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Õîðîøî èçâåñòíî, ÷òî íàèáîëåå àëãîðèòìè÷íûå ìåòîäû ðåøåíèÿ íåëè-
íåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé áàçèðóþòñÿ íà äâóõ
îñíîâíûõ íàïðàâëåíèÿõ � ãðóïïîâîì àíàëèçå è òåîðèè ïåðâîãî èíòåãðàëà.
Ãðóïïîâîé àíàëèç áûë ïðåäëîæåí è ðàçðàáîòàí Ñîôóñîì Ëè â êîíöå XIX âå-
êà è ñûãðàë îãðîìíóþ ðîëü â àëãîðèòìèçàöèè èíòåãðèðîâàíèÿ îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé. Ñ. Ëè ïîêàçàë, ÷òî äëÿ áîëüøîãî êîëè÷åñòâà
êëàññîâ óðàâíåíèé, êàçàëîñü áû, ñîâåðøåííî ðàçëè÷íûõ, ñóùåñòâóåò óíèâåð-
ñàëüíûé ñïîñîá èññëåäîâàíèÿ èõ èíòåãðèðóåìîñòè.

Ðàçâèòèå òåîðèè ïåðâîãî èíòåãðàëà â èçâåñòíîé ñòåïåíè îïðåäåëÿëîñü
ðàçâèòèåì êëàññè÷åñêîé ìåõàíèêè: ïåðâûå èíòåãðàëû ïîÿâèëèñü â ïåðâóþ
î÷åðåäü êàê çàêîíû ñîõðàíåíèÿ. Òåñíàÿ ñâÿçü ëàãðàíæèàíà âàðèàöèîííîé
çàäà÷è è ñîîòâåòñòâóþùåãî åìó óðàâíåíèÿ Ýéëåðà�Ëàãðàíæà äàëà òîë÷îê ê
èñïîëüçîâàíèþ ïåðâûõ èíòåãðàëîâ äëÿ èíòåãðèðîâàíèÿ äèôôåðåíöèàëüíûõ
óðàâíåíèé, íå àññîöèèðîâàííûõ ñ êîíêðåòíûìè çàäà÷àìè ìåõàíèêè. Îñîáåí-
íî âàæíûì ïðåäñòàâëÿåòñÿ òîò ôàêò, ÷òî, èñïîëüçóÿ ïåðâûé èíòåãðàë, ìû
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ïîëó÷àåì óðàâíåíèå, èìåþùåå ïîðÿäîê íà åäèíèöó ìåíüøå èñõîäíîãî, îòíî-
ñèòåëüíî èñõîäíîé æå íåèçâåñòíîé ôóíêöèè (òåì ñàìûì èçáåãàÿ ëèøíèõ ïðå-
îáðàçîâàíèé, êîòîðûå ìîãóò áûòü âåñüìà òðóäî¼ìêèìè). Ïðè ýòîì çíàíèå n
ôóíêöèîíàëüíî íåçàâèñèìûõ ïåðâûõ èíòåãðàëîâ äëÿ óðàâíåíèÿ n-ãî ïîðÿä-
êà ñâîäèò çàäà÷ó èíòåãðèðîâàíèÿ ýòîãî óðàâíåíèÿ ê ðåøåíèþ àëãåáðàè÷åñêîé
ñèñòåìû óðàâíåíèé.

