as in Theorem 2.

2.3 Auxiliary Result That Follows From Lebesgue’s Dominated

Convergence Theorem

Let us note one fact that follows from Lebesgue’s Dominated Convergence Theo-
rem. Suppose that {gj(x)}

∞
j=0 is an arbitrary sequence of real-valued measurable

functions such that ∣
∣
∣
∣
∣

p
∑

j=0

gj(x)

∣
∣
∣
∣
∣
≤ K <∞ ∀p ∈ N (13)

almost everywhere on X (with respect to Lebesgue’s measure), where constant
K does not depend on x and p, and

lim
p→∞

p
∑

j=0

gj(x) exists (14)

almost everywhere on X (with respect to Lebesgue’s measure).

Then by Lebesgue’s Dominated Convergence Theorem we obtain

lim
p→∞

∫

X

g2(x)

(
p
∑

j=0

gj(x)

)2

dx =

∫

X

g2(x)

(
∞∑

j=0

gj(x)

)2

dx, (15)

where g(x) ∈ L2(X).

The equality (15) will be used further1.
1In our article [17] there was an inaccuracy. Namely, the formula (171) (see [17]) is true under the additional

condition
p
∑

j=0

|gj(x)| ≤ K <∞,

where constantK does not depend on x and p, or under another sufficient conditions (13), (14) (see this article).

Therefore, the conditions of Theorems 19–22 (see [17]) must be clarified. More precise formulations of these

theorems can be found in [14] (see Theorems 2.52–2.55). This clarification in [14] is carried out using (13), (14)

(see this article).
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3 Main Results

3.1 Expansion of Iterated Stratonovich Stochastic Integrals of Mul-

tiplicity 5. The Case of an Arbitrary CONS in L2([t, T ]) and

ψ1(τ), . . . , ψ5(τ) ≡ 1

In this section, we will prove the following theorem.

Theorem 4 [14], [52]–[54]. Suppose that {φj(x)}∞j=0 is an arbitrary CONS

in L2([t, T ]). Then, for the iterated Stratonovich stochastic integral of fifth mul-

tiplicity

J∗[ψ(5)]
(i1...i5)
T,t =

∗∫

t

T

. . .

∗∫

t

t2

dw
(i1)
t1 . . . dw

(i5)
t5

the following expansion

J∗[ψ(5)]
(i1...i5)
T,t = l.i.m.

p→∞

p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5

that converges in the mean-square sense is valid, where i1, . . . , i5 = 0, 1, . . . , m,

Cj5...j1 =

T∫

t

φj5(t5) . . .

t2∫

t

φj1(t1)dt1 . . . dt5

and

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (in the

case when i 6= 0), w
(0)
τ = τ.

Proof. Step 1. According to Theorem 3, we conclude that Theorem 4 will

be proved if we prove the following equalities (see (12) for k = 5, r = 1 and
k = 5, r = 2 (p1 = . . . = p5 = p)) under the conditions of Theorem 4

lim
p→∞

p
∑

j3,j4,j5=0

(
p
∑

j1=0

Cj5j4j3j1j1 −
1

2
Cj5j4j3j1j1

∣
∣
∣
∣
(j1j1)y(·)

)2

= 0, (16)
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lim
p→∞

p
∑

j2,j4,j5=0

(
p
∑

j1=0

Cj5j4j1j2j1

)2

= 0, (17)

lim
p→∞

p
∑

j2,j3,j5=0

(
p
∑

j1=0

Cj5j1j3j2j1

)2

= 0, (18)

lim
p→∞

p
∑

j2,j3,j4=0

(
p
∑

j1=0

Cj1j4j3j2j1

)2

= 0, (19)

lim
p→∞

p
∑

j1,j4,j5=0

(
p
∑

j2=0

Cj5j4j2j2j1 −
1

2
Cj5j4j2j2j1

∣
∣
∣
∣
(j2j2)y(·)

)2

= 0, (20)

lim
p→∞

p
∑

j1,j3,j5=0

(
p
∑

j2=0

Cj5j2j3j2j1

)2

= 0, (21)

lim
p→∞

p
∑

j1,j3,j4=0

(
p
∑

j2=0

Cj2j4j3j2j1

)2

= 0, (22)

lim
p→∞

p
∑

j1,j2,j5=0

(
p
∑

j3=0

Cj5j3j3j2j1 −
1

2
Cj5j3j3j2j1

∣
∣
∣
∣
(j3j3)y(·)

)2

= 0, (23)

lim
p→∞

p
∑

j1,j2,j4=0

(
p
∑

j3=0

Cj3j4j3j2j1

)2

= 0, (24)

lim
p→∞

p
∑

j1,j2,j3=0

(
p
∑

j4=0

Cj4j4j3j2j1 −
1

2
Cj4j4j3j2j1

∣
∣
∣
∣
(j4j4)y(·)

)2

= 0, (25)

lim
p→∞

p
∑

j5=0

(
p
∑

j1,j3=0

Cj5j3j3j1j1 −
1

4
Cj5j3j3j1j1

∣
∣
∣
∣
(j1j1)y(·),(j3j3)y(·)

)2

= 0, (26)

lim
p→∞

p
∑

j4=0

(
p
∑

j1,j3=0

Cj3j4j3j1j1

)2

= 0, (27)

lim
p→∞

p
∑

j3=0

(
p
∑

j1,j4=0

Cj4j4j3j1j1 −
1

4
Cj4j4j3j1j1

∣
∣
∣
∣
(j1j1)y(·),(j4j4)y(·)

)2

= 0, (28)
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lim
p→∞

p
∑

j5=0

(
p
∑

j1,j2=0

Cj5j2j1j2j1

)2

= 0, (29)

lim
p→∞

p
∑

j4=0

(
p
∑

j1,j2=0

Cj2j4j1j2j1

)2

= 0, (30)

lim
p→∞

p
∑

j2=0

(
p
∑

j1,j4=0

Cj4j4j1j2j1

)2

= 0, (31)

lim
p→∞

p
∑

j5=0

(
p
∑

j1,j2=0

Cj5j1j2j2j1

)2

= 0, (32)

lim
p→∞

p
∑

j3=0

(
p
∑

j1,j2=0

Cj2j1j3j2j1

)2

= 0, (33)

lim
p→∞

p
∑

j2=0

(
p
∑

j1,j3=0

Cj3j1j3j2j1

)2

= 0, (34)

lim
p→∞

p
∑

j4=0

(
p
∑

j1,j2=0

Cj1j4j2j2j1

)2

= 0, (35)

lim
p→∞

p
∑

j3=0

(
p
∑

j1,j2=0

Cj1j2j3j2j1

)2

= 0, (36)

lim
p→∞

p
∑

j2=0

(
p
∑

j1,j3=0

Cj1j3j3j2j1

)2

= 0, (37)

lim
p→∞

p
∑

j1=0

(
p
∑

j2,j4=0

Cj4j4j2j2j1 −
1

4
Cj4j4j2j2j1

∣
∣
∣
∣
(j2j2)y(·),(j4j4)y(·)

)2

= 0, (38)

lim
p→∞

p
∑

j1=0

(
p
∑

j2,j3=0

Cj3j2j3j2j1

)2

= 0, (39)

lim
p→∞

p
∑

j1=0

(
p
∑

j2,j3=0

Cj2j3j3j2j1

)2

= 0. (40)
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Step 2. Let us prove the equalities (16)–(25). Using Fubini’s Theorem and

Parseval’s equality, we obtain the following relations for the prelimit expressions
on the left-hand sides of (16)–(25)

p
∑

j3,j4,j5=0

(
p
∑

j1=0

Cj5j4j3j1j1 −
1

2
Cj5j4j3j1j1

∣
∣
∣
∣
(j1j1)y(·)

)2

=

=

p
∑

j3,j4,j5=0

( T∫

t

φj5(t5)

t5∫

t

φj4(t4)

t4∫

t

φj3(t3)






p
∑

j1=0

1

2





t3∫

t

φj1(τ)dτ





2

−
t3 − t

2




×

×dt3dt4dt5

)2

≤

≤
∞∑

j3,j4,j5=0

( T∫

t

φj5(t5)

t5∫

t

φj4(t4)

t4∫

t

φj3(t3)






p
∑

j1=0

1

2





t3∫

t

φj1(τ)dτ





2

−
t3 − t

2




×

×dt3dt4dt5

)2

=

=

∫

[t,T ]3

(
1{t3<t4<t5}

)2






p
∑

j1=0

1

2





t3∫

t

φj1(τ)dτ





2

−
t3 − t

2






2

dt3dt4dt5, (41)

p
∑

j2,j4,j5=0

(
p
∑

j1=0

Cj5j4j1j2j1

)2

=

=

p
∑

j2,j4,j5=0

( T∫

t

φj5(t5)

t5∫

t

φj4(t4)

t4∫

t

φj2(t2)

p
∑

j1=0

t2∫

t

φj1(t1)dt1

t4∫

t2

φj1(t3)dt3×

×dt2dt4dt5

)2

≤

≤
∞∑

j2,j4,j5=0

( T∫

t

φj5(t5)

t5∫

t

φj4(t4)

t4∫

t

φj2(t2)

p
∑

j1=0

t2∫

t

φj1(t1)dt1

t4∫

t2

φj1(t3)dt3×
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×dt2dt4dt5

)2

=

=

∫

[t,T ]3

(
1{t2<t4<t5}

)2





p
∑

j1=0

t2∫

t

φj1(t1)dt1

t4∫

t2

φj1(t3)dt3





2

dt2dt4dt5, (42)

p
∑

j2,j3,j5=0

(
p
∑

j1=0

Cj5j1j3j2j1

)2

=

=

p
∑

j2,j3,j5=0

( T∫

t

φj5(t5)

t5∫

t

φj3(t3)

t3∫

t

φj2(t2)

p
∑

j1=0

t2∫

t

φj1(t1)dt1

t5∫

t3

φj1(t4)dt4×

×dt2dt3dt5

)2

≤

≤
∞∑

j2,j3,j5=0

( T∫

t

φj5(t5)

t5∫

t

φj3(t3)

t3∫

t

φj2(t2)

p
∑

j1=0

t2∫

t

φj1(t1)dt1

t5∫

t3

φj1(t4)dt4×

×dt2dt3dt5

)2

=

=

∫

[t,T ]3

(
1{t2<t3<t5}

)2





p
∑

j1=0

t2∫

t

φj1(t1)dt1

t5∫

t3

φj1(t4)dt4





2

dt2dt3dt5, (43)

p
∑

j2,j3,j4=0

(
p
∑

j1=0

Cj1j4j3j2j1

)2

=

=

p
∑

j2,j3,j4=0

( T∫

t

φj4(t4)

t4∫

t

φj3(t3)

t3∫

t

φj2(t2)

p
∑

j1=0

t2∫

t

φj1(t1)dt1

T∫

t4

φj1(t5)dt5×

×dt2dt3dt4

)2

≤
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≤
∞∑

j2,j3,j4=0

( T∫

t

φj4(t4)

t4∫

t

φj3(t3)

t3∫

t

φj2(t2)

p
∑

j1=0

t2∫

t

φj1(t1)dt1

T∫

t4

φj1(t5)dt5×

×dt2dt3dt4

)2

=

=

∫

[t,T ]3

(
1{t2<t3<t4}

)2





p
∑

j1=0

t2∫

t

φj1(t1)dt1

T∫

t4

φj1(t5)dt5





2

dt2dt3dt4, (44)

p
∑

j1,j4,j5=0

(
p
∑

j2=0

Cj5j4j2j2j1 −
1

2
Cj5j4j2j2j1

∣
∣
∣
∣
(j2j2)y(·)

)2

=

=

p
∑

j1,j4,j5=0

( T∫

t

φj5(t5)

t5∫

t

φj4(t4)

t4∫

t

φj1(t1)

p
∑

j2=0

t4∫

t1

φj2(t2)

t4∫

t2

φj2(t3)dt3dt2×

×dt1dt4dt5 −
1

2

T∫

t

φj5(t5)

t5∫

t

φj4(t4)

t4∫

t

t2∫

t

φj1(t1)dt1dt2dt4dt5

)2

=

=

p
∑

j1,j4,j5=0

( T∫

t

φj5(t5)

t5∫

t

φj4(t4)

t4∫

t

φj1(t1)






p
∑

j2=0

1

2





t4∫

t1

φj2(t2)dt2





2

−
t4 − t1

2




×

×dt1dt4dt5

)2

≤

≤
∞∑

j1,j4,j5=0

( T∫

t

φj5(t5)

t5∫

t

φj4(t4)

t4∫

t

φj1(t1)






p
∑

j2=0

1

2





t4∫

t1

φj2(t2)dt2





2

−
t4 − t1

2




×

×dt1dt4dt5

)2

=

=

∫

[t,T ]3

(
1{t1<t4<t5}

)2






p
∑

j2=0

1

2





t4∫

t1

φj2(t2)dt2





2

−
t4 − t1

2






2

dt1dt4dt5, (45)
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p
∑

j1,j3,j5=0

(
p
∑

j2=0

Cj5j2j3j2j1

)2

=

=

p
∑

j1,j3,j5=0

(
p
∑

j2=0

T∫

t

φj5(t5)

t5∫

t

φj3(t3)

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2

t5∫

t3

φj2(t4)dt4×

×dt3dt5

)2

=

=

p
∑

j1,j3,j5=0

( T∫

t

φj5(t5)

t5∫

t

φj3(t3)

t3∫

t

φj1(t1)

p
∑

j2=0

t3∫

t1

φj2(t2)dt2

t5∫

t3

φj2(t4)dt4×

×dt1dt3dt5

)2

≤

≤
∞∑

j1,j3,j5=0

( T∫

t

φj5(t5)

t5∫

t

φj3(t3)

t3∫

t

φj1(t1)

p
∑

j2=0

t3∫

t1

φj2(t2)dt2

t5∫

t3

φj2(t4)dt4×

×dt1dt3dt5

)2

=

=

∫

[t,T ]3

(
1{t1<t3<t5}

)2





p
∑

j2=0

t3∫

t1

φj2(t2)dt2

t5∫

t3

φj2(t4)dt4





2

dt1dt3dt5, (46)

p
∑

j1,j3,j4=0

(
p
∑

j2=0

Cj2j4j3j2j1

)2

=

=

p
∑

j1,j3,j4=0

(
p
∑

j2=0

T∫

t

φj4(t4)

t4∫

t

φj3(t3)

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2dt3

T∫

t4

φj2(t5)dt5×

×dt4

)2

=

https://doi.org/10.21638/11701/spbu35.2024.406 Electronic Journal: http://diffjournal.spbu.ru/ 118



Differential Equations and Control Processes, N. 4, 2024

=

p
∑

j1,j3,j4=0

( T∫

t

φj4(t4)

t4∫

t

φj3(t3)

t3∫

t

φj1(t1)

p
∑

j2=0

t3∫

t1

φj2(t2)dt2

T∫

t4

φj2(t5)dt5×

×dt1dt3dt4

)2

≤

≤
∞∑

j1,j3,j4=0

( T∫

t

φj4(t4)

t4∫

t

φj3(t3)

t3∫

t

φj1(t1)

p
∑

j2=0

t3∫

t1

φj2(t2)dt2

T∫

t4

φj2(t5)dt5×

×dt1dt3dt4

)2

=

=

∫

[t,T ]3

(
1{t1<t3<t4}

)2





p
∑

j2=0

t3∫

t1

φj2(t2)dt2

T∫

t4

φj2(t5)dt5





2

dt1dt3dt4, (47)

p
∑

j1,j2,j5=0

(
p
∑

j3=0

Cj5j3j3j2j1 −
1

2
Cj5j3j3j2j1

∣
∣
∣
∣
(j3j3)y(·)

)2

=

=

p
∑

j1,j2,j5=0

(
p
∑

j3=0

T∫

t

φj5(t5)

t5∫

t

φj1(t1)

t5∫

t1

φj2(t2)

t5∫

t2

φj3(t3)

t5∫

t3

φj3(t4)dt4dt3×

×dt2dt1dt5 −
1

2

T∫

t

φj5(t5)

t5∫

t

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt5

)2

=

=

p
∑

j1,j2,j5=0

(
p
∑

j3=0

T∫

t

φj5(t5)

t5∫

t

φj1(t1)

t5∫

t1

φj2(t2)

t5∫

t2

φj3(t3)

t5∫

t3

φj3(t4)dt4dt3×

×dt2dt1dt5 −
1

2

T∫

t

φj5(t5)

t5∫

t

φj1(t1)

t5∫

t1

φj2(t2)

t5∫

t2

dt3dt2dt1dt5

)2

=

=

p
∑

j1,j2,j5=0

( T∫

t

φj5(t5)

t5∫

t

φj1(t1)

t5∫

t1

φj2(t2)






p
∑

j3=0

1

2





t5∫

t2

φj3(t3)dt3





2

−
t5 − t2

2




×
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×dt2dt1dt5

)2

≤

≤
∞∑

j1,j2,j5=0

( T∫

t

φj5(t5)

t5∫

t

φj1(t1)

t5∫

t1

φj2(t2)






p
∑

j3=0

1

2





t5∫

t2

φj3(t3)dt3





2

−
t5 − t2

2




×

×dt2dt1dt5

)2

=

=

∫

[t,T ]3

(
1{t1<t2<t5}

)2






p
∑

j3=0

1

2





t5∫

t2

φj3(t3)dt3





2

−
t5 − t2

2






2

dt2dt1dt5, (48)

p
∑

j1,j2,j4=0

(
p
∑

j3=0

Cj3j4j3j2j1

)2

=

=

p
∑

j1,j2,j4=0

(
p
∑

j3=0

T∫

t

φj1(t1)

T∫

t1

φj2(t2)

T∫

t2

φj3(t3)

T∫

t3

φj4(t4)

T∫

t4

φj3(t5)dt5dt4dt3×

×dt2dt1

)2

=

=

p
∑

j1,j2,j4=0

( T∫

t

φj1(t1)

T∫

t1

φj2(t2)

