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Ïðåäñòàâëåíèå îáùåãî ðåøåíèÿ óðàâíåíèÿ òèïà Êîøè�Ðèìàíà ñ

ñèíãóëÿðíîé îêðóæíîñòüþ è îñîáîé òî÷êîé

À.Á. Ðàñóëîâ, Ì.À. Áîáîäæàíîâà, Þ.Ñ.Ôåäîðîâ1

Àííîòàöèÿ

Â òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ îñîáîå
ìåñòî çàíèìàåò ñèñòåìà óðàâíåíèé Êîøè-Ðèìàíà ñ ðåãóëÿðíûìè è ñèíãóëÿð-
íûìè êîýôôèöèåíòàìè. Óðàâíåíèÿ ñ ðåãóëÿðíûìè êîýôôèöèåíòàìè äîñòà-
òî÷íî ãëóáîêî èññëåäîâàíû, ÷åãî íåëüçÿ ñêàçàòü î ñèñòåìå óðàâíåíèé Êîøè-
Ðèìàíà ñ ñèíãóëÿðíûìè êîýôôèöèåíòàìè. Ïðèìåíåíèå òàêèõ ñèñòåì âî ìíî-
ãèõ ïðèêëàäíûõ çàäà÷àõ ïðèâëåêàåò âíèìàíèå èññëåäîâàòåëåé ê ýòîé òåîðèè.
Çàìåòèì, ÷òî â ðàáîòàõ ìíîãèõ àâòîðîâ ðåøåíèÿ ñèñòåìû Êîøè-Ðèìàíà ñ
ñèíãóëÿðíîé òî÷êîé íàéäåíû â âèäå ðÿäîâ, à êîìïàêòíîñòü îñíîâíîãî èíòå-
ãðàëüíîãî îïåðàòîðà äîêàçàíà òîëüêî â äîñòàòî÷íî ìàëîé îêðåñòíîñòè ñèí-
ãóëÿðíîé òî÷êè èëè â óñëîâèÿõ òèïà ìàëîñòè íà êîýôôèöèåíòû óðàâíåíèÿ.
Ðàíåå äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ñèíãóëÿðíîé òî÷êîé è îäíîé ñèíãóëÿð-
íîé ëèíèåé èññëåäîâàëèñü îòäåëüíî. Ïîëó÷åíèå èíòåãðàëüíûõ ïðåäñòàâëåíèé
îáùåãî ðåøåíèÿ óðàâíåíèé ñ îïåðàòîðîì Êîøè-Ðèìàíà ñ îñîáåííîñòÿìè â
êîýôôèöèåíòàõ ïî ðàçëè÷íûì ìíîãîîáðàçèÿì äî ñèõ ïîð ìàëî èññëåäîâà-
íî, õîòÿ ñóùåñòâóåò ìíîãî ïðèìåðîâ, ïîäòâåðæäàþùèõ ïðèêëàäíîå çíà÷åíèå
òàêèõ óðàâíåíèé. Â ñâÿçè ñ ýòèì îáúåêòîì íàøèõ èññëåäîâàíèé ÿâëÿþòñÿ
äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ñèíãóëÿðíîé òî÷êîé è îòðåçêàìè, èëè ñ áî-
ëåå ñëîæíûìè ñèíãóëÿðíûìè ìíîãîîáðàçèÿìè, íàïðèìåð, ñ îêðóæíîñòüþ. Â
íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ îáîáùåííàÿ ñèñòåìà òèïà Êîøè-Ðèìàíà ñ
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êîìïëåêñíûì ñîïðÿæåíèåì, êîýôôèöèåíòû êîòîðîé äîïóñêàþò îñîáåííîñòè
íà îêðóæíîñòè è â òî÷êå. Íà îñíîâå ïîñòðîåííîé ðåçîëüâåíòû èíòåãðàëüíî-
ãî óðàâíåíèÿ íàéäåíî èíòåãðàëüíîå ïðåäñòàâëåíèå îáùåãî ðåøåíèÿ. Âî âñåõ
ýòèõ ñëó÷àÿõ âûäåëÿåòñÿ îñîáàÿ ÷àñòü ðåøåíèé, ïîçâîëÿþùàÿ äåòàëüíî èçó-
÷èòü ïîâåäåíèå ðåøåíèé â îêðåñòíîñòè ñèíãóëÿðíîãî ìíîãîîáðàçèÿ. Òàêèì
îáðàçîì, èíòåãðàëüíîå ïðåäñòàâëåíèå îáùåãî ðåøåíèÿ ìîæåò áûòü ïðèìåíè-
ìî ê èññëåäîâàíèþ êðàåâûõ çàäà÷.

Êëþ÷åâûå ñëîâà: ñèíãóëÿðíûå èíòåãðàëüíûå óðàâíåíèå, îáîáùåííàÿ
ñèñòåìà òèïà Êîøè�Ðèìàíà.

Abstract

In the theory of di�erential equations in partial derivatives the systems of
the Cauchy-Riemann equations with regular and singular coe�cients occupy a
higly important place. The theory of such equations with regular coe�cients was
investigated deeply enough. It is not so for the systems of Cauchy-Riemann type
with singular coe�cients. The applications of such systems in mapy tasks attracts
the attention of researches to the theory. Note that in works of many authors
solutions of the Cauchy-Riemann system with a singular point were found in the
form of a series, and the compactness of the main integral operator was proved
only in a small neighborhood of a singular point or on "smallness"conditions on the
coe�cients. Previously di�erential equations with a singular point and a singular
line were studied separately. So far the obtaining integral representations of the
general solution of equations with the Cauchy-Riemann operator with singularities
in the coe�cients for di�erent varieties is little studied, although there are many
examples con�rming the importance of the application of such equations. In this
connection di�erential equations with a singular point and segments or more
complex singular manifolds (for example a circle) are the object of our research. In
this paper we consider the generalized system of Cauchy-Riemann with complex
conjugation, whose coe�cients have singularities on the circle and in a point.
On the basis of the constructed resolvent we found an integral representation of
the general solution. In all these cases a special part of a solution is separated
that allows us to study the behavior of solutions in a neighborhood of singular
manifolds in detail. Thus the integral representation of the general solution may
be applied to the study of boundary value problems.

Keywords: singular integral equation, generalized system of Cauchy-type�
Riemann.

Ââåäåíèå. Â êëàññå ýëëèïòè÷åñêèõ ñèñòåì ïåðâîãî ïîðÿäêà îñîáîå ìåñòî
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çàíèìàåò îáîáùåííàÿ ñèñòåìà Êîøè-Ðèìàíà

uz̄ + a(z)u(z) + b(z)u = f(z), (10)

ãäå 2∂z = ∂x+ i∂y−îïåðàòîð Êîøè-Ðèìàíà, a(z), b(z), f(z) -çàäàííûå â îãðà-
íè÷åííîé îáëàñòè G ôóíêöèè, U(z) -íåèçâåñòíàÿ ôóíêöèÿ.

