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Àííîòàöèÿ: Ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à ñ ïåðèîäè÷åñêèìè ãðàíè÷íû-
ìè óñëîâèÿìè íà îòðåçêå [0, 2π] äëÿ îäíîãî íåëèíåéíîãî ôóíêöèîíàëüíî-
äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà. Ñ ïîìîùüþ òåîðåìû Ãî-
Êðàñíîñåëüñêîãî î íåïîäâèæíîé òî÷êå ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñó-
ùåñòâîâàíèÿ ïîëîæèòåëüíîãî ðåøåíèÿ èññëåäóåìîé çàäà÷è. Äîêàçàòåëüñòâî
åäèíñòâåííîñòè ýòîãî ðåøåíèÿ óñòàíîâëåíî òîëüêî â ñóïåðëèíåéíîì ñëó÷àå.

Êëþ÷åâûå ñëîâà: êðàåâàÿ çàäà÷à, ïîëîæèòåëüíîå ðåøåíèå, ôóíêöèÿ Ãðè-
íà, êîíóñ, íåïîäâèæíàÿ òî÷êà îïåðàòîðà.

1 Ââåäåíèå

Â ïîñëåäíèå ãîäû íåëèíåéíûå ïåðèîäè÷åñêèå êðàåâûå çàäà÷è øèðîêî èçó÷à-
þòñÿ ìíîãèìè àâòîðàìè, îòìåòèì ñðåäè ïîñëåäíèõ ïóáëèêàöèé [1, 2, 3, 4, 5]. Â
[6, 7] ñ ïîìîùüþ òåîðåìû Êðàñíîñåëüñêîãî î íåïîäâèæíîé òî÷êå óñòàíîâëåíî
ñóùåñòâîâàíèå è êðàòíîñòü ïîëîæèòåëüíûõ ðåøåíèé ïåðèîäè÷åñêèõ êðàåâûõ
çàäà÷ ñîîòâåòñòâåííî

− u′′ + ρ2u = f(t, u), 0 < t < 2π, ρ > 0,

u(0) = u(2π), u′(0) = u′(2π)
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è

u′′ + ρ2u = f(t, u), 0 < t < 2π, 0 < ρ <
1

2
,

u(0) = u(2π), u′(0) = u′(2π).

Â [8] Ãðåô è äðóãèå ðàññìîòðåëè ïåðèîäè÷åñêóþ êðàåâóþ çàäà÷ó âòîðîãî
ïîðÿäêà

u′′ − ρ2u+ λg(t)f(u) = 0, 0 < t < 2π,

u(0) = u(2π), u′(0) = u′(2π),

ãäå ρ > 0 �� êîíñòàíòà, λ -� ïîëîæèòåëüíûé ïàðàìåòð, g : [0, 2π] → R+

íåïðåðûâíà, f : R+ → R+ íåïðåðûâíà è f(u) > 0 ïðè u > 0. Ñ ïîìîùüþ
òåîðåìû Êðàñíîñåëüñêîãî î íåïîäâèæíîé òî÷êå ïðè ðàçëè÷íûõ ñî÷åòàíèÿõ
ñóïåðëèíåéíîñòè è ñóáëèíåéíîñòè ôóíêöèè f ïîëó÷åíû ðåçóëüòàòû î ìíîæå-
ñòâåííîñòè è íåñóùåñòâîâàíèè ïîëîæèòåëüíûõ ðåøåíèé èññëåäóåìîé çàäà÷è.

ßî â [9] ñ ïðèìåíåíèåì òåîðåìû Êðàñíîñåëüñêîãî î íåïîäâèæíîé òî÷êå
äîêàçàë ñóùåñòâîâàíèå ïîëîæèòåëüíîãî ðåøåíèÿ ïåðèîäè÷åñêîé êðàåâîé çà-
äà÷è

u′′ = f(t, u), 0 < t < 2π,

u(0) = u(2π), u′(0) = u′(2π),

ãäå íåëèíåéíûé ÷ëåí f ÿâëÿåòñÿ ôóíêöèåé Êàðàòåîäîðè.