T∫

t2

φj4(t4)

p
∑

j3=0

T∫

t4

φj3(t5)dt5

t4∫

t2

φj3(t3)dt3dt4×

×dt2dt1

)2

≤

≤
∞∑

j1,j2,j4=0

( T∫

t

φj1(t1)

T∫

t1

φj2(t2)

T∫

t2

φj4(t4)

p
∑

j3=0

T∫

t4

φj3(t5)dt5

t4∫

t2

φj3(t3)dt3dt4×

×dt2dt1

)2

=

https://doi.org/10.21638/11701/spbu35.2024.406 Electronic Journal: http://diffjournal.spbu.ru/ 120



Differential Equations and Control Processes, N. 4, 2024

=

∫

[t,T ]3

(
1{t1<t2<t4}

)2





p
∑

j3=0

T∫

t4

φj3(t5)dt5

t4∫

t2

φj3(t3)dt3





2

dt4dt2dt1, (49)

p
∑

j1,j2,j3=0

(
p
∑

j4=0

Cj4j4j3j2j1 −
1

2
Cj4j4j3j2j1

∣
∣
∣
∣
(j4j4)y(·)

)2

=

=

p
∑

j1,j2,j3=0

( T∫

t

φj3(t3)

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2

p
∑

j4=0

T∫

t3

φj4(t4)

T∫

t4

φj4(t5)dt5dt4×

×dt3 −
1

2

T∫

t

t4∫

t

φj3(t3)

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt4

)2

=

=

p
∑

j1,j2,j3=0

( T∫

t

φj3(t3)

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)






p
∑

j4=0

1

2





T∫

t3

φj4(t4)dt4





2

−
T − t3

2




×

×dt1dt2dt3

)2

≤

≤
∞∑

j1,j2,j3=0

( T∫

t

φj3(t3)

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)






p
∑

j4=0

1

2





T∫

t3

φj4(t4)dt4





2

−
T − t3

2




×

×dt1dt2dt3

)2

=

=

∫

[t,T ]3

(
1{t1<t2<t3}

)2






p
∑

j4=0

1

2





T∫

t3

φj4(t4)dt4





2

−
T − t3

2






2

dt1dt2dt3. (50)

Further, applying the Parseval equality and the generalized Parseval equal-
ity (Parseval’s equality for two functions) as well as using the Cauchy–
Bunyakovsky inequality, we have

∞∑

j=0





t2∫

t1

φj(s)ds





2

=

T∫

t

(
1{t1<s<t2}

)2
ds = t2 − t1, (51)
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∞∑

j=0

t2∫

t1

φj(s)ds

t4∫

t3

φj(s)ds =
∞∑

j=0

T∫

t

1{t1<s<t2}φj(s)ds

T∫

t

1{t3<s<t4}φj(s)ds =

=

T∫

t

1{t1<s<t2}1{t3<s<t4}ds = 0, (52)

∣
∣
∣
∣
∣
∣
∣

(t2 − t1)−

p
∑

j=0





t2∫

t1

φj(s)ds





2
∣
∣
∣
∣
∣
∣
∣

≤ t2 − t1 ≤ T − t <∞, (53)





p
∑

j=0

t2∫

t1

φj(s)ds

t4∫

t3

φj(s)ds





2

≤

p
∑

j=0





t2∫

t1

φj(s)ds





2
p
∑

j=0





t4∫

t3

φj(s)ds





2

≤

≤ (t2 − t1)(t4 − t3) ≤ (T − t)2 <∞, (54)

where t ≤ t1 < t2 ≤ t3 < t4 ≤ T.

Using Lebesgue’s Dominated Convergence Theorem and (51)–(54), we ob-
tain that the right-hand sides of (41)–(50) tend to zero when p → ∞. The

equalities (16)–(25) are proved.

Step 3. Before proving the equalities (26)–(40), we show that
∣
∣
∣
∣
∣

p
∑

j1,j3=0

Cj3j3j1j1(s, τ)

∣
∣
∣
∣
∣
≤ K, (55)

∣
∣
∣
∣
∣

p
∑

j1,j3=0

Cj1j3j3j1(s, τ)

∣
∣
∣
∣
∣
≤ K, (56)

∣
∣
∣
∣
∣

p
∑

j1,j2=0

Cj2j1j2j1(s, τ)

∣
∣
∣
∣
∣
≤ K, (57)

p
∑

j2=0

(
p
∑

j1=0

Cj1j2j1(s, τ)

)2

≤

s∫

τ





p
∑

j1=0

t2∫

τ

φj1(t1)dt1

s∫

t2

φj1(t3)dt3





2

dt2, (58)

where constant K does not depend on p, s, τ ; here and further in this proof

Cjk...j1(s, τ) =

s∫

τ

φjk(tk) . . .

t2∫

τ

φj1(t1)dt1 . . . dtk (k = 1, . . . , 4, t ≤ τ < s ≤ T ).
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Further, by K,K1, K2 we will denote contants that can change from line to

line.

By analogy with the formulas (145), (155), (165) and (128)–(130) from [17],

we get

p
∑

j1,j3=0

Cj3j3j1j1(s, τ) =

p
∑

j1,j3=0

Cj3(s, τ)Cj3j1j1(s, τ)−
1

8

(
p
∑

j1=0

(
Cj1(s, τ)

)2

)2

, (59)

p
∑

j1,j2=0

Cj2j1j2j1(s, τ) =

p
∑

j1,j2=0

Cj2(s, τ)Cj1j2j1(s, τ)−
1

2

p
∑

j1,j2=0

Cj1j2(s, τ)Cj2j1(s, τ),

(60)
p
∑

j1,j3=0

Cj1j3j3j1(s, τ) =

p
∑

j1,j3=0

Cj1(s, τ)Cj3j3j1(s, τ)−
1

2

p
∑

j1,j3=0

(
Cj3j1(s, τ)

)2
, (61)

lim
p→∞

p
∑

j1,j3=0

Cj3j3j1j1(s, τ) =
1

8
(s− τ)2, (62)

lim
p→∞

p
∑

j1,j2=0

Cj2j1j2j1(s, τ) = 0, (63)

lim
p→∞

p
∑

j1,j3=0

Cj1j3j3j1(s, τ) = 0. (64)

Using (59), Parseval’s equality, Cauchy–Bunyakovsky’s inequality, as well

as Fubini’s Theorem and the elementary inequality (a + b)2 ≤ 2a2 + 2b2, we
obtain

(
p
∑

j1,j3=0

Cj3j3j1j1(s, τ)

)2

≤ 2

(
p
∑

j1,j3=0

Cj3(s, τ)Cj3j1j1(s, τ)

)2

+

+2 ·
1

64

(
p
∑

j1=0

(
Cj1(s, τ)

)2

)4

≤

≤ 2

p
∑

j3=0

(Cj3(s, τ))
2

p
∑

j3=0

(
p
∑

j1=0

Cj3j1j1(s, τ)

)2

+K1 ≤

≤ K2

∞∑

j3=0

(
p
∑

j1=0

Cj3j1j1(s, τ)

)2

+K1 =
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= K2

∞∑

j3=0





s∫

τ

φj3(t3)

p
∑

j1=0

t3∫

τ

φj1(t2)

t2∫

τ

φj1(t1)dt1dt2dt3





2

+K1 =

= K2

s∫

τ





1

2

p
∑

j1=0





t3∫

τ

φj1(t2)dt2





2





2

dt3 +K1 ≤

≤ K2

s∫

τ





1

2

∞∑

j1=0





t3∫

τ

φj1(t2)dt2





2





2

dt3 +K1 =

= K2

s∫

τ

(
1

2
(t3 − τ)

)2

dt3 +K1 ≤ K < ∞,

where constantsK,K1, K2 do not depend on p, s, τ. The equality (55) is proved.

Let us prove (56). Using (61) and the above reasoning, we get

(
p
∑

j1,j3=0

Cj1j3j3j1(s, τ)

)2

≤ 2

(
p
∑

j1,j3=0

Cj1(s, τ)Cj3j3j1(s, τ)

)2

+

+2 ·
1

4

(
p
∑

j1,j3=0

(
Cj3j1(s, τ)

)2

)2

≤

≤ 2

p
∑

j1=0

(Cj1(s, τ))
2

p
∑

j1=0

(
p
∑

j3=0

Cj3j3j1(s, τ)

)2

+K1 ≤

≤ K2

∞∑

j1=0

(
p
∑

j3=0

Cj3j3j1(s, τ)

)2

+K1 =

= K2

∞∑

j1=0





s∫

τ

φj1(t1)

p
∑

j3=0

s∫

t1

φj3(t2)

s∫

t2

φj3(t3)dt3dt2dt1





2

+K1 =

= K2

s∫

τ





1

2

p
∑

j3=0





s∫

t1

φj3(t2)dt2





2





2

dt1 +K1 ≤
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≤ K2

s∫

τ





1

2

∞∑

j3=0





s∫

t1

φj3(t2)dt2





2





2

dt1 +K1 =

= K2

s∫

τ

(
1

2
(s− t1)

)2

dt1 +K1 ≤ K <∞,

where constantsK,K1, K2 do not depend on p, s, τ. The equality (56) is proved.

Let us prove (57), (58). Applying (60), (54) and the above reasoning, we

have (
p
∑

j1,j2=0

Cj2j1j2j1(s, τ)

)2

≤ 2

(
p
∑

j1,j2=0

Cj2(s, τ)Cj1j2j1(s, τ)

)2

+

+2 ·
1

4

(
p
∑

j1,j2=0

Cj1j2(s, τ)Cj2j1(s, τ)

)2

≤

≤ 2

p
∑

j2=0

(Cj2(s, τ))
2

p
∑

j2=0

(
p
∑

j1=0

Cj1j2j1(s, τ)

)2

+

+
1

2

p
∑

j1,j2=0

(Cj1j2(s, τ))
2

p
∑

j1,j2=0

(Cj2j1(s, τ))
2 ≤

≤ K2

p
∑

j2=0

(
p
∑

j1=0

Cj1j2j1(s, τ)

)2

+K1 ≤ K2

∞∑

j2=0

(
p
∑

j1=0

Cj1j2j1(s, τ)

)2

+K1 = (65)

= K2

∞∑

j2=0





s∫

τ

φj2(t2)

p
∑

j1=0

t2∫

τ

φj1(t1)dt1

s∫

t2

φj1(t3)dt3dt2





2

+K1 =

= K2

s∫

τ





p
∑

j1=0

t2∫

τ

φj1(t1)dt1

s∫

t2

φj1(t3)dt3





2

dt2 +K1 ≤ (66)

≤ K2

s∫

τ

((t2 − τ)(s− t2))
2 dt2 +K1 ≤ K <∞,

where constants K,K1, K2 do not depend on p, s, τ. The equalities (57) and
(58) (see (65), (66)) are proved.
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Step 4. Let us start proving the equalities (26)–(40). Using Fubini’s The-

orem and Parseval’s equality, we obtain the following relations for the prelimit
expressions on the left-hand sides of (26), (29), (32), (38)–(40)

p
∑

j5=0

(
p
∑

j1,j3=0

Cj5j3j3j1j1 −
1

4
Cj5j3j3j1j1

∣
∣
∣
∣
(j1j1)y(·),(j3j3)y(·)

)2

=

=

p
∑

j5=0





T∫

t

φj5(t5)





p
∑

j1,j3=0

Cj3j3j1j1(t5, t)−
1

4

t5∫

t

(τ − t)dτ



 dt5





2

≤

≤
∞∑

j5=0





T∫

t

φj5(t5)





p
∑

j1,j3=0

Cj3j3j1j1(t5, t)−
1

4

t5∫

t

(τ − t)dτ



 dt5





2

=

=

T∫

t

(
p
∑

j1,j3=0

Cj3j3j1j1(t5, t)−
1

8
(t5 − t)2

)2

dt5, (67)

p
∑

j5=0

(
p
∑

j1,j2=0

Cj5j2j1j2j1

)2

=

p
∑

j5=0





T∫

t

φj5(t5)

p
∑

j1,j2=0

Cj2j1j2j1(t5, t)dt5





2

≤

≤
∞∑

j5=0





T∫

t

φj5(t5)

p
∑

j1,j2=0

Cj2j1j2j1(t5, t)dt5





2

=

T∫

t

(
p
∑

j1,j2=0

Cj2j1j2j1(t5, t)

)2

dt5,

(68)

p
∑

j5=0

(
p
∑

j1,j2=0

Cj5j1j2j2j1

)2

=

p
∑

j5=0





T∫

t

φj5(t5)

p
∑

j1,j2=0

Cj1j2j2j1(t5, t)dt5





2

≤

≤
∞∑

j5=0





T∫

t

φj5(t5)

p
∑

j1,j2=0

Cj1j2j2j1(t5, t)dt5





2

=

T∫

t

(
p
∑

j1,j2=0

Cj1j2j2j1(t5, t)

)2

dt5,

(69)

p
∑

j1=0

(
p
∑

j2,j4=0

Cj4j4j2j2j1 −
1

4
Cj4j4j2j2j1

∣
∣
∣
∣
(j2j2)y(·),(j4j4)y(·)

)2

=
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=

p
∑

j1=0





T∫

t

φj1(t1)

p
∑

j2,j4=0

T∫

t1

φj2(t2)

T∫

t2

φj2(t3)

T∫

t3

φj4(t4)

T∫

t4

φj4(t5)dt5dt4dt3dt2dt1−

−
1

4

T∫

t

t5∫

t

t3∫

t

φj1(t1)dt1dt3dt5





2

=

=

p
∑

j1=0





T∫

t

φj1(t1)





p
∑

j2,j4=0

Cj4j4j2j2(T, t1)−
1

4

T∫

t1

(T − t3)dt3



 dt1





2

≤

≤
∞∑

j1=0





T∫

t

φj1(t1)

(
p
∑

j2,j4=0

Cj4j4j2j2(T, t1)−
1

8
(T − t1)

2

)

dt1





2

=

=

T∫

t

(
p
∑

j2,j4=0

Cj4j4j2j2(T, t1)−
1

8
(T − t1)

2

)2

dt1, (70)

p
∑

j1=0

(
p
∑

j2,j3=0

Cj3j2j3j2j1

)2

=

=

p
∑

j1=0

( T∫

t

φj1(t1)

p
∑

j2,j3=0

T∫

t1

φj2(t2)

T∫

t2

φj3(t3)

T∫

t3

φj2(t4)

T∫

t4

φj3(t5)dt5dt4×

×dt3dt2dt1

)2

=

=

p
∑

j1=0





T∫

t

φj1(t1)

p
∑

j2,j3=0

Cj3j2j3j2(T, t1)dt1





2

≤

≤
∞∑

j1=0





T∫

t

φj1(t1)

p
∑

j2,j3=0

Cj3j2j3j2(T, t1)dt1





2

=

=

T∫

t

(
p
∑

j2,j3=0

Cj3j2j3j2(T, t1)

)2

dt1, (71)
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p
∑

j1=0

(
p
∑

j2,j3=0

Cj2j3j3j2j1

)2

=

=

p
∑

j1=0

( T∫

t

φj1(t1)

p
∑

j2,j3=0

T∫

t1

φj2(t2)

T∫

t2

φj3(t3)

T∫

t3

φj3(t4)

T∫

t4

φj2(t5)dt5dt4×

×dt3dt2dt1

)2

=

=

p
∑

j1=0





T∫

t

φj1(t1)

p
∑

j2,j3=0

Cj2j3j3j2(T, t1)dt1





2

≤

≤
∞∑

j1=0





T∫

t

φj1(t1)

p
∑

j2,j3=0

Cj2j3j3j2(T, t1)dt1





2

=

T∫

t

(
p
∑

j2,j3=0

Cj2j3j3j2(T, t1)

)2

dt1.

(72)

Using Lebesgue’s Dominated Convergence Theorem and (55)–(57), (62)–

(64), we obtain that the right-hand sides of (67)–(72) tend to zero when p→ ∞.
The equalities (26), (29), (32), (38)–(40) are proved.