Ñóùåñòâóåò íåñêîëüêî ðàçëè÷íûõ ìàòåìàòè÷åñêèõ òåîðèé óðàâíåíèÿ
(10) , êîòîðûå îáîáùàþò ìåòîäû òåîðèè ôóíêöèé êîìïëåêñíîãî ïåðåìåííî-
ãî. Â ïåðâóþ î÷åðåäü ñëåäóåò îòìåòèòü ðàáîòó Ë.Áåðñà [2], ãäå îáîáùåíû
îïåðàöèè èíòåãðèðîâàíèÿ ïî êîìïëåêñíîìó ïåðåìåííîìó äëÿ ñèñòåìû (10) .
Òàêîé ïîäõîä ïîëó÷èë èçâåñòíîå çàâåðøåíèå â òåîðèè ïñåâäîàíàëèòè÷åñêèõ
ôóíêöèé. Â ðàáîòàõ óêðàèíñêîãî ìàòåìàòèêà Ã.Í. Ïîëîæåãî áûëà ðàçâèòà
òåîðèÿ p -àíàëèòè÷åñêèõ ôóíêöèé, êîòîðàÿ ïî ñâîèì èäåÿì áëèçêà ê ðàáî-
òàì Ë.Áåðñà. Äðóãîå íàïðàâëåíèå, ïîëó÷èâøåå íàçâàíèå �Îáîáùåííûå àíàëè-
òè÷åñêèå ôóíêöèè�, ðàçâèâàëîñü øêîëîé È.Í.Âåêóà [3] è åãî ïîñëåäîâàòåëåé
(Á.Â.Áîÿðñêèé è äð.). Çäåñü íà îñíîâå èñïîëüçîâàíèÿ àïïàðàòà ôóíêöèîíàëü-
íîãî àíàëèçà ðàçâèâàåòñÿ èäåÿ ñîîòâåòñòâèÿ ìåæäó ôóíêöèÿìè êîìïëåêñíîãî
ïåðåìåííîãî φ(z) è ðåøåíèÿìè ñèñòåìû (10) .

Òåîðèÿ Âåêóà ïîñòðîåíà â ïðåäïîëîæåíèè, ÷òî ôóíêöèè a(z), b(z), f(z)
ïðèíàäëåæàò ïðîñòðàíñòâó Lp(G), p > 2 . Êîýôôèöèåíòû òàêèõ ñèñòåì
ìîãóò äîïóñêàòü �ñëàáûå� îñîáåííîñòè, ëèìèòèðóåìûå òðåáîâàíèåì p�
èíòåãðèðóåìîñòè. Â ÷àñòíîñòè, åñëè a(z), b(z) îáðàùàåòñÿ â áåñêîíå÷íîñòü
â íåêîòîðîé èçîëèðîâàííîé îñîáîé òî÷êå z = 0 , òî ïîðÿäîê ýòîé îñîáåííîñòè
äîëæåí áûòü ñòðîãî ìåíüøå åäèíèöû. Ïîýòîìó äàæå óðàâíåíèÿ ñ òàêèìè êî-
ýôôèöèåíòàìè êàê a(z) = 1/z, b(z) = 1/z, íå îõâàòûâàþòñÿ òåîðèåé Âåêóà.

Èññëåäîâàíèþ çàäà÷ äëÿ óðàâíåíèÿ (10) ñ êîýôôèöèåíòàìè, èìåþùèìè
îñîáåííîñòè ïåðâîãî ïîðÿäêà â èçîëèðîâàííîé îñîáîé òî÷êå èëè â ëèíèè,
ïîñâÿùåíû ðàáîòû À.Â.Áèöàäçå [1], Ë.Ã.Ìèõàéëîâà [4], Ç.Ä. Óñìàíîâà [5],
Í.Ð.Ðàäæàáîâà [6] , À. Òóíãàòàðîâà [7], Áåðãåðà H [8], Ì.Ðàéññåãà [9], Meziani
A [10], Ñ.Á.Êëèìåíòîâà, è äð.

Îñîáåííîñòü ìíîãèõ èç ýòèõ ðàáîò õàðàêòåðèçóåòñÿ òåì, ÷òî ìíîãîîáðàçèÿ
ðåøåíèÿ îáîáùåííîé ñèñòåìû Êîøè�Ðèìàíà ïðåäñòàâëåíû â âèäå ðÿäîâ òèïà
Ôóðüå èëè ñòåïåííûõ ðÿäîâ â îêðåñòíîñòè èçîëèðîâàííîé îñîáîé òî÷êè.

Çàìåòèì, ÷òî èíòåðåñ ê ýòîé îáëàñòè äèôôåðåíöèàëüíûõ óðàâíåíèé ñ
ñèíãóëÿðíûìè êîýôôèöèåíòàìè íå ñëó÷àåí, òàê êàê îí íåïîñðåäñòâåííî ñâÿ-
çàí íå òîëüêî ñ ðàçâèòèåì ïðèíöèïèàëüíî íîâûõ ìåòîäîâ àíàëèçà, íî òàêæå
ñ èõ ïðèìåíåíèåì ê ðåøåíèþ çàäà÷ èçãèáàíèé ïîâåðõíîñòåé è äåôîðìàöèè,
îñåñèììåòðè÷åñêîé òåîðèè ïîëÿ, òîíêèõ áåçìîìåíòíûõ îáîëî÷åê è ò.ä.(ñì.[1],
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[3]).

1. Ïîñòàíîâêà çàäà÷è. Ïóñòü îáëàñòü G ñîäåðæèò òî÷êó z = 0 è
îêðóæíîñòü L = {z : |z| = R} è îãðàíè÷åíà ïðîñòûì ëÿïóíîâñêèì êîíòóðîì
∂G, îðèåíòèðîâàííûì ïðîòèâ ÷àñîâîé ñòðåëêè. Óäîáíî ïîëîæèòü G0 = G \
{0
⋃
L} è Gε = G \ {g0ε

⋃
g1ε} ñ ìàëûì ε > 0 , ãäå g0ε = {z : |z| < ε} è

g1ε = {z : R− ε < |z| < R + ε} . Â îáëàñòè G0 ðàññìîòðèì óðàâíåíèå

uz̄ − z(|z|(|z| −R))−1a(z)u+ |z|−mb(z)u = f(z). (1)

ãäå 2∂z = ∂x + i∂y, a, b ∈ C(G) è ïðàâîé ÷àñòüþ f ∈ Lp(G) , ãäå 0 < m < 1
è p > 2 .

Â íàñòîÿùåé ðàáîòå äëÿ îáîáùåííîé ñèñòåìû òèïà Êîøè�Ðèìàíà ñ êîì-
ïëåêñíûì ñîïðÿæåíèåì (1), êîýôôèöèåíòû êîòîðîé äîïóñêàþò îñîáåííîñòü â
îêðóæíîñòè L = {z : |z| = R} è ñëàáóþ îñîáåííîñòü â òî÷êå z = 0 , íàéäåíî
èíòåãðàëüíîå ïðåäñòàâëåíèå îáùåãî ðåøåíèÿ.