Â 1918 ã. íåìåöêèé ìàòåìàòèê Ýììè Í¼òåð óñïåøíî ïðèìåíèëà ñèììåò-
ðèéíûé ïîäõîä â ìåõàíèêå, â ðåçóëüòàòå ÷åãî ïîÿâèëàñü òåîðèÿ âàðèàöèîííîé
(í¼òåðîâîé) ñèììåòðèè. Äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
âàðèàöèîííàÿ ñèììåòðèÿ ïîçâîëÿåò ïîíèæàòü ïîðÿäîê óðàâíåíèÿ ñðàçó íà
2 åäèíèöû, ò. å. �óäâàèâàåò� ìîùíîñòü ãðóïïîâîãî àíàëèçà. Ñëåäóåò îòìå-
òèòü, ÷òî òåîðèÿ âàðèàöèîííîé ñèììåòðèè èìååò îãðàíè÷åíèå: îíà ïðèìåíè-
ìà òîëüêî ê óðàâíåíèÿì ÷¼òíûõ ïîðÿäêîâ, òàê êàê ñóùåñòâåííî îïèðàåòñÿ íà
óðàâíåíèÿ Ýéëåðà�Ëàãðàíæà, à îíî âñåãäà èìååò ÷¼òíûé ïîðÿäîê. Ñ äðóãîé
ñòîðîíû, ëåãêî ïðèâåñòè ïðèìåðû óðàâíåíèé íå÷¼òíîãî ïîðÿäêà (íàïðèìåð,
òðåòüåãî) ñ ïåðâûì èíòåãðàëîì, �íàñëåäóþùèì� ñèììåòðèþ èñõîäíîãî óðàâ-
íåíèÿ. Òàê êàê ïðÿìîé ôèçè÷åñêîé àíàëîãèè ñ óðàâíåíèÿìè ÷¼òíîãî ïîðÿäêà
çäåñü íåò, ìû áóäåì èñïîëüçîâàòü òåðìèí àíàëîã âàðèàöèîííîé ñèììåò-
ðèè è ïîíèìàòü åãî, êàê ñâîéñòâî óðàâíåíèé íå÷¼òíûõ ïîðÿäêîâ, ïåðâûå èí-
òåãðàëû êîòîðûõ äîïóñêàþò ñèììåòðèè èñõîäíîãî óðàâíåíèÿ.

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà àíàëîãàì âàðèàöèîííîé ñèììåòðèè óðàâíå-
íèé 3-ãî ïîðÿäêà � áóäåì èñêàòü êëàññû óðàâíåíèé, äîïóñêàþùèõ àïðèîðíóþ
ñèììåòðèþ è èìåþùèõ ïåðâûé èíòåãðàë îïðåäåë¼ííîé ñòðóêòóðû, êîòîðûé
äîïóñêàåò òó æå ñèììåòðèþ.

Èíûìè ñëîâàìè, ðåøàåòñÿ îáðàòíàÿ çàäà÷à ãðóïïîâîãî àíàëèçà, â õîäå ðå-
øåíèÿ êîòîðîé íåîáõîäèìî íàéòè óñëîâèå ñîâìåñòíîñòè òð¼õ ñëîæíûõ îïðå-
äåëÿþùèõ ñèñòåì óðàâíåíèé: óñëîâèÿ èíâàðèàíòíîñòè èñõîäíîãî óðàâíåíèÿ
îòíîñèòåëüíî ïðîèçâîëüíîé (ïóñòü äàæå òî÷å÷íîé) ñèììåòðèè, ñóùåñòâîâà-
íèÿ ó íåãî ïåðâîãî èíòåãðàëà çàäàííîé ñòðóêòóðû è óñëîâèÿ èíâàðèàíòíîñòè
ýòîãî ïåðâîãî èíòåãðàëà îòíîñèòåëüíî òîé æå ñèììåòðèè. Åñëè íàéòè ãðóïïó
ýêâèâàëåíòíîñòè íà èññëåäóåìîì êëàññå óðàâíåíèé, òî ïîñòàâëåííóþ çàäà÷ó
ìîæíî ñâåñòè ëèøü ê îäíîé ñèñòåìå: ñíà÷àëà ðåøàòü å¼ äëÿ ñðàâíèòåëüíî
ïðîñòîãî ñëó÷àÿ � ïîäêëàññà àâòîíîìíûõ óðàâíåíèé, çàòåì, èñïîëüçóÿ ïðèí-
öèï ïîäîáèÿ òî÷å÷íûõ îäíîïàðàìåòðè÷åñêèõ ãðóïï íà ïëîñêîñòè, ðàñïðîñòðà-
íèòü ïîëó÷åííûé ðåçóëüòàò íà ïðîèçâîëüíóþ ãðóïïó ñèììåòðèé. Òàêèì îá-
ðàçîì, ìû ñâîäèì íàøó çàäà÷ó ê çàäà÷å ïîèñêà àâòîíîìíîãî óðàâíåíèÿ 3-ãî
ïîðÿäêà, èìåþùåãî àâòîíîìíûé ïåðâûé èíòåãðàë çàäàííîé ñòðóêòóðû (èç
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àâòîíîìíîñòè ñëåäóåò, ÷òî îíè îáà äîïóñêàþò îïåðàòîð ïåðåíîñà X = ∂x).