Further, let us prove the equalities (28), (30), (33), (34), (36). Using Fu-
bini’s Theorem, Parseval’s equality and Cauchy–Bunyakovsky’s inequality, we

have the following relations for the prelimit expressions on the left-hand sides
of (28), (30), (33), (34), (36)

p
∑

j3=0

(
p
∑

j1,j4=0

Cj4j4j3j1j1 −
1

4
Cj4j4j3j1j1

∣
∣
∣
∣
(j1j1)y(·),(j4j4)y(·)

)2

=

=

p
∑

j3=0





T∫

t

φj3(t3)

p
∑

j1,j4=0

t3∫

t

φj1(t2)

t2∫

t

φj1(t1)dt1dt2

T∫

t3

φj4(t4)

T∫

t4

φj4(t5)dt5dt4dt3−

−
1

4

T∫

t

t4∫

t

φj3(t3)

t3∫

t

dt1dt3dt4





2

≤

≤
∞∑

j3=0






T∫

t

φj3(t3)






p
∑

j1,j4=0

1

4





t3∫

t

φj1(t2)dt2





2



T∫

t3

φj4(t4)dt4





2

−
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−
1

4
(t3 − t)

T∫

t3

dt4



 dt3





2

=

=

T∫

t





1

4

p
∑

j1=0





t3∫

t

φj1(t2)dt2





2
p
∑

j4=0





T∫

t3

φj4(t4)dt4





2

−
1

4
(t3 − t)(T − t3)






2

dt3,

(73)

p
∑

j4=0

(
p
∑

j1,j2=0

Cj2j4j1j2j1

)2

=

=

p
∑

j4=0





T∫

t

φj4(t4)

p
∑

j1,j2=0

t4∫

t

φj1(t3)

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2dt3

T∫

t4

φj2(t5)dt5dt4





2

≤

≤
∞∑

j4=0





T∫

t

φj4(t4)

p
∑

j1,j2=0

Cj1j2j1(t4, t)Cj2(T, t4)dt4





2

=

=

T∫

t

(
p
∑

j2=0

p
∑

j1=0

Cj1j2j1(t4, t)Cj2(T, t4)

)2

dt4 ≤

≤

T∫

t

p
∑

j2=0

(Cj2(T, t4))
2

p
∑

j2=0

(
p
∑

j1=0

Cj1j2j1(t4, t)

)2

dt4 ≤

≤

T∫

t

∞∑

j2=0

(Cj2(T, t4))
2

p
∑

j2=0

(
p
∑

j1=0

Cj1j2j1(t4, t)

)2

dt4 ≤

≤ K1

T∫

t

p
∑

j2=0

(
p
∑

j1=0

Cj1j2j1(t4, t)

)2

dt4 ≤ (74)

≤ K1

T∫

t

t4∫

t





p
∑

j1=0

t2∫

t

φj1(t1)dt1

t4∫

t2

φj1(t3)dt3





2

dt2dt4 = (75)
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= K1

∫

[t,T ]2

1{t2<t4}





p
∑

j1=0

t2∫

t

φj1(t1)dt1

t4∫

t2

φj1(t3)dt3





2

dt2dt4, (76)

where constant K1 does not depend on p and the transition from (74) to (75)
is based on (58);

p
∑

j3=0

(
p
∑

j1,j2=0

Cj2j1j3j2j1

)2

=

=

p
∑

j3=0





T∫

t

φj3(t3)

p
∑

j1,j2=0

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2

T∫

t3

φj1(t4)

T∫

t4

φj2(t5)dt5dt4dt3





2

≤

≤
∞∑

j3=0





T∫

t

φj3(t3)

p
∑

j1,j2=0

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2

T∫

t3

φj1(t1)

T∫

t1

φj2(t2)dt2dt1dt3





2

=

=

T∫

t





p
∑

j1,j2=0

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2

T∫

t3

φj1(t1)

T∫

t1

φj2(t2)dt2dt1





2

dt3 =

=

T∫

t






p
∑

j1,j2=0

∫

[t,T ]2

1{t1<t2<t3}φj2(t2)φj1(t1)dt1dt2×

×

∫

[t,T ]2

1{t2>t1>t3}φj2(t2)φj1(t1)dt1dt2






2

dt3, (77)

where, using the generalized Parseval equality and the Cauchy–Bunyakovsky
inequality, we obtain

lim
p→∞

p
∑

j1,j2=0

∫

[t,T ]2

1{t1<t2<t3}φj2(t2)φj1(t1)dt1dt2

∫

[t,T ]2

1{t2>t1>t3}φj2(t2)φj1(t1)dt1dt2=

=

∫

[t,T ]2

1{t1<t2<t3}1{t2>t1>t3}dt1dt2 = 0,

https://doi.org/10.21638/11701/spbu35.2024.406 Electronic Journal: http://diffjournal.spbu.ru/ 130



Differential Equations and Control Processes, N. 4, 2024






p
∑

j1,j2=0

∫

[t,T ]2

1{t1<t2<t3}φj2(t2)φj1(t1)dt1dt2

∫

[t,T ]2

1{t2>t1>t3}φj2(t2)φj1(t1)dt1dt2






2

≤

≤

p
∑

j1,j2=0






∫

[t,T ]2

1{t1<t2<t3}φj2(t2)φj1(t1)dt1dt2






2

×

×

p
∑

j1,j2=0






∫

[t,T ]2

1{t2>t1>t3}φj2(t2)φj1(t1)dt1dt2






2

≤ K1 < ∞,

where constant K1 does not depend on p;

p
∑

j2=0

(
p
∑

j1,j3=0

Cj3j1j3j2j1

)2

=

=

p
∑

j2=0





T∫

t

φj2(t2)

p
∑

j1,j3=0

t2∫

t

φj1(t1)dt1

T∫

t2

φj3(t3)

T∫

t3

φj1(t4)

T∫

t4

φj3(t5)dt5dt4dt3dt2





2

≤

≤
∞∑

j2=0





T∫

t

φj2(t2)

p
∑

j1,j3=0

t2∫

t

φj1(t1)dt1

T∫

t2

φj3(t3)

T∫

t3

φj1(t4)

T∫

t4

φj3(t5)dt5dt4dt3dt2





2

=

=

T∫

t





p
∑

j1,j3=0

t2∫

t

φj1(t1)dt1

T∫

t2

φj3(t3)

T∫

t3

φj1(t4)

T∫

t4

φj3(t5)dt5dt4dt3





2

dt2 =

=

T∫

t





p
∑

j1=0

Cj1(t2, t)

p
∑

j3=0

T∫

t2

φj3(t5)

t5∫

t2

φj1(t4)

t4∫

t2

φj3(t3)dt3dt4dt5





2

dt2 =

=

T∫

t

(
p
∑

j1=0

Cj1(t2, t)

p
∑

j3=0

Cj3j1j3(T, t2)

)2

dt2 ≤

≤

T∫

t

p
∑

j1=0

(Cj1(t2, t))
2

p
∑

j1=0

(
p
∑

j3=0

Cj3j1j3(T, t2)

)2

dt2 ≤
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≤ K1

T∫

t

p
∑

j1=0

(
p
∑

j3=0

Cj3j1j3(T, t2)

)2

dt2 ≤ (78)

≤ K1

T∫

t

T∫

t2





p
∑

j3=0

θ∫

t2

φj3(t1)dt1

T∫

θ

φj3(t3)dt3





2

dθdt2 = (79)

= K1

∫

[t,T ]2

1{t2<θ}





p
∑

j3=0

θ∫

t2

φj3(t1)dt1

T∫

θ

φj3(t3)dt3





2

dθdt2, (80)

where constant K1 does not depend on p and the transition from (78) to (79)
is based on (58);

lim
p→∞

p
∑

j3=0

(
p
∑

j1,j2=0

Cj1j2j3j2j1

)2

=

=

p
∑

j3=0





T∫

t

φj3(t3)

p
∑

j1,j2=0

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2

T∫

t3

φj2(t4)

T∫

t4

φj1(t5)dt5dt4dt3





2

≤

≤
∞∑

j3=0





T∫

t

φj3(t3)

p
∑

j1,j2=0

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2

T∫

t3

φj2(t2)

T∫

t2

φj1(t1)dt1dt2dt3





2

=

=

T∫

t





p
∑

j1,j2=0

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2

T∫

t3

φj2(t2)

T∫

t2

φj1(t1)dt1dt2





2

dt3 =

=

T∫

t






p
∑

j1,j2=0

∫

[t,T ]2

1{t1<t2<t3}φj2(t2)φj1(t1)dt1dt2×

×

∫

[t,T ]2

1{t1>t2>t3}φj2(t2)φj1(t1)dt1dt2






2

dt3, (81)

where, using the generalized Parseval equality and the Cauchy–Bunyakovsky

inequality, we obtain
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lim
p→∞

p
∑

j1,j2=0

∫

[t,T ]2

1{t1<t2<t3}φj2(t2)φj1(t1)dt1dt2

∫

[t,T ]2

1{t1>t2>t3}φj2(t2)φj1(t1)dt1dt2=

=

∫

[t,T ]2

1{t1<t2<t3}1{t1>t2>t3}dt1dt2 = 0,






p
∑

j1,j2=0

∫

[t,T ]2

1{t1<t2<t3}φj2(t2)φj1(t1)dt1dt2

∫

[t,T ]2

1{t1>t2>t3}φj2(t2)φj1(t1)dt1dt2






2

≤

≤

p
∑

j1,j2=0






∫

[t,T ]2

1{t1<t2<t3}φj2(t2)φj1(t1)dt1dt2






2

×

×

p
∑

j1,j2=0






∫

[t,T ]2

1{t1>t2>t3}φj2(t2)φj1(t1)dt1dt2






2

≤ K1 < ∞,

where constant K1 does not depend on p.

Using Lebesgue’s Dominated Convergence Theorem, we obtain that the
right-hand sides of (73), (76), (77), (80), (81) tend to zero when p → ∞. The

equalities (28), (30), (33), (34), (36) are proved.

Step 5. Finally, let us prove the equalities (27), (31), (35), (37). Using Par-
seval’s equality, Cauchy–Bunyakovsky’s inequality, as well as Fubini’s Theorem
and the elementary inequality (a + b)2 ≤ 2a2 + 2b2, we obtain for the prelimit

expression on the left-hand side of (27)

p
∑

j4=0

(
p
∑

j1,j3=0

Cj3j4j3j1j1

)2

=

=

p
∑

j4=0





T∫

t

φj4(t4)

p
∑

j1,j3=0

t4∫

t

φj3(t3)

t3∫

t

φj1(t2)

t2∫

t

φj1(t1)dt1dt2dt3

T∫

t4

φj3(t5)dt5dt4





2

≤

≤
∞∑

j4=0





T∫

t

φj4(t4)

p
∑

j1,j3=0

t4∫

t

φj3(t3)

t3∫

t

φj1(t2)

t2∫

t

φj1(t1)dt1dt2dt3

T∫

t4

φj3(t5)dt5dt4





2

=
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=

T∫

t





p
∑

j1,j3=0

t4∫

t

φj3(t3)

t3∫

t

φj1(t2)

t2∫

t

φj1(t1)dt1dt2dt3

T∫

t4

φj3(t5)dt5





2

dt4 =

=

T∫

t






p
∑

j3=0

t4∫

t

φj3(t3)





1

2

p
∑

j1=0





t3∫

t

φj1(t2)dt2





2

∓
t3 − t

2




 dt3

T∫

t4

φj3(t5)dt5






2

dt4≤

≤ 2

T∫

t






p
∑

j3=0

t4∫

t

φj3(t3)





1

2

p
∑

j1=0





t3∫

t

φj1(t2)dt2





2

−
t3 − t

2




 dt3

T∫

t4

φj3(t5)dt5






2

dt4+

+2

T∫

t





p
∑

j3=0

t4∫

t

φj3(t3)
t3 − t

2
dt3

T∫

t4

φj3(t5)dt5





2

dt4 ≤

≤ 2

T∫

t

p
∑

j3=0

(Cj3(T, t4))
2×

×

p
∑

j3=0






t4∫

t

φj3(t3)





1

2

p
∑

j1=0





t3∫

t

φj1(t2)dt2





2

−
t3 − t

2




 dt3






2

dt4 + εp ≤

≤ K1

T∫

t

p
∑

j3=0






t4∫

t

φj3(t3)





1

2

p
∑

j1=0





t3∫

t

φj1(t2)dt2





2

−
t3 − t

2




 dt3






2

dt4 + εp ≤

≤ K1

T∫

t

∞∑

j3=0






t4∫

t

φj3(t3)





1

2

p
∑

j1=0





t3∫

t

φj1(t2)dt2





2

−
t3 − t

2




 dt3






2

dt4 + εp =

= K1

T∫

t

t4∫

t





1

2

p
∑

j1=0





t3∫

t

φj1(t2)dt2





2

−
t3 − t

2






2

dt3dt4 + εp =

= K1

∫

[t,T ]2

1{t3<t4}





1

2

p
∑

j1=0





t3∫

t

φj1(t2)dt2





2

−
t3 − t

2






2

dt3dt4 + εp, (82)
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where constant K1 does not depend on p,

εp = 2

T∫

t





p
∑

j3=0

t4∫

t

φj3(t3)
t3 − t

2
dt3

T∫

t4

φj3(t5)dt5





2

dt4.

By analogy with (52), (54) we get





p
∑

j3=0

t4∫

t

φj3(t3)
t3 − t

2
dt3

T∫

t4

φj3(t5)dt5





2

≤ K2 <∞, (83)

∞∑

j3=0

t4∫

t

φj3(t3)
t3 − t

2
dt3

T∫

t4

φj3(t5)dt5 = 0, (84)

where constant K2 does not depend on p.

Using Lebesgue’s Dominated Convergence Theorem and (51), (53), (83),

(84), we obtain that the right-hand side of (82) tends to zero when p → ∞.
The equality (27) is proved.

Let us prove the equality (31). Using Parseval’s equality, Cauchy–Buny-
akovsky’s inequality, as well as Fubini’s Theorem and the elementary inequality

(a+ b)2 ≤ 2a2+2b2, we obtain for the prelimit expression on the left-hand side
of (31)

p
∑

j2=0

(
p
∑

j1,j4=0

Cj4j4j1j2j1

)2

=

=

p
∑

j2=0





T∫

t

φj2(t2)

p
∑

j1,j4=0

t2∫

t

φj1(t1)dt1

T∫

t2

φj1(t3)

T∫

t3

φj4(t4)

T∫

t4

φj4(t5)dt5dt4dt3dt2





2

≤

≤
∞∑

j2=0





T∫

t

φj2(t2)

p
∑

j1,j4=0

t2∫

t

φj1(t1)dt1

T∫

t2

φj1(t3)

T∫

t3

φj4(t4)

T∫

t4

φj4(t5)dt5dt4dt3dt2





2

=

=

T∫

t





p
∑

j1,j4=0

t2∫

t

φj1(t1)dt1

T∫

t2

φj1(t3)

T∫

t3

φj4(t4)

T∫

t4

φj4(t5)dt5dt4dt3





2

dt2 =
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=

T∫

t






p
∑

j1=0

t2∫

t

φj1(t1)dt1

T∫

t2

φj1(t3)





1

2

p
∑

j4=0





T∫

t3

φj4(t4)dt4





2

∓
T − t3

2




dt3






2

dt2≤

≤ 2

T∫

t






p
∑

j1=0

t2∫

t

φj1(t1)dt1

T∫

t2

φj1(t3)





1

2

p
∑

j4=0





T∫

t3

φj4(t4)dt4





2

−
T − t3

2




dt3






2

dt2+

+2

T∫

t





p
∑

j1=0

t2∫

t

φj1(t1)dt1

T∫

t2

φj1(t3)
T − t3

2
dt3





2

dt2 ≤

≤ 2

T∫

t

p
∑

j1=0

(Cj1(t2, t))
2×

×

p
∑

j1=0






T∫

t2

φj1(t3)





1

2

p
∑

j4=0





T∫

t3

φj4(t4)dt4





2

−
T − t3

2




 dt3






2

dt2 + µp ≤

≤ K1

T∫

t

p
∑

j1=0






T∫

t2

φj1(t3)





1

2

p
∑

j4=0





T∫

t3

φj4(t4)dt4





2

−
T − t3

2




 dt3






2

dt2 + µp ≤

≤ K1

T∫

t

∞∑

j1=0






T∫

t2

φj1(t3)





1

2

p
∑

j4=0





T∫

t3

φj4(t4)dt4





2

−
T − t3

2




 dt3






2

dt2 + µp =

= K1

T∫

t

T∫

t2





1

2

p
∑

j4=0





T∫

t3

φj4(t4)dt4





2

−
T − t3

2






2

dt3dt2 + µp =

= K1

∫

[t,T ]2

1{t2<t3}





1

2

p
∑

j4=0





T∫

t3

φj4(t4)dt4





2

−
T − t3

2






2

dt3dt2 + µp, (85)

where constant K1 does not depend on p,

µp = 2

T∫

t





p
∑

j1=0

t2∫

t

φj1(t1)dt1

T∫

t2

φj1(t3)
T − t3

2
dt3





2

dt2.
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By analogy with (52), (54) we get





p
∑

j1=0

t2∫

t

φj1(t1)dt1

T∫

t2

φj1(t3)
T − t3

2
dt3





2

≤ K2 < ∞, (86)

∞∑

j1=0

t2∫

t

φj1(t1)dt1

T∫

t2

φj1(t3)
T − t3

2
dt3 = 0, (87)

where constant K2 does not depend on p.

Using Lebesgue’s Dominated Convergence Theorem and (51), (53), (86),
(87), we obtain that the right-hand side of (85) tends to zero when p → ∞.

The equality (31) is proved.

Let us prove the equality (35). Using Parseval’s equality, Cauchy–Buny-

akovsky’s inequality, as well as Fubini’s Theorem and the elementary inequality
(a+ b)2 ≤ 2a2+2b2, we obtain for the prelimit expression on the left-hand side

of (35)

p
∑

j4=0

(
p
∑

j1,j2=0

Cj1j4j2j2j1

)2

=

=

p
∑

j4=0





T∫

t

φj4(t4)

p
∑

j1,j2=0

t4∫

t

φj2(t3)

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2dt3

T∫

t4

φj1(t5)dt5dt4





2

≤

≤
∞∑

j4=0





T∫

t

φj4(t4)

p
∑

j1,j2=0

t4∫

t

φj2(t3)

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2dt3

T∫

t4

φj1(t5)dt5dt4





2

=

=

T∫

t





p
∑

j1,j2=0

t4∫

t

φj2(t3)

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2dt3

T∫

t4

φj1(t5)dt5





2

dt4 =

=

T∫

t





p
∑

j1,j2=0

t4∫

t

φj1(t1)

t4∫

t1

φj2(t2)

t4∫

t2

φj2(t3)dt3dt2dt1

T∫

t4

φj1(t5)dt5





2

dt4 =

=

T∫

t






p
∑

j1=0

t4∫

t

φj1(t1)





1

2

p
∑

j2=0





t4∫

t1

φj2(t2)dt2





2

∓
t4 − t1

2




dt1

T∫

t4

φj1(t5)dt5






2

dt4≤

https://doi.org/10.21638/11701/spbu35.2024.406 Electronic Journal: http://diffjournal.spbu.ru/ 137



Differential Equations and Control Processes, N. 4, 2024

≤ 2

T∫

t






p
∑

j1=0

t4∫

t

φj1(t1)





1

2

p
∑

j2=0





t4∫

t1

φj2(t2)dt2





2

−
t4 − t1

2




dt1

T∫

t4

φj1(t5)dt5






2

dt4+

+2

T∫

t





p
∑

j1=0

t4∫

t

φj1(t1)
t4 − t1

2
dt1

T∫

t4

φj1(t5)dt5





2

dt4 ≤

≤ 2

T∫

t

p
∑

j1=0

(Cj1(T, t4))
2×

×

p
∑

j1=0






t4∫

t

φj1(t1)





1

2

p
∑

j2=0





t4∫

t1

φj2(t2)dt2





2

−
t4 − t1

2




 dt1






2

dt4 + ρp ≤

≤ K1

T∫

t

p
∑

j1=0






t4∫

t

φj1(t1)





1

2

p
∑

j2=0





t4∫

t1

φj2(t2)dt2





2

−
t4 − t1

2




 dt1






2

dt4 + ρp ≤

≤ K1

T∫

t

∞∑

j1=0






t4∫

t

φj1(t1)





1

2

p
∑

j2=0





t4∫

t1

φj2(t2)dt2





2

−
t4 − t1

2




 dt1






2

dt4 + ρp =

= K1

T∫

t

t4∫

t





1

2

p
∑

j2=0





t4∫

t1

φj2(t2)dt2





2

−
t4 − t1

2






2

dt1dt4 + ρp =

= K1

∫

[t,T ]2

1{t1<t4}





1

2

p
∑

j2=0





t4∫

t1

φj2(t2)dt2





2

−
t4 − t1

2






2

dt1dt4 + ρp, (88)

where constant K1 does not depend on p,

ρp = 2

T∫

t





p
∑

j1=0

t4∫

t

φj1(t1)
t4 − t1

2
dt1

T∫

t4

φj1(t5)dt5





2

dt4.