Ïîä îáîáùåííûì ðåøåíèåì óðàâíåíèÿ (1) ïîíèìàåòñÿ ôóíêöèÿ u ∈
C(G\{0

⋃
L}) , èìåþùàÿ ïåðâóþ îáîáùåííóþ ïðîèçâîäíóþ ïî z ïðèíàäëå-

æàùèå êëàññó Lp(Gε) äëÿ ëþáîãî ε > 0 .

Ðàññìîòðèì ñíà÷àëà ÷àñòíûé ñëó÷àé óðàâíåíèÿ (1) ñ b = 0 , ò.å. óðàâíåíèå

uz̄ − Au = f, (2)

ãäå äëÿ êðàòêîñòè ïîëîæåíî A(z) = z(|z|(|z| − R))−1a(z), a(z) ∈ C(G) . Â
äàííîì ñëó÷àå êîýôôèöåíò A îãðàíè÷åí â íà÷àëå êîîðäèíàò è èìååò íåïî-
äâèæíóþ îñîáåííîñòü íà îêðóæíîñòè L .

Â ïîëó÷åíèè îáùåãî ðåøåíèÿ ïîñëåäíåãî óðàâíåíèÿ è åãî îïèñàíèè ñóùå-
ñòâåííóþ ðîëü èãðàåò èíòåãðàëüíûé îïåðàòîð È.Í. Âåêóà [3]

(Tf)(z) = −1

π

∫
G

f(ζ)d2ζ

ζ − z
,

ñ ïëîòíîñòüþ f ∈ Lp(G), p > 2 . Çäåñü è íèæå d2ζ îçíà÷àåò ýëåìåíò ïëîùà-
äè. Õîðîøî èçâåñòíî, ÷òî ýòîò îïåðàòîð îãðàíè÷åí èç Lp(G) â ñîáîëåâñêîå
ïðîñòðàíñòâî W 1,p(G) è èìååò ìåñòî âëîæåíèå W 1,p(G) ⊆ Cα(G) ñ ïîêà-
çàòåëåì Ãåëüäåðà α = (p − 2)/p . Â ÷àñòíîñòè, ýòîò îïåðàòîð êîìïàêòåí â
ïðîñòðàíñòâå Lp(G) . Â äàëüíåéøåì, êîãäà òî÷íîå çíà÷åíèå α íåñóùåñòâåí-
íî, èñïîëüçóåì êëàññ H(G) ôóíêöèé, óäîâëåòâîðÿþùèõ óñëîâèþ Ãåëüäåðà ñ
íåêîòîðûì ïîêàçàòåëåì [11]. Àíàëîãè÷íûé îïåðàòîð ïî îáëàñòè Gε îáîçíà-
÷àåì Tε , îí èñïîëüçóåòñÿ ïî îòíîøåíèþ ê êîýôôèöèåíòó f = A .
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Åñëè ôóíêöèè A, f ∈ Lp(G) , òî Ω0 = TA ∈ W 1,p(G) ÿâëÿåòñÿ ðåøåíèåì
óðàâíåíèÿ (Ω0)z̄ − A = 0 . Ñëåäîâàòåëüíî, äëÿ ôóíêöèè U0 = e−Ω0U èìååì
ñîîòíîøåíèå

(U0)z̄ = e−Ω0Uz̄ − Ae−Ω0U = e−Ω0f.

Â ðåçóëüòàòå ïðèõîäèì ê ïðåäñòàâëåíèþ

U = eΩ0(φ+ T (e−Ω0f)]

ñ ïðîèçâîëüíîé àíàëèòè÷åñêîé â G ôóíêöèåé φ ∈ C(G) . Ýòà ïðîöåäóðà
ïîëó÷åíèÿ îáùåãî ðåøåíèÿ õîðîøî èçâåñòíà [3].

2. Ïðåäñòàâëåíèå ÿâíîãî ðåøåíèÿ â ñëó÷àå b(z) = 0. Â îáùåì ñëó-
÷àå ñèíãóëÿðíîãî êîýôôèöèåíòà A åå òàêæå ìîæíî ïðèìåíèòü ïðè óñëîâèè,
÷òî èçâåñòíî íåêîòîðîå ðåøåíèå óðàâíåíèÿ Ωz̄ = A â îáëàñòè G0 . Ñëåäóþ-
ùàÿ ëåììà [12] îïèñûâàåò îäíî èç òàêèõ ðåøåíèé.

Ëåììà 1. Â ïðåäïîëîæåíèè

A0(z) = z(a(z)− a(R))(|z|(|z| −R))−1 ∈ Lp(G) (3)

ñèíãóëÿðíûé èíòåãðàë

Ω(z) = lim
ε→0

(TεA)(z), z 6= L,

ñóùåñòâóåò è îïðåäåëÿåò ôóíêöèþ, êîòîðàÿ ïðåäñòàâèìà â âèäå

Ω(z) = 2a(R) ln ||z| −R|+ h(z);

ãäå h(z) ∈ H(G) îïðåäåëÿåòñÿ ðàâåíñòâîì

h(z) = (TA0)(z) +
a(R)

πi

∫
∂G

ln |ρ−R|dζ
ζ − z

.

C ïîìîùüþ ëåììû 1 ïî îáû÷íîé ïðîöåäóðå [3] íåïîñðåäñòâåííî ïðèõîäèì
ê ñëåäóþùåìó ïðåäñòàâëåíèþ.

Òåîðåìà 1. Ïóñòü âûïîëíåíî óñëîâèå (3) è e−Ωf ∈ Lp(G) .

Òîãäà îáùåå ðåøåíèå óðàâíåíèÿ (2) â êëàññå C(G\L) äàåòñÿ ôîðìóëîé

u = eΩ[φ+ T (e−Ωf)], (4)

ãäå φ ∈ C(G\{L}) àíàëèòè÷íà â îáëàñòè C(G\{L}) .
Óòâåðæäåíèå ïîêàçûâàåò, ÷òî
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u = O(1)(||z| −R|2a(R)), |z| → R.

3. Ïðåäñòàâëåíèå íåÿâíîãî ðåøåíèÿ â ñëó÷àå b(z) 6= 0. Òåïåðü
ðàññìîòðèì ñëó÷àé, êîãäà êîýôôèöèåíòû a(z) 6= 0, b(z) 6= 0 äëÿ ëþáîãî
z ∈ G . Çàìåòèì, ÷òî òåïåðü îáëàñòü G ñîäåðæèò ñèíãóëÿðíîå ìíîãîîáðàçèå,
êîòîðûé ñîñòîèò èç äâóõ íåïîäâèæíûõ îñîáåííîñòåé: òî÷êà z = 0 è îêðóæ-
íîñòü L = {z : |z| = R} . Èñïîëüçóÿ îáùåå ðåøåíèå óðàâíåíèÿ (2) ïðèõîäèì
ê ñëåäóþùåìó èíòåãðàëüíîìó óðàâíåíèþ

V + T (BV ) = φ+ F, (5)

ãäå V = e−Ωu, B = |z|−mb(z)e−2iImΩ, F = T (e−Ωf) , ïðè÷åì çíà÷åíèå Ω
óêàçàí â ëåììû 1.