Â íàñòîÿùåé ñòàòüå ïðåäïðèíÿòà ïîïûòêà îáîáùèòü ïîëó÷åííûå ðàíåå ðå-
çóëüòàòû êîãäà íåëèíåéíûé ÷ëåí óðàâíåíèÿ f ñîäåðæèò ëèíåéíûé îïåðàòîð
T . Êðîìå òîãî, ïðåäïîëàãàåòñÿ, ÷òî f(·, 0) ≡ 0. Íàëè÷èå îïåðàòîðà T âêó-
ïå ñ ïîñëåäíèì óñëîâèåì ïðåâíîñèò ñóùåñòâåííûå â òîïîëîãè÷åñêîì ñìûñëå
ñëîæíîñòè â ïðèìåíåíèè êëàññè÷åñêîé ñõåìû äîêàçàòåëüñòâà íàëè÷èÿ åäèí-
ñòâåííîé íåïîäâèæíîé òî÷êè ñîîòâåòñòâóþùåãî íåëèíåéíîãî îïåðàòîðà, êî-
òîðûå ñîáñòâåííî óäàëîñü ïðåîäîëåòü â äàííîé ðàáîòå. Â ñâîþ î÷åðåäü ýòî
ïîçâîëÿåò ðàñøèðèòü ãîðèçîíò êðàåâûõ çàäà÷ ñ ïåðèîäè÷åñêèìè ãðàíè÷íû-
ìè óñëîâèÿìè, èìåþùèõ åäèíñòâåííîå ïîëîæèòåëüíîå ðåøåíèå. Íàïðèìåð, â
êà÷åñòâå îïåðàòîðà T ìîæíî âçÿòü èíòåãðàëüíûé îïåðàòîð, îïåðàòîð ñóïåð-
ïîçèöèè, òîæäåñòâåííûé îïåðàòîð è ò.ä.

2 Îñíîâíûå ðåçóëüòàòû

Ñ öåëüþ ñîêðàùåíèÿ âûêëàäîê îáîçíà÷èì ÷åðåç C � ïðîñòðàíñòâî C[0, 2π],
÷åðåç Lp (1 < p < ∞) � ïðîñòðàíñòâî Lp(0, 2π) è ÷åðåç W 2 � ïðîñòðàíñòâî
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ôóíêöèé, îïðåäåëåííûõ íà [0, 2π], ñ àáñîëþòíî íåïðåðûâíîé ïðîèçâîäíîé è
ñóììèðóåìîé âòîðîé ïðîèçâîäíîé íà óêàçàííîì îòðåçêå.

Ðàññìîòðèì êðàåâóþ çàäà÷ó

x′′(t) + ρ2x(t) = f (t, (Tx) (t)) , 0 < t < 2π, (2.1)

x(0) = x(2π), (2.2)

x′(0) = x′(2π), (2.3)

ãäå 0 < ρ < 1
2 , T : C → Lp (1 < p <∞)� ëèíåéíûé íåïðåðûâíûé îïåðàòîð,

ïåðåâîäÿùèé íåîòðèöàòåëüíûå ôóíêöèè èç C â íåîòðèöàòåëüíûå ôóíêöèè
ïðîñòðàíñòâà Lp, ôóíêöèÿ f(t, u) íåîòðèöàòåëüíà íà [0, 2π]× [0,∞), óäîâëå-
òâîðÿåò óñëîâèþ Êàðàòåîäîðè [10, c. 340] è f(·, 0) ≡ 0.

Îïðåäåëåíèå 1 Ïîä ïîëîæèòåëüíûì ðåøåíèåì çàäà÷è (2.1)�(2.3) áóäåì

ïîäðàçóìåâàòü ôóíêöèþ x ∈ W 2 ïîëîæèòåëüíóþ â èíòåðâàëå (0, 2π), óäî-
âëåòâîðÿþùóþ ïî÷òè âñþäó íà óêàçàííîì èíòåðâàëå óðàâíåíèþ (2.1) è ãðà-
íè÷íûì óñëîâèÿì (2.2), (2.3).