By analogy with (52), (54) we get (t4 − t1 = (t4 − t) + (t− t1))
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



p
∑

j1=0

t4∫

t

φj1(t1)
t4 − t1

2
dt1

T∫

t4

φj1(t5)dt5





2

≤ K2 <∞, (89)

∞∑

j1=0

t4∫

t

φj1(t1)
t4 − t1

2
dt1

T∫

t4

φj1(t5)dt5 = 0, (90)

where constant K2 does not depend on p.

Using Lebesgue’s Dominated Convergence Theorem and (51), (53), (89),
(90), we obtain that the right-hand side of (88) tends to zero when p → ∞.

The equality (35) is proved.

Let us prove the equality (37). Using Parseval’s equality, Cauchy–Buny-
akovsky’s inequality, as well as Fubini’s Theorem and the elementary inequality
(a+ b)2 ≤ 2a2+2b2, we obtain for the prelimit expression on the left-hand side

of (37)

p
∑

j2=0

(
p
∑

j1,j3=0

Cj1j3j3j2j1

)2

=

=

p
∑

j2=0





T∫

t

φj2(t2)

p
∑

j1,j3=0

t2∫

t

φj1(t1)dt1

T∫

t2

φj3(t3)

T∫

t3

φj3(t4)

T∫

t4

φj1(t5)dt5dt4dt3dt2





2

≤

≤
∞∑

j2=0





T∫

t

φj2(t2)

p
∑

j1,j3=0

t2∫

t

φj1(t1)dt1

T∫

t2

φj3(t3)

T∫

t3

φj3(t4)

T∫

t4

φj1(t5)dt5dt4dt3dt2





2

=

=

T∫

t





p
∑

j1,j3=0

t2∫

t

φj1(t1)dt1

T∫

t2

φj3(t3)

T∫

t3

φj3(t4)

T∫

t4

φj1(t5)dt5dt4dt3





2

dt2 =

=

T∫

t





p
∑

j1,j3=0

t2∫

t

φj1(t1)dt1

T∫

t2

φj1(t5)

t5∫

t2

φj3(t4)

t4∫

t2

φj3(t3)dt3dt4dt5





2

dt2 =

=

T∫

t






p
∑

j1=0

t2∫

t

φj1(t1)dt1

T∫

t2

φj1(t5)





1

2

p
∑

j3=0





t5∫

t2

φj3(t4)dt4





2

∓
t5 − t2

2




 dt5






2

dt2≤

https://doi.org/10.21638/11701/spbu35.2024.406 Electronic Journal: http://diffjournal.spbu.ru/ 139



Differential Equations and Control Processes, N. 4, 2024

≤ 2

T∫

t






p
∑

j1=0

t2∫

t

φj1(t1)dt1

T∫

t2

φj1(t5)





1

2

p
∑

j3=0





t5∫

t2

φj3(t4)dt4





2

−
t5 − t2

2




 dt5






2

dt2+

+2

T∫

t





p
∑

j1=0

t2∫

t

φj1(t1)dt1

T∫

t2

φj1(t5)
t5 − t2

2
dt5





2

dt2 ≤

≤ 2

T∫

t

p
∑

j1=0

(Cj1(t2, t))
2×

×

p
∑

j1=0






T∫

t2

φj1(t5)





1

2

p
∑

j3=0





t5∫

t2

φj3(t4)dt4





2

−
t5 − t2

2




 dt5






2

dt2 + χp ≤

≤ K1

T∫

t

p
∑

j1=0






T∫

t2

φj1(t5)





1

2

p
∑

j3=0





t5∫

t2

φj3(t4)dt4





2

−
t5 − t2

2




 dt5






2

dt2 + χp ≤

≤ K1

T∫

t

∞∑

j1=0






T∫

t2

φj1(t5)





1

2

p
∑

j3=0





t5∫

t2

φj3(t4)dt4





2

−
t5 − t2

2




 dt5






2

dt2 + χp =

= K1

T∫

t

T∫

t2





1

2

p
∑

j3=0





t5∫

t2

φj3(t4)dt4





2

−
t5 − t2

2






2

dt5dt2 + χp =

= K1

∫

[t,T ]2

1{t2<t5}





1

2

p
∑

j3=0





t5∫

t2

φj3(t4)dt4





2

−
t5 − t2

2






2

dt5dt2 + χp, (91)

where constant K1 does not depend on p,

χp = 2

T∫

t





p
∑

j1=0

t2∫

t

φj1(t1)dt1

T∫

t2

φj1(t5)
t5 − t2

2
dt5





2

dt2.

By analogy with (52), (54) we get (t5 − t2 = (t5 − t) + (t− t2))
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



p
∑

j1=0

t2∫

t

φj1(t1)dt1

T∫

t2

φj1(t5)
t5 − t2

2
dt5





2

≤ K2 <∞, (92)

∞∑

j1=0

t2∫

t

φj1(t1)dt1

T∫

t2

φj1(t5)
t5 − t2

2
dt5 = 0, (93)

where constant K2 does not depend on p.

Using Lebesgue’s Dominated Convergence Theorem and (51), (53), (92),

(93), we obtain that the right-hand side of (91) tends to zero when p → ∞.
The equality (37) is proved. The equalities (16)–(40) are proved. Theorem 4 is

proved.

3.2 On the Calculation of Matrix Traces of Volterra–Type Integral

Operators

Consider the so-called factorized Volterra–Type kernel (9), where ψ1(τ), . . . ,

ψk(τ) ∈ L2([t, T ]), t1, . . . , tk ∈ [t, T ] (k ≥ 2) and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ].
It is easy to see that the function (9) for even k = 2r (r ∈ N) forms a family of
integral operators K : L2([t, T ]

r) → L2([t, T ]
r) (with the kernel (9)) of the form

(Kf) (tg1, . . . , tgr) =

∫

[t,T ]r

K(t1, . . . , tk)f(tgr+1
, . . . , tgk)dtgr+1

. . . dtgk , (94)

where {g1, . . . , gk} = {1, . . . , k}, k = 2r, the kernel K(t1, . . . , tk) is defined by

(9), f(tgr+1
, . . . , tgk) ∈ L2([t, T ]

r). For example,

(Kf) (t2, t3) =

∫

[t,T ]2

K(t1, . . . , t4)f(t1, t4)dt1dt4 =

= ψ2(t2)ψ3(t3)1{t2<t3}

t2∫

t

ψ1(t1)

T∫

t3

ψ4(t4)f(t1, t4)dt4dt1. (95)

Consider the matrix trace of integral operator defined by (95)

∞∑

j1,j2=0

〈KΨj1j2,Ψj1j2〉L2([t,T ]2)
=
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=
∞∑

j1,j2=0

T∫

t

ψ4(t4)φj2(t4)

t4∫

t

ψ3(t3)φj2(t3)

t3∫

t

ψ2(t2)φj1(t2)

t2∫

t

ψ1(t1)φj1(t1)×

×dt1dt2dt3dt4 =

=
∞∑

j1,j2=0

Cj2j2j1j1, (96)

where {Ψj1j2(x, y)}
∞
j1,j2=0 = {φj1(x)φj2(y)}

∞
j1,j2=0 , {φj(x)}

∞
j=0 is an arbitrary

CONS in L2([t, T ]).

As we have already seen, matrix traces of integral operators (94) play an
important role when proving expansions for iterated Stratonovich integrals. In

[14] (Sect. 2.27) it was explained why calculation the above matrix traces is a
problem (see also [56]). Further, we will develop the results from [17] (Sect. 3.9).

Recall that in [56], the following relation

lim
p→∞

p
∑

j2r,j2r−2,...,j2=0

Cj2rj2rj2r−2j2r−2...j2j2 =
1

2r

T∫

t

ψ2r(t2r)ψ2r−1(t2r)×

×

t2r∫

t

ψ2r−2(t2r−2)ψ2r−3(t2r−2) . . .

t4∫

t

ψ2(t2)ψ1(t2)dt2 . . . dt2r−2dt2r, (97)

is proved, where r ∈ N, Cj2rj2rj2r−2j2r−2...j2j2 is defined by (8), {φj(x)}
∞
j=0 is an

arbitrary CONS in L2([t, T ]), and ψ1(τ), . . . , ψ2r(τ) ∈ L2([t, T ]).

Let us prove the equality (97) by another method, namely by induction.

The case r = 1 is considered in [56]. Thus, the equality (97) is true for r = 1.
Suppose that the equality (97) is true for some r > 1. Then, using the induction

hypothesis and (97) for r = 1, we get

lim
p→∞

p
∑

j2r+2,j2r,...,j2=0

T∫

t

ψ2r+2(t2r+2)φj2r+2
(t2r+2)

t2r+2∫

t

ψ2r+1(t2r+1)φj2r+2
(t2r+1)×

×

T∫

t

ψ2r(t2r)φj2r(t2r)

t2r∫

t

ψ2r−1(t2r−1)φj2r(t2r−1) . . .

. . .

t3∫

t

ψ2(t2)φj2(t2)

t2∫

t

ψ1(t1)φj2(t1)dt1dt2 . . . dt2r−1dt2rdt2r+1dt2r+2 =
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=
∞∑

j2r+2=0

T∫

t

ψ2r+2(t2r+2)φj2r+2
(t2r+2)

t2r+2∫

t

ψ2r+1(t2r+1)φj2r+2
(t2r+1)dt2r+1dt2r+2×

×
∞∑

j2r,j2r−2,...,j2=0

T∫

t

ψ2r(t2r)φj2r(t2r)

t2r∫

t

ψ2r−1(t2r−1)φj2r(t2r−1)×

×

t2r−1∫

t

ψ2r−2(t2r−2)φj2r−2
(t2r−2)

t2r−2∫

t

ψ2r−3(t2r−3)φj2r−2
(t2r−3) . . .

. . .

t3∫

t

ψ2(t2)φj2(t2)

t2∫

t

ψ1(t1)φj2(t1)dt1dt2 . . . dt2r−3dt2r−2dt2r−1dt2r =

=
1

2

T∫

t

ψ2r+2(t2r+2)ψ2r+1(t2r+2)dt2r+2 ·
1

2r

T∫

t

ψ2r(t2r)ψ2r−1(t2r)×

×

t2r∫

t

ψ2r−2(t2r−2)ψ2r−3(t2r−2) . . .

t4∫

t

ψ2(t2)ψ1(t2)dt2 . . . dt2r−2dt2r. (98)

Let us rewrite the equality (98) in the form

lim
p→∞

p
∑

j2r+2,j2r,...,j2=0

T∫

t

ψ2r+2(t2r+2)φj2r+2
(t2r+2)

t2r+2∫

t

ψ2r+1(t2r+1)φj2r+2
(t2r+1)×

×

T∫

t

ψ2r(t2r)φj2r(t2r)

t2r∫

t

ψ2r−1(t2r−1)φj2r(t2r−1) . . .

. . .

t3∫

t

ψ2(t2)φj2(t2)

t2∫

t

ψ1(t1)φj2(t1)dt1dt2 . . . dt2r−1dt2rdt2r+1dt2r+2 =

=
1

2r+1

T∫

t

ψ2r+2(t2r+2)ψ2r+1(t2r+2)

T∫

t

ψ2r(t2r)ψ2r−1(t2r)×

×

t2r∫

t

ψ2r−2(t2r−2)ψ2r−3(t2r−2) . . .

t4∫

t

ψ2(t2)ψ1(t2)dt2 . . . dt2r−2dt2rdt2r+2, (99)
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where ψ1(τ), . . . , ψ2r+2(τ) ∈ L2([t, T ]).

Suppose that ψ1(τ), ψ3(τ), . . . , ψ2r−3(τ), ψ2r(τ), ψ2r+1(τ) in (99) are Legen-
dre polynomials of finite degrees. Denote

h(t2, t4, . . . , t2r−2, t2r−1, t2r+2) =

= ψ2(t2)ψ4(t4) . . . ψ2r−2(t2r−2)ψ2r−1(t2r−1)ψ2r+2(t2r+2),

g(t1, t3, . . . , t2r−3, t2r, t2r+1) =

= ψ̄1(t1)ψ̄3(t3) . . . ψ̄2r−3(t2r−3)ψ̄2r(t2r)ψ̄2r+1(t2r+1)1{t2r<t2r+1}, (100)

sq(t1, t3, . . . , t2r−3, t2r, t2r+1) =

=

q
∑

l1,...,lr+1=0

Clr+1...l1φ̄l1(t1)φ̄l2(t3) . . . φ̄lr−1
(t2r−3)φ̄lr(t2r)φ̄lr+1

(t2r+1), (101)

where Clr+1...l1 are Fourier–Legendre coefficients for the function (100),
{
φ̄j(x)

}∞

j=0
is a CONS of Legendre polynomials in L2([t, T ]), and ψ̄1(τ), ψ̄3(τ),

. . . , ψ̄2r−3(τ), ψ̄2r(τ), ψ̄2r+1(τ) ∈ L2([t, T ]). Then we have

lim
q→∞

‖sq − g‖2L2([t,T ]r+1) = 0.

From (99) we obtain (the sum on the right-hand side of (101) is finite)

lim
p→∞

p
∑

j2r+2,j2r,...,j2=0

∫

[t,T ]2r+2

1{t1<t2<...<t2r}1{t2r+1<t2r+2}sq(t1, t3, . . . , t2r−3, t2r, t2r+1)×

×h(t2, t4, . . . , t2r−2, t2r−1, t2r+2)×

×
r+1∏

d=1

φj2d(t2d−1)φj2d(t2d)dt1dt2 . . . dt2r−1dt2rdt2r+1dt2r+2 =

=
1

2r+1

∫

[t,T ]r+1

1{t2<t4<...<t2r}sq(t2, t4, . . . , t2r−2, t2r, t2r+2)×

×h(t2, t4, . . . , t2r−2, t2r, t2r+2)dt2dt4 . . . dt2r−2dt2rdt2r+2. (102)

The right-hand side of the equality (102) defines (as a scalar product of

sq(t2, t4, . . . , t2r−2, t2r, t2r+2) and

1

2r+1
1{t2<t4<...<t2r}h(t2, t4, . . . , t2r−2, t2r, t2r+2)
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in L2([t, T ]
r+1)) a linear bounded (and therefore continuous) functional in

L2([t, T ]
r+1). The mentioned functional is given by the function

1

2r+1
1{t2<t4<...<t2r}h(t2, t4, . . . , t2r−2, t2r, t2r+2).

Note that the equality (102) will also remain true if sq is replaced by s̄q
(s̄q is the partial sum of the Fourier–Legendre series of any function from
L2([t, T ]

r+1)), i.e. the modified equality (102) is true on a dense subset in

L2([t, T ]
r+1). On the left-hand side of (102) (by virtue of the equality (102))

there is a linear continuous functional on a dense subset in L2([t, T ]
r+1).

This functional can be uniquely extended to a linear continuous functional in
L2([t, T ]

r+1) (see [57], Theorem I.7, P. 9). Thus, we have the equality of two
linear continuous functionals in L2([t, T ]

r+1). Let us implement the passage to

the limit lim
q→∞

in the mentioned equality if instead of s̄q we choose sq of the form

(101) (i.e. passage to the limit lim
q→∞

in (102))

lim
p→∞

p
∑

j2r+2,j2r,...,j2=0

∫

[t,T ]2r+2

1{t1<t2<...<t2r}1{t2r+1<t2r+2}g(t1, t3, . . . , t2r−3, t2r, t2r+1)×

×h(t2, t4, . . . , t2r−2, t2r−1, t2r+2)×

×
r+1∏

d=1

φj2d(t2d−1)φj2d(t2d)dt1dt2 . . . dt2r−1dt2rdt2r+1dt2r+2 =

=
1

2r+1

∫

[t,T ]r+1

1{t2<t4<...<t2r}g(t2, t4, . . . , t2r−2, t2r, t2r+2)×

×h(t2, t4, . . . , t2r−2, t2r, t2r+2)dt2dt4 . . . dt2r−2dt2rdt2r+2, (103)

where ψ̄1(τ), ψ̄3(τ), . . . , ψ̄2r−3(τ)ψ̄2r(τ), ψ̄2r+1(τ) ∈ L2([t, T ]).

It is easy to see that the equality (103) (up to notations) is the equality (97)
in which r is replaced by r + 1. So, we proved the equality (97) by induction.

Note that the series on the left-hand side of (97) converges absolutly since
its sum does not depend on permutations of basis functions (here the basis in

L2([t, T ]
r) is {φj1(x1) . . . φjr(xr)}

∞
j1,...,jr=0).

Further, let us show that
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lim
p→∞

p
∑

jg1 ,jg3 ,...,jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

=

=
1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2jg1)y(·)...(jg2r jg2r−1

)y(·),jg1= jg2 ,...,jg2r−1
= jg2r

(104)

for all possible g1, g2, . . . , g2r−1, g2r (see (7)), where k = 2r (r = 2, 3, . . .), Cjk...j1

is defined by (8), another notations are the same as in (97).