Â ñëó÷àå îòñóòñòâèÿ ñèíãóëÿðíîñòè êîýôôèöèåíòîâ ïîäîáíîå óðàâíåíèå
âîçíèêàëî ó È.Í. Âåêóà [3], ãäå äëÿ åãî îáðàùåíèÿ îí ïðåäëîæèë ìåòîä ïî-
ñëåäîâàòåëüíûõ ïðèáëèæåíèé. Îäíàêî ýòîò ìåòîä ïðèìåíèì ëèøü â ïðåäïî-
ëîæåíèè, ÷òî êîýôôèöèåíò b ïî ìîäóëþ äîñòàòî÷íî ìàë. Â îáùåì ñëó÷àå
íåîáõîäèìî ïîñòðîèòü â ÿâíîì âèäå ðåçîëüâåíòó ýòîãî óðàâíåíèÿ, ÷òî è ÿâ-
ëÿåòñÿ ïðåäìåòîì ðàññìîòðåíèÿ â ñëåäóþùåì ïóíêòå.

4. Ïîñòðîåíèå ðåçîëüâåíòû èíòåãðàëüíîãî óðàâíåíèÿ. Äëÿ ðàñ-
ñìîòðåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ (5) íåîáõîäèìî ïðåäâàðèòåëüíî èçó÷èòü
äåéñòâèå â ðàçëè÷íûõ ïðîñòðàíñòâàõ èíòåãðàëüíîãî îïåðàòîðà âèäà

(T0ϕ)(z) =

∫
G

ϕ(ζ)d2ζ

|ζ|α0|ζ − z|α1
, z ∈ G, (6)

ñ ïîëîæèòåëüíûìè αj .

Ëåììà 2. Ïóñòü

0 < α0 < 1 ≤ α1 < 2, α0 + 2α1 < 3, p > 2/(3− α0 − 2α1), (7)

òàê ÷òî
0 < µ0 = 3− α0 − 2α1 − 2/p < 1. (8)

Òîãäà îïåðàòîð T0 îãðàíè÷åí Lp(G)→ Cµ(G) .

Äîêàçàòåëüñòâî. Îòìåòèì ñíà÷àëà, ÷òî åñëè 0 < β0 < 1 < β1 < 2− β0 ,
òî èìååò ìåñòî ðàâíîìåðíàÿ ïî z ∈ C îöåíêà∫

|ζ|≤1

d2ζ

|ζ + z|β0|ζ|β1
≤ Cα. (9)
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Àíàëîãè÷íî, ïðè 0 < β0 < 1, β2 > 2 èíòåãðàë∫
C

d2ζ

|ζ|β0(1 + |ζ|β2)
<∞. (10)

Îáðàòèìñÿ ê èíòåãðàëó ψ = T0ϕ â (6). Ïîëàãàÿ β0 = qα0, β1 = qα1 , íà
îñíîâàíèè íåðàâåíñòâà Ãåëüäåðà ìîæåì íàïèñàòü

|ψ(z)| ≤ |ϕ|Lp

(∫
G

d2ζ

|ζ)|β0|ζ − z|β1

)1/q

,

òàê ÷òî â ñèëó (9),(10) èìååì îöåíêó

|ψ(z)| ≤ C0|ϕ|Lp. (11)

Àíàëîãè÷íûì îáðàçîì äëÿ ëþáûõ òî÷åê z1, z2 ∈ G ñïðàâåäëèâî íåðàâåíñòâî

|ψ(z1)− ψ(z2)| ≤ α1R
α1−1|z1 − z2|

(∫
G

d2ζ

|ζ)|α0q|ζ − z1|α1q|ζ − z2|α1q

)1/q

|ϕ|Lp,

ãäå R åñòü äèàìåòð îáëàñòè G . Çäåñü ó÷òåíî, ÷òî 1 − tα ≤ α(1 − t) ïðè
0 < t ≤ 1 ≤ α è, ñëåäîâàòåëüíî,

(|u1|α − |u2|α) ≤ α|u1|α−1(|u1| − |u2|) ≤ α|u1|α−1|u1 − u2| (12)

ïðè |u1| ≥ |u2| .
Çàìåíà ζ − z1 = |z1− z2|ζ ′ ïðèâîäèò èíòåãðàë â ïðàâîé ÷àñòè ýòîãî íåðà-

âåíñòâà ê âûðàæåíèþ

|z1 − z2|2−(α0+2α1)q

∫
G′

d2ζ

|ζ + ζ0|α0q|ζ|α1q|ζ − ζ1|α1q
,

ãäå G′ åñòü îáðàç G ïðè ïðåîáðàçîâàíèè ζ → ζ ′ è ïîëîæåíî ζ0 = z1/|z1−z2| ,
ζ1 = −(z1 − z2)/|z1 − z2| . Èíòåãðàë çäåñü ðàçîáüåì íà ñóììó èíòåãðàëîâ ïî
G0 = G′ ∩ {|ζ| ≤ 1/2} , G2 = G′ ∩ {|ζ − ζ1| ≤ 1/2} è G1 = G′ \ (G0 ∪ G2) .
Èíòåãðàëû ïî G0 è G2 ðàâíîìåðíî îãðàíè÷åíû â ñèëó (9), à èíòåãðàë ïî
G1 îáëàäàåò àíàëîãè÷íûì ñâîéñòâîì â ñèëó (10). Â ðåçóëüòàòå ïðèõîäèì ê
îöåíêå

|ψ(z1)− ψ(z2)| ≤ C1|ϕ|Lp|z1 − z2|1+2/q−α0−2α1,

êîòîðàÿ âìåñòå ñ (9), (10) è (11) çàâåðøàåò äîêàçàòåëüñòâî ëåììû 2.

