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Àííîòàöèÿ. Äàííàÿ ðàáîòà ïîñâÿùåíà ðàñïðîñòðàíåíèþ ñõåìû Ãèéþçèêà
S.Guillouzic, ïðåäëîæåííîé äëÿ âû÷èñëåíèÿ ñïåêòðàëüíîé ïëîòíîñòè ðåøå-
íèÿ îäíîãî ëèíåéíîãî îáûêíîâåííîãî ñòîõàñòè÷åñêîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ ïåðâîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè è çàïàçäûâàíè-
åì, íà íîâûé êëàññ ìîäåëåé � ñèñòåìû ýâîëþöèîííûõ ñòîõàñòè÷åñêèõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ íåñêîëüêèìè ïîñòîÿííûìè
çàïàçäûâàíèÿìè. Â ÷àñòíîñòè, çàäà÷à èññëåäîâàíèÿ ñîñòîÿëà â ïîñòðîåíèè
ÿâíîé ôîðìû ìàòðèöû ñïåêòðàëüíûõ ïëîòíîñòåé ñòàöèîíàðíîãî âåêòîðíî-
ãî ñëó÷àéíîãî ïîëÿ ñîñòîÿíèÿ ñèñòåìû äâóõ ëèíåéíûõ óðàâíåíèé ïàðàáî-
ëè÷åñêîãî òèïà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè, òðåìÿ çàïàçäûâàíèÿìè è
àääèòèâíûì âõîäîì â âèäå âåêòîðà ïðîñòðàíñòâåííî-âðåìåííûõ ñòàöèîíàð-
íûõ ñëó÷àéíûõ ïîëåé ñ èçâåñòíûìè õàðàêòåðèñòèêàìè. Êðîìå äåìîíñòðàöèè
ìåòîäîëîãèè è ïîëó÷åíèÿ èñêîìûõ ñîîòíîøåíèé äëÿ êîìïîíåíò ìàòðèöû,
â ðàáîòå îïðåäåëåíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ýòèõ êîìïîíåíò
â òåðìèíàõ êîýôôèöèåíòîâ óðàâíåíèé è çàïàçäûâàíèé. Ïîëó÷åííûå àíàëè-
òè÷åñêèå ôîðìóëû èñïîëüçîâàíû äëÿ ðàñ÷åòà ëèíèé óðîâíÿ àâòî- è êðîññ-
ñïåêòðàëüíûõ ïëîòíîñòåé êîìïîíåíò ïîëÿ ñîñòîÿíèÿ ïðè ðàçëè÷íûõ çíà÷å-
íèÿõ ïàðàìåòðîâ çàäà÷è. Èëëþñòðàòèâíûé ìàòåðèàë ïîäãîòîâëåí â ñðåäå ïà-
êåòà Wolfram Mathematica.

Êëþ÷åâûå ñëîâà: ëèíåéíàÿ äèíàìè÷åñêàÿ ñèñòåìà, ñòîõàñòè÷åñêîå ïàðàáî-
ëè÷åñêîå äèôôåðåíöèàëüíîå óðàâíåíèå, âåêòîð ñîñòîÿíèÿ, ïîñòîÿííîå çàïàç-
äûâàíèå, àääèòèâíûé ñòàöèîíàðíûé øóì, ñòîõàñòè÷åñêèé àíàëèç, ñïåêòðàëü-
íàÿ ïëîòíîñòü.

1 Ââåäåíèå

Àíàëèç, ìîäåëèðîâàíèå è ïðîãíîçèðîâàíèå ñëîæíûõ ïðîöåññîâ, ïðîèñõîäÿ-
ùèõ â òåõíèêå, ïðèðîäå, îáùåñòâå è äð., òðåáóþò ðàçðàáîòêè íîâûõ èíñòðó-
ìåíòîâ èññëåäîâàíèÿ. Ìåæäó òåì â ìàòåìàòè÷åñêèõ ìîäåëÿõ áîëüøèíñòâà
ïðîöåññîâ ìû ñòàëêèâàåìñÿ ñ íåîïðåäåëåííîñòüþ èç-çà íåïîëíîòû ìîäåëåé,
îøèáîê èçìåðåíèé è îòñóòñòâèÿ çíàíèé, ñâÿçàííûõ ñ âõîäíûìè äàííûìè ìî-
äåëåé. Âûáîð ìîäåëåé ñ ñîñðåäîòî÷åííûìè è ðàñïðåäåëåííûìè ïàðàìåòðàìè
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â ôîðìå ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé, îáûêíîâåííûõ [1,2] è
â ÷àñòíûõ ïðîèçâîäíûõ [1,3,4] (ÑÎÄÓ, ÑÄÓâ×Ï), ðåøåíèÿìè êîòîðûõ ÿâëÿ-
þòñÿ ñëó÷àéíûå ïðîöåññû [5] è ïîëÿ [6,7], äàþò âîçìîæíîñòü ó÷åòà íåòî÷íûõ
äàííûõ è âíåøíèõ è/èëè âíóòðåííèõ âîçìóùåíèé â ìàòåìàòè÷åñêèå ìîäåëè.

Îñíîâíûìè âåðîÿòíîñòíûìè õàðàêòåðèñòèêàìè âåêòîðîâ ñîñòîÿíèÿ ñòî-
õàñòè÷åñêèõ ñèñòåì ñ ñîñðåäîòî÷åííûìè è ðàñïðåäåëåííûìè ïàðàìåòðàìè
êàê ñ çàïàçäûâàíèåì, òàê è áåç íåãî ÿâëÿþòñÿ ïðîñòðàíñòâåííî-âðåìåíí�ûå
ïëîòíîñòè âåðîÿòíîñòè [1] è ôóíêöèîíàëû ïëîòíîñòè âåðîÿòíîñòè [8, 9] ýòèõ
âåêòîðîâ ñîîòâåòñòâåííî. Ê ñîæàëåíèþ, íà äîñòèãíóòîì óðîâíå íàó÷íûõ èñ-
ñëåäîâàíèé äëÿ ïðîèçâîëüíûõ ñèñòåì ÑÎÄÓ è ÑÄÓâ×Ï, íå ãîâîðÿ óæå î
ÑÎÄÓ è ÑÄÓâ×Ï ñ çàïàçäûâàíèåì, íåâîçìîæíî ïîëó÷èòü àíàëèòè÷åñêèå
ñîîòíîøåíèÿ äëÿ óêàçàííûõ ïëîòíîñòåé âåðîÿòíîñòè è ôóíêöèîíàëîâ ïëîò-
íîñòè âåðîÿòíîñòè âåêòîðîâ ñîñòîÿíèÿ. Â ðÿäå ñëó÷àåâ çàäà÷à ìîæåò áûòü
óïðîùåíà, åñëè îãðàíè÷èòüñÿ èçó÷åíèåì ñòàöèîíàðíûõ ðåæèìîâ è âû÷èñëå-
íèåì ñòàöèîíàðíûõ õàðàêòåðèñòèê, åñëè òàêîâûå ñóùåñòâóþò. Àíàëèç ñèñòåì
åùå áîëåå óïðîùàåòñÿ, åñëè ðàññìàòðèâàþòñÿ ëèíåéíûå ÑÄÓ ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè è àääèòèâíûìè âîçìóùåíèÿìè.

Ðÿä ïðîñòûõ ïðîáëåì äëÿ ëèíåéíûõ îòäåëüíûõ ÑÎÄÓ ñ îäíèì ïîñòî-
ÿííûì çàïàçäûâàíèåì áûë ðåøåí Ó.Êþõëåðîì [10], Ñ. Ãèéþçèêîì [11, 12]
è Ò.Ä.Ôðàíêîì [13, 14]. Ì.Ñ.Êèííåëè (M.S. Kinnally) â ñâîåé äèññåðòàöèè
[15]ïîëó÷èë äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ñòàöèî-
íàðíûõ ðàñïðåäåëåíèé äëÿ ÑÎÄÓ ñ çàïàçäûâàíèåì ñ íåîòðèöàòåëüíûìè ñâÿ-
çÿìè. Â ðàáîòå [16] áûëè ïîëó÷åíû îáùèå äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâà-
íèÿ èíâàðèàíòíîé ìåðû äëÿ ÑÎÄÓ ñ çàïàçäûâàíèåì è ýêñïîíåíöèàëüíîé
ñõîäèìîñòè ê ðàâíîâåñèþ.

