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AHHoTauus. M3naraemas pabora MOCBAILIEHA MCCIEIOBAHUIO PEIICHUS I'PAaHUYHBIX 3ajad Jyis
ypaBHeHuss Komu-PrMaHa ¢ HENOKaJIbHBIMA T'DAHWMYHBIMU YyCIOBHAMHM. B paccMmarpuBaemMoM
cinydae ycnoBusa Kapiemana He UMEIOT MECTO, T.€. Ha IPAHULIE OAHOBPEMEHHO JBUKYTCS HE MEHEE
JBYX TOYEK, KOTOpPbIE CIEAYIOT APYr 3a ApyroM. B 3ToM ciydae, ucnonb3ys  (QyHIaMEHTaIbHOE
pEILIEHNE PACCMaTPUBAEMOTO YPABHEHHMSI, ONIPEIENSAETCS OCHOBHOE COOTHOLIEHUE, KOTOPOE COCTOUT
u3 AByx uacted. IlepBasg dacTh pgaer mnpou3BosibHOE pelmieHue ypaBHeHus Komm-Pumana,
ompeneneHHoe B obnacth D C R?, a BTopas 4acTh JaeT HEOOXOAMMBIE YCIOBUS Pa3peIlMMOCTH
IPaHUYHBIX 3a7ady. B oTiauune oT OOBIKHOBEHHOro UG (EepeHINaTIbHOIO YpPaBHEHHS 37€ECh
HEOOXOUMBIE YCJIOBUS COJEp)KaT TI00anbHbIE YIEHBI, T.€. MHTErpaybl MO rpaHuuaM. B stu
YCIOBUS BXOJST CUHTYJISPHBIE MHTErpalibl, KOTOpbIE B OOLIEM Ciy4ae perysipu3upyroTcs ¢
MMOMOIIBIO T'PAHUYHOI'0 YCJIOBUA, U, TAKUM 06pa30M, MOJIYUCHHBIC PCTYIAPHBIC BBIPAKCHUA BMCCTEC
C TPaHUYHBIMH YCIOBUSMU OIPEIEISIOT (GPEAroIbMOBOCTh TOCTABICHHON 3a/auu.

KaroueBble ciaoBa: Ycnosus KaprnemaHa, OCHOBHBIE COOTHOIICHHUS, HEOOXOAMMBIE YCIIOBH,
CHUHTYJISIPHOCTb, pEryJIsIpU3alysl.

1. BBenenue

JHns ypaBaenust Kom-Pumana Obun McclieToBaHBI MHOTO3HAYHbIE TpaHUuHble 3anayn [1]-[3].
Kak u3BecTHO, pemieHueM ypaBHeHus Jlamiaca siBisieTcsi rapMOHUYecKass (PyHKIHS, a peleHueM
ypaBHeHuss Komm-Pumana — anamuthueckas ¢ynkuua. s ypaBHenus Komm-Pumana
paccCMOTPEHbl TpaHUYHBIE 3a/a4d C HEJIOKAJbHBIMU TPAaHUYHBIMU YCIOBUSIMH B Pa3IMYHBIX
o0racTsX, a UMEHHO: B 00JacTAX, BBIIYKJBIX [0 HAIMpaBICHUIO X,, B €IMHUYHOM KBajpare, B
NpsIMOYTOJIbHUKE M Jp. Jlajee, MpoBOasS AMCKPETHU3AIMIO 3a/ad, ObLIO HCCIEAOBAHO YHUCIECHHOE
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peuieHne rpaHu4HbIX 3amad [4]-[6]. 3amerum, uto ycioBus KapiemaHa XapakTepu3yrOTCA
cienyrommmM odpasoM: “Eciu Ha rpaHuIie OJHOBPEMEHHO JBUTaeTcs He MEHee JBYX TOUYEK, TOrna
COCEHUE TOYKH WU OTXOJSAT OT OAHOM TPaHUYHOM TOUKH, WIM K€ MPUOJIMKAIOTCA K OJHOU
IrpaHUYHON TOUKe”. B MpOoTUBHOM citydae, T.€. KOT/ia Ha IPaHULIE COCEJHUE TOUKHU CIEAYIOT IPYT 3a
Ipyrom, yciosus Kapiemana He UMEIOT MECTO.