Ðàññìîòðèì ýêâèâàëåíòíîå çàäà÷å (2.1)�(2.3) èíòåãðàëüíîå óðàâíåíèå

x(t) =

∫ 2π

0

G(t, s)f (s, (Tx) (s)) ds, 0 ≤ t ≤ 2π, (2.4)

ãäå G(t, s) � ôóíêöèÿ Ãðèíà îïåðàòîðà Lx ≡ x′′+ρ2x ñ êðàåâûìè óñëîâèÿìè
(2.2), (2.3):

G(t, s) =
1

2ρ sin πρ

{
cos ρ(π − t+ s), åñëè 0 ≤ s ≤ t,

cos ρ(π + t− s), åñëè t ≤ s ≤ 2π.

Íåñëîæíî âèäåòü, ÷òî èìåþò ìåñòî ñâîéñòâà:

1. G(t, s) > 0, t, s ∈ [0, 2π];

2. min0≤t≤2πG(t, s) = G(s, s) = 1
2ρ ctg πρ, s ∈ [0, 2π];

3. maxt,s∈[0,2π]G(t, s) =
1

2ρ sinπρ
.

Ïðåäïîëîæèì, ÷òî ïðè ïî÷òè âñåõ t ∈ [0, 2π] âûïîëíåíî óñëîâèå

f(t, u) ≤ bup/q, p ̸= q, (2.5)
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ãäå b > 0, p, q ∈ (1,∞), îáåñïå÷èâàþùåå äåéñòâèå îïåðàòîðà Íåìûöêîãî
N : Lp → Lq, îïðåäåëÿåìîãî ñîîòíîøåíèåì (Nu)(t) = f(t, u(t)) äëÿ êàæäîãî
u ∈ Lp.

Îïðåäåëèì îïåðàòîð A ðàâåíñòâîì

(Ax)(t) =

∫ 2π

0

G(t, s)f (s, (Tx) (s)) ds.

Çàìåòèì, ÷òî îïåðàòîð A íåïðåðûâíî äåéñòâóåò íà ïîäìíîæåñòâå íåîòðèöà-
òåëüíûõ ôóíêöèé ïðîñòðàíñòâà C, òàê êàê ïðåäñòàâëÿåò ñîáîé ñóïåðïîçèöèþ
íåïðåðûâíûõ îïåðàòîðîâ

A = GNT,

ãäå G : Lq → C � îïåðàòîð Ãðèíà ñ íåïðåðûâíûì ÿäðîì G(t, s).

Îáîçíà÷èì ÷åðåç K êîíóñ íåîòðèöàòåëüíûõ ôóíêöèé ïðîñòðàíñòâà C,
óäîâëåòâîðÿþùèõ óñëîâèþ

x(t) ≥ m

M
∥x∥C , t ∈ [0, 2π], (2.6)

ãäå m > 0 è M ñîîòâåòñòâåííî ìèíèìóì è ìàêñèìóì ôóíêöèè Ãðèíà.

Ñïðàâåäëèâà

Ëåììà 1 Êîíóñ K èíâàðèàíòåí îòíîñèòåëüíî îïåðàòîðà A.

Äîêàçàòåëüñòâî. Â ñèëó ñâîéñòâà 3 ôóíêöèè Ãðèíà äëÿ x ∈ K èìååì

∥Ax∥C = max
0≤t≤2π

∫ 2π

0

G(t, s)f (s, (Tx) (s)) ds ≤M

∫ 2π

0

f (s, (Tx) (s)) ds.

Â òî æå âðåìÿ

(Ax)(t) ≥ m

∫ 2π

0

f (s, (Tx) (s)) ds ≥ m

M
∥Ax∥C .