Ðàñïðîñòðàíåíèå ñõåìû Ñ. Ãèéþçèêà [17] ïîñòðîåíèÿ ñïåêòðàëüíîé ïëîò-
íîñòè ðåøåíèÿ ëèíåéíîãî ÑÎÄÓ ñ îäíèì ïîñòîÿííûì çàïàçäûâàíèåì è ïî-
ñòîÿííûìè êîýôôèöèåíòàìè íà íîâûå êëàññû îòäåëüíûõ óðàâíåíèé è ñèñòåì
ëèíåéíûõ ÑÎÄÓ ñ çàïàçäûâàíèåì îñóùåñòâëåíî â ðÿäå íàøèõ ðàáîò [18,19].

Èçâåñòåí ðÿä ïóáëèêàöèé, ïîñâÿùåííûé ðàçíûì àñïåêòàì ñòàöèîíàðíûõ
ñîñòîÿíèé ðåøåíèé äåòåðìèíèðîâàííûõ ÄÓâ×Ï ñ çàïàçäûâàíèåì. Îòìåòèì
äâå èç íèõ: â ðàáîòå [20] ðàññìàòðèâàþòñÿ âîïðîñû ñóùåñòâîâàíèÿ, óñòîé÷è-
âîñòè è íàëè÷èÿ ãëîáàëüíûõ àòòðàêòîðîâ ïåðèîäè÷åñêèõ âî âðåìåíè ðåøå-
íèé äëÿ ñèñòåìû ïàðàáîëè÷åñêèõ óðàâíåíèé â îãðàíè÷åííîé îáëàñòè, â [21]
� óñëîâèÿ óñòîé÷èâîñòè îäèíî÷íîé ëîêàëèçîâàííîé ñòðóêòóðû â äåòåðìèíè-
ðîâàííîé òðåõêîìïîíåíòíîé ðåàêöèîííî-äèôôóçèîííîé ñèñòåìå.

Âàæíûì êëàññîì ñòîõàñòè÷åñêèõ ñèñòåì ñ çàïàçäûâàíèåì ÿâëÿþòñÿ ëè-
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íåéíûå ñòîõàñòè÷åñêèå ýâîëþöèîííûå äèôôåðåíöèàëüíûå óðàâíåíèé â ÷àñò-
íûõ ïðîèçâîäíûõ1 ñ çàïàçäûâàíèåì. Èç-çà îñîáîé ñëîæíîñòè àíàëèçà òàêèõ
óðàâíåíèé îñîáûé èíòåðåñ ïðåäñòàâëÿþò òå ðåäêèå ìîäåëè, ôîðìà êîòîðûõ
ïîçâîëÿåò ïîëó÷èòü òî÷íûå âåðîÿòíîñòíûå õàðàêòåðèñòèêè ñîîòâåòñòâóþùèõ
âåêòîðíûõ ñëó÷àéíûõ ïîëåé ñîñòîÿíèÿ.

Â ðàìêàõ äàííîãî íàïðàâëåíèÿ îòìåòèì ñëåäóþùèå ðàáîòû: â [22] ïîëó÷å-
íû äîñòàòî÷íûå óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè ðåøåíèÿ íåéòðàëü-
íîãî ÑÄÓâ×Ï, â [23] � óñëîâèÿ óñòîé÷èâîñòè äëÿ ñòîõàñòè÷åñêîé äâóìåðíîé
ñèñòåìû óðàâíåíèé Íàâüå�Ñòîêñà, â [24] ðàññìàòðèâàþòñÿ ñóùåñòâîâàíèå è
åäèíñòâåííîñòü ñòàöèîíàðíûõ ðåøåíèé ÑÄÓâ×Ï ñ çàïàçäûâàíèåì è àääè-
òèâíûì øóìîì.

Â íàñòîÿùåé ðàáîòå ïðîèçâåäåíî îáîáùåíèå ðåçóëüòàòîâ íàøèõ ïðåäûäó-
ùèõ ðàáîò [25, 26] äëÿ îòäåëüíûõ óðàâíåíèé è áîëåå ïðîñòûõ ôîðì ñèñòåì,
êîòîðûå ïåðåíîñÿòñÿ íà ñèñòåìó äâóõ ÑÄÓâ×Ï ñ òðåìÿ çàïàçäûâàíèÿìè ïà-
ðàáîëè÷åñêîãî òèïà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Èëëþñòðàòèâíûé ìà-
òåðèàë ãîòîâèëñÿ â ñðåäå ïàêåòà Wolfram Mathematica [27].

2 Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ñèñòåìó ÑÄÓâ×Ï ñ çàïàçäûâàíèÿìè ñëåäóþùåãî âèäà:

∂Uℓ(x, t)

∂t
+ αℓ1 Uℓ(x, t) + αℓ2 Uℓ(x, tτ1) + αℓ3 U3−ℓ(x, t)+

+ αℓ4 U3−ℓ(x, tτ2) = βℓ1
∂2Uℓ(x, t)

∂x2
+ βℓ2

∂2Uℓ(x, tτ3)

∂x2
+ γℓΞℓ(x, t), (1)

ãäå t � âðåìÿ (t ⩾ 0), tτj = t − τj; τj > 0 � ïîñòîÿííûå çàïàçäûâàíèÿ (j = 1,
2, 3); x ∈ R � ïðîñòðàíñòâåííûé àðãóìåíò; Uℓ(x, t) � ñëó÷àéíûå ïîëÿ âòîðî-
ãî ïîðÿäêà ñ íåèçâåñòíûìè õàðàêòåðèñòèêàìè; Ξℓ(x, t) � ñòàöèîíàðíûå ïîëÿ
ñ èçâåñòíûìè ïðîñòðàíñòâåííî-âðåìåííûìè àâòîêîâàðèàöèîííûìè ôóíêöèÿ-
ìè CΞℓΞℓ

(x, t) è ñîîòâåòñòâóþùèìè ñïåêòðàëüíûìè ïëîòíîñòÿìè SΞℓΞℓ
(ω1, ω2),

äëÿ êîòîðûõ âåðíû äâóìåðíûå ôîðìóëû Âèíåðà�Õèí÷èíà [6, p. 94]

SΞkΞℓ
(ω1, ω2) =

1

(2π)2

+∞∫
−∞

+∞∫
−∞

e−i(ω1x+ω2t) CΞkΞℓ
(x, t) dx dt,

1Çàìåòèì, ÷òî íåðåäêî ÑÄÓâ×Ï � ýòî äåòåðìèíèðîâàííûå ÄÓâ×Ï, ê êîòîðûì "äîáàâëåíû" ñëó÷àéíûå

ïðîñòðàíñòâåííî-âðåìåíí�ûå âîçìóùåíèÿ.
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CΞkΞℓ
(x, t) =

+∞∫
−∞

+∞∫
−∞

ei(ω1x+ω2t) SΞkΞℓ
(ω1, ω2) dω1 dω2;

αℓ1 > 0, αℓ2, αℓ3, αℓ4, βℓ1 > 0, βℓ2, γℓ � êîíñòàíòû; k, ℓ = 1, 2; i � ìíèìàÿ
åäèíèöà; t è x � îáùèå îáîçíà÷åíèÿ äëÿ ïðîèçâîëüíûõ âðåìåíí�ûõ è ïðî-
ñòðàíñòâåííûõ ïåðåìåííûõ ñ èíäåêñàìè è áåç.