Îáðàòèìñÿ ê óðàâíåíèþ (1) ñ íåíóëåâûì êîýôôèöèåíòîì b , ïðåäïîëàãàÿ
n > 1, 0 < m < 1 . Óâåëè÷èâàÿ íåñêîëüêî m , áåç îãðàíè÷åíèÿ îáùíîñòè
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ìîæíî ñ÷èòàòü, ÷òî ôóíêöèÿ b(ζ) → 0 ïðè ζ → 0 è, ñëåäîâàòåëüíî, â îáî-
çíà÷åíèÿõ òåîðåìû 1

b1(ζ) = 2−me−2iIm Ω(ζ)b(z) ∈ C(G). (13)

Êàê áóäåò ïîêàçàíî íèæå, â ïðåäñòàâëåíèè îáùåãî ðåøåíèÿ ýòîãî óðàâ-
íåíèÿ âàæíóþ ðîëü èãðàþò R− ëèíåéíûé èíòåãðàëüíûé îïåðàòîð

(Kϕ)(z) =
1

π

∫
G

b1(ζ)

|ζ|m(ζ − z)
ϕ(ζ)d2ζ, z ∈ G, (14)

è ñâÿçàííîå ñ íèì óðàâíåíèå Ôðåäãîëüìà ϕ+Kϕ = f .

Òåîðåìà 2. (a) Îäíîðîäíîå óðàâíåíèå ϕ+Kϕ = 0 â êëàññå C(G) èìååò
êîíå÷íîå ÷èñëî ëèíåéíî íåçàâèñèìûõ (íàä ïîëåì R ) ðåøåíèé ϕ1, . . . , ϕn ∈
H(G) è ñóùåñòâóþò òàêèå ëèíåéíî íåçàâèñèìûå ñóììèðóåìûå ôóíêöèè
h1, . . . , hn ∈ L(G) , ÷òî óñëîâèÿ îðòîãîíàëüíîñòè

Re

∫
G

f(ζ)hj(ζ)d2ζ = 0, 1 ≤ j ≤ n, (15)

íåîáõîäèìû è äîñòàòî÷íû äëÿ ðàçðåøèìîñòè íåîäíîðîäíîãî óðàâíåíèÿ ϕ+
Kϕ = f .

(b) Äëÿ çàäàííîãî 1 < α < 2 , êîòîðîå ïî îòíîøåíèþ ê α0 = m

óäîâëåòâîðÿåò óñëîâèÿì (7), íàéäóòñÿ òàêèå ôóíêöèè P1(z, ζ), P2(z, ζ) ∈
C(G×G) , ÷òî ïðè âûïîëíåíèè óñëîâèé (15) ôóíêöèÿ

ϕ(z) = f(z) + (Pf)(z), (Pf)(z) =
1

π

∫
G

[P1(z, ζ)f(ζ) + P2(z, ζ)f(ζ)]d2ζ

|ζ|m|ζ − z|α
,

(16)
ñëóæèò îäíèì èç ðåøåíèé óðàâíåíèÿ ϕ+Kϕ = f .

(c) Äëÿ äîñòàòî÷íî ìàëîãî ε > 0 îïåðàòîð P îãðàíè÷åí C(G) →
Cε(G) .

Äîêàçàòåëüñòâî. (a) Ê îïåðàòîðó K ìîæíî ïðèìåíèòü ëåììó 2 ñ
α0 = m, α1 = 1 , òàê ÷òî µ = 2/q − m − 1 = 1 − m − 2/p . Ñîãëàñíî ýòîé
ëåììå îïåðàòîð K îãðàíè÷åí Lp(G) → Cµ(G) è, â ÷àñòíîñòè, êîìïàêòåí â
ïðîñòðàíñòâå C(G) . Íà îñíîâàíèè òåîðåìû Ðèññà [15](ñ.117) îòñþäà ñëåäó-
åò, ÷òî îäíîðîäíîå óðàâíåíèå ϕ + Kϕ = 0 èìååò êîíå÷íîå ÷èñëî ëèíåéíî
íåçàâèñèìûõ ðåøåíèé ϕ1, . . . , ϕn, êîòîðûå, î÷åâèäíî, ïðèíàäëåæàò C

µ(G) .

Ðàññìîòðèì ñîþçíûé ñ K îïåðàòîð K ′ îòíîñèòåëüíî áèëèíåéíîé ôîðìû
〈ϕ, ψ〉 , îïðåäåëÿåìîé ëåâîé ÷àñòüþ (15). Äðóãèìè ñëîâàìè, ýòîò îïåðàòîð
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ñâÿçàí ñ K òîæäåñòâîì

〈Kϕ,ψ〉 = 〈ϕ,K ′ψ〉. (17)

Â ÿâíîì âèäå îïåðàòîð K ′ äåéñòâóåò ïî ôîðìóëå

(K ′ψ)(z) =
b1(z)

π|z|m

∫
G

ψ(ζ)d2ζ

z̄ − ζ̄
.

Âûáåðåì p0 > 1 ñòîëü áëèçêèì ê 1 è p1 > 1 ñòîëü áîëüøèì, ÷òîáû
|ζ|−mψ(ζ) ∈ Lp0(G) äëÿ ëþáîé ôóíêöèè ψ ∈ Lp1(G) (ñ îöåíêîé ñîîòâåòñòâó-
þùèõ íîðì). C äðóãîé ñòîðîíû, èíòåãðàë â ïðàâîé ÷àñòè (14) ïðåäñòàâëÿåò
ñîáîé ñâåðòêó ôóíêöèè ψ̃ , ïîëó÷åííîé ïðîäîëæåíèåì ψ íóëåì íà âñþ ïëîñ-
êîñòü, ñ ôóíêöèåé ζ̄−1 . Ïîýòîìó íà îñíîâàíèè íåðàâåíñòâà Þíãà äëÿ ñâåðòîê
(ñì., íàïðèìåð, [14], Ñ.42) îïåðàòîð K ′ îãðàíè÷åí â Lp0(G) . Àïïðîêñèìèðóÿ
ζ̄−1 ãëàäêèìè ñðåçûâàþùèìè ôóíêöèÿìè, óáåæäàåìñÿ, ÷òî ýòîò îïåðàòîð è
êîìïàêòåí â äàííîì ïðîñòðàíñòâå.

Ïî òåîðåìå Ðèññà îäíîðîäíîå óðàâíåíèå ψ+K ′ψ = 0 èìååò êîíå÷íîå ÷èñ-
ëî ëèíåéíî íåçàâèñèìûõ ðåøåíèé hj ∈ Lp0(G) , 1 ≤ j ≤ n′ . Óòâåðæäàåòñÿ,
÷òî n′ = n è óñëîâèÿ (15) íåîáõîäèìû è äîñòàòî÷íû äëÿ ðàçðåøèìîñòè íåîä-
íîðîäíîãî óðàâíåíèÿ ϕ + Kϕ = f . Â ñàìîì äåëå, ïî òåîðåìå Ðèññà êîÿäðî
îïåðàòîðà 1 +K â ñîïðÿæåííîì ïðîñòðàíñòâå [C(G]∗ èìååò ðàçìåðíîñòü n .
Â ñèëó (17) óñëîâèÿ 〈f, hj〉 = 0 , 1 ≤ j ≤ n′ , íåîáõîäèìû äëÿ ðàçðåøèìîñòè
óðàâíåíèÿ ϕ+Kϕ = f . Äðóãèìè ñëîâàìè, ôóíêöèè hj âõîäÿò â êîÿäðî îïå-
ðàòîðà 1+K è, ñëåäîâàòåëüíî, n′ ≤ n . Â ÷àñòíîñòè, ïðè n′ = n óñëîâèÿ (15)
áóäóò è äîñòàòî÷íûìè äëÿ ðàçðåøèìîñòè ýòîãî óðàâíåíèÿ. Îñòàåòñÿ çàìå-
òèòü, ÷òî àíàëîãè÷íûå ñîîáðàæåíèÿ, ïðèìåíåííûå ê óðàâíåíèþ ψ+K ′ψ = g

ïðèâîäÿò ê íåðàâåíñòâó n ≤ n′ .