MBI noka3zanu, 4to ecnu it ypaBHeHus: Komu-Pumana ycnosus Kapinemana He UMEIOT MeCTO,
TOrZla 3Ta 3ajadya CBOAUTCSA K HMHTErpAIbHOMY ypaBHEHUIO PpenrosibMa NepBOro poja, U €cCiu
ycnoBusi Kapiemana cripaBesiuBbl, TO TpaHUYHAS 33]1a4a CBOJUTCS K MHTETPAJILHOMY YPaBHEHHIO
®pearosbma BTOporo poaa [6].

2. [TocTaHOBKA 321241 M €€ pellleHune

PaccMoTpuM ciieyronnyro rpaHu4HYIo 3a1a4y:

du(x) L ou(x)

_ _ 2

ox, o, 0, x = (x1,x,) €D C R?, (1)
al(t)u(t, V1(t)) +a; (t)u(a1 + by —ty,¥2(a; + by — t)) = @(t),t € [ay, bq], 2)
rne i=+—1, D — orpanudeHHas IUIOCKas O0OIAcTh, BHINYKIAas IO HANPAaBJICHUIO

Xy, @1 (t), a,(t) u @(t) - 3amannbie HempepbiBHbIe (QyHKImMU. [ — rpanuna obmactu D sBisercs
nuaueit JIsnynosa. [lpu mpoektupoBanun obnactd D Ha oCk X, MapauielbHO K X, rpanuna I
pasbuBaercst Ha JBe yactu, [y U [,. YpaBHeHust oTux JuHul X, = Vi (x1), k = 1,2; x; € [ay, bq] C
R. I'panngnoe ycioBue (2) XapakTepu3yeTcst TeM, YTO IBIKYIIUECS TOYKH Ha IPAHUIIE CIIEIYIOT

JPYT 32 IPYroM.
M3BecTHO, 4TO yHIaMEHTaNIbHBIC pelieHus ypaBHeHus (1) umerot Bug [7]:

1
27Tx2 S+ i(xy — &) (3)

Ulx—=¢§) =

YMHoOxas ypaBHeHue (1) Ha QyHaameHTanbHOE peuieHue (3) U MHTErpupys mno odmactu D,
UMeEEM:

0= ] agi:) Ulx — E)dx + i j a;)(:) £)dx.
D D

[Tpumensist gopmyny Octporpanckoro-I'aycca, T.e. MpoOU3BeAs WHTErPUPOBAHUE IO YaCTAM,
UMEEM:

0= Ju(x)U(x—E) cos(v,x,) dx —

J u(x )aU(x—E) dx + ifu(x)U(x—f) cos(v,x;) dx —
r
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—ifu(x)%xl_f)dx = fu(x)U(x — &) [cos(v, x,) + icos(v,x,)]dx —
D r

—fu(x) lau(x—f)HaU(axx; E)l Uy =

ox
5 2

= fu(x)U(x — & [cos(v, xz) + icos(v, x;)]dx — (8(x — &), u(x)),

r

rae depe3 vV o0O3HAuYCHA BHEIIHsS HOpManb K rpanuie [ obmactu D, &(x) —cuHrysspHas
o0o0mieHHas PyHKIHS.
VuursiBas cBoiicTBa Aenbra GyHKImU JJupaka, moixydaem:

1 [u()[cos(v,x;) +icos(v,x)] | 1u(€), § €D,
EF X, — &+ (e, — &) - Su(®), €. (4)

Kak BuaHO u3 (4), OCHOBHOE COOTHOILIEHHE COCTOMT M3 AByX yacteil. [lepBas yacth, koraa
¢ € D, nmaer mpousBoibHOE pemieHue ypaBHenust (1), a Bropas yacth, korma ¢ €I, maer
HEOOXOIUMBIE YCIIOBUSI.