Öåëüþ èññëåäîâàíèÿ ÿâëÿåòñÿ ïîñòðîåíèå ñïåêòðàëüíûõ ïëîòíîñòåé êîì-
ïîíåíò âåêòîðíîãî ñëó÷àéíîãî ïîëÿ U(x, t) = {U1(x, t), U2(x, t)}, îïðåäåëÿþ-
ùåãî ñîñòîÿíèå ðàññìàòðèâàåìîé ñèñòåìû è ÿâëÿþùåãîñÿ ðåøåíèåì ñèñòåìû
óðàâíåíèé (1).

3 Ïîñòðîåíèå ñîîòíîøåíèé

3.1 Óðàâíåíèÿ äëÿ êîâàðèàöèîííûõ ôóíêöèé â ñòàöèîíàðíîì ðå-

æèìå

×òîáû ïîëó÷èòü óðàâíåíèÿ äëÿ ïîëåé ìàòåìàòè÷åñêîãî îæèäàíèÿ mUℓ
(x, t),

óñðåäíèì óðàâíåíèå (1) ïî ïðîñòðàíñòâó ýëåìåíòàðíûõ èñõîäîâ:

∂mUℓ
(x, t)

∂t
+ αℓ1mUℓ

(x, t) + αℓ2mUℓ
(x, tτ1) + αℓ3mU3−ℓ

(x, t)+

+αℓ4mU3−ℓ
(x, tτ2) = βℓ1

∂2mUℓ
(x, t)

∂x2
+ βℓ2

∂2mUℓ
(x, tτ3)

∂x2
+ γℓmΞℓ

(x, t).

Âû÷òåì ïîñëåäíåå óðàâíåíèå èç óðàâíåíèÿ (1), ââåäåì îáîçíà÷åíèÿ
U ◦
ℓ (x, t) = Uℓ(x, t) − mUℓ

(x, t), Ξ◦
ℓ (x, t) = Ξℓ(x, t) − mΞℓ

(x, t) è çàïèøåì ðå-
çóëüòàò òàê:

∂U ◦
ℓ (x, t)

∂t
+ αℓ1 U

◦
ℓ (x, t) + αℓ2 U

◦
ℓ (x, tτ1) + αℓ3 U3−ℓ(x, t)+

+ αℓ4 U
◦
3−ℓ(x, tτ2) = βℓ1

∂2U ◦
ℓ (x, t)

∂x2
+ βℓ2

∂2U ◦
ℓ (x, tτ3)

∂x2
+ γℓΞ

◦
ℓ (x, t).

Îòñþäà ïîëó÷èì óðàâíåíèÿ äëÿ ìîìåíòîâ âðåìåíè t1 è t2:

∂U ◦
ℓ (xk, tk)

∂tk
+ αℓ1 U

◦
ℓ (xk, tk) + αℓ2 U

◦
ℓ (xk, tkτ1) + αℓ3 U3−ℓ(xk, tk)+

+αℓ4 U
◦
3−ℓ(xk, tkτ2) = βℓ1

∂2U ◦
ℓ (xk, tk)

∂x2k
+ βℓ2

∂2U ◦
ℓ (xk, tkτ3)

∂x2k
+ (2)

https://doi.org/10.21638/11701/spbu35.2025.101 Ýëåêòðîííûé æóðíàë: http://di�journal.spbu.ru/ 4



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 1, 2025

+γℓΞ
◦
ℓ (xk, tk), ℓ, k = 1, 2.

Ïîñëå ýòîãî óìíîæèì ïåðâîå è âòîðîå (k = 1) èç óðàâíåíèé (2) íà
U ◦
1 (x2, t2) è U ◦

2 (x2, t2), à òðåòüå è ÷åòâåðòîå (k = 2) � íà Ξ◦
1(x1, t1) è Ξ◦

2(x1, t1).
À çàòåì óñðåäíèì ïîëó÷èâøèåñÿ ñîîòíîøåíèÿ. Â ðåçóëüòàòå ïîëó÷èì:

∂CUℓUj
(x1, t1;x2, t2)

∂t1
+ αℓ1 CUℓUj

(x1, t1;x2, t2) + αℓ2 CUℓUj
(x1, t1τ1;x2, t2)+

+αℓ3 CU3−ℓUj
(x1, t1;x2, t2) + αℓ4 CU3−ℓUj

(x1, t1τ2;x2, t2) =

= βℓ1
∂2CUℓUj

(x1, t1;x2, t2)

∂x21
+ βℓ2

∂2CUℓUj
(x1, t1τ3;x2, t2)

∂x21
+

+γℓ CΞℓUj
(x1, t1;x2, t2), (3)

∂CΞℓUj
(x1, t1;x2, t2)

∂t2
+ αj1 CΞℓUj

(x1, t1;x2, t2) + αj2 CΞℓUj
(x1, t1;x2, t2τ1)+

+αj3 CΞℓU3−j
(x1, t1;x2, t2) + αj4 CΞℓU3−j

(x1, t1;x2, t2τ2) =

= βj1
∂2CΞℓUj

(x1, t1;x2, t2)

∂x22
+ βj2

∂2CΞℓUj
(x1, t1;x2, t2τ3)

∂x22
+

+γj CΞℓΞj
(x1, t1;x2, t2), (4)

ℓ = 1, 2, j = 1, 2.

Ïóñòü ïîñëå çàâåðøåíèÿ ïåðåõîäíîãî ðåæèìà ñèñòåìà íàõîäèòñÿ â ñòà-
öèîíàðíîì ñîñòîÿíèè, à ñëó÷àéíûå ïîëÿ U1(x, t), U2(x, t), Ξ1(x, t) è Ξ2(x, t)
ìîæíî ñ÷èòàòü ñòàöèîíàðíûìè è ñòàöèîíàðíî ñâÿçàííûìè â øèðîêîì ñìûñ-
ëå ïî âðåìåíè è ïðîñòðàíñòâó. Òîãäà óðàâíåíèÿ (3), (4) ïðèìóò ñëåäóþùóþ
ôîðìó:

−
∂CUℓUj

(x, t)

∂t
+ αℓ1 CUℓUj

(x, t) + αℓ2 CUℓUj
(x, t+ τ1)+

+αℓ3 CU3−ℓUj
(x, t) + αℓ4 CU3−ℓUj

(x, t+ τ2) =

= βℓ1
∂2CUℓUj

(x, t)

∂x2
+ βℓ2

∂2CUℓUj
(x, t+ τ3)

∂x2
+ γℓ CΞℓUj

(x, t), (5)

∂CΞℓUj
(x, t)

∂t
+ αj1 CΞℓUj

(x, t) + αj2 CΞℓUj
(x, t− τ1)+

+αj3 CΞℓU3−j
(x, t) + αj4 CΞℓU3−j

(x, t− τ2) =

= βj1
∂2CΞℓUj

(x, t)

∂x2
+ βj2

∂2CΞℓUj
(x, t− τ3)

∂x2
+ γj CΞℓΞj

(x, t), (6)

ℓ = 1, 2, j = 1, 2.
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3.2 Óðàâíåíèÿ äëÿ ñïåêòðàëüíûõ ïëîòíîñòåé

Ïóñòü Y (x, t) è Z(x, t) � íåêîòîðûå ñòàöèîíàðíûå è ñòàöèîíàðíî ñâÿçàííûå
ñëó÷àéíûå ïîëÿ ñ èçâåñòíûìè êîâàðèàöèîííûìè ôóíêöèÿìè è ñïåêòðàëüíû-
ìè ïëîòíîñòÿìè. Òîãäà äëÿ r ∈ N âåðíû ñëåäóþùèå ñîîòíîøåíèÿ:

SY Z(ω1, ω2) =
1

(2π)2

+∞∫
−∞

+∞∫
−∞

e−i(ω1x+ω2t) CY Z(x, t) dx dt, (7)

e±iω2τ SY Z(ω1, ω2) =
1

(2π)2

+∞∫
−∞

+∞∫
−∞

e−i(ω1x+ω2t) CY Z(x, t± τ) dx dt, (8)

(iω1)
r SY Z(ω1, ω2) =

1

(2π)2

+∞∫
−∞

+∞∫
−∞

e−i(ω1x+ω2t)
∂rCY Z(x, t)

∂xr
dx dt, (9)

(iω2)
r SY Z(ω1, ω2) =

1

(2π)2

+∞∫
−∞

+∞∫
−∞

e−i(ω1x+ω2t)
∂rCY Z(x, t)

∂tr
dx dt, (10)

à òàêæå SY Z(ω) = SZY (ω), SY Z(ω) = SZY (−ω) [28, 29], ãäå ÷åðòà ñâåðõó
îçíà÷àåò êîìïëåêñíîå ñîïðÿæåíèå.