The case
r∏

l=1

1{g2l=g2l−1+1} = 1

corresponds to (97). Thus, it remains to prove that

lim
p→∞

p
∑

jg1 ,jg3 ,...,jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

= 0 (105)

for the case
r∏

l=1

1{g2l=g2l−1+1} = 0.

Below we consider two examples that clearly explain the algorithm for the

proof of equality (105). After this we will formulate the algorithm.

First, let us prove that

lim
p→∞

p
∑

j1,j3,j4=0

Cj3j4j4j3j1j1 =

= lim
p→∞

p
∑

j1,j3,j4=0

T∫

t

ψ6(t6)φj3(t6)

t6∫

t

ψ5(t5)φj4(t5)

t5∫

t

ψ4(t4)φj4(t4)

t4∫

t

ψ3(t3)φj3(t3)×

×

t3∫

t

ψ2(t2)φj1(t2)

t2∫

t

ψ1(t1)φj1(t1)dt1dt2dt3dt4dt5dt6 = 0, (106)

where {φj(x)}
∞
j=0 is an arbitrary CONS in L2([t, T ]) and ψ1(τ), . . . , ψ6(τ) ∈

L2([t, T ]).
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Step 1. Using (97) (r = 1) and generalized Parseval’s equality, we obtain

lim
p→∞

p
∑

j1,j3,j4=0

T∫

t

ψ6(t6)φj3(t6)

T∫

t

ψ5(t5)φj4(t5)

t5∫

t

ψ4(t4)φj4(t4)

T∫

t

ψ3(t3)φj3(t3)×

×

T∫

t

ψ2(t2)φj1(t2)

t2∫

t

ψ1(t1)φj1(t1)dt1dt2dt3dt4dt5dt6 = (107)

= lim
p→∞

p
∑

j3=0

T∫

t

ψ6(t6)φj3(t6)dt6

T∫

t

ψ3(t3)φj3(t3)dt3×

× lim
p→∞

p
∑

j4=0

T∫

t

ψ5(t5)φj4(t5)

t5∫

t

ψ4(t4)φj4(t4)dt4dt5×

× lim
p→∞

p
∑

j1=0

T∫

t

ψ2(t2)φj1(t2)

t2∫

t

ψ1(t1)φj1(t1)dt1dt2 =

=

T∫

t

ψ6(t6)ψ3(t6)dt6 ·
1

2

T∫

t

ψ5(t4)ψ4(t4)dt4 ·
1

2

T∫

t

ψ2(t2)ψ1(t2)dt2. (108)

Let us rewrite (108) in the form

∞∑

j1,j3,j4=0

T∫

t

ψ6(t6)φj3(t6)

T∫

t

ψ5(t5)φj4(t5)

t5∫

t

ψ4(t4)φj4(t4)

T∫

t

ψ3(t3)φj3(t3)×

×

T∫

t

ψ2(t2)φj1(t2)

t2∫

t

ψ1(t1)φj1(t1)dt1dt2dt3dt4dt5dt6 =

=
1

4

T∫

t

ψ6(t6)ψ3(t6)

T∫

t

ψ5(t4)ψ4(t4)

T∫

t

ψ2(t2)ψ1(t2)dt2dt4dt6. (109)

Step 2. Suppose that ψ2(τ), ψ3(τ), ψ4(τ) are Legendre polynomials of finite

degrees. Denote

sq(t2, t3, t4) =

q
∑

l1,l2.l3=0

Cl3l2l1φ̄l1(t2)φ̄l2(t3)φ̄l3(t4), (110)
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where
{
φ̄j(x)

}∞

j=0
is a CONS of Legendre polynomials in L2([t, T ]) and Cl3l2l1 are

Fourier–Legendre coefficients for the function g(t2, t3, t4) = ψ̄2(t2)ψ̄3(t3)ψ̄4(t4)×

×1{t2<t3} (ψ̄2(τ), ψ̄3(τ), ψ̄4(τ) ∈ L2([t, T ])), i.e. lim
q→∞

‖sq − g‖2L2([t,T ]3)
= 0.

From (109) we obtain (the sum on the right-hand side of (110) is finite)

∞∑

j1,j3,j4=0

∫

[t,T ]6

1{t1<t2}1{t4<t5}sq(t2, t3, t4)ψ6(t6)ψ5(t5)ψ1(t1)φj3(t6)φj3(t3)φj4(t5)×

×φj4(t4)φj1(t2)φj1(t1)dt1dt2dt3dt4dt5dt6 =

=
1

4

∫

[t,T ]3

sq(t2, t6, t4)ψ6(t6)ψ5(t4)ψ1(t2)dt2dt4dt6. (111)

Note that the equality (111) remains true when sq is a partial sum of the

Fourier–Legendre series of any function from L2([t, T ]
3), i.e. the equality holds

on a dense subset in L2([t, T ]
3).

The right-hand side of (111) defines (as a scalar product of sq(t2, t6, t4) and
1
4
ψ6(t6)ψ5(t4)ψ1(t2) in L2([t, T ]

3)) a linear bounded (and therefore continuous)

functional in L2([t, T ]
3), which is given by the function 1

4ψ6(t6)ψ5(t4)ψ1(t2). On

the left-hand side of (111) (by virtue of the equality (111)) there is a linear

continuous functional on a dense subset in L2([t, T ]
3). This functional can be

uniquely extended to a linear continuous functional in L2([t, T ]
3) (see [57], The-

orem I.7, P. 9). Let us implement the passage to the limit lim
q→∞

in (111) (at that

we suppose that sq is defined by (110))

∞∑

j1,j3,j4=0

∫

[t,T ]6

1{t1<t2<t3}1{t4<t5}ψ6(t6)ψ5(t5)ψ̄4(t4)ψ̄3(t3)ψ̄2(t2)ψ1(t1)φj3(t6)φj3(t3)×

×φj4(t5)φj4(t4)φj1(t2)φj1(t1)dt1dt2dt3dt4dt5dt6 =

=
1

4

∫

[t,T ]3

1{t2<t6}ψ6(t6)ψ̄3(t6)ψ5(t4)ψ̄4(t4)ψ̄2(t2)ψ1(t2)dt2dt4dt6. (112)
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Rewrite the equality (112) in the form

∞∑

j1,j3,j4=0

∫

[t,T ]6

1{t1<t2<t3}1{t4<t5}ψ6(t6)ψ5(t5)ψ4(t4)ψ3(t3)ψ2(t2)ψ1(t1)φj3(t6)φj3(t3)×

×φj4(t5)φj4(t4)φj1(t2)φj1(t1)dt1dt2dt3dt4dt5dt6 =

=
1

4

∫

[t,T ]3

1{t2<t6}ψ6(t6)ψ3(t6)ψ5(t4)ψ4(t4)ψ2(t2)ψ1(t2)dt2dt4dt6, (113)

where ψ1(τ), . . . , ψ6(τ) ∈ L2([t, T ]).

Step 3. Suppose that ψ3(τ), ψ4(τ), ψ1(τ) are Legendre polynomials of finite

degrees. Denote

sq(t3, t4, t1) =

q
∑

l1,l2.l3=0

Cl3l2l1φ̄l1(t3)φ̄l2(t4)φ̄l3(t1), (114)

where
{
φ̄j(x)

}∞

j=0
as in (110) and Cl3l2l1 are Fourier–Legendre coefficients

for the function g(t3, t4, t1) = ψ̄3(t3)ψ̄4(t4)ψ̄1(t1)1{t3<t4} (ψ̄3(τ), ψ̄4(τ), ψ̄1(τ) ∈

L2([t, T ])), i.e. lim
q→∞

‖sq − g‖2L2([t,T ]3)
= 0.

From (113) we obtain (the sum on the right-hand side of (114) is finite)

∞∑

j1,j3,j4=0

∫

[t,T ]6

1{t1<t2<t3}1{t4<t5}sq(t3, t4, t1)ψ6(t6)ψ5(t5)ψ2(t2)φj3(t6)φj3(t3)×

×φj4(t5)φj4(t4)φj1(t2)φj1(t1)dt1dt2dt3dt4dt5dt6 =

=
1

4

∫

[t,T ]3

1{t2<t6}sq(t6, t4, t2)ψ6(t6)ψ5(t4)ψ2(t2)dt2dt4dt6. (115)

Note that the equality (115) remains true when sq is a partial sum of the

Fourier–Legendre series of any function from L2([t, T ]
3), i.e. the equality holds

on a dense subset in L2([t, T ]
3).
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The right-hand side of (115) defines (as a scalar product of sq(t6, t4, t2)

and 1
41{t2<t6}ψ6(t6)ψ5(t4)ψ2(t2) in L2([t, T ]

3)) a linear bounded (and there-

fore continuous) functional in L2([t, T ]
3), which is given by the function

1
41{t2<t6}ψ6(t6)ψ5(t4)ψ2(t2). On the left-hand side of (115) (by virtue of the

equality (115)) there is a linear continuous functional on a dense subset in

L2([t, T ]
3). This functional can be uniquely extended to a linear continuous

functional in L2([t, T ]
3) (see [57], Theorem I.7, P. 9). Let us implement the

passage to the limit lim
q→∞

in (115) (at that we suppose that sq is defined by

(114))

∞∑

j1,j3,j4=0

∫

[t,T ]6

1{t1<t2<t3<t4<t5}ψ6(t6)ψ5(t5)ψ̄4(t4)ψ̄3(t3)ψ2(t2)ψ̄1(t1)φj3(t6)φj3(t3)×

×φj4(t5)φj4(t4)φj1(t2)φj1(t1)dt1dt2dt3dt4dt5dt6 =

=
1

4

∫

[t,T ]3

1{t2<t6}1{t6<t4}ψ6(t6)ψ̄3(t6)ψ5(t4)ψ̄4(t4)ψ2(t2)ψ̄1(t2)dt2dt4dt6. (116)

Rewrite (116) in the form

∞∑

j1,j3,j4=0

∫

[t,T ]6

1{t1<t2<t3<t4<t5}ψ6(t6)ψ5(t5)ψ4(t4)ψ3(t3)ψ2(t2)ψ1(t1)φj3(t6)φj3(t3)×

×φj4(t5)φj4(t4)φj1(t2)φj1(t1)dt1dt2dt3dt4dt5dt6 =

=
1

4

∫

[t,T ]3

1{t2<t6}1{t6<t4}ψ6(t6)ψ3(t6)ψ5(t4)ψ4(t4)ψ2(t2)ψ1(t2)dt2dt4dt6, (117)

where ψ1(τ), . . . , ψ6(τ) ∈ L2([t, T ]).

Step 4. Suppose that ψ5(τ), ψ6(τ), ψ2(τ) are Legendre polynomials of finite

degrees. Denote

sq(t5, t6, t2) =

q
∑

l1,l2.l3=0

Cl3l2l1φ̄l1(t5)φ̄l2(t6)φ̄l3(t2), (118)
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where
{
φ̄j(x)

}∞

j=0
as in (110) and Cl3l2l1 are Fourier–Legendre coefficients

for the function g(t5, t6, t2) = ψ̄5(t5)ψ̄6(t6)ψ̄2(t2)1{t5<t6} (ψ̄5(τ), ψ̄6(τ), ψ̄2(τ) ∈

L2([t, T ])), i.e. lim
q→∞

‖sq − g‖2L2([t,T ]3)
= 0.

From (117) we obtain (the sum on the right-hand side of (118) is finite)
∞∑

j1,j3,j4=0

∫

[t,T ]6

1{t1<t2<t3<t4<t5}sq(t5, t6, t2)ψ4(t4)ψ3(t3)ψ1(t1)φj3(t6)φj3(t3)×

×φj4(t5)φj4(t4)φj1(t2)φj1(t1)dt1dt2dt3dt4dt5dt6 =

=
1

4

∫

[t,T ]3

1{t2<t6}1{t6<t4}sq(t4, t6, t2)ψ3(t6)ψ4(t4)ψ1(t2)dt2dt4dt6. (119)

Note that the equality (119) remains true when sq is a partial sum of the

Fourier–Legendre series of any function from L2([t, T ]
3), i.e. the equality holds

on a dense subset in L2([t, T ]
3).

The right-hand side of (119) defines (as a scalar product of sq(t4, t6, t2)

and 1
41{t2<t6}1{t6<t4}ψ3(t6)ψ4(t4)ψ1(t2) in L2([t, T ]

3)) a linear bounded (and

therefore continuous) functional in L2([t, T ]
3), which is given by the function

1
41{t2<t6}1{t6<t4}ψ3(t6)ψ4(t4)ψ1(t2). On the left-hand side of (119) (by virtue of

the equality (119)) there is a linear continuous functional on a dense subset

in L2([t, T ]
3). This functional can be uniquely extended to a linear continuous

functional in L2([t, T ]
3) (see [57], Theorem I.7, P. 9). Let us implement the

passage to the limit lim
q→∞

in (119) (at that we suppose that sq is defined by

(118))
∞∑

j1,j3,j4=0

∫

[t,T ]6

1{t1<t2<t3<t4<t5<t6}ψ̄6(t6)ψ̄5(t5)ψ4(t4)ψ3(t3)ψ̄2(t2)ψ1(t1)φj3(t6)φj3(t3)×

×φj4(t5)φj4(t4)φj1(t2)φj1(t1)dt1dt2dt3dt4dt5dt6 =

=
1

4

∫

[t,T ]3

1{t2<t6}1{t6<t4}1{t4<t6}ψ̄6(t6)ψ3(t6)ψ̄5(t4)ψ4(t4)ψ̄2(t2)ψ1(t2)dt2dt4dt6 = 0.

(120)
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It is obvious that the equality (120) (up to notations) is (106). The equality

(106) is proved.

As a second example, we will prove the equality

lim
p→∞

p
∑

j1,j2=0

Cj2j1j2j1 = 0. (121)

In this case, we will use the same approach as in the proof of equality (106).

Step 1. Using generalized Parseval’s equality, we obtain

lim
p→∞

p
∑

j1,j2=0

T∫

t

ψ4(t4)φj2(t4)

T∫

t

ψ3(t3)φj1(t3)

T∫

t

ψ2(t2)φj2(t2)

T∫

t

ψ1(t1)φj1(t1)×

×dt1dt2dt3dt4 = (122)

= lim
p→∞

p
∑

j2=0

T∫

t

ψ4(t4)φj2(t4)dt4

T∫

t

ψ2(t2)φj2(t2)dt2×

× lim
p→∞

p
∑

j1=0

T∫

t

ψ3(t3)φj1(t3)dt3

T∫

t

ψ1(t1)φj1(t1)dt1 =

=

T∫

t

ψ4(t4)ψ2(t4)dt4

T∫

t

ψ3(t3)ψ1(t3)dt3. (123)

Rewrite the equality (123) in the form

∞∑

j1,j2=0

∫

[t,T ]4

ψ4(t4)ψ3(t3)ψ2(t2)ψ1(t1)φj2(t4)φj1(t3)φj2(t2)φj1(t1)dt1dt2dt3dt4 =

=

∫

[t,T ]2

ψ4(t4)ψ2(t4)ψ3(t2)ψ1(t2)dt2dt4. (124)

Step 2. Suppose that ψ1(τ), ψ2(τ) are Legendre polynomials of finite de-

grees. Denote

sq(t1, t2) =

q
∑

l1,l2=0

Cl2l1φ̄l1(t1)φ̄l2(t2),
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where
{
φ̄j(x)

}∞

j=0
as in (110), Cl2l1 are Fourier–Legendre coefficients for the

function g(t1, t2) = ψ̄1(t1)ψ̄2(t2)1{t1<t2} (ψ̄1(τ), ψ̄2(τ) ∈ L2([t, T ])).

From (124) we obtain

∞∑

j1,j2=0

∫

[t,T ]4

sq(t1, t2)ψ4(t4)ψ3(t3)φj2(t4)φj1(t3)φj2(t2)φj1(t1)dt1dt2dt3dt4 =

=

∫

[t,T ]2

sq(t2, t4)ψ4(t4)ψ3(t2)dt2dt4. (125)

The left-hand and right-hand sides of (125) define linear continuous func-

tionals in L2([t, T ]
2) (see explanation earlier in this section). Let us implement

the passage to the limit lim
q→∞

in (125)

∞∑

j1,j2=0

∫

[t,T ]4

1{t1<t2}ψ4(t4)ψ3(t3)ψ̄2(t2)ψ̄1(t1)φj2(t4)φj1(t3)φj2(t2)φj1(t1)dt1dt2dt3dt4=

=

∫

[t,T ]2

1{t2<t4}ψ4(t4)ψ̄2(t4)ψ3(t2)ψ̄1(t2)dt2dt4. (126)

Rewrite the equality (126) in the form

∞∑

j1,j2=0

∫

[t,T ]4

1{t1<t2}ψ4(t4)ψ3(t3)ψ2(t2)ψ1(t1)φj2(t4)φj1(t3)φj2(t2)φj1(t1)dt1dt2dt3dt4=

=

∫

[t,T ]2

1{t2<t4}ψ4(t4)ψ2(t4)ψ3(t2)ψ1(t2)dt2dt4, (127)

where ψ1(τ), . . . , ψ4(τ) ∈ L2([t, T ]).

Step 3. Suppose that ψ2(τ), ψ3(τ) are Legendre polynomials of finite de-

grees. Denote

sq(t2, t3) =

q
∑

l1,l2=0

Cl2l1φ̄l1(t2)φ̄l2(t3),
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where
{
φ̄j(x)

}∞

j=0
as in (110), Cl2l1 are Fourier–Legendre coefficients for the

function g(t2, t3) = ψ̄2(t2)ψ̄3(t3)1{t2<t3} (ψ̄2(τ), ψ̄3(τ) ∈ L2([t, T ])).