Â íàñòîÿùåé ðàáîòå ìû â îñíîâíîì ðàññìàòðèâàåì ïðîáëåìó ïîèñêà ïî-
ëèíîìèàëüíûõ ïî ñòàðøåé ïðîèçâîäíîé àâòîíîìíûõ ïåðâûõ èíòåãðàëîâ äëÿ
íåêîòîðûõ ñïåöèôè÷åñêèõ êëàññîâ àâòîíîìíûõ óðàâíåíèé 3-ãî ïîðÿäêà.

Îïðåäåëåíèå 1. Ïóñòü çàäàí êëàññ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé

F (x, y, y′, . . . , y(n)) = 0. (1)

Ïðåîáðàçîâàíèåì ýêâèâàëåíòíîñòè íàçûâàåòñÿ ïðåîáðàçîâàíèå, êîòîðîå ñî-
õðàíÿåò âèä êëàññà (1).

Ìû áóäåì ðàññìàòðèâàòü òîëüêî îáðàòèìûå òî÷å÷íûå ïðåîáðàçîâàíèÿ ýê-
âèâàëåíòíîñòè, ò. å. ïðåîáðàçîâàíèÿ âèäà

x = f(t, u), y = g(t, u), (2)

ãäå
ftgu − fugt 6= 0. (3)

I. Ãðóïïû ýêâèâàëåíòíîñòè.

Ðàññìîòðèì íåñêîëüêî âàæíûõ ïîäêëàññîâ.

1.1. Óðàâíåíèÿ âèäà y′′′ = F (x, y, y′).

Äëÿ òîãî, ÷òîáû êëàññ óðàâíåíèé

y′′′ = F (x, y, y′) (4)

îñòàâàëñÿ èíâàðèàíòíûì ïðè ïðèìåíåíèè òî÷å÷íûõ ïðåîáðàçîâàíèé (2),
íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ïðåîáðàçîâàííàÿ òðåòüÿ ïðîèçâîäíàÿ

...
u íå

ñîäåðæàëà âòîðîé ïðîèçâîäíîé ü. Âûïèøåì âûðàæåíèÿ äëÿ ïðåîáðàçîâàíèÿ
ïðîèçâîäíûõ èñõîäíîé ïåðåìåííîé y(x).

y′ =
gt + guu̇

ft + fuu̇
, (5)

y′′ =
[
(ftgu − fugt)ü+ (fuguu − fuugu)(u̇)3+

+ (2fugtu − 2ftugu + ftguu − fuugt)(u̇)2+

+ (fugtt + 2ftgtu − 2ftugt − fttgu)u̇+ ftgtt − fttgt
]
(ft + fuu̇)−3, (6)

y′′′ =
ftfu − fugt
(ft + fuu̇)4

...
u − 3(ftgu − fugt)fu

(ft + fuu̇)5
(ü)2 + . . . . (7)
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Î÷åâèäíî, êîýôôèöèåíò ïðè êâàäðàòå âòîðîé ïðîèçâîäíîé ðàâåí íóëþ ëèøü
â ñëó÷àå fu ≡ 0. Òîãäà êîýôôèöèåíò ïðè ïåðâîé ñòåïåíè âòîðîé ïðîèçâîäíîé
ïðèíèìàåò âèä

3

f 4t
(ftguuu̇+ ftgtu − guftt)

è áóäåò ðàâåí íóëþ ïðè âûïîëíåíèè äâóõ óñëîâèé

guu = 0, ftgtu − guftt = 0,

îòêóäà ñëåäóåò
x = f(t), g(t, u) = Cf ′(t)u+ h(t), (8)

ãäå f(t) è h(t) � ïðîèçâîëüíûå ôóíêöèè t, C � ïðîèçâîëüíàÿ êîíñòàíòà
(C 6= 0). Ïðåîáðàçîâàíèå (8) çàäà¼ò ìàêñèìàëüíóþ òî÷å÷íóþ ãðóïïó ýêâèâà-
ëåíòíîñòè, ñîõðàíÿþùóþ âèä óðàâíåíèÿ (4) � áåç �ïðåäñòàðøåé� ïðîèçâîäíîé
� è (â ñèëó ïðèíöèïà ïîäîáèÿ) òî÷å÷íûå ñèììåòðèè ýòîãî êëàññà. Åñëè èçâå-
ñòåí ïîäêëàññ àâòîíîìíûõ óðàâíåíèé (4), èìåþùèõ àâòîíîìíûé æå ïåðâûé
èíòåãðàë, òî ïðåîáðàçîâàíèå (8) äà¼ò íàì âåñü ïîäêëàññ íåàâòîíîìíûõ óðàâ-
íåíèé âèäà (4), îáëàäàþùèõ ñâîéñòâîì �íàñëåäîâàíèÿ ñèììåòðèè� ïåðâûì
èíòåãðàëîì.