Íà îñíîâàíèè ñîîòíîøåíèé (7)�(10) â óðàâíåíèÿõ (5), (6) ïåðåéäåì ê ñïåê-
òðàëüíûì ïëîòíîñòÿì. Òîãäà ïîëó÷èì:

−iω2 SUℓUj
(ω1, ω2) + αℓ1 SUℓUj

(ω1, ω2) + αℓ2 e
iω2τ1 SUℓUj

(ω1, ω2)+

+αℓ3 SU3−ℓUj
(ω1, ω2) + αℓ4 e

iω2τ2 SU3−ℓUj
(ω1, ω2) = βℓ1 (iω1)

2 SUℓUj
(ω1, ω2)+

+βℓ2 (iω1)
2 eiω2τ3 SUℓUj

(ω1, ω2) + γℓ SΞℓUj
(ω1, ω2),

iω2 SΞℓUj
(ω1, ω2) + αj1 SΞℓUj

(ω1, ω2) + αj2 e
−iω2τ1 SΞℓUj

(ω1, ω2)+

+αj3 SΞℓU3−j
(ω1, ω2) + αj4 e

−iω2τ2 SΞℓU3−j
(ω1, ω2) = βj1 (iω1)

2 SΞℓUj
(ω1, ω2)+

+βj2 (iω1)
2 e−iω2τ3 SΞℓUj

(ω1, ω2) + γj SΞℓΞj
(ω1, ω2),

ℓ = 1, 2, j = 1, 2,

èëè (
βℓ1 ω

2
1 + βℓ2 ω

2
1 e

iω2τ3 + αℓ1 + αℓ2 e
iω2τ1 − iω2

)
SUℓUj

(ω1, ω2)+(
αℓ3 + αℓ4 e

iω2τ2
)
SU3−ℓUj

(ω1, ω2) = γℓ SΞℓUj
(ω1, ω2), (11)(

βj1 ω
2
1 + βj2 ω

2
1 e

−iω2τ3 + αj1 + αj2 e
−iω2τ1 + iω2

)
SΞℓUj

(ω1, ω2)+

+
(
αj3 + αj4 e

−iω2τ2
)
SΞℓU3−j

(ω1, ω2) = γj SΞℓΞj
(ω1, ω2). (12)
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3.3 Ôîðìàëüíûå ñîîòíîøåíèÿ äëÿ ñïåêòðàëüíûõ ïëîòíîñòåé

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

hℓ = βℓ1 ω
2
1 + βℓ2 ω

2
1 e

iω2τ3 + αℓ1 + αℓ2 e
iω2τ1 − iω2 ≡ hℓ1 + hℓ2 i,

hℓ+2 = αℓ3 + αℓ4 e
iω2τ2 ≡ hℓ+2,1 + hℓ+2,2 i, ℓ = 1, 2

(ÿâíûå ñîîòíîøåíèÿ äëÿ hij, i = 1, 2, 3, 4, j = 1, 2, ïðèâåäåíû â ïðèëî-
æåíèè). Ó÷èòûâàÿ ýòè îáîçíà÷åíèÿ, ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâ-
íåíèé (11), (12) äëÿ íåèçâåñòíûõ ñïåêòðàëüíûõ ïëîòíîñòåé ìîæíî çàïèñàòü
òàê:

hℓ SUℓU1
(ω1, ω2) + hℓ+2 SU3−ℓU1

(ω1, ω2) = γℓ SΞℓU1
(ω1, ω2),

hℓ SUℓU2
(ω1, ω2) + hℓ+2 SU3−ℓU2

(ω1, ω2) = γℓ SΞℓU2
(ω1, ω2),

hℓ SΞ1Uℓ
(ω1, ω2) + hℓ+2 SΞ1U3−ℓ

(ω1, ω2) = γℓ SΞ1Ξℓ
(ω1, ω2),

hℓ SΞ2Uℓ
(ω1, ω2) + hℓ+2 SΞ2U3−ℓ

(ω1, ω2) = γℓ SΞ2Ξℓ
(ω1, ω2).

Íåñëîæíî óâèäåòü, ÷òî ýòà ñèñòåìà ðàñïàäàåòñÿ íà ÷åòûðå ãðóïïû ïî ïàðå
óðàâíåíèé. Íàéäåì ðåøåíèÿ íåçàâèñèìûõ òðåòüåé è ÷åòâåðòîé ãðóïï:

SΞ1U1
(ω1, ω2) =

γ1 h2 SΞ1Ξ1
(ω1, ω2)− γ2 h3 SΞ1Ξ2

(ω1, ω2)

h1 h2 − h3 h4

,

SΞ1U2
(ω1, ω2) = −γ1 h4 SΞ1Ξ1

(ω1, ω2)− γ2 h1 SΞ1Ξ2
(ω1, ω2)

h1 h2 − h3 h4

,

SΞ2U1
(ω1, ω2) =

γ1 h2 SΞ2Ξ1
(ω1, ω2)− γ2 h3 SΞ2Ξ2

(ω1, ω2)

h1 h2 − h3 h4

,

SΞ2U2
(ω1, ω2) = −γ1 h4 SΞ2Ξ1

(ω1, ω2)− γ2 h1 SΞ2Ξ2
(ω1, ω2)

h1 h2 − h3 h4

.

Ïîäñòàâëÿÿ ýòè ôóíêöèè â ïðàâûå ÷àñòè óðàâíåíèé ïåðâîé è âòîðîé ãðóïï,
íàõîäèì:

SU1U1
(ω1, ω2) =

γ1 h2 SΞ1U1
(ω1, ω2)− γ2 h3 SΞ2U1

(ω1, ω2)

h1 h2 − h3 h4
=

H1

H0
,

SU1U2
(ω1, ω2) =

γ1 h2 SΞ1U2
(ω1, ω2)− γ2 h3 SΞ2U2

(ω1, ω2)

h1 h2 − h3 h4
=

H2

H0
,

SU2U1
(ω1, ω2) = −γ1 h4 SΞ1U1

(ω1, ω2)− γ2 h1 SΞ2U1
(ω1, ω2)

h1 h2 − h3 h4
=

H3

H0
, (13)

SU2U2
(ω1, ω2) = −γ1 h4 SΞ1U2

(ω1, ω2)− γ2 h1 SΞ2U2
(ω1, ω2)

h1 h2 − h3 h4
=

H4

H0
,
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ãäå

H0 = (h1 h2 − h3 h4)(h1 h2 − h3 h4) = (14)

=
(
h12 h21 + h11 h22 − h32 h41 − h31 h42

)2
+ (15)

+
(
h11 h21 − h12 h22 − h31 h41 + h32 h42

)2 ≡ H2
01 +H2

02; (16)

H1 = γ2
1 h2 h2 SΞ1Ξ1

(ω1, ω2)− γ1 γ2 h2 h3 SΞ1Ξ2
(ω1, ω2)−

− γ1 γ2 h3 h2 SΞ2Ξ1
(ω1, ω2) + γ2

2 h3 h3 SΞ2Ξ2
(ω1, ω2);

H2 = −γ2
1 h4 h2 SΞ1Ξ1

(ω1, ω2) + γ1 γ2 h4 h3 SΞ1Ξ2
(ω1, ω2)+ (17)

+ γ1 γ2 h1 h2 SΞ2Ξ1
(ω1, ω2)− γ2

2 h1 h3 SΞ2Ξ2
(ω1, ω2);

H3 = −γ2
1 h2 h4 SΞ1Ξ1

(ω1, ω2)− γ1 γ2 h2 h1 SΞ1Ξ2
(ω1, ω2)−

− γ1 γ2 h3 h4 SΞ2Ξ1
(ω1, ω2) + γ2

2 h3 h1 SΞ2Ξ2
(ω1, ω2);

H4 = γ2
1 h4 h4 SΞ1Ξ1

(ω1, ω2)− γ1 γ2 h4 h1 SΞ1Ξ2
(ω1, ω2)−

− γ1 γ2 h1 h4 SΞ2Ξ1
(ω1, ω2) + γ2

2 h1 h1 SΞ2Ξ2
(ω1, ω2).