(b) Âûáåðåì â ïðîñòðàíñòâå Cµ(G) ñèñòåìû ôóíêöèé fj, 1 ≤ j ≤ n ,
è gj, 1 ≤ j ≤ n , áèîðòîãîíàëüíûå, ê ñîîòâåòñòâåííî, hj, 1 ≤ j ≤ n , è
ϕj, 1 ≤ j ≤ n , ò.å.

〈fi, hj〉 = 〈gi, ϕj〉 = δij, (18)

ãäå δ îçíà÷àåò ñèìâîë Êðîíåêåðà. Óòâåðæäàåòñÿ, ÷òî îïåðàòîð

Nϕ = ϕ+Kϕ+ 2
∑n

1
〈ϕ, gj〉fj (19)

îáðàòèì â ïðîñòðàíñòâå C(G) . Â ñàìîì äåëå, â ñîîòâåòñòâèè ñ òåîðåìîé Ðèññà
äîñòàòî÷íî óáåäèòüñÿ, ÷òî åãî ÿäðî íóëåâîå. Ïóñòü Nϕ = 0 , òîãäà ϕ+Kϕ =
−2f , ãäå f îçíà÷àåò ñóììó â ïðàâîé ÷àñòè (19), òàê ÷òî f óäîâëåòâîðÿåò
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óñëîâèÿì (15). Íà îñíîâàíèè (18) îòñþäà 〈ϕ, gj〉 = 0 äëÿ âñåõ j . Ïîñêîëüêó
ïî óñëîâèþ ϕ åñòü ëèíåéíàÿ êîìáèíàöèÿ ôóíêöèé ϕ1, . . . , ϕn , â ñèëó (18)
ôóíêöèÿ ϕ = 0 .

Ñîãëàñíî (19) îïåðàòîð N äåéñòâóåò ïî ôîðìóëå

(Nϕ)(z) = ϕ(z) +
1

π

∫
G

c(z, ζ)ϕ(ζ) + [b1(ζ) + c(z, ζ)]ϕ(ζ)

|ζ|m(ζ − z)
d2ζ, z ∈ G,

ãäå ïîëîæåíî c(z, ζ) = |ζ|m(ζ − z)Re
∑n

1 fj(z)gj(ζ) . Ïåðåõîäÿ îò ϕ ê ïàðå
ϕ = (ϕ1, ϕ2) âåùåñòâåííûõ ôóíêöèé ϕ1 = Reϕ è ϕ2 = Imϕ è ïîëàãàÿ

c(z, ζ) = c1(z, ζ)+ic2(z, ζ), b1(ζ) = b11(ζ)+ib12(ζ),
|z − ζ|α

z − ζ
= d1(z, ζ)+id2(z, ζ),

ýòîò îïåðàòîð ìîæåì çàïèñàòü â ôîðìå

Nϕ = ϕ+ T (q)ϕ, [T (q)ϕ](z) =

∫
G

q(z, ζ)ϕ(ζ)d2(ζ)

|ζ|m|ζ − z|α
d2ζ, z ∈ G, (20)

ãäå 1 < α < 2 è q îçíà÷àåò 2× 2− ìàòðèöó- ôóíêöèþ

q(z, ζ) =
1

π

(
d1(2c1 + b11) + d2b12 d1(b12 − 2c2)− d2b11

−d2(2c1 + b11) + d1b12 −d2(b12 − 2c2)− d1b11

)
.

Íåòðóäíî âèäåòü, ÷òî cj ∈ Cε1(G × G), ε1 = min(m,µ) è dj ∈ Cε2(G ×
G), ε2 = α − 1 . Ïîýòîìó ôóíêöèÿ q(z, ζ) íåïðåðûâíà íà G × G è ïî ïåðå-
ìåííîé z ïðèíàäëåæèò Cε(G), ε = min(ε1, ε2) , ðàâíîìåðíî ïî ζ ∈ G .

Â ÷àñòíîñòè, íà îñíîâàíèè ëåììû 2 îïåðàòîð T (q) óêàçàííîãî âèäà êîì-
ïàêòåí â ïðîñòðàíñòâå C(G) .

Óòâåðæäàåòñÿ, ÷òî

[1 + T (q)]−1 = 1 + T (p) (21)

ñ íåêîòîðîé ìàòðèöåé- ôóíêöèåé p ∈ C(G × G) . Ïðè m = 0 ýòîò ôàêò
óñòàíîâëåí â [13], â îáùåì ñëó÷àå äåéñòâóåì ïî ýòîé æå ñõåìå. Èìåííî, ââåäåì
â êëàññå C(G×G) áèëèíåéíóþ îïåðàöèþ p ∗ q ïî ôîðìóëå

(p ∗ q)(z, ζ) = |z − ζ|α
∫
G

p(z, t)q(t, ζ)d2t

|t|m|t− z|α |t− ζ|α
, z 6= ζ.

Ýòî îïðåäåëåíèå ìîòèâèðîâàíî òåì, ÷òî ïåðåñòàíîâêà ïîâòîðíîãî èíòåãðèðî-
âàíèÿ T (p)[T (q)ϕ] ïðèâîäèò ê ðàâåíñòâó T (p)T (q) = T (p ∗ q).
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Àíàëîãè÷íî ëåììå 2 ïðîâåðÿåòñÿ, ÷òî ôóíêöèÿ p ∗ q íåïðåðûâíà è
(p ∗ q)(z, ζ) = |z − ζ|2−m−αO(1) ïðè |z − ζ| → 0 , ïðè÷åì áèëèíåéíîå îòîáðà-
æåíèå (p, q)→ p∗q îãðàíè÷åíî C×C → C . Êðîìå òîãî ïðè ôèêñèðîâàííîì
p ëèíåéíûé îïåðàòîð R(p)q = p ∗ q êîìïàêòåí â ïðîñòðàíñòâå C(G × G) .
Ïîëüçóÿñü ýòèìè ôàêòàìè, ñîâåðøåííî àíàëîãè÷íî [13] óñòàíàâëèâàåòñÿ ñó-
ùåñòâîâàíèå ÿäðà p ∈ C(G × G) ñî ñâîéñòâîì (20). Âîçâðàùàÿñü îò ïàðû
ϕ = (ϕ1, ϕ2) âåùåñòâåííûõ ôóíêöèé ê îäíîé êîìïëåêñíîé ϕ = ϕ1 + iϕ2 ,
îïåðàòîð T (p)f ìîæåì çàïèñàòü â ôîðìå îïåðàòîðà Pf , ôèãóðèðóþùåãî â
(16), ãäå êîìïëåêñíûå ôóíêöèè Pj(z, ζ) îáëàäàþò òåì æå ñâîéñòâîì, ÷òî è
ìàòðèöà- ôóíêöèÿ p(z, ζ) .