From (127) we obtain

∞∑

j1,j2=0

∫

[t,T ]4

1{t1<t2}sq(t2, t3)ψ4(t4)ψ1(t1)φj2(t4)φj1(t3)φj2(t2)φj1(t1)dt1dt2dt3dt4 =

=

∫

[t,T ]2

1{t2<t4}sq(t4, t2)ψ4(t4)ψ1(t2)dt2dt4. (128)

The left-hand and right-hand sides of (128) define linear continuous func-

tionals in L2([t, T ]
2). Let us implement the passage to the limit lim

q→∞
in (128)

∞∑

j1,j2=0

∫

[t,T ]4

1{t1<t2<t3}ψ4(t4)ψ̄3(t3)ψ̄2(t2)ψ1(t1)φj2(t4)φj1(t3)φj2(t2)φj1(t1)×

×dt1dt2dt3dt4 =

=

∫

[t,T ]2

1{t2<t4}1{t4<t2}ψ4(t4)ψ̄2(t4)ψ̄3(t2)ψ1(t2)dt2dt4 = 0. (129)

Rewrite the equality (129) in the form

∞∑

j1,j2=0

∫

[t,T ]4

1{t1<t2<t3}ψ4(t4)ψ3(t3)ψ2(t2)ψ1(t1)φj2(t4)φj1(t3)φj2(t2)φj1(t1)×

×dt1dt2dt3dt4 = 0. (130)

Step 4. Suppose that ψ3(τ), ψ4(τ) are Legendre polynomials of finite de-

grees. Denote

sq(t3, t4) =

q
∑

l1,l2=0

Cl2l1φ̄l1(t3)φ̄l2(t4),

where
{
φ̄j(x)

}∞

j=0
as in (110), Cl2l1 are Fourier–Legendre coefficients for the

function g(t3, t4) = ψ̄3(t3)ψ̄4(t4)1{t3<t4} (ψ̄3(τ), ψ̄4(τ) ∈ L2([t, T ])).
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From (130) we obtain

∞∑

j1,j2=0

∫

[t,T ]4

1{t1<t2<t3}sq(t3, t4)ψ2(t2)ψ1(t1)φj2(t4)φj1(t3)φj2(t2)φj1(t1)×

×dt1dt2dt3dt4 = 0. (131)

The left-hand and right-hand sides of (131) define linear continuous func-

tionals in L2([t, T ]
2) (we interpret the right-hand side of (131) as the zero func-

tional in L2([t, T ]
2)). Let us implement the passage to the limit lim

q→∞
in (131)

∞∑

j1,j2=0

∫

[t,T ]4

1{t1<t2<t3<t4}ψ̄4(t4)ψ̄3(t3)ψ2(t2)ψ1(t1)φj2(t4)φj1(t3)φj2(t2)φj1(t1)×

×dt1dt2dt3dt4 = 0. (132)

It is easy to see that the equality (132) (up to notations) is the equality

(121). The equality (121) is proved.

Let us formulate the ideas used when considering the two above examples

in the form of an algorithm.

Algorithm 1. Step 1. Suppose k = 2r (r = 2, 3, . . .), where r is the

number of pairs {g1, g2}, . . . , {g2r−1, g2r} (see (7)). Let us select blocks in the

multi-index jk . . . j1 that correspond to the fulfillment of the condition

rd∏

l=1

1{g2l=g2l−1+1} = 1,

where rd is the number of pairs (see (7)) in the block with number d.

Step 2. Let us write the Volterra–type kernel (9) in the form

K(t1, . . . , tk) = ψ1(t1) . . . ψk(tk)1{t1<t2}1{t2<t3} . . .1{tk−1<tk}, (133)

where ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), t1, . . . , tk ∈ [t, T ], k ≥ 4.

Let us save multipliers of the form 1{tn<tn+1} in the expression (133) that

correspond to the above blocks. At that, we remove the remaining multipliers
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of the form 1{tn<tn+1} from the expression (133). As a result, we get a modified

kernel K̄(t1, . . . , tk). Let us write an analogue of the left-hand side of equality

(105) for the modified kernel K̄(t1, . . . , tk) (see (107) and (122) as examples).

For definiteness, let us denote this expression by (−).

Step 3. Using generalized Parseval’s equality and (97), we represent the

expression (−) as an integral over the hypercube [t, T ]r (see the right-hand sides

of (109) and (124) as examples). For definiteness, let us denote the obtained

equality by (K̄) ((109) and (124) are examples of (K̄)).

Step 4. Further, transformations and passages to the limit in the equality

(K̄) are performed iteratively in such a way as to restore the removed multipliers

1{tn<tn+1} on the left-hand side of (K̄) (for more details, see the proof of formulas

(106), (121)). As a result, we obtain the equality (105). More precisely, we can

move from left to right along a multi-index corresponding to the left-hand side

of (K̄). Let us assume that at the n-th step we need to restore the multiplier

1{tn<tn+1}. Then the function g (see the proof of formulas (106), (121)) will

be the product of 1{tn<tn+1}ψn(tn)ψn+1(tn+1) and r − 2 weight functions that

are chosen so that on the right-hand side of the equality (K̄) there is a scalar

product in L2([t, T ]
r) involving sq (sq is an approximation of g).

Using the above algorithm, we prove the equality (104) for the case k = 2r

(r = 2, 3, . . .). The equality (104) is proved.

Note that the series on the left-hand side of (104) converges absolutly since

its sum does not depend on permutations of basis functions (here the basis in

L2([t, T ]
r) is {φj1(x1) . . . φjr(xr)}

∞
j1,...,jr=0).

Let us generalize (104) to the case k ≥ 2r, i.e. we prove that

lim
p→∞

p
∑

jg1 ,jg3 ,...,jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

=

=
1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2jg1)y(·)...(jg2r jg2r−1

)y(·),jg1= jg2 ,...,jg2r−1
= jg2r

(134)
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for all possible g1, g2, . . . , g2r−1, g2r (see (7)), where k ≥ 2r, r = 1, 2, . . . , [k/2],

Cjk...j1 is defined by (8), another notations are the same as in Theorem 2.

Moreover (assuming that (134) is proved), the series on the left-hand side

of (134) converges absolutly (the case k = 2r; this case is considered above)

and converges absolutly for any fixed j1, . . . , jq, . . . , jk and q 6= g1, g2, . . . , g2r−1,

g2r (the case k > 2r) since its sum does not depend on permutations of basis

functions (here the basis in L2([t, T ]
r) is {φj1(x1) . . . φjr(xr)}

∞
j1,...,jr=0).

Using Fubini’s Theorem, we obtain

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

hl(tl)

tl∫

t

hl−1(tl−1) . . .

t2∫

t

h1(t1)dt1 . . .

. . . dtl−1dtldtl+1 . . . dtk =

=

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

h1(t1)

tl+1∫

t1

h2(t2) . . .

tl+1∫

tl−2

hl−1(tl−1)

tl+1∫

tl−1

hl(tl)dtl×

×dtl−1 . . . dt2dt1dtl+1 . . . dtk =

=

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)





tl+1∫

t

hl(tl)dtl





tl+1∫

t

h1(t1)

tl+1∫

t1

h2(t2) . . .

tl+1∫

tl−2

hl−1(tl−1)×

×dtl−1 . . . dt2dt1dtl+1 . . . dtk−

−

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

h1(t1)

tl+1∫

t1

h2(t2) . . .

tl+1∫

tl−2

hl−1(tl−1)





tl−1∫

t

hl(tl)dtl



×

×dtl−1 . . . dt2dt1dtl+1 . . . dtk =

=

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)





tl+1∫

t

hl(tl)dtl





tl+1∫

t

hl−1(tl−1) . . .
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. . .

t2∫

t

h1(t1)dt1 . . . dtl−1dtl+1 . . . dtk−

−

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

hl−1(tl−1)





tl−1∫

t

hl(tl)dtl





tl−1∫

t

hl−2(tl−2) . . .

. . .

t2∫

t

h1(t1)dt1 . . . dtl−2dtl−1dtl+1 . . . dtk, (135)

where 2 < l < k − 1 and h1(τ), . . . , hk(τ) ∈ L2([t, T ]).

By analogy with (135) we have for l = k

T∫

t

hl(tl)

tl∫

t

hl−1(tl−1) . . .

t2∫

t

h1(t1)dt1 . . . dtl−1dtl =

=

T∫

t

h1(t1)

T∫

t1

h2(t2) . . .

T∫

tl−2

hl−1(tl−1)

T∫

tl−1

hl(tl)dtldtl−1 . . . dt2dt1 =

=





T∫

t

hl(tl)dtl





T∫

t

h1(t1)

T∫

t1

h2(t2) . . .

T∫

tl−2

hl−1(tl−1)dtl−1 . . . dt2dt1−

−

T∫

t

h1(t1)

T∫

t1

h2(t2) . . .

T∫

tl−2

hl−1(tl−1)





tl−1∫

t

hl(tl)dtl



 dtl−1 . . . dt2dt1 =

=





T∫

t

hl(tl)dtl





T∫

t

hl−1(tl−1) . . .

t2∫

t

h1(t1)dt1 . . . dtl−1−

−

T∫

t

hl−1(tl−1)





tl−1∫

t

hl(tl)dtl





tl−1∫

t

hl−2(tl−2) . . .

t2∫

t

h1(t1)dt1 . . . dtl−1. (136)

We will assume that for l = 1 the transformation (135) is not carried out

since
t2∫

t

h1(t1)dt1
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is the innermost integral on the left-hand side of (135). The formulas (135),

(136) will be used further.

Let us carry out the transformations (135), (136) for

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

(k > 2r)

iteratively for j1, . . . , jq, . . . , jk (q 6= g1, g2, . . . , g2r−1, g2r). As a result, we obtain

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

=

=
2k−2r
∑

d=1

(−1)d−1

(

Ĉ
(d)
jk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

− C̄
(d)
jk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

)

, (137)

where some terms in the sum
2k−2r
∑

d=1

can be identically equal to zero due to the remark to (135), (136).

Using (137), we obtain

lim
p→∞

p
∑

jg1 ,jg3 ,...,jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

=

= lim
p→∞

p
∑

jg1 ,jg3 ,...,jg2r−1=0

2k−2r
∑

d=1

(−1)d−1

(

Ĉ
(d)
jk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

− C̄
(d)
jk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

)

=

=
2k−2r
∑

d=1

(−1)d−1 lim
p→∞

p
∑

jg1 ,jg3 ,...,jg2r−1=0

(

Ĉ
(d)
jk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

− C̄
(d)
jk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

)

. (138)
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Further, consider 3 possible cases.

Case 1. The quantities

Ĉ
(d)
jk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

, C̄
(d)
jk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

(139)

are such that
r∏

l=1

1{g2l=g2l−1+1} = 1 (140)

for d = 1, 2, . . . , 2k−2r and

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

(141)

is such that the condition (140) is fulfilled for (141).

Case 2. The quantities (139) are such that the condition (140) is satisfied

for d = 1, 2, . . . , 2k−2r and (141) is such that the condition

r∏

l=1

1{g2l=g2l−1+1} = 0 (142)

is fulfilled for (141).

Case 3. The quantities (139) are such that the condition (142) is satisfied

for d = 1, 2, . . . , 2k−2r and (141) is such that the condition (142) is fulfilled for

(141).

For Case 1, applying (104) (k = 2r) and (138), we get for any fixed j1, . . . ,

jq, . . . , jk (q 6= g1, g2, . . . , g2r−1, g2r)

lim
p→∞

p
∑

jg1 ,jg3 ,...,jg2r−1=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

=

=

2k−2r
∑

d=1

(−1)d−1 lim
p→∞

p
∑

jg1 ,jg3 ,...,jg2r−1
=0

(

Ĉ
(d)
jk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

− C̄
(d)
jk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

)

=
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=

2k−2r
∑

d=1

(−1)d−1 1

2r

r∏

l=1

1{g2l=g2l−1+1}×

×

(

Ĉ
(d)
jk...j1

∣
∣
∣
∣
(jg2jg1)y(·)...(jg2r jg2r−1

)y(·),jg1= jg2 ,...,jg2r−1
= jg2r

−

− C̄
(d)
jk...j1

∣
∣
∣
∣
(jg2jg1)y(·)...(jg2r jg2r−1

)y(·),jg1= jg2 ,...,jg2r−1
= jg2r

)

= (143)

=

2k−2r
∑

d=1

(−1)d−1 1

2r

(

Ĉ
(d)
jk...j1

∣
∣
∣
∣
(jg2jg1)y(·)...(jg2r jg2r−1

)y(·),jg1= jg2 ,...,jg2r−1
= jg2r

−

− C̄
(d)
jk...j1

∣
∣
∣
∣
(jg2jg1)y(·)...(jg2r jg2r−1

)y(·),jg1= jg2 ,...,jg2r−1
= jg2r

)

, (144)

where g1, g2, . . . , g2r−1, g2r as in (7), k > 2r, r = 1, 2, . . . , [k/2] (it is not difficult

to see that the left-hand side of (140) is a constant for the quantities (139) for

all d = 1, 2, . . . , 2k−2r).

Using (135), (136), we obtain

2k−2r
∑

d=1

(−1)d−1 1

2r

(

Ĉ
(d)
jk...j1

∣
∣
∣
∣
(jg2jg1)y(·)...(jg2r jg2r−1

)y(·),jg1= jg2 ,...,jg2r−1
= jg2r

−

− C̄
(d)
jk...j1

∣
∣
∣
∣
(jg2jg1)y(·)...(jg2r jg2r−1

)y(·),jg1= jg2 ,...,jg2r−1
= jg2r

)

=

=
1

2r
Cjk...j1

∣
∣
∣
∣
(jg2jg1)y(·)...(jg2r jg2r−1

)y(·),jg1= jg2 ,...,jg2r−1
= jg2r

. (145)

Combining (144) and (145), we have for any fixed j1, . . . , jq, . . . , jk (q 6=

g1, g2, . . . , g2r−1, g2r)

lim
p→∞

p
∑

jg1 ,jg3 ,...,jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

=
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=
1

2r
Cjk...j1

∣
∣
∣
∣
(jg2jg1)y(·)...(jg2r jg2r−1

)y(·),jg1= jg2 ,...,jg2r−1
= jg2r

, (146)

where g1, g2, . . . , g2r−1, g2r as in (7), k > 2r, r = 1, 2, . . . , [k/2].

From (104) (k = 2r) and (146) (k > 2r) we obtain (134) for the case k ≥ 2r.

The equality (134) is proved for Case 1.

For Case 2, applying (104) (k = 2r) and (138), we get (144) for any fixed

j1, . . . , jq, . . . , jk (q 6= g1, g2, . . . , g2r−1, g2r). Further, note that

Ĉ
(d)
jk...j1

∣
∣
∣
∣
(jg2jg1)y(·)...(jg2r jg2r−1)y(·),jg1= jg2 ,...,jg2r−1

= jg2r

=

= C̄
(d)
jk...j1

∣
∣
∣
∣
(jg2jg1)y(·)...(jg2r jg2r−1

)y(·),jg1= jg2 ,...,jg2r−1
= jg2r

(147)

for Case 2. Combining (144) and (147), we obtain (Case 2) for any fixed j1, . . . ,

jq, . . . , jk (q 6= g1, g2, . . . , g2r−1, g2r)

lim
p→∞

p
∑

jg1 ,jg3 ,...,jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

= 0. (148)

From (104) (k = 2r) and (148) (k > 2r) we obtain (148) for the case k ≥ 2r.

The equality (134) is proved for Case 2.

For Case 3, applying (104) (k = 2r) and (138), we get (143) for any fixed

j1, . . . , jq, . . . , jk (q 6= g1, g2, . . . , g2r−1, g2r). Since

r∏

l=1

1{g2l=g2l−1+1} = 0 (149)

for Case 3, then from (143) we get (148) for k > 2r (recall that the left-hand

side of (149) is a constant for the quantities (139) for all d = 1, 2, . . . , 2k−2r).

From (104) for k = 2r and (148) for k > 2r (Case 3) we obtain (148) for k ≥ 2r

(Case 3). The equality (134) is proved for Case 3. The equality (134) is proved.

https://doi.org/10.21638/11701/spbu35.2024.406 Electronic Journal: http://diffjournal.spbu.ru/ 162



Differential Equations and Control Processes, N. 4, 2024

3.3 Expansion of Iterated Stratonovich Stochastic Integrals of Ar-

bitrary Multiplicity k (k ∈ N). The Case of an Arbitrary CONS

in L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ])

Consider the following condition

∃ lim
p,q→∞

q
∑

j1,...,jq,...,jk=0
q 6=g1,g2,...,g2r−1,g2r

(
p
∑

jg1 ,jg3 ,...,jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

−
1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2jg1)y(·)...(jg2r jg2r−1

)y(·),jg1= jg2 ,...,jg2r−1
= jg2r

)2

<∞

(150)

for all r = 1, 2, . . . , [k/2] and for all possible g1, g2, . . . , g2r−1, g2r (see (7)), where

∞∑

j1,...,jq,...,jk=0
q 6=g1,g2,...,g2r−1,g2r

def
= lim

q→∞

q
∑

j1,...,jq,...,jk=0
q 6=g1,g2,...,g2r−1,g2r

;

another notations are the same as in Theorem 2.

This section is devoted to the following two theorems.

Theorem 5 [14]. Suppose that the condition (150) is fulfilled, {φj(x)}∞j=0

is an arbitrary CONS in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

Then, for the sum J̄∗[ψ(k)]
(i1...ik)
T,t (k ∈ N) of iterated Itô stochastic integrals

defined by (11) the following expansion

J̄∗[ψ(k)]
(i1...ik)
T,t = l.i.m.

p→∞

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

that converges in the mean-square sense is valid, where Cjk...j1 is the Fourier

coefficient (8), l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . , m,

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ
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are independent standard Gaussian random variables for various i or j (in the

case when i 6= 0), w
(0)
τ = τ.

Theorem 6 [14]. Suppose that the condition (150) is fulfilled, {φj(x)}∞j=0 is

an arbitrary CONS in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) are continuous

functions at the interval [t, T ]. Then, for the iterated Stratonovich stochastic

integral (3) of multiplicity k (k ∈ N)

J∗[ψ(k)]
(i1...ik)
T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

the following expansion

J∗[ψ(k)]
(i1...ik)
T,t = l.i.m.

p→∞

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

(151)

that converges in the mean-square sense is valid, where Cjk...j1 is the Fourier

coefficient (8), l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . , m,

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (in the

case when i 6= 0), w
(0)
τ = τ .