4 Àíàëèç ïîëó÷åííûõ ñîîòíîøåíèé

Âñëåäñòâèå òîãî, ÷òî ñîîòíîøåíèÿ äëÿ ôóíêöèé SUkUℓ(ω1,ω2), k, ℓ = 1,2, áûëè
ïîëó÷åíû â ðåçóëüòàòå ôîðìàëüíûõ âûêëàäîê, íåîáõîäèìî ïîêàçàòü, ÷òî îá-
ëàñòè îïðåäåëåíèÿ ýòèõ ôóíêöèé íå ïóñòû, è îíè èìåþò îñíîâíûå ñâîéñòâà
ñïåêòðàëüíûõ ïëîòíîñòåé [28,29].

4.1 Ñòðóêòóðà çíàìåíàòåëÿ H0

Èññëåäóåì çíàìåíàòåëü H0 äðîáåé â ïðàâûõ ÷àñòÿõ ðàâåíñòâ (13), íóëè êîòî-
ðîãî îáðàçóþò ìíîæåñòâî òî÷åê, ãäå SUkUℓ(ω1,ω2), k, ℓ = 1,2, íå ñóùåñòâóþò.

Ïðåæäå âñåãî çàìåòèì, ÷òî èç ïðåäñòàâëåíèÿ (16) ñëåäóåò, ÷òî H0 � âå-
ùåñòâåííàÿ ôóíêöèÿ, à òàêæå òî, ÷òî îáðàòèòüñÿ â íóëü ôóíêöèÿ H0 ïåðå-
ìåííûõ ω1, ω2 è ìíîæåñòâà ïàðàìåòðîâ óðàâíåíèé (1) ìîæåò òîãäà è òîëüêî
òîãäà, êîãäà âûðàæåíèÿ H01 è H02 ïðè îäíèõ è òåõ æå çíà÷åíèÿõ ïåðåìåí-
íûõ è ïàðàìåòðîâ ïðèìóò îäíî è òî æå íóëåâîå çíà÷åíèå. Ïðîàíàëèçèðóåì
ñòðóêòóðó ýòèõ ôóíêöèé. Íåñëîæíî óâèäåòü, ÷òî îíè ÿâëÿþòñÿ êâàäðàòíûìè
êâàçèïîëèíîìàìè îòíîñèòåëüíî ω2

1 è ω2, ïðè÷åì êîýôôèöèåíòû ýòèõ êâàçèïî-
ëèíîìîâ � ëèíåéíûå ôóíêöèè ñèíóñîâ è êîñèíóñîâ ðàçëè÷íûõ ïåðèîäîâ c îò-
ëè÷àþùèìèñÿ êîýôôèöèåíòàìè, çàâèñÿùèìè îò ïàðàìåòðîâ çàäà÷è. Ìîæíî
ïðåäïîëàãàòü, ÷òî ïðè òàêèõ õàðàêòåðèñòèêàõ åäèíñòâåííûìè âîçìîæíûìè
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ìíîæåñòâàìè òî÷åê íà ïëîñêîñòè OΩ1Ω2, â êîòîðûõ H01 è H02 ìîãóò îáðà-
ùàòüñÿ â íîëü, ÿâëÿþòñÿ ïðÿìûå ω1 = 0 è ω2 = 0 è ïàðàëëåëüíûå ïîñëåäíåé
âñëåäñòâèå íàëè÷èÿ òðèãîíîìåòðè÷åñêèõ ôóíêöèé.

Äëÿ ïîëó÷åíèÿ ñîîòíîøåíèé, îáåñïå÷èâàþùèõ îòëè÷èå çíàìåíàòåëÿ H0

îò íóëÿ, áóäåì èñïîëüçîâàòü óñëîâèå îáðàùåíèÿ êâàçèïîëèíîìîâ â íóëü, êî-
òîðûì ÿâëÿåòñÿ íàëè÷èå ó íèõ äåéñòâèòåëüíûõ êîðíåé, à òàêæå ó÷èòûâàòü,
÷òî ïî ïîñòàíîâêå çàäà÷è αℓ1 > 0, βℓ1 > 0, ℓ = 1, 2.

Ðàññìîòðèì H01 è H02 êàê êâàäðàòíûå êâàçèïîëèíîìû ω2
1 è ω2 (ñì. Ïðè-

ëîæåíèå). Íà ïðÿìîé ω2 = 0 ýòè ôóíêöèè ïðèìóò ñëåäóþùèé âèä:

H01(ω1, 0) =
[
(α11 + α12)(α21 + α22)− (α13 + α14)(α23 + α24)

]
+

+
[
(α11 + α12)(β21 + β22) + (α21 + α22)(β11 + β12)

]
ω2
1+

+ (β11 + β22)(β21 + β22)ω
4
1 ≡ H010 +H011 ω

2
1 +H012 ω

4
1;

H02(ω1, 0) = 0.

Âñëåäñòâèå òîãî, ÷òî H02(ω1, 0) ≡ 0, çäåñü óñëîâèÿ îòñóòñòâèÿ äåéñòâèòåëü-
íûõ êîðíåé ó óðàâíåíèÿ H01(ω1, 0) = 0 è ñîîòâåòñòâåííî ó H0 ìîãóò áûòü
ïîëó÷åíû èç êðèòåðèÿ Ðàóñà�Ãóðâèöà: åñëè êîýôôèöèåíòû áèêâàäðàòíîãî
óðàâíåíèÿ ïîëîæèòåëüíû, òî îáà ðåøåíèÿ ñîîòâåòñòâóþùåãî êâàäðàòíîãî
óðàâíåíèÿ îòíîñèòåëüíî z = ω2

1 îòðèöàòåëüíû, à ñëåäîâàòåëüíî, ñîîòâåòñòâó-
þùèå ω1 � êîìïëåêñíûå ÷èñëà. Äëÿ ýòîãî äîñòàòî÷íî âûïîëíåíèÿ ñëåäóþùèõ
íåðàâåíñòâ:

α11 > |α12|, α21 > |α22|, β11 > |β12|, β21 > |β22|,
(α11 + α12)(α21 + α22) > (α13 + α14)(α23 + α24). (18)

Íà ïðÿìîé ω1 = 0 ôóíêöèè H01 è H02 ïðèìóò ñëåäóþùèé âèä:

H01(0, ω2) =
[
α11 α21 − α13 α23 + (α11 α22 + α12 α21) cos(τ1 ω2)+

+ α12 α22 cos(2 τ1 ω2)− α14 α24 cos(2 τ2 ω2)− (α13 α24+

+ α14 α23) cos(τ2 ω2)
]
+ (α12 + α22) sin(τ1 ω2)ω2 − ω2

2;

H02(0, ω2) =
[
(α11 α22 + α12 α21) sin(τ1 ω2) + α12 α22 sin(2 τ1 ω2)−

− (α13 α24 + α14 α23) sin(τ2 ω2)− α14 α24 sin(2 τ2 ω2)
]
−

−
[
α11 + α21 + (α12 + α22) cos(τ1 ω2)

]
ω2.