Ñëåäîâàòåëüíî, A(K) ⊂ K.
Ëåììà äîêàçàíà.

Ëåììà 2 Îïåðàòîð A : K → K âïîëíå íåïðåðûâåí.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî D ⊂ K � îãðàíè÷åííîå ìíîæåñòâî.
Òîãäà íàéäåòñÿ ïîëîæèòåëüíîå ÷èñëî γ òàêîå, ÷òî ∥x∥C ≤ γ äëÿ ëþáîãî
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x ∈ D. Äîêàæåì, ÷òî supy∈A(D) ∥y∥C <∞, ãäå y = Ax. Äåéñòâèòåëüíî, â ñèëó
(2.5) è íåðàâåíñòâà Ãåëüäåðà èìååì

sup
y∈A(D)

∥y∥C ≤Mb

∫ 2π

0

(Tx)
p
q (s) ds ≤ (2π)

q−1
q Mb∥Tx∥

p
q

Lp

≤ (2π)
q−1
q bMτ

p
q∥x∥

p
q

C ≤ (2π)
q−1
q bMτ

p
qγ

p
q ,

ãäå τ � íîðìà îïåðàòîðà T .

Îïèðàñü íà (2.5), íåñëîæíî ïîêàçàòü, ÷òî ðàâíîìåðíàÿ íåïðåðûâíîñòü
ôóíêöèè Ãðèíà G(t, s) îáåñïå÷èâàåò ðàâíîñòåïåííóþ íåïðåðûâíîñòü A(D).
Èç òåîðåìû Àðöåëà - Àñêîëè ñëåäóåò êîìïàêòíîñòü îïåðàòîðà A. Íåïðåðûâ-
íîñòü A áûëà ðàíåå óñòàíîâëåíà. Ñëåäîâàòåëüíî, îïåðàòîð A âïîëíå íåïðå-
ðûâåí.

Äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïî êðàéíåé ìåðå îäíîãî ïîëîæèòåëü-
íîãî ðåøåíèÿ çàäà÷è (2.1)�(2.3) âîñïîëüçóåìñÿ ñëåäóþùåé èçâåñòíîé òåîðå-
ìîé Ãî �Êðàñíîñåëüñêîãî [11].

Òåîðåìà 1 Ïóñòü X � áàíàõîâî ïðîñòðàíñòâî è P ⊂ X � êîíóñ â X.

Ïðåäïîëîæèì Ω1,Ω2 � îòêðûòûå ïîäìíîæåñòâà â X ñ 0 ∈ Ω1 ⊂ Ω2 è

A : P → P � âïîëíå íåïðåðûâíûé îïåðàòîð òàêîé, ÷òî

(i) ∥Au∥ ≤ ∥u∥, ∀u ∈ P ∩ ∂Ω1 è ∥Au∥ ≥ ∥u∥, ∀u ∈ P ∩ ∂Ω2, èëè

(ii) ∥Au∥ ≥ ∥u∥, ∀u ∈ P ∩ ∂Ω1 è ∥Au∥ ≤ ∥u∥, ∀u ∈ P ∩ ∂Ω2.

Òîãäà A èìååò íåïîäâèæíóþ òî÷êó â P ∩ (Ω2\Ω1).

Ââåäåì îáîçíà÷åíèÿ:

f0 = lim
u→0+

vrai inf
0≤t≤2π

f(t, u)

u
, f∞ = lim

u→+∞
vrai inf

0≤t≤2π

f(t, u)

u
,

Ωr = {x ∈ C : ∥x∥C < r}, ∂Ωr = {x ∈ C : ∥x∥C = r},
ãäå r > 0.