1.2. Óðàâíåíèÿ âèäà y′′′ = F (x, y).

Åñëè â ðàññìàòðèâàåìîì êëàññå âñå ìëàäøèå ïðîèçâîäíûå îòñóòñòâóþò,
ò. å. óðàâíåíèå èìååò âèä

y′′′ = F (x, y), (9)

òî óñëîâèå äëÿ ïðåîáðàçîâàíèÿ ýêâèâàëåíòíîñòè ñòàíîâèòñÿ áîëåå �æ¼ñòêèì�,
òàê êàê ïîÿâëÿåòñÿ äîïîëíèòåëüíîå ñîîòíîøåíèå íà ôóíêöèþ f(t):

2f ′f ′′′ = 3(f ′′)2, f(t) =
C1

t+ C2
+ C3. (10)

Ôóíêöèÿ h(t) â ïðåîáðàçîâàíèè (8) îñòà¼òñÿ ïðîèçâîëüíîé.

1.3. Óðàâíåíèÿ âèäà y′′′ = F (x, y, y′′).

Ðàññìîòðèì óðàâíåíèå âèäà

y′′′ = F (x, y, y′′). (11)

Ñíà÷àëà ó÷ò¼ì òî îáñòîÿòåëüñòâî, ÷òî â âûðàæåíèè äëÿ âòîðîé ïðîèçâîä-
íîé y′′ èìååòñÿ îáùèé ìíîæèòåëü (ft + fuu̇)−3, îòêóäà ñëåäóåò, ÷òî òðåáîâà-
íèå îòñóòñòâèÿ ïåðâîé ïðîèçâîäíîé â ïðåîáðàçîâàííîì óðàâíåíèè ïðèâîäèò
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ê óñëîâèþ fu = 0, ò. å. x = γ(t). Äàëåå, äëÿ òîãî, ÷òîáû âòîðàÿ ïðîèçâîäíàÿ
íå çàâèñåëà îò u̇, íåîáõîäèìî âûïîëíåíèå ðàâåíñòâ guu = 0,

2γ′gtu − γ′′gu = 0.

Èç ïåðâîãî óðàâíåíèÿ ñëåäóåò g = α(t)u+β(t), èç âòîðîãî α = C1

√
γ′. Äàëåå,

íàëîæåíèå óñëîâèÿ îòñóòñòâèÿ çàâèñèìîñòè òðåòüåé ïðîèçâîäíîé îò ïåðâîé
ïðèâîäèò ê óæå èçâåñòíîìó óðàâíåíèþ (10). Ýòî íàãëÿäíî èëëþñòðèðóåò òîò
ôàêò, ÷òî ñòðóêòóðà çàâèñèìîñòè îò ñàìîé ìëàäøåé (ïåðâîé) ïðîèçâîäíîé
ÿâëÿåòñÿ íàèáîëåå ñóùåñòâåííûì óñëîâèåì ïðè ïîèñêå ãðóïïû ýêâèâàëåíò-
íîñòè.

II. Ïåðâûå èíòåãðàëû.

Òåïåðü ïåðåéä¼ì ê ïîèñêó äëÿ àâòîíîìíûõ óðàâíåíèé 3-ãî ïîðÿäêà

y′′′ = F (y, y′, y′′) (12)

àâòîíîìíûõ ïåðâûõ èíòåãðàëîâ P = P (y, y′, y′′).

Ïî îïðåäåëåíèþ ïåðâîãî èíòåãðàëà

Dx(P ) = R(y, y′, y′′) [y′′′ − F (y, y′, y′′)] ; (13)

çäåñü R � èíòåãðèðóþùèé ìíîæèòåëü, Dx � ñèìâîë ïîëíîé ïðîèçâîäíîé.