Ïóñòü ω2 = 0. Òîãäà â òî÷êå (0, 0) áóäåì èìåòü:

H01(0, 0) = (α11 + α12)(α21 + α22)− (α13 + α14)(α23 + α24);
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H02(0, 0) = 0,

à ñëåäîâàòåëüíî, ïðè óñëîâèè (18) ôóíêöèÿ H0 áóäåò îòëè÷íîé îò íóëÿ.

Ðàññìîòðèì îáùèé ñëó÷àé. Íî ïðîâåðèòü, îáðàùàþòñÿ ëè îäíîâðåìåííî
H01 è H02 â íóëü ïðè èõ ñëîæíîé ñòðóêòóðå çàòðóäíèòåëüíî. Ïîýòîìó àíà-
ëèç ìîæíî ïîñòðîèòü íà ñëåäóþùåì ñîîáðàæåíèè: åñëè ýòè ôóíêöèè íè ïðè
êàêèõ çíà÷åíèÿõ àðãóìåíòîâ è ïàðàìåòðîâ íå ðàâíû äðóã äðóãó, òî îíè íå ìî-
ãóò îáðàòèòüñÿ â íóëü îäíîâðåìåííî. Äëÿ èñïîëüçîâàíèÿ ýòîãî ñîîáðàæåíèÿ
ôîðìàëüíî ïðèðàâíÿåì íåíóëåâûå êîýôôèöèåíòû ïðè ëèíåéíî íåçàâèñèìûõ
òåðìàõ (ω2

1)
k ωℓ

2, k, ℓ = 0, 1, 2, â H01 è H02, à ïîñëå ïðèðàâíèâàíèÿ ñîáå-
ðåì âñå ñëàãàåìûå â ëåâûõ ÷àñòÿõ ïîëó÷èâøèõñÿ ðàâåíñòâ, ÷òî ïðèâîäèò ê
ñîîòíîøåíèÿì:

(ω2
1)

0 ω0
2 : α11 α21 − α13 α23 + (α11 α22 + α12 α21)

[
cos(τ1 ω2)− sin(τ1 ω2)

]
+

+ α12 α22

[
cos(2 τ1 ω2)− sin(2 τ1 ω2)

]
+

+ (α13 α24 + α14 α23)
[
sin(τ2 ω2)− cos(τ2 ω2)

]
+

+ α14 α24

[
sin(2 τ2 ω2)− cos(2 τ2 ω2)

]
= 0;

(ω2
1)

0 ω1
2 : α11 + α21 + (α12 + α22)

[
sin(τ1 ω2) + cos(τ1 ω2)

]
= 0;

(ω2
1)

1 ω0
2 : α11 β21 + α21 β11 + (α12 β21 + α22 β11)

[
cos(τ1 ω2)− sin(τ1 ω2)

]
+

+ (α11 β22 + α21 β12)
[
cos(τ3 ω2)− sin(τ3 ω2)

]
+

+ (α12 β22 + α22 β12)
[
cos(τ1 ω2 + τ3 ω2)− sin(τ1 ω2 + τ3 ω2)

]
= 0;

(ω2
1)

1 ω1
2 : β11 + β21 + (β12 + β22)

[
sin(τ3 ω2) + cos(τ3 ω2)

]
= 0;

(ω2
1)

2 ω0
2 : β11 β21 + (β11 β22 + β12 β21)

[
cos(τ3 ω2)− sin(τ3 ω2)

]
+

+ β12 β22
[
cos(2 τ3 ω2)− sin(2 τ3 ω2)

]
= 0

(çàìåòèì, ÷òî êîýôôèöèåíòû ïðè (ω2
1)

0 ω2
2 áåçóñëîâíî íå ìîãóò áûòü îäèíà-

êîâûìè). Íåñëîæíî óñòàíîâèòü, ÷òî ýòè ðàâåíñòâà íèêîãäà íå áóäóò âûïîë-
íÿòüñÿ, åñëè:

(ω2
1)

0 ω0
2 : α11 α21 > |α12 α22|+ |α13 α23|+ |α14 α24|+

+ |α11 α22 + α12 α21|+ |α13 α24 + α14 α23|;
(ω2

1)
0 ω1

2 : α11 > |α12|, α21 > |α22|;
(ω2

1)
1 ω0

2 : α11 β21 + α21 β11 > |α12 β21 + α22 β11|+
+ |α11 β22 + α21 β12|+ |α12 β22 + α22 β12|;

(ω2
1)

1 ω1
2 : β11 > |β12|, β21 > |β22|;

(ω2
1)

2 ω0
2 : β11 β21 > |β11 β22 + β12 β21)|+ |β12 β22|,
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ò. å. ïðè ïîëó÷åííûõ óñëîâèÿõ ôóíêöèÿ H0 â íóëü íå îáðàùàåòñÿ, è ñîîòâåò-
ñòâóþùèå ôóíêöèè (13) ñóùåñòâóþò ïðè ëþáûõ ω1 è ω2. Â ÷àñòíîñòè, åñëè
çàïàçäûâàíèÿ îòñóòñòâóþò, òî âñå íåðàâåíñòâà áóäóò èñòèííû.

4.2 Àíàëèç ôóíêöèé SU1U1
(ω1, ω2) è SU2U2

(ω1, ω2)

Äîêàæåì, ÷òî SU1U1
(ω1, ω2) � âåùåñòâåííàÿ ôóíêöèÿ. Äåéñòâèòåëüíî, SU1U1

=
H1/H0, ïðè÷åì èç âåùåñòâåííîñòè H0(ω1, ω2), SΞ1Ξ1

(ω1, ω2) è SΞ2Ξ2
(ω1, ω2)

ñëåäóåò òî, ÷òî

H0(ω1, ω2) = H0(ω1, ω2), SΞ1Ξ1
(ω1, ω2) = SΞ2Ξ2

(ω1, ω2),

SU2U2
(ω1, ω2) = SU2U2

(ω1, ω2).

Äàëåå,

H1(ω1, ω2) = γ2
1 h2 h2 SΞ1Ξ1

(ω1, ω2)− γ1 γ2 h2 h3 SΞ1Ξ2
(ω1, ω2)−

−γ1 γ2 h3 h2 SΞ2Ξ1
(ω1, ω2) + γ2

2 h3 h3 SΞ2Ξ2
(ω1, ω2) =

= γ2
1 h2 h2 SΞ1Ξ1

(ω1, ω2)− γ1 γ2 h2 h3 SΞ2Ξ1
(ω1, ω2)−

−γ1 γ2 h2 h3 SΞ1Ξ2
(ω1, ω2) + γ2

2 h3 h3 SΞ2Ξ2
(ω1, ω2) = H1(ω1, ω2).

Îòñþäà çàêëþ÷àåì, ÷òî SU1U1
(ω1, ω2) = SU1U1

(ω1, ω2), à ñëåäîâàòåëüíî,
SU1U1

(ω1, ω2) � âåùåñòâåííàÿ ôóíêöèÿ.

Êðîìå òîãî, èç ñâîéñòâ êîâàðèàöèîííûõ ôóíêöèé [28, 29] è íåñîáñòâåí-
íûõ èíòåãðàëîâ ñ áåñêîíå÷íûìè ïðåäåëàìè [30,31], çàâèñÿùèõ îò ïàðàìåòðîâ,
ìîæíî óñòàíîâèòü, ÷òî ôóíêöèÿ SU1U1

(ω1, ω2) íåîòðèöàòåëüíà.

Äàëåå, èç ïðåäñòàâëåíèÿ ôóíêöèé H01(ω1, ω2) è H02(ω1, ω2) (ñì. ïðèëîæå-
íèå) ïðèõîäèì ê âûâîäó, ÷òî

H01(ω1, ω2) = H01(−ω1, ω2) = H01(ω1,−ω2) = H01(−ω1,−ω2),

H02(ω1, ω2) = H02(−ω1, ω2) = H02(ω1,−ω2) = H02(−ω1,−ω2),

à ñëåäîâàòåëüíî, H0(ω1, ω2) ÷åòíà ïî àðãóìåíòàì ω1 è ω2.