Òåîðåìà 2 Ïðåäïîëîæèì, ÷òî ïðè p > q âûïîëíåíî óñëîâèå (2.5), f∞ =
+∞ è 0 < vraimin0≤t≤2π(Tχ)(t) < ∞, ãäå χ(t) ≡ 1. Òîãäà êðàåâàÿ çàäà÷à

(2.1)�(2.3) èìååò õîòÿ áû îäíî ïîëîæèòåëüíîå ðåøåíèå.

https://doi.org/10.21638/11701/spbu35.2025.102 Ýëåêòðîííûé æóðíàë: http://di�journal.spbu.ru/ 26



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 1, 2025

Äîêàçàòåëüñòâî. Â ñèëó (2.5) äëÿ x ∈ K ∩ ∂Ωr1, ïðèìåíÿÿ íåðàâåíñòâî
Ãåëüäåðà, èìååì

∥Ax∥C = max
0≤t≤2π

∫ 2π

0

G(t, s)f (s, (Tx) (s)) ds ≤Mb

∫ 2π

0

(Tx)
p
q (s) ds

≤ (2π)
q−1
q Mb∥Tx∥

p
q

Lp
≤ (2π)

q−1
q Mbτ

p
q∥x∥

p
q

C ≤ (2π)
q−1
q Mbτ

p
q r

p
q−1

1 · ∥x∥C .

Âçÿâ â êà÷åñòâå r1 âåëè÷èíó

(
1

(2π)
q−1
q Mbτ

p
q

) q
p−q

, äëÿ âñåõ x ∈ K ∩ ∂Ωr1

èç ïîñëåäíåãî íåðàâåíñòâà ïîëó÷èì ∥Ax∥C ≤ ∥x∥C .
Èç óñëîâèÿ òåîðåìû f∞ = ∞ âûòåêàåò ñóùåñòâîâàíèå òàêîãî ÷èñëà H >

0, ÷òî
vrai inf

0≤t≤2π
f(t, u) ≥ ξu, u ≥ H, (2.7)

ãäå ξ ≥ M

m2
∫ 2π

0 (Tχ)(s) ds
.

Ïóñòü r2 = max{ H
m
M vraimin0≤t≤2π(Tχ)(t)

, 2r1}. Òîãäà äëÿ x ∈ K ∩∂Ωr2 ñîîòâåò-
ñòâåííî èìååì

(Tx)(t) ≥ m

M
∥x∥C · vrai min

0≤t≤2π
(Tχ)(t) ≥ H, t ∈ [0, 2π].

Íàêîíåö, â ñèëó (2.7) äëÿ ëþáîãî x ∈ K ∩ ∂Ωr2 èìååì

(Ax)(t) =

∫ 2π

0

G(t, s)f (s, (Tx) (s)) ds ≥ mξ

∫ 2π

0

(Tx)(s) ds

≥ m2ξ

M
∥x∥C

∫ 2π

0

(Tχ)(s) ds ≥ ∥x∥C .

Îòêóäà ñëåäóåò ∥Ax∥C ≥ ∥x∥C .
Ñëåäîâàòåëüíî, â ñèëó óñëîâèÿ (i) òåîðåìû 1 âïîëíå íåïðåðûâíûé îïå-

ðàòîð A èìååò íåïîäâèæíóþ òî÷êó â K ∩ (Ωr2\Ωr1), ÷òî â ñâîþ î÷åðåäü ðàâ-
íîñèëüíî ñóùåñòâîâàíèþ ïî êðàéíåé ìåðå îäíîãî ïîëîæèòåëüíîãî ðåøåíèÿ
êðàåâîé çàäà÷è (2.1)�(2.3) â óêàçàííîé îáëàñòè.