Note that Theorem 6 is a corollary of Theorem 5 (see Theorem 1).

Proof of Theorems 5, 6. It is easy to see that Theorem 5 will be proved

if we prove that (see Theorem 2 for the case p1 = . . . = pk = p)

lim
p→∞

p
∑

j1,...,jq,...,jk=0
q 6=g1,g2,...,g2r−1,g2r

(
p
∑

jg1 ,jg3 ,...,jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

−
1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2jg1)y(·)...(jg2r jg2r−1

)y(·),jg1= jg2 ,...,jg2r−1
= jg2r

)2

= 0

(152)
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for all r = 1, 2, . . . , [k/2] and for all possible g1, g2, . . . , g2r−1, g2r (see (7)).

Using the condition (150), theorem on reducing of a limit to iterated one

and the equality (134) (k > 2r), we obtain

lim
p,q→∞

q
∑

j1,...,jq,...,jk=0
q 6=g1,g2,...,g2r−1,g2r

(
p
∑

jg1 ,jg3 ,...,jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

−
1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2jg1)y(·)...(jg2r jg2r−1

)y(·),jg1= jg2 ,...,jg2r−1
= jg2r

)2

=

= lim
q→∞

q
∑

j1,...,jq,...,jk=0
q 6=g1,g2,...,g2r−1,g2r

lim
p→∞

(
p
∑

jg1 ,jg3 ,...,jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

−
1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2jg1)y(·)...(jg2r jg2r−1

)y(·),jg1= jg2 ,...,jg2r−1
= jg2r

)2

= 0.

Thus, we get

lim
p,q→∞

q
∑

j1,...,jq,...,jk=0
q 6=g1,g2,...,g2r−1,g2r

(
p
∑

jg1 ,jg3 ,...,jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

−
1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2jg1)y(·)...(jg2r jg2r−1)y(·),jg1= jg2 ,...,jg2r−1

= jg2r

)2

= 0.

(153)

Substituting p = q in (153), we obtain (152). Theorems 5, 6 are proved.

3.4 Another Approach to the Expansion of Iterated Stratonovich

Stochastic Integrals of Arbitrary Multiplicity k (k ∈ N)

We will start this section with an example. Let us assume that h1(τ), . . . , h12(τ)

∈ L2([t, T ]) and consider the following integral

I
def
=

T∫

t

h12(t12)

t12∫

t

h11(t11) . . .

t2∫

t

h1(t1)dt1 . . . dt11dt12.
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We want to transform the integral I in such a way that

I =

T∫

t

h10(t10)

t10∫

t

h6(t6)

t6∫

t

h4(t4)

t4∫

t

h3(t3) (. . .) dt3dt4dt6dt10,

where (. . .) is some expression.

Using Fubini’s Theorem, we obtain

I =

T∫

t

h12(t12)

t12∫

t

h11(t11)

t11∫

t

h10(t10)

t10∫

t

h9(t9)

t9∫

t

h8(t8)

t8∫

t

h7(t7)

t7∫

t

h6(t6)×

×

t6∫

t

h5(t5)

t5∫

t

h4(t4)

t4∫

t

h3(t3)

t3∫

t

h2(t2)

t2∫

t

h1(t1)dt1dt2dt3dt4dt5dt6dt7dt8×

×dt9dt10dt11dt12 =

=

T∫

t

h10(t10)

t10∫

t

h9(t9)

t9∫

t

h8(t8)

t8∫

t

h7(t7)

t7∫

t

h6(t6)

t6∫

t

h5(t5)×

×

t5∫

t

h4(t4)

t4∫

t

h3(t3)

t3∫

t

h2(t2)

t2∫

t

h1(t1)dt1dt2dt3dt4dt5dt6dt7dt8dt9×

×





T∫

t10

h11(t11)

T∫

t11

h12(t12)dt12dt11



 dt10 =

=

T∫

t

h10(t10)

t10∫

t

h6(t6)

t6∫

t

h5(t5)

t5∫

t

h4(t4)

t4∫

t

h3(t3)

t3∫

t

h2(t2)

t2∫

t

h1(t1)×

×dt1dt2dt3dt4dt5





t10∫

t6

h7(t7)

t10∫

t7

h8(t8)

t10∫

t8

h9(t9)dt9dt8dt7



 dt6×

×





T∫

t10

h11(t11)

T∫

t11

h12(t12)dt12dt11



 dt10 =
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=

T∫

t

h10(t10)

t10∫

t

h6(t6)

t6∫

t

h4(t4)

t4∫

t

h3(t3)





t3∫

t

h2(t2)

t2∫

t

h1(t1)dt1dt2



 dt3×

×





t6∫

t4

h5(t5)dt5



 dt4





t10∫

t6

h7(t7)

t10∫

t7

h8(t8)

t10∫

t8

h9(t9)dt9dt8dt7



 dt6×

×





T∫

t10

h11(t11)

T∫

t11

h12(t12)dt12dt11



 dt10 =

=

T∫

t

h10(t10)

t10∫

t

h6(t6)

t6∫

t

h4(t4)

t4∫

t

h3(t3)





t3∫

t

h2(t2)

t2∫

t

h1(t1)dt1dt2



×

×





t6∫

t4

h5(t5)dt5









t10∫

t6

h9(t9)

t9∫

t6

h8(t8)

t8∫

t6

h7(t7)dt7dt8dt9



×

×





T∫

t10

h12(t12)

t12∫

t10

h11(t11)dt11dt12



 dt3dt4dt6dt10. (154)

Further, let us suppose that hl(τ) = ψl(τ)φjl(τ) (l = 1, . . . , 12) in (154)

(here {φj(x)}
∞
j=0 is an arbitrary CONS in L2([t, T ]) and ψ1(τ), . . . , ψ12(τ) ∈

L2([t, T ])). Thus, we get

Cj12j11j10j9j8j7j6j5j4j3j2j1 =

T∫

t

ψ10(t10)φj10(t10)

t10∫

t

ψ6(t6)φj6(t6)

t6∫

t

ψ4(t4)φj4(t4)×

×

t4∫

t

ψ3(t3)φj3(t3)C
ψ12ψ11

j12j11
(T, t10)C

ψ9ψ8ψ7

j9j8j7
(t10, t6)C

ψ5

j5
(t6, t4)C

ψ2ψ1

j2j1
(t3, t)×

×dt3dt4dt6dt10, (155)

where (here and further)

Cψk...ψ1

jk...j1
(s, τ) =

s∫

τ

ψk(tk)φjk(tk) . . .

t2∫

τ

ψ1(t1)φj1(t1)dt1 . . . dtk,

https://doi.org/10.21638/11701/spbu35.2024.406 Electronic Journal: http://diffjournal.spbu.ru/ 167



Differential Equations and Control Processes, N. 4, 2024

where t ≤ τ < s ≤ T .

Suppose that g1, g2, . . . , g2r−1, g2r as in (7) and k > 2r, r ≥ 1. Consider

d1, e1, . . . , df , ef , f ∈ N such that

1 ≤ d1 − e1 + 1 < . . . < d1 < . . . < df − ef + 1 < . . . < df ≤ k,

e1 + e2 + . . .+ ef = 2r,

{g1, g2, . . . , g2r−1, g2r} = {d1 − e1 + 1, . . . , d1} ∪ . . . ∪ {df − ef + 1, . . . , df} ,

{1, . . . , k} \ {g1, g2, . . . , g2r−1, g2r} = {q1, . . . , qk−2r} .

We will say that the condition (A) is satisfied if ∀ {gl, gl+1} (l = 1, . . . ,

2r − 1) ∃ h ∈ {1, . . . , f} such that

{gl, gl+1} ⊂ {dh − eh + 1, . . . , dh} . (156)

Moreover, ∀ h ∈ {1, . . . , f} ∃ {gl, gl+1} (l = 1, . . . , 2r − 1) such that (156) is

fulfilled.

If the condition (A) is satisfied, then e1, . . . , ef are even and we can write

{d1 − e1 + 1, . . . , d1} =
{

g
(1)
1 , g

(1)
2 , . . . , g

(1)
2r1−1, g

(1)
2r1

}

,

. . .

{df − ef + 1, . . . , df} =
{

g
(f)
1 , g

(f)
2 , . . . , g

(f)
2rf−1, g

(f)
2rf

}

,

{
g1, g2, . . . , g2r−1, g2r

}
=

=
{

g
(1)
1 , g

(1)
2 , . . . , g

(1)
2r1−1, g

(1)
2r1
, . . . , g

(f)
1 , g

(f)
2 , . . . , g

(f)
2rf−1, g

(f)
2rf

}

.

If the condition (A) is not fulfilled, then some of e1, . . . , ef can be uneven.

Suppose that {φj(x)}
∞
j=0 is an arbitrary CONS in L2([t, T ]) and ψ1(τ), . . . ,

ψk(τ) ∈ L2([t, T ]). Using (104) and a modification of Algorithm 1 from Sect. 3.2
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(see below for details) it can be proved that

lim
p→∞

p
∑

jg1 ,jg3 ,...,jg2r−1
=0

(

C
ψdf

...ψdf−ef+1

jdf ...jdf−ef+1
(tdf+1, tdf−ef ) . . .

. . . C
ψd1

...ψd1−e1+1

jd1 ...jd1−e1+1
(td1+1, td1−e1)

)
∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

=

=

f
∏

h=1

1

2rh

rh∏

l=1

1
{g

(h)
2l =g

(h)
2l−1+1}

×

×C
ψdh

...ψdh−eh+1

jdh ...jdh−eh+1
(tdh+1, tdh−eh)

∣
∣
∣
∣
(j

g
(h)
2

j
g
(h)
1

)y(·)...(j
g
(h)
2rh

j
g
(h)
2rh−1

)y(·),j
g
(h)
1

=j
g
(h)
2

,...,j
g
(h)
2rh−1

=j
g
(h)
2rh

(157)

if the condition (A) is satisfied, and

lim
p→∞

p
∑

jg1 ,jg3 ,...,jg2r−1
=0

(

C
ψdf

...ψdf−ef+1

jdf ...jdf−ef+1
(tdf+1, tdf−ef ) . . .

. . . C
ψd1

...ψd1−e1+1

jd1 ...jd1−e1+1
(td1+1, td1−e1)

)
∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

= 0 (158)

if the condition (A) is not fulfilled, where tk+1
def
= T, t0

def
= t, r1 + . . .+ rf = r in

(157), (158) and eh = 2rh (h = 1, . . . , f) in (157).

Note that the series on the left-hand sides of (157) and (158) converge

absolutly since their sums do not depend on permutations of basis functions

(here the basis in L2([t, T ]
r) is {φj1(x1) . . . φjr(xr)}

∞
j1,...,jr=0). Recall that any

permutation of basis functions in a Hilbert space forms a basis in this Hilbert

space [58].

Let us prove the formulas (157) and (158).

1. Suppose that the condition (A) is satisfied and

rh∏

l=1

1
{g

(h)
2l =g

(h)
2l−1+1}

= 1 (159)
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for all h = 1, . . . , f. In this case we can use the results from Sect. 3.2. We have

(see (104))

lim
p→∞

p
∑

jg1 ,jg3 ,...,jg2r−1=0

(

C
ψdf

...ψdf−ef+1

jdf ...jdf−ef+1
(tdf+1, tdf−ef ) . . .

. . . C
ψd1 ...ψd1−e1+1

jd1 ...jd1−e1+1
(td1+1, td1−e1)

)
∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

=

= lim
p→∞

p
∑

j
g
(1)
1

,j
g
(1)
3

,...,j
g
(1)
2r1−1

=0

C
ψd1

...ψd1−e1+1

jd1 ...jd1−e1+1
(td1+1, td1−e1)

∣
∣
∣
∣
j
g
(1)
1

=j
g
(1)
2

,...,j
g
(1)
2r1−1

=j
g
(1)
2r1

×

. . .

× lim
p→∞

p
∑

j
g
(f)
1

,j
g
(f)
3

,...,j
g
(f)
2rf−1

=0

C
ψdf

...ψdf−ef+1

jdf ...jdf−ef+1
(tdf+1, tdf−ef )

∣
∣
∣
∣
j
g
(f)
1

=j
g
(f)
2

,...,j
g
(f)
2rf−1

=j
g
(f)
2rf

=

=

f
∏

h=1

1

2rh

rh∏

l=1

1
{g

(h)
2l =g

(h)
2l−1+1}

×

×C
ψdh

...ψdh−eh+1

jdh ...jdh−eh+1
(tdh+1, tdh−eh)

∣
∣
∣
∣
(j

g
(h)
2

j
g
(h)
1

)y(·)...(j
g
(h)
2rh

j
g
(h)
2rh−1

)y(·),j
g
(h)
1

=j
g
(h)
2

,...,j
g
(h)
2rh−1

=j
g
(h)
2rh

.

Thus, we get the formula (157).

2. Suppose that the condition (A) is satisfied and for some h = 1, . . . , f

rh∏

l=1

1
{g

(h)
2l =g

(h)
2l−1+1}

= 0. (160)

In this case, we act the same as in the previous case. Applying (104), we

obtain

lim
p→∞

p
∑

jg1 ,jg3 ,...,jg2r−1
=0

(

C
ψdf

...ψdf−ef+1

jdf ...jdf−ef+1
(tdf+1, tdf−ef ) . . .

. . . C
ψd1

...ψd1−e1+1

jd1 ...jd1−e1+1
(td1+1, td1−e1)

)
∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

=
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= lim
p→∞

p
∑

j
g
(1)
1

,j
g
(1)
3

,...,j
g
(1)
2r1−1

=0

C
ψd1

...ψd1−e1+1

jd1 ...jd1−e1+1
(td1+1, td1−e1)

∣
∣
∣
∣
j
g
(1)
1

=j
g
(1)
2

,...,j
g
(1)
2r1−1

=j
g
(1)
2r1

×

. . .

× lim
p→∞

p
∑

j
g
(f)
1

,j
g
(f)
3

,...,j
g
(f)
2rf−1

=0

C
ψdf

...ψdf−ef+1

jdf ...jdf−ef+1
(tdf+1, tdf−ef )

∣
∣
∣
∣
j
g
(f)
1

=j
g
(f)
2

,...,j
g
(f)
2rf−1

=j
g
(f)
2rf

= 0

(161)

(al least one of the multipliers is equal to zero on the right-hand side of (161)).

The equality (157) is proved in our case (the right-hand side of (157) is

equal to zero for the considered case (see (160))).

3. Suppose that the condition (A) is not satisfied. In this case, we act

according to Algorithm 1 from Sect. 3.2. More precisely, let us select blocks in

the multi-index jdh . . . jdh−eh+1 (h = 1, . . . , f) that correspond to the fulfillment

of the condition
rm,h∏

l=1

1
{g

(h)
2l =g

(h)
2l−1+1}

= 1,

where rm,h is the number of pairs {g
(h)
2l−1, g

(h)
2l } (from the set {g1, g2, . . . ,

g2r−1, g2r}) in the block with number m that corresponds to the multi-index

jdh . . . jdh−eh+1.

Let us save multipliers of the form 1{tn<tn+1} in the Volterra–type kernels

corresponding to the Fourier coefficients

C
ψd1

...ψd1−e1+1

jd1 ...jd1−e1+1
(td1+1, td1−e1), . . . , C

ψdf
...ψdf−ef+1

jdf ...jdf−ef+1
(tdf+1, tdf−ef ) (162)

and corresponding to the above blocks.

At that, we remove the remaining multipliers of the form 1{tn<tn+1} in the

Volterra–type kernels corresponding to the Fourier coefficients (162).

As a result, we get a modified left-hand side of the equality (158). For

definiteness, let us denote this expression by (−).
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Using generalized Parseval’s equality (Parseval’s equality for two functions)

and (97), we represent the expression (−) as an integral over the hypercube

[t, T ]r.

It is not difficult to see that the indicated integral over the hypercube [t, T ]r

is represented as a product of integrals over hypercubes of smaller dimentions.

At that, at least one of these integrals is equal to zero due to the generalized

Parseval equality (Parseval’s equality for two functions) and the fulfillment of

the condition t ≤ td1−e1 ≤ td1+1 ≤ . . . ≤ tdf−ef ≤ tdf+1 ≤ T (see the above

example and (154) and (155)). For definiteness, let us denote the equality of

(−) to zero by (K̄). We interpret the above zero as the zero functional in

L2([t, T ]
r).

Further, transformations and passages to the limit in the equality (K̄)

are performed iteratively in such a way as to restore the removed multipli-

ers 1{tn<tn+1} on the left-hand side of (K̄) (for more details, see Sect. 3.2). As a

result, we obtain the equality (158). The equalities (157) and (158) are proved.

For definiteness, suppose that q1 < . . . < qk−2r, k > 2r, r ≥ 1 (recall that

the case k = 2r is proved earlier). Using Fubini’s Theorem (as in the above

example (see (154)), we obtain

p
∑

jg1 ,jg3 ,...,jg2r−1=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

=

=

T∫

t

ψqk−2r
(tqk−2r

)φjqk−2r
(tqk−2r

) . . .

tq1+1∫

t

ψq1(tq1)φjq1(tq1)×

×

p
∑

jg1 ,jg3 ,...,jg2r−1
=0

(

C
ψdf

...ψdf−ef+1

jdf ...jdf−ef+1
(tdf+1, tdf−ef ) . . .

. . . C
ψd1

...ψd1−e1+1

jd1 ...jd1−e1+1
(td1+1, td1−e1)

)
∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

×

×dtq1 . . . dtqk−2r
, (163)
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1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2jg1)y(·)...(jg2r jg2r−1)y(·),jg1= jg2 ,...,jg2r−1

= jg2r

=

=

T∫

t

ψqk−2r
(tqk−2r

)φjqk−2r
(tqk−2r

) . . .

tq1+1∫

t

ψq1(tq1)φjq1(tq1)×

×1{the condition (A) is satisfied}

f
∏

h=1

1

2rh

rh∏

l=1

1
{g

(h)
2l =g

(h)
2l−1+1}

×

×C
ψdh

...ψdh−eh+1

jdh ...jdh−eh+1
(tdh+1, tdh−eh)

∣
∣
∣
∣
(j

g
(h)
2

j
g
(h)
1

)y(·)...(j
g
(h)
2rh

j
g
(h)
2rh−1

)y(·),j
g
(h)
1

=j
g
(h)
2

,...,j
g
(h)
2rh−1

=j
g
(h)
2rh

×

×dtq1 . . . dtqk−2r
. (164)

Suppose that
∣
∣
∣
∣
∣

p
∑

jg1 ,jg3 ,...,jg2r−1
=0

(

C
ψdf

...ψdf−ef+1

jdf ...jdf−ef+1
(tdf+1, tdf−ef ) . . .