N3 ocHOBHOTO cOOTHOIIECHHUS (4) UMeeM:

u(x)[cos(v, x,) + icos(v, x,)]

1 ( ( ))_if dx +
Zu f0718) = 2m X, —¥1(&1) +ilx — &) ¥

1 u(x)[cos(v, x,) + icos(v, x;)]
27TF X, —¥1(§1) +i(xy — &)

1

)

by
1 [ u(xg, ya () [=cos(xy, 7) + isin(xy, 1)]  dxy
u(fl'h(fl)) B ”! Y1(x1) =1 (€) +ilxs — &1) cos(xq,T) -
by
1 f u(xl,yz(xl))[cos(xl,r) —isin(x,1)]  dx;
7Ta Y2(x1) —v1 (&) + i(xy — &) cos(xq,T) B
_ _lfbl u(x1,y1 (1)) [1-iv1 (x1)] lfbl u(x1,y2(x1))[1—iyz (x1)]
wYay [yj(o1 (=€) +i]Ca-&) 1 wlan ple)-n @D+t -§) )

e T - KacaTesbHbIe B HampaBieHusx kak B [y, Tak u B [y, gy € (xq,&;),

u(x)[cos(v, x,) + icos(v, x,)]

Sulenra() =5 | e
Zu Elr)/Z 51 _27-[ xz—y2(51)+i(x1_fl) ¥

2
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+i u(x)[cos(v, x,) + icos(v, x;)] _
2 X2 —V2(§1) +ilxg —&1) '

2

by
dx;

u(x1,v1 (1)) [—cos(xy, T) + sin(xy, 7)]

1
u(s(p)/z(ﬁ)) T J. Y1(x) —v2(&) + i(x—&1) cos(xy,7) i

aq

by
dx;

u(x1, 2 (x1))[cos(xy, T) — isin(xy, 7)]

1
+;a.f Y2(x1) —v2(§1) + il — &1) cos(x,7)
by by
_ l u(xlr)’1(x1))[1 — iy, (xy)] l u(xl,)/z(xl))[l iy ()]
) 7Taf Y1(x) —v2(§) + i(xl_ﬁzl)d ! +T[af [y2(o2(x1 — €1)) + i](xy — &) . (6)

Hcxons u3 rpaHiyHOrO yclioBus (2), mojiyueHHble HeoOXoaumble ycnoBus (5) u (6) mpenctaBum

B BUJC!

b, b,
_ [ u(x1:)’1(x1)) [ u(x1'V1(x1)) v1(oy) —y1(x1)
W@ =g | S [ ST
by
l u(x1»V2(x1)) o
”J A A GYE At R @)
11 u(ane)
__ 2 U\x1, Y11 o _
u(fp)’z(ﬁ)) T[J V100 — 1, (&) + iy — &) [1—iy;(xy)]dx,
by by
i fulrya()) o u(xy2 () va(o2) = yi(x)
naf x,—&; dx; + naf Ys(02) +i x;—&; dxy,
WIH
by
(e + by =y + by — ) = 5 [T I T D g
(L ulanG)
1 u(xq,y1(xg .,
_”J Y1 (x1) = v2 (&) + i(xg — &) [1=iys (e +
by

l u(xl, Y2 (x1)) ¥2(02) — v2(x1)
T f Vo(oy) +1i x;— & dx

a

1-

(8)
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VYuursiBas (7), (8) u rpaHUYHOE YCIOBUE, CO3/IaIUM CIICAYIOIIYIO JUHCHHYIO KoMOuHanuio [8]:

a1(8(1)u($(1»]/1(f1)) + az(fl)u(‘h + by — &, v2(a; + by — f)) =

by

i' f a1(f1)u(x1»)/1(x1)) + az(f1)u(a1 + by —xy,v2(a; + by — x1)) doe +
B 7Ta xX; — &1 !
by
b= i f [(051(9(1) - a1(x1)) + “1(951)]71(951»]/1(951)) +
n F xX; — &1
+[(a2(f1) - az(x1)) + a; (xl)]u(al + by —x1,72(a; + by — xl)) doe +
xX; — &1 !
by
_ L 0‘1(951)”(951»)’1(951)) + a; (xl)u(al + by —x1,72(a; + by — x1))
+ - —;J — dx, + (9)
e
l DXy
_E,fxl—éldxl-l_

rze yepes (...) 0003HaueHa CyMMa HECHHTYIISIPHBIX CIIaraeMbIX.