(c) Äîñòàòî÷íî ïîêàçàòü, ÷òî â ïðåäûäóùèõ îáîçíà÷åíèÿõ îïåðàòîð T (p)
îãðàíè÷åí C(G)→ Cε(G) . Ëåãêî âèäåòü, ÷òî ïðè ε ≤ 3− 2α−m ýòîò ôàêò
áóäåò ñëåäîâàòü èç îöåíêè

|p(z1, ζ)− p(z2, ζ)| ≤ C|z1 − z2|ε[|ζ − z1|−m + |ζ − z2|−m], (22)

ãäå ïîñòîÿííàÿ C > 0 íå çàâèñèò îò zj è ζ .

Â ñàìîì äåëå, òîãäà ðàçíîñòü |[T (p)ϕ](z1)− [T (p)ϕ](z2)| íå ïðåâîñõîäèò

C|ϕ|0
[∫
|ζ−z1|≤R

(
1

|ζ − z1|m
+

1

|ζ − z2|m

)
|z1 − z2|εd2ζ

|ζ|m|ζ − z1|α
+

∫
C

|z1 − z2|d2ζ

|ζ|m|ζ − z1|α|ζ − z2|α

]
ñ íåêîòîðîé ïîñòîÿííîé C , ãäå R îçíà÷àåò äèàìåòð îáëàñòè G . Ïîäñòàíîâêà
ζ − z1 = |z1 − z2|t ïðåîáðàçóåò âûðàæåíèå â êâàäðàòíûõ ñêîáêàõ ê âèäó

|z1 − z2|ε+2−α−2m

∫
|t|≤R

(
1

|t|m
+

1

|t− w|m

)
d2t

|t− u|m|t|α
+

+|z1 − z2|3−2α−m
∫
C

d2t

|t− u|m|t|α|t− w|α
,

ãäå ïîëîæåíî u = −z1/|z1− z2| è w = −(z1− z2)/|z1− z2| . Íà îñíîâàíèè (9),
(10) èíòåãðàëû çäåñü ðàâíîìåðíî îãðàíè÷åíû, ÷òî è çàâåðøèò äîêàçàòåëüñòâî
(c) è òåîðåìû.

Îáðàòèìñÿ ê îáîñíîâàíèþ îöåíêè (22). Ðàâåíñòâî (21) âëå÷åò ñîîòíîøå-
íèå p+ q + q ∗ p = 0 äëÿ îïåðàòîðíûõ ÿäåð. Â ðàçâåðíóòîì âèäå

−p(z, ζ) = q(z, ζ) +

∫
G

∣∣∣∣ z − ζ
(z − t)(ζ − t)

∣∣∣∣α q(z, t)p(t, ζ)

|t|m
d2t.

Êàê áûëî îòìå÷åíî, ôóíêöèÿ q(z, t)p(t, ζ) ïî ïåðåìåííîé z ïðèíàäëåæèò
Cε(G) ðàâíîìåðíî ïî ζ, t ∈ G . Ïîýòîìó ñ ó÷åòîì (9) îöåíêà (22) âûòåêàåò
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èç ñëåäóþùåé ëåììû äëÿ ôóíêöèè

h(z, ζ) =

∫
G

∣∣∣∣ z − ζ
(z − t)(ζ − t)

∣∣∣∣α d2t

|t|m
.

Ëåììà 3. Äëÿ ëþáûõ z1, z2, ζ ∈ G , zj 6= ζ , ñïðàâåäëèâà îöåíêà

|h(z1, ζ)− h(z2, ζ)| ≤ C|z1 − z2|3−2α−m[|z1 − ζ|−m + |z2 − ζ|−m], (23)

ãäå ïîñòîÿííàÿ C > 0 íå çàâèñèò îò zj è ζ .

Äîêàçàòåëüñòâî. Ïîñêîëüêó

uj =
zj − ζ

(zj − t)(ζ − t)
=

1

ζ − t
− 1

zj − t
, j = 1, 2,

íà îñíîâàíèè (12) èìååì îöåíêó

|h(z1, ζ)− h(z2, ζ)| ≤ α|z1 − z2|
∫
C

(|u1|α−1 + |u2|α−1)d2t

|t|m|z1 − t||z2 − t|
,

êîòîðóþ ìîæíî ïåðåïèñàòü â ôîðìå

|h(z1, ζ)− h(z2, ζ)| ≤ α|z1 − z2|(|z1 − ζ|α−1I1 + |z2 − ζ|α−1I2), (24)

ãäå ïîëîæåíî

I1 =

∫
C

d2t

|t|m|z1 − t|α|z2 − t||ζ − t|α−1
, I2 =

∫
C

d2t

|Im t|m|z2 − t|α|z1 − t||ζ − t|α−1
.

Çàìåíà t−zj = |z1−z2|s ïîä çíàêîì èíòåãðàëà Ij ïðåîáðàçóåò åãî ê âèäó

Ij = |z1 − z2|2−2α−mĨj, Ĩj =

∫
C

d2t

|t+ vj|m|t|α|t− uj||t− wj|α−1
, (25)

ãäå ïîëîæåíî

vj =
zj

|z1 − z2|
, u1 = −u2 =

z1 − z2

|z1 − z2|
, wj =

zj − ζ
|z1 − z2|

.

Ðàññìîòðèì çàâèñèìîñòü èíòåãðàëà I1 îò ïàðàìåòðîâ v1, w1 è |u1| = 1 .
Åñëè îäíîâðåìåííî |w| ≥ 1/4 è |w − u| ≥ 1/4 , òî êàê è ïðè äîêàçàòåëüñòâå
ëåììû 2 ñ ïîìîùüþ îöåíîê (9), (10) óáåæäàåìñÿ, ÷òî èíòåãðàë Ĩ1 ðàâíîìåð-
íî îãðàíè÷åí ïî âñåì òðåì ïàðàìåòðàì. Â ðåçóëüòàòå äëÿ ðàññìàòðèâàåìîãî
ñëó÷àÿ ïðèõîäèì ê ñïðàâåäëèâîñòè îöåíêè (23) ëåììû.
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Îñòàâøèåñÿ äâà ñëó÷àÿ |w| ≤ 1/4 è |w− u| ≤ 1/4 ðàññìîòðèì îòäåëüíî.
Ïóñòü |w1| ≤ 1/4 . Òîãäà

Ĩ1 ≤ C

(∫
|t|≤1/2

d2t

|t+ v1|m|t|α|t− w1|α−1
+

∫
|t|≥1/2

d2t

|t+ v1|m|t|2α−1|t− u1|

)
.