Èç îïðåäåëåíèÿ ñëåäóåò, ÷òî R = Py′′, è äëÿ ïîèñêà êëàññà ôóíêöèé F
îñòà¼òñÿ îäíî óðàâíåíèå:

y′
∂P

∂y
+ y′′

∂P

∂y′
+ F

∂P

∂y′′
= 0. (14)

Âûðàæåíèå (14) äà¼ò íàì îáùèé âèä ïðàâîé ÷àñòè óðàâíåíèÿ (12):

F = −y
′Py + y′′Py′

Py′′
,

íî ïðàêòè÷åñêè ýòîò ðåçóëüòàò äîâîëüíî òðèâèàëåí � ïî ëþáîé ôóíêöèè
P = P (y, y′, y′′) ìîæíî ïîñòðîèòü óðàâíåíèå (12), äëÿ êîòîðîãî ýòà ôóíê-
öèÿ ÿâëÿåòñÿ åãî ïåðâûì èíòåãðàëîì, ñîõðàíÿþùèì ñèììåòðèþ, íî ýòîò ðå-
çóëüòàò ñëåäóåò ïðÿìî èç îïðåäåëåíèÿ (13). Âèä ïîëó÷èâøåãîñÿ óðàâíåíèÿ
îêàçûâàåòñÿ íåïðîãíîçèðóåìûì � ñëèøêîì âåëèê ïðîèçâîë.

2.1. Ëèíåéíûå ïåðâûå èíòåãðàëû óðàâíåíèÿ y′′′ = F (y).
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Ðàññìîòðèì óðàâíåíèå
y′′′ = F (y) (15)

è áóäåì èñêàòü àâòîíîìíûé ïåðâûé èíòåãðàë, ëèíåéíûé ïî ñòàðøåé ïðîèç-
âîäíîé y′′:

P = R(y, y′)y′′ +Q(y, y′). (16)

Òåîðåìà 1. Íå ñóùåñòâóåò íåòðèâèàëüíîãî óðàâíåíèÿ (15) (ò. å. ñ F (y) 6=
6= const), èìåþùåãî àâòîíîìíûé ïåðâûé èíòåãðàë âèäà (16).

Äîêàçàòåëüñòâî. Ïîäñòàâëÿÿ (15), (16) â (14) è ðàñùåïëÿÿ ïî y′′, ïîëó-
÷èì ñèñòåìó 

Ry′ = 0,

Ryy
′ +Qy′ = 0,

Qyy
′ = −FR.

Èç ïåðâîãî óðàâíåíèÿ ñèñòåìû ñëåäóåò, ÷òî èíòåãðèðóþùèé ìíîæèòåëü
çàâèñèò òîëüêî îò y : R = R(y). Èç îñòàâøèõñÿ óðàâíåíèé ïîëó÷àåì Q =

= −1

2
R′(y′)2 + S(y), ãäå S(y) � ïðîèçâîëüíàÿ ôóíêèöÿ y. Íàêîíåö, èç ïî-

ñëåäíåãî óðàâíåíèÿ ñëåäóåò âûðàæåíèå

−1

2
R′′(y′)3 + S ′y′ + FR = 0, (17)

îòêóäà (ïîñëå ðàñùåïëåíèÿ ïî y′) ñ íåîáõîäèìîñòüþ ñëåäóåò F ≡ 0.

Çàìå÷àíèå 1. Èç ôîðìóëû (17) ñëåäóåò ðåøåíèå ïîñòàâëåííîé çàäà÷è â
áîëåå øèðîêîì êëàññå óðàâíåíèé

y′′′ = F (y, y′), (18)

à èìåííî

F =
R′′(y′)3 − 2S ′y′

2R
, (19)

ãäå R è S � ïðîèçâîëüíûå ôóíêöèè ïåðåìåííîé y′. Ïðè ýòîì ïåðâûé èíòå-
ãðàë èìååò âèä

P = Ry′′ − 1

2
R′(y′)2 + S.

2.2. Êâàäðàòè÷íûå ïåðâûå èíòåãðàëû óðàâíåíèÿ y′′′ = F (y).
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Áóäåì òåïåðü äëÿ óðàâíåíèÿ (15) èñêàòü àâòîíîìíûé ïåðâûé èíòåãðàë,
êâàäðàòè÷íûé ïî ñòàðøåé ïðîèçâîäíîé y′′:

P = R(y, y′)(y