Çàìå÷àíèå 1. Â ñëó÷àå p < q è f0 = ∞ ïî ïðèâåäåííîé â òåîðåìå 2

ñõåìå íåñëîæíî ïîêàçàòü âûïîëíåíèå óñëîâèÿ (ii), ãàðàíòèðóþùåå íàëè÷èå

ïî êðàéíåé ìåðå îäíîãî ïîëîæèòåëüíîãî ðåøåíèÿ çàäà÷è (2.1)�(2.3).
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Òåîðåìà 3 Ïðè âûïîëíåíèè óñëîâèé òåîðåìû 2 êðàåâàÿ çàäà÷à (2.1)�(2.3)
èìååò åäèíñòâåííîå ïîëîæèòåëüíîå ðåøåíèå, åñëè ôóíêöèÿ f(t, u) äèôôå-
ðåíöèðóåìà ïî u, ïðîèçâîäíàÿ f ′u(t, u) ìîíîòîííî âîçðàñòàåò ïî u è

Mτ∥f ′u (t, r2 (Tχ) (t)) ∥Lp′ < 1, (2.8)

ãäå 1
p′ +

1
p = 1.

Äîêàçàòåëüñòâî. Êàê ñëåäóåò èç òåîðåìû 2 äëÿ ïîëîæèòåëüíîãî ðåøåíèÿ
çàäà÷è (2.1)�(2.3) ñïðàâåäëèâà îöåíêà

0 < x(t) ≤ r2, 0 ≤ t ≤ 2π. (2.9)

Ïðåäïîëîæèì, ÷òî çàäà÷à (2.1)�(2.3) èìååò äâà ïîëîæèòåëüíûõ ðåøåíèÿ x1(t)
è x2(t). Èç ïðèíöèïà åäèíñòâåííîñòè äëÿ âûïóêëûõ îïåðàòîðîâ [12, c. 220]
ñëåäóåò, ÷òî |x1(t)−x2(t)| íå ÿâëÿåòñÿ ñòðîãî ïîëîæèòåëüíîé ôóíêöèåé. Îáî-
çíà÷èì ÷åðåç y(t) ðàçíîñòü x1(t) − x2(t). Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî
ñ÷èòàòü, ÷òî íàéäóòñÿ òàêèå ÷èñëà t0 è t1, ÷òî y(t0) = ∥y∥C , y(t1) ≤ 0.

Íà îñíîâàíèè (2.4), ïðèìåíÿÿ òåîðåìó î ñðåäíåì, èìååì

y(t) =

∫ 2π

0

G(t, s)f ′u(s, ũ(s))(Ty)(s) ds, 0 ≤ t ≤ 2π,

ãäå ũ(s) ïðèíèìàåò çíà÷åíèÿ, ïðîìåæóòî÷íûå ìåæäó (Tx1)(s) è (Tx2)(s).

Â ñèëó ìîíîòîííîñòè f ′u(t, u) è (2.9) èìååì

∥y∥C ≤M

∫ 2π

0

|f ′u (s, r2 (Tχ) (s))| |(Ty)(s)| ds

≤M∥ψ∥Lp′∥Ty∥Lp
≤M∥ψ∥Lp′τ∥y∥C ,

ãäå ψ(t) ≡ f ′u (t, r2 (Tχ) (t)),
1
p′ +

1
p = 1.

Èòàê, èìååì
∥y∥C ≤Mτ∥ψ∥Lp′∥y∥C .

Åñëè ýòî íåðàâåíñòâî íå âûïîëíÿåòñÿ, òî êðàåâàÿ çàäà÷à (2.1)�(2.3) èìååò
åäèíñòâåííîå ïîëîæèòåëüíîå ðåøåíèå. Òåîðåìà äîêàçàíà.
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On the existence and uniqueness of a positive solution to a periodic

boundary value problem for one nonlinear functional di�erential

equation of the second order

G. E. Abduragimov
Dagestan State University

gusen_e@mail.ru

Abstract. We consider a boundary value problem with periodic boundary
conditions on the segment [0, 2π] for one nonlinear second-order functional
di�erential equation. Using the Go-Krasnoselsky �xed point theorem, su�cient
conditions for the existence of a positive solution to the problem under study are
obtained. The proof of the uniqueness of this solution is established only in the
superlinear case.

Keywords: boundary value problem, positive solution, Green's function, cone,
operator �xed point index.
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