Òåïåðü âûÿñíèì íàëè÷èå ÷åòíîñòè ó ôóíêöèè H1(ω1, ω2):

H1 = γ2
1 (h

2
21 + h2

22)SΞ1Ξ1
(ω1, ω2) + γ2

2 (h
2
31 + h2

32)SΞ2Ξ2
(ω1, ω2)+

+2 γ1 γ2 [(h21 h31 − h22 h32) Re
[
SΞ1Ξ2

(ω1, ω2)
]
+

+(h21 h32 − h22 h31) Im
[
SΞ1Ξ2

(ω1, ω2)
]
],
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Ñ ó÷åòîì òîãî, ÷òî hi1 � ÷åòíûå ïî àðãóìåíòàì ω1 è ω2 ôóíêöèè, hi1 � ÷åòíûå
ïî ω1 è íå÷åòíûå ïî ω2, i = 1, 2, 3, 4 (ñì. ïðèëîæåíèå), à Re

[
SΞ1Ξ2

(ω1, ω2)
]
è

Im
[
SΞ1Ξ2

(ω1, ω2)
]
� ÷åòíàÿ è íå÷åòíàÿ ïî ω1 è ω2 ôóíêöèè ñîîòâåòñòâåííî, çà-

êëþ÷àåì, ÷òî H1 � ÷åòíàÿ ïî îáîèì àðãóìåíòàì, à ñëåäîâàòåëüíî, è ôóíêöèÿ
SU1U1

÷åòíàÿ ïî ω1 è ω2.

Äîêàçàòåëüñòâî âåùåñòâåííîñòè, íåîòðèöàòåëüíîñòè è ÷åòíîñòè ôóíêöèè
SU2U2

(ω1, ω2) = H4/H0 àíàëîãè÷íî.

4.3 Àíàëèç ôóíêöèé SU1U2
(ω1, ω2) è SU2U1

(ω1, ω2)

Äîêàæåì, ÷òî äëÿ ýòèõ êîìïëåêñíîçíà÷íûõ ôóíêöèé âûïîëíÿåòñÿ îñíîâíîå
ñîîòíîøåíèå âçàèìíûõ ñïåêòðàëüíûõ ïëîòíîñòåé [29, p. 83]. Äåéñòâèòåëüíî,

H2 = −γ2
1 h4 h2 SΞ1Ξ1

(ω1, ω2) + γ1 γ2 h4 h3 SΞ1Ξ2
(ω1, ω2)+

+γ1 γ2 h1 h2 SΞ2Ξ1
(ω1, ω2)− γ2

2 h1 h3 SΞ2Ξ2
(ω1, ω2);

= −γ2
1 h2 h4 SΞ1Ξ1

(ω1, ω2)− γ1 γ2 h2 h1 SΞ2Ξ1
(ω1, ω2)−

−γ1 γ2 h3 h4 SΞ1Ξ2
(ω1, ω2) + γ2

2 h3 h1 SΞ2Ξ2
(ω1, ω2) = H3,

à ñëåäîâàòåëüíî, ñ ó÷åòîì âåùåñòâåííîñòè H0 è ðàâåíñòâ SU1U2
= H2/H0,

SU2U1
= H3/H0 ïîëó÷àåì, ÷òî

SU1U2
(ω1, ω2) = SU2U1

(ω1, ω2).

Âûäåëèì äåéñòâèòåëüíóþ è ìíèìóþ ÷àñòè ôóíêöèè SU1U2
(ω1, ω2):

Re
[
SU1U2

(ω1, ω2)
]
=

= −γ1 γ2 [(h11 h21 + h12 h22 + h31 h41 + h32 h42) Re
[
SΞ1Ξ2

(ω1, ω2)
]
+

+(h12 h21 − h11 h22 + h32 h41 − h31 h42) Im
[
SΞ1Ξ2

(ω1, ω2)
]
]+

+γ2
1 (h21 h41 + h22 h42)SU1U1

(ω1, ω2) + γ2
2 (h11 h31 + h12 h32)SU2U2

(ω1, ω2);

Im
[
SU1U2

(ω1, ω2)
]
=

= γ1 γ2 [(h11 h22 − h12 h21 + h32 h41 − h31 h42) Re
[
SΞ1Ξ2

(ω1, ω2)
]
+

+(h12 h22 + h11 h21 − h31 h41 − h32 h42) Im
[
SΞ1Ξ2

(ω1, ω2)
]
]+

+γ2
1 (h21 h42 − h22 h41)SU1U1

(ω1, ω2) + γ2
2 (h12 h31 − h11 h32)SU2U2

(ω1, ω2).

Ñ ó÷åòîì òîãî, ÷òî ôóíêöèÿ Re
[
SΞ1Ξ2

(ω1, ω2)
]
÷åòíà ïî îáîèì àðãóìåí-

òàì, à Im
[
SΞ1Ξ2

(ω1, ω2)
]
÷åòíà ïî ïåðâîìó àðãóìåíòó è íå÷åòíà ïî âòîðî-

ìó, òî àíàëèç ñîñòàâëÿþùèõ òåðìîâ ïîêàçûâàåò, ÷òî äåéñòâèòåëüíàÿ è ìíè-
ìàÿ ÷àñòè ôóíêöèè SU1U2

(ω1, ω2) èìåþò òàêèå æå õàðàêòåðèñòèêè ÷åòíîñòè è
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íå÷åòíîñòè, ÷òî è SΞ1Ξ2
(ω1, ω2). Àíàëîãè÷íûå âûâîäû ìîæíî ñäåëàòü è ïðî

ôóíêöèþ SU2U1
(ω1, ω2).

5 Ïðèìåð

Ïðîäåìîíñòðèðóåì ôîðìó ôóíêöèé SU1U1
(ω1, ω2) (I), Re

[
SU1U2

(ω1, ω2)] (II),
Im

[
SU1U2

(ω1, ω2)] (III), SU2U2
(ω1, ω2) (IV) äëÿ íåêîòîðûõ çíà÷åíèé ïàðàìåòðîâ.

5.1. Ïåðâàÿ ãðóïïà ãðàôèêîâ îòíîñèòñÿ ê ñèòóàöèè, êîãäà çàïàçäûâàíèÿ
îòñóòñòâóþò, ò.å.

τ1 = τ2 = τ3 = 0, α12 = α14 = α22 = α24 = β12 = β22 = 0.

Îñòàëüíûå ïàðàìåòðû âèçóàëèçàöèè èìåëè ñëåäóþùèå çíà÷åíèÿ:

α11 = 2, α13 = 1, α21 = 3/2, α23 = −1/2,

β11 = 1/50, β21 = 1/100, γ1 = 1, γ2 = 1/2.

Äëÿ ðàñ÷åòîâ ïðèìåíÿëèñü ñïåêòðàëüíûå ïëîòíîñòè ïîëåé âèäà:

SΞ1Ξ1
=

1

1 + ω2
1 + 2ω2

2

, SΞ2Ξ2
=

1

1 + 2ω2
1 + ω2

2

Re
[
SΞ1Ξ2

]
=

1

2 + 2ω4
1 + 2ω4

2

, Im
[
SΞ1Ξ2

]
=

ω2

2 + 2ω4
1 + 2ω4

2

.

Íà ðèñ. 1 � 4 èçîáðàæåíû ñîîòâåòñòâóþùèå ëèíèè óðîâíÿ â äàííîì ñëó÷àå
(íà ðèñ. 3 âûñîòà h−ℓ ëèíèè ñ íîìåðîì −ℓ ðàâíà −hℓ, ℓ = 1, 9).

5.2. Òåïåðü ïóñòü çàïàçäûâàíèÿ ïðèñóòñòâóþò. Âûáåðåì ñëåäóþùèå çíà-
÷åíèÿ:

τ1 = 1, τ2 = 2, τ3 = 4, β12 = 1/100, β22 = 1/200,

α12 = 1/2, α14 = −1/2, α22 = 1, α24 = 1/4.