Tak kak neBas yacTh (9) TakKe COBHAJAET C JIEBOM YacTbl0 I'PAaHUYHOIO ycioBus (2), TO
BeIpakeHue (9) HaM HUYEero HOBOTO He JacT. [IpHYrHOM 3TOTO SBISETCS TO, YTO IS IIOCTABICHHOMN
rpaHu4HOM 3amaum ycnoBus Kaprmemana He mmeror Mecto. Ilostomy s ¢pearoabmMoBoCTH
MOCTaBJIEHHOW 3aJlaul HY>KHBI JIONIOJTHUTEIbHBIE yclloBUs. [IpuBenemM 01HO U3 3THX YCIOBUIL:

u(x1:V1(x1)) = ¢1(x1), x; € [ay, by], (10)
Torpaa u3 rpannyHOrO ycioBus (2) npu ycaoBUU

a,(x,) #0, (11)

MOJTyYUM:

@ (x1) — ay(x1) @1 (x1)

u(a1 + by — xy,v2(a; + by — x1)) = 2, (00)

(12)

TakuMm oOpazoM, He (PpearoTbMOBOCTh, @ AHAIUTUYECKUHN BUI perieHus 3amaudu (1), (2), (10)
MOJTYYaeTCs M3 TIEPBOTO BHIPAKCHHSI OCHOBHOT'O COOTHOIIIEHUS (4) B BHJIC

by
-1 @1 (x)[1 = y1(xy)]dxy

B 2m Y1(x) — & +ilx — &1)

a

u($)
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ifbl p(as+bi—x1)-a(a;+b1—x)@1(as+b1—x1) 1-iy3 (1)
2n

d
az az(a;+by—xq) Y2(x1)—&a+i(x1—81) X1 (13)

DTHM YCTaHOBJIEHO CIIEIYIOIINE YTBEPIKICHHE:

Teopema: Ilycts D — orpaHuucHHas IUIOCKas OOJACTh, BBIMYKJIas IO HAIPABICHUIO X,
rpanuna [ — naunus JlsnynoBa, Torga rpanuuHas 3amgada (1), (2), (10) uMeer enMHCTBEHHOE
pemenne mpexacrasienHoe B Bupe (13), rme  a;(xp), ay(xq), o(x;) u @,(x;) 3amaHHbBIE
HenpepbIBHBIE QYHKIMHU, YIOBIETBOPsIONHeE yeaosuo (11).
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On Fredholm boundary value problems for the Cauchy-Riemann
equation Cauchy-Riemann equation when the Carleman
conditions do not hold
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Abstract. This paper is devoted to the study of the solution of boundary value problems for the
Cauchy-Riemann equation with nonlocal boundary conditions. In the considered case, the Carleman
conditions do not take place, i.e. at least two points that follow each other move simultaneously on
the boundary. In this case, using the fundamental solution of the equation under consideration, the
basic relation is determined, which consists of two parts. The first part gives an arbitrary solution of
the Cauchy-Riemann equation defined in the domain D c R? and the second part gives the
necessary conditions for the solvability of the boundary problems. Unlike the ordinary differential
equation, here the necessary conditions contain global terms, i.e., integrals over the boundaries.
These conditions include singular integrals, which in general case are regularized by means of the
boundary condition, and thus the obtained regular expressions together with the boundary
conditions determine the Fredholm character of the problem.

Keywords: Carleman conditions, basic relations, necessary conditions, singularity, regularization.
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