. . . C
ψd1

...ψd1−e1+1

jd1 ...jd1−e1+1
(td1+1, td1−e1)

)
∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

∣
∣
∣
∣
∣
≤ K < ∞, (165)

where constant K does not depend on p and td1+1, td1−e1, . . . , tdf+1, tdf−ef . In

(165): tk+1
def
= T, t0

def
= t, r1 + . . . + rf = r; another notations as above in this

section.

Applying (157), (158), (163), (164), we obtain (k > 2r, r ≥ 1)

lim
p→∞

p
∑

j1,...,jq,...,jk=0
q 6=g1,g2,...,g2r−1,g2r

(
p
∑

jg1 ,jg3 ,...,jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

−
1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2jg1)y(·)...(jg2r jg2r−1)y(·),jg1= jg2 ,...,jg2r−1

= jg2r

)2

≤

≤ lim
p→∞

∞∑

j1,...,jq,...,jk=0
q 6=g1,g2,...,g2r−1,g2r

(
p
∑

jg1 ,jg3 ,...,jg2r−1=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−
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−
1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2jg1)y(·)...(jg2r jg2r−1

)y(·),jg1= jg2 ,...,jg2r−1
= jg2r

)2

=

= lim
p→∞

∞∑

jq1 ,...,jqk−2r
=0

( T∫

t

ψqk−2r
(tqk−2r

)φjqk−2r
(tqk−2r

) . . .

tq1+1∫

t

ψq1(tq1)φjq1(tq1)×

×

(
p
∑

jg1 ,jg3 ,...,jg2r−1
=0

(

C
ψdf

...ψdf−ef+1

jdf ...jdf−ef+1
(tdf+1, tdf−ef ) . . .

. . . C
ψd1

...ψd1−e1+1

jd1 ...jd1−e1+1
(td1+1, td1−e1)

)
∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

−1{the condition (A) is satisfied}

f
∏

h=1

1

2rh

rh∏

l=1

1
{g

(h)
2l =g

(h)
2l−1+1}

×

×C
ψdh

...ψdh−eh+1

jdh ...jdh−eh+1
(tdh+1, tdh−eh)

∣
∣
∣
∣
(j

g
(h)
2

j
g
(h)
1

)y(·)...(j
g
(h)
2rh

j
g
(h)
2rh−1

)y(·),j
g
(h)
1

=j
g
(h)
2

,...,j
g
(h)
2rh−1

=j
g
(h)
2rh

)

×

×dtq1 . . . dtqk−2r

)2

= (166)

= lim
p→∞

T∫

t

ψ2
qk−2r

(tqk−2r
) . . .

tq1+1∫

t

ψ2
q1
(tq1)×

×

(
p
∑

jg1 ,jg3 ,...,jg2r−1
=0

(

C
ψdf

...ψdf−ef+1

jdf ...jdf−ef+1
(tdf+1, tdf−ef ) . . .

. . . C
ψd1

...ψd1−e1+1

jd1 ...jd1−e1+1
(td1+1, td1−e1)

)
∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

−1{the condition (A) is satisfied}

f
∏

h=1

1

2rh

rh∏

l=1

1
{g

(h)
2l =g

(h)
2l−1+1}

×
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×C
ψdh

...ψdh−eh+1

jdh ...jdh−eh+1
(tdh+1, tdh−eh)

∣
∣
∣
∣
(j

g
(h)
2

j
g
(h)
1

)y(·)...(j
g
(h)
2rh

j
g
(h)
2rh−1

)y(·),j
g
(h)
1

=j
g
(h)
2

,...,j
g
(h)
2rh−1

=j
g
(h)
2rh

)2

×

×dtq1 . . . dtqk−2r
= (167)

=

T∫

t

ψ2
qk−2r

(tqk−2r
) . . .

tq1+1∫

t

ψ2
q1(tq1)×

× lim
p→∞

(
p
∑

jg1 ,jg3 ,...,jg2r−1
=0

(

C
ψdf

...ψdf−ef+1

jdf ...jdf−ef+1
(tdf+1, tdf−ef ) . . .

. . . C
ψd1

...ψd1−e1+1

jd1 ...jd1−e1+1
(td1+1, td1−e1)

)
∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

−1{the condition (A) is satisfied}

f
∏

h=1

1

2rh

rh∏

l=1

1
{g

(h)
2l =g

(h)
2l−1+1}

×

×C
ψdh

...ψdh−eh+1

jdh ...jdh−eh+1
(tdh+1, tdh−eh)

∣
∣
∣
∣
(j

g
(h)
2

j
g
(h)
1

)y(·)...(j
g
(h)
2rh

j
g
(h)
2rh−1

)y(·),j
g
(h)
1

=j
g
(h)
2

,...,j
g
(h)
2rh−1

=j
g
(h)
2rh

)2

×

×dtq1 . . . dtqk−2r
= 0, (168)

where the transition from (166) to (167) is based on the Parseval equality and

the transition from (167) to (168) is based on Lebesgue’s Dominated Conver-

gence Theorem (see (13)–(15), (157), (158), (165)) and also on convergence to

zero (almost everywhere on X = {(tq1, . . . , tqk−2r
) : t ≤ tq1 ≤ . . . ≤ tqk−2r

≤ T}

with respect to Lebesgue’s measure) of the integrand function in (167).

Thus, we have the following theorem.

Theorem 7 [14]. Suppose that the condition (165) is fulfilled, {φj(x)}
∞
j=0 is

an arbitrary CONS in L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]). Then, for the
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sum J̄∗[ψ(k)]
(i1...ik)
T,t of iterated Itô stochastic integrals defined by (11) the following

expansion

J̄∗[ψ(k)]
(i1...ik)
T,t = l.i.m.

p→∞

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

that converges in the mean-square sense is valid, Cjk...j1 is the Fourier coefficient

(8), l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . , m,

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (in the

case when i 6= 0), w
(0)
τ = τ ; another notations are the same as in Theorem 2.

Using Theorem 1, we obtain the following corollary of Theorem 7.

Theorem 8 [14]. Suppose that the condition (165) is fulfilled, {φj(x)}∞j=0 is

an arbitrary CONS in L2([t, T ]) and ψ1(τ), . . . , ψk(τ) are continuous functions

at the interval [t, T ]. Then, for the iterated Stratonovich stochastic integral of

multiplicity k (k ∈ N)

J∗[ψ(k)]
(i1...ik)
T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

the following expansion

J∗[ψ(k)]
(i1...ik)
T,t = l.i.m.

p→∞

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

that converges in the mean-square sense is valid; another notations are the same

as in Theorem 7.

Consider application of Thorem 8 to the expansion of the following iterated

Stratonovich stochastic integrals

I
∗(i1i2i3)
l1l2l3T,t

=

∗∫

t

T

(t3 − t)l3
∗∫

t

t3

(t2 − t)l2
∗∫

t

t2

(t1 − t)l1dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 , (169)
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I
∗(i1i2i3i4)
l1l2l3l4T,t

=

∗∫

t

T

(t4 − t)l4 . . .

∗∫

t

t2

(t1 − t)l1dw
(i1)
t1 . . . dw

(i4)
t4 , (170)

where i1, . . . , i4 = 0, 1, . . . , m; l1, . . . , l4 = 0, 1, 2, . . .

Denote

C
ψi+1ψi

j1j1
(s, τ) =

s∫

τ

ψi+1(y)φj1(y)

y∫

τ

ψi(x)φj1(x)dxdy, C
ψq

j1
(s, τ) =

s∫

τ

ψq(x)φj1(x)dx,

where (here and further) i = 1, 2, 3, t ≤ τ < s ≤ T, ψq(x) = (x − t)lq , lq =

0, 1, 2, . . . , q = 1, . . . , 4, x ∈ [t, T ].

Using Fubini’s Theorem and the technique that leads to the formulas (154),

(155), we obtain

Cj3j1j1 =

T∫

t

ψ3(t3)φj3(t3)C
ψ2ψ1

j1j1
(t3, t)dt3,

Cj3j3j1 =

T∫

t

ψ1(t1)φj1(t1)C
ψ3ψ2

j3j3
(T, t1)dt1,

Cj1j2j1 =

T∫

t

ψ2(t2)φj2(t2)C
ψ1

j1
(t2, t)C

ψ3

j1
(T, t2)dt2,

Cj4j3j1j1 =

T∫

t

ψ4(t4)φj4(t4)

t4∫

t

ψ3(t3)φj3(t3)C
ψ2ψ1

j1j1
(t3, t)dt3dt4,

Cj4j1j2j1 =

T∫

t

ψ4(t4)φj4(t4)

t4∫

t

ψ2(t2)φj2(t2)C
ψ1

j1
(t2, t)C

ψ3

j1
(t4, t2)dt2dt4,

Cj1j3j2j1 =

T∫

t

ψ3(t3)φj3(t3)

t3∫

t

ψ2(t2)φj2(t2)C
ψ1

j1
(t2, t)C

ψ4

j1
(T, t3)dt2dt3,

Cj4j2j2j1 =

T∫

t

ψ4(t4)φj4(t4)

t4∫

t

ψ1(t1)φj1(t1)C
ψ3ψ2

j2j2
(t4, t1)dt1dt4,
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Cj2j3j2j1 =

T∫

t

ψ3(t3)φj3(t3)

t3∫

t

ψ1(t1)φj1(t1)C
ψ2

j2
(t3, t1)C

ψ4

j2
(T, t3)dt1dt3,

Cj3j3j1j1 =

T∫

t

ψ2(t2)φj2(t2)

t2∫

t

ψ1(t1)φj1(t1)C
ψ4ψ3

j3j3
(T, t2)dt1dt2,

where Cj3j2j1, Cj4j3j2j1 are defined by (8).

It is easy to see (based on the above equalities) that the condition (165)

will be satisfied if ∣
∣
∣
∣
∣

p
∑

j1=0

C
ψi+1ψi

j1j1
(t2, t1)

∣
∣
∣
∣
∣
≤ K, (171)

∣
∣
∣
∣
∣

p
∑

j1=0

Cψk

j1
(t2, t1)C

ψq

j1
(t4, t3)

∣
∣
∣
∣
∣
≤ K, (172)

where p ∈ N, i = 1, 2, 3, k, q = 1, . . . , 4, t ≤ t1 < t2 ≤ T, t ≤ t3 < t4 ≤ T,

constant K does not depend on p, t1, . . . , t4.

Let us prove (171), i.e. we will prove the following equality
∣
∣
∣
∣
∣
∣

p
∑

j=0

t2∫

t1

(s− t)lφj(s)

s∫

t1

(τ − t)mφj(τ)dτds

∣
∣
∣
∣
∣
∣

≤ K < ∞, (173)

where l, m = 0, 1, 2, . . . , t ≤ t1 < t2 ≤ T, constant K does not depend on

p, t1, t2.

Using Fubini’s Theorem and Parseval’s equality, we have for m > l (l, m =

0, 1, 2, . . .)
p
∑

j=0

t2∫

t

(s− t)lφj(s)

s∫

t

(τ − t)mφj(τ)dτds =

=

p
∑

j=0

t2∫

t

(s− t)lφj(s)

s∫

t

(τ − t)l(τ − t)m−lφj(τ)dτds =

=

p
∑

j=0

t2∫

t

(s− t)lφj(s)

s∫

t

(τ − t)lφj(τ)

τ∫

t

(θ − t)m−l−1(m− l)dθdτds =
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= (m− l)

p
∑

j=0

t2∫

t

(θ − t)m−l−1

t2∫

θ

(τ − t)lφj(τ)

t2∫

τ

(s− t)lφj(s)dsdτdθ =

= (m− l)

t2∫

t

(θ − t)m−l−11

2

p
∑

j=0





t2∫

θ

(τ − t)lφj(τ)dτ





2

dθ ≤

≤
m− l

2

t2∫

t

(θ − t)m−l−1
∞∑

j=0





t2∫

θ

(τ − t)lφj(τ)dτ





2

dθ =

=
m− l

2

t2∫

t

(θ − t)m−l−1

t2∫

θ

(τ − t)2ldτdθ ≤ K1 ≤ ∞, (174)

where constant K1 does not depend on p, t2.

For l > m (l, m = 0, 1, 2, . . .) we get

p
∑

j=0

t2∫

t

(s− t)lφj(s)

s∫

t

(τ − t)mφj(τ)dτds =

=

p
∑

j=0

t2∫

t

(s− t)lφj(s)ds

t2∫

t

(τ − t)mφj(τ)dτ−

−

p
∑

j=0

t2∫

t

(s− t)lφj(s)

t2∫

s

(τ − t)mφj(τ)dτds =

=

p
∑

j=0

t2∫

t

(s− t)lφj(s)ds

t2∫

t

(τ − t)mφj(τ)dτ−

−

p
∑

j=0

t2∫

t

(τ − t)mφj(τ)

τ∫

t

(s− t)lφj(s)dsdτ. (175)

Applying Cauchy–Bunyakovsky’s inequality and Parseval’s equality, we ob-

tain




p
∑

j=0

t2∫

t

(s− t)lφj(s)ds

t2∫

t

(τ − t)mφj(τ)dτ





2

≤
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≤

p
∑

j=0





t2∫

t

(s− t)lφj(s)ds





2
p
∑

j=0





t2∫

t

(τ − t)mφj(τ)dτ





2

≤

≤
∞∑

j=0





t2∫

t

(s− t)lφj(s)ds





2
∞∑

j=0





t2∫

t

(τ − t)mφj(τ)dτ





2

=

=

t2∫

t

(s− t)2lds

t2∫

t

(τ − t)2mdτ ≤ K2 ≤ ∞, (176)

where constant K2 does not depend on p, t2.

Using (174)–(176), we obtain
∣
∣
∣
∣
∣
∣

p
∑

j=0

t2∫

t

(s− t)lφj(s)

s∫

t

(τ − t)mφj(τ)dτds

∣
∣
∣
∣
∣
∣

≤ K3 <∞, (177)

where l > m (l, m = 0, 1, 2, . . .), constant K3 does not depend on p, t2.

For the case l = m we get

p
∑

j=0

t2∫

t

(s− t)lφj(s)

s∫

t

(τ − t)lφj(τ)dτds =

=

p
∑

j=0

1

2





t2∫

t

(s− t)lφj(s)ds





2

≤
∞∑

j=0

1

2





t2∫

t

(s− t)lφj(s)ds





2

=

=
1

2

t2∫

t

(s− t)2lds ≤ K4 <∞, (178)

where constant K4 does not depend on p, t2.

Combining (174), (177), (178), we have
∣
∣
∣
∣
∣
∣

p
∑

j=0

t2∫

t

(s− t)lφj(s)

s∫

t

(τ − t)mφj(τ)dτds

∣
∣
∣
∣
∣
∣

≤ K5 <∞, (179)

where l, m = 0, 1, 2, . . . , constant K5 does not depend on p, t2.
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Note that
p
∑

j=0

t2∫

t1

(s− t)lφj(s)

s∫

t1

(τ − t)mφj(τ)dτds =

=

p
∑

j=0

t2∫

t

(s− t)lφj(s)

s∫

t

(τ − t)mφj(τ)dτds−

−

p
∑

j=0

t1∫

t

(s− t)lφj(s)

s∫

t

(τ − t)mφj(τ)dτds−

−

p
∑

j=0

t2∫

t1

(s− t)lφj(s)ds

t1∫

t

(τ − t)mφj(τ)dτ, (180)

where l, m = 0, 1, 2, . . . and t ≤ t1 < t2 ≤ T.

By analogy with (176) we get
∣
∣
∣
∣
∣
∣

p
∑

j=0

t2∫

t1

(s− t)lφj(s)ds

t1∫

t

(τ − t)mφj(τ)dτ

∣
∣
∣
∣
∣
∣

≤ K6 <∞, (181)

where l, m = 0, 1, 2, . . . , constant K6 does not depend on p, t2.

Combining (180), (179), and (181), we obtain (173). The equality (171) is

proved. Obviously, the relation (172) is proved in complete analogy with (176).

Thus, the condition (165) of Theorem 8 is fulfilled for k = 3, 4 and ψq(x) =

(x − t)lq, lq = 0, 1, 2, . . . , q = 1, . . . , 4. Then, using Theorem 8, we obtain the

following expansions of iterated Stratonovich stochastic integrals (169), (170)

I
∗(i1i2i3)
l1l2l3T,t

= l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1
ζ
(i2)
j2
ζ
(i3)
j3
, (182)

I
∗(i1i2i3i4)
l1l2l3l4T,t

= l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1
ζ
(i2)
j2
ζ
(i3)
j3
ζ
(i4)
j4

that converge in the mean-square sense, where {φj(x)}∞j=0 is an arbitrary CONS
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in L2([t, T ]), i1, . . . , i4 = 0, 1, . . . , m; l1, . . . , l4 = 0, 1, 2, . . . ,

Cj3j2j1 =

T∫

t

(t3 − t)l3φj3(t3)

t3∫

t

(t2 − t)l2φj2(t2)

t2∫

t

(t1 − t)l1φj1(t1)dt1dt2dt3,

Cj4j3j2j1 =

T∫

t

(t4 − t)l4φj4(t4) . . .

t2∫

t

(t1 − t)l1φj1(t1)dt1 . . . dt4,

another notations are the same as in Theorem 8.

Note that the iterated Stratonovich stochastic integrals (169), (170) are

important for applications [14] (Chapter 4).

Acknowledgement. I would like to thank Dr. Konstantin A. Rybakov
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