Îñòàëüíûå ðàñ÷åòíûå ïàðàìåòðû òå æå, ÷òî è â ïîäðàçäåëå 5.1. Íà ðèñ. 5 �
8 ïðåäñòàâëåíû ëèíèè óðîâíÿ ôóíêöèé I � IV, ñîîòâåòñòâóþùèå âûáðàííûì
çíà÷åíèÿì ïàðàìåòðîâ (íà ðèñ. 7 âûñîòà h−ℓ ëèíèè ñ íîìåðîì −ℓ ðàâíà −hℓ,
ℓ = 1, 12).

Ïî ãðàôèêàì âèäíî, ÷òî ïîÿâëåíèå çàïàçäûâàíèé ïðèâåëî ê ñóùåñòâåí-
íûì èçìåíåíèÿì â ôîðìàõ ôóíêöèé I � IV.
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Ðèñ. 1: Ëèíèè óðîâíÿ ôóíêöèè I: 1 � 0.007, 2 � 0.01, 3 � 0.014, 4 � 0.021, 5 � 0.028, 6 � 0.035,

7 � 0.042, 8 � 0.049, 9 � 0.056, 10 � 0.063, 11 � 0.07, 12 � 0.077, 13 � 0.091, 14 � 0.11, 15 � 0.13,

16 � 0.1415
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Ðèñ. 2: Ëèíèè óðîâíÿ ôóíêöèè II: 1 � 0.00035, 2 � 0.0006, 3 � 0.0009, 4 � 0.0015, 5 � 0.0021,

6 � 0.0027, 7 � 0.004, 8 � 0.0055, 9 � 0.007, 10 � 0.01, 11 � 0.015, 12 � 0.02, 13 � 0.03, 14 � 0.04,

15 � 0.05, 16 � 0.06, 17 � 0.07, 18 � 0.0714

Ïðèëîæåíèå

Ñîîòíîøåíèÿ äëÿ hij, i = 1,2, j = 1, 2, 3, 4:

h11 = α11 + α12 cos(τ1 ω2) + β11 ω
2
1 + β12 ω

2
1 cos(τ3 ω2),

h12 = α12 sin(τ1 ω2) + β12 ω
2
1 sin(τ3 ω2)− ω2,

h21 = α21 + α22 cos(τ1 ω2) + β21 ω
2
1 + β22 ω

2
1 cos(τ3 ω2),
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Ðèñ. 3: Ëèíèè óðîâíÿ ôóíêöèè III: 0 � 0.00, 1 � 0.0004, 2 � 0.0008, 3 � 0.0012, 4 � 0.0022, 5

� 0.005, 6 � 0.01, 7 � 0.013, 8 � 0.014, 9 � 0.015
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Ðèñ. 4: Ëèíèè óðîâíÿ ôóíêöèè IV: 1 � 0.005, 2 � 0.007, 3 � 0.01, 4 � 0.014, 5 � 0.021, 6 �

0.028, 7 � 0.045, 8 � 0.06, 9 � 0.075, 10 � 0.09, 11 � 0.105, 12 � 0.12, 13 � 0.135, 14 � 0.141

h22 = α22 sin(τ1 ω2) + β22 ω
2
1 sin(τ3 ω2)− ω2,

h31 = α13 + α14 cos(τ2 ω2),

h32 = α14 sin(τ2 ω2),

h41 = α23 + α24 cos(τ2 ω2),

h42 = α24 sin(τ2 ω2).
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Ðèñ. 5: Ëèíèè óðîâíÿ ôóíêöèè I: 1 � 0.007, 2 � 0.01, 3 � 0.015, 4 � 0.02, 5 � 0.03, 6 � 0.04, 7

� 0.05, 8 � 0.06, 9 � 0.07, 10 � 0.08, 11 � 0.09, 12 � 0.10, 13 � 0.11, 14 � 0.12, 15 � 0.124

1

11

1

2

3

4

5

6

7

8

9

10

11 11

12

12

1313

1313

-6 -4 -2 0 2 4 6
-3

-2

-1

0

1

2

3

ω1

ω2

Ðèñ. 6: Ëèíèè óðîâíÿ ôóíêöèè II: 1 � 0.0004, 2 � 0.0006, 3 � 0.0009, 4 � 0.0015, 5 � 0.0027,

6 � 0.005, 7 � 0.01, 8 � 0.015, 9 � 0.025, 10 � 0.035, 11 � 0.0375, 12 � 0.0380

Ôîðìà ôóíêöèé H01 è H02 êàê êâàäðàòíûõ êâàçèïîëèíîìîâ ω2
1 è ω2:

H01 = [
[
α11 α21 − α13 α23 + (α11 α22 + α12 α21) cos(τ1 ω2)+

+ α12 α22 cos(2 τ1 ω2)− α14 α24 cos(2 τ2 ω2)− (α13 α24 + α14 α23) cos(τ2 ω2)
]
+

+ (α12 + α22) sin(τ1 ω2)ω2 − ω2
2]+

+ [
[
α11 β21 + α21 β11 + (α12 β22 + α22 β12) cos(τ1 ω2 + τ3 ω2)+

+ (α11 β22 + α21 β12) cos(τ3 ω2) + (α12 β21 + α22 β11) cos(τ1 ω2)
]
+

+ (β12 + β22) sin(τ3 ω2)ω2 ]ω
2
1+
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Ðèñ. 7: Ëèíèè óðîâíÿ ôóíêöèè III: 0 � 0.0, 1 � 0.0004, 2 � 0.0008, 3 � 0.0012, 4 � 0.0022, 5 �

0.0035, 6 � 0.005, 7 � 0.01, 8 � 0.015, 9 � 0.020, 10 � 0.030, 11 � 0.040, 12 � 0.042
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Ðèñ. 8: Ëèíèè óðîâíÿ ôóíêöèè IV: 1 � 0.005, 2 � 0.0075, 3 � 0.010, 4 � 0.015, 5 � 0.020, 6 �

0.030, 7 � 0.045, 8 � 0.055, 9 � 0.060, 10 � 0.065, 11 � 0.068, 12 � 0.069

+ [ β11 β21 + (β11 β22 + β12 β21) cos(τ3 ω2) + β12 β22 cos(2 τ3 ω2)]ω
4
1;

H02 = [
[
(α11 α22 + α12 α21) sin(τ1 ω2) + α12 α22 sin(2 τ1 ω2)−

− (α13 α24 + α14 α23) sin(τ2 ω2)− α14 α24 sin(2 τ2 ω2)
]
−

−
[
α11 + α21 + (α12 + α22) cos(τ1 ω2)

]
ω2]+

+ [
[
(α12 β21 + α22 β11) sin(τ1 ω2) + (α11 β22 + α21 β12) sin(τ3 ω2)+

+ (α12 β22 + α22 β12) sin(τ1 ω2 + τ3 ω2)
]
−

−
[
β11 + β21 + (β12 + β22) cos(τ3 ω2)

]
ω2]ω

2
1+
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+ [ (β11 β22 + β12 β21) sin(τ3 ω2) + β12 β22 sin(2 τ3 ω2)]ω
4
1.
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Matrix of spectral densities for the solution of two linear
stochastic parabolic di�erential equations with several

delays

I. E. Poloskov

Perm State University,
e-mail: polosk@psu.ru

Abstract. The paper is devoted to obtaining relations for the components of the
matrix of auto and cross power spectral density functions for the solution of a
system of couple linear stochastic parabolic di�erential equations with constant
coe�cients and three delays in the steady state. The problem posed is solved on
the basis of a generalization of the S.Guillouzic scheme proposed for the analysis
of alone linear stochastic ordinary di�erential equations with constant delays
and coe�cients. Then we verify the formally constructed matrix components for
existence conditions and the presence of standard properties of power spectral
densities. In the �nal part of the paper, an example based on the relations obtained
demonstrates a signi�cant di�erence between the power spectral density functions
of systems with and without delay.

Keywords: covariance function, delay, parabolic equation, power spectral density
function, stochastic partial di�erential equation.
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