Êàê è âûøå óáåæäàåìñÿ, ÷òî âòîðîé èíòåãðàë ðàâíîìåðíî îãðàíè÷åí, ïîýòî-
ìó ïîñëå ïåðåîáîçíà÷åíèÿ êîíñòàíòû ìîæåì íàïèñàòü

Ĩ1 ≤ C(1 + I ′1), I ′1 =

∫
|t|≤1/2

d2t

|t+ v1|m|t|α|t− w1|α−1
.

Ïîëàãàÿ t = s|w1| , ïîëó÷èì

I ′1 = |w|3−2α−m
∫
|w1||t|≤1/2

d2t

|t+ v′1|m|t|α|t− w′1|α−1
,

ãäå |w′1| = 1. Íåòðóäíî âèäåòü, ÷òî ñ íåêîòîðûìè êîíñòàíòàìè èíòåãðàë çäåñü
îöåíèâàåòñÿ êàê

C1 + C2

∫
2≤|s|≤1/(2|w1|)

d2t

|t+ v′1|m|t|2α−1
≤ C3|w1|2α−3.

Òàêèì îáðàçîì, èìååì îöåíêó Ĩ1 ≤ C|w1|−m . Âñïîìèíàÿ âûðàæåíèå äëÿ w ,
ñîâìåñòíî ñ (25)

îòñþäà ïðèõîäèì ê îöåíêå

I1 ≤ C|z1 − z2|2−2α|z1 − ζ|−m. (26)

Ïóñòü äàëåå |w1 − u1| ≤ 1/4 . Òîãäà

I1 ≤ C

(∫
|t−u1|≤1/2

d2t

|t+ v1|m|t− u1||t− w1|α−1
+

∫
|t−u1|≥1/2

d2t

|t+ v1|m|t|α(1 + |t|α)

)
.

Êàê è â ïðåäûäóùåì ñëó÷àå, âòîðîé èíòåãðàë ðàâíîìåðíî îãðàíè÷åí, òàê ÷òî
ïîñëå ïåðåîáîçíà÷åíèÿ êîíñòàíòû ìîæåì íàïèñàòü

I1 ≤ C(1 + I ′1), I ′1 =

∫
|t−u1|≤1/2

d2t

|t+ v1|m|t− u1|t− w1|α−1
.

Ïîëàãàÿ t− u1 = |u1 − w1|s , ïîëó÷èì

I ′1 = |u1 − w1|2−α−m
∫
|u1−w1||t|≤1/2

d2t

|t+ ṽ′1|m|t|α|t− w′1|
,
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ãäå |w′1| = 1. Êàê è âûøå èíòåãðàë çäåñü îöåíèâàåòñÿ êàê O(1)|u1 − w1|α−2 ,
òàê ÷òî I ′1 ≤ C|u1 − w1|−m . Ó÷èòûâàÿ âûðàæåíèÿ äëÿ w1 è u1 , ñîâìåñòíî ñ
(25) îòñþäà ïðèõîäèì ê îöåíêå

I1 ≤ C|z1 − z2|2−2α|z2 − ζ|−m.

Îáúåäèíèâ åå ñ (26), ìîæåì óòâåðæäàòü, ÷òî ðàâíîìåðíî ïî âñåì òðåì ïàðà-
ìåòðàì

I1 ≤ C|z1 − z2|2−2α[|z1 − ζ|−m + |z2 − ζ|−m].

Ñîâåðøåííî àíàëîãè÷íî ýòà îöåíêà óñòàíàâëèâàåòñÿ è äëÿ èíòåãðàëà I2 , ÷òî
ñîâìåñòíî ñ (24) ïðèâîäèò ê ñïðàâåäëèâîñòè (23).

5. Ïðåäñòàâëåíèå ðåøåíèÿ â îáùåì ñëó÷àå. Îáðàòèìñÿ ê óðàâ-
íåíèþ (5) ñ ÿäðîì B = |z|−mb(z)e−2iImΩ , à òàêæå ñ ïðàâîé ÷àñòüþ φ + F ,
ãäå F = T (e−Ωf). Çàìåòèì, ÷òî Ω(z) ñîãëàñíî ëåììû 1 îïðåäåëÿåòñÿ ðàâåí-
ñòâîì:

Ω(z) = 2a(R) ln ||z| −R|+ h(z);

ãäå

h(z) = (TA0)(z) +
a(R)

πi

∫
∂G

ln |R− ρ|dζ
ζ − z

,

ïðè÷åì h(z) ∈ H(G) .

Òåîðåìà 3. Ïóñòü n > 1, 0 < m < 1 , âûáðàíî 1 < α < (3 − m)/2
è âûïîëíåíû óñëîâèÿ òåîðåìû 1. Ïóñòü e−Ωf ∈ Lp(G), p > 2, òàê ÷òî
ôóíêöèÿ F ∈ H(G) . Òîãäà â îáîçíà÷åíèÿõ òåîðåìû 2 ëþáîå ðåøåíèå u

óðàâíåíèÿ (1) â êëàññå u ∈ C(G\{0
⋃
L}) ïðåäñòàâèìî â âèäå

U = eΩ
[
φ+ Pφ+ F + PF +

∑n

1
ξjϕj

]
(27)

ñ ïðîèçâîëüíûìè ξj ∈ R , ãäå èíòåãðàëüíûé îïåðàòîð P îïðåäåëÿåòñÿ ôîð-
ìóëîé (16), à ôóíêöèÿ φ(z) ∈ H(G) àíàëèòè÷íà â îáëàñòÿõ G è óäîâëå-
òâîðÿåò óñëîâèÿì

Re

∫
G

(φ+ F )(ζ)hj(ζ)d2ζ = 0, 1 ≤ j ≤ n.

Äîêàçàòåëüñòâî. Ñîãëàñíî (5) ïîäñòàíîâêà u = eΩV ïðèâîäèò (1) ê óðàâ-
íåíèþ Vz̄ +BV = e−Ωf ñ êîýôôèöèåíòîì B = |z|−meΩ−Ωb . Â ñâîþ î÷åðåäü â
îáîçíà÷åíèÿõ (13),(14) ýòî óðàâíåíèå â êëàññå V ∈ H(G) ðàâíîñèëüíî èíòå-
ãðàëüíîìó óðàâíåíèþ V +KV = φ+F , ãäå F = T (e−Ωf) ∈ H(G) , ôóíêöèÿ
φ ∈ H(G) àíàëèòè÷íà â îáëàñòè G . Ïîýòîìó îñòàåòñÿ ïðèìåíèòü ê ýòîìó
óðàâíåíèþ òåîðåìó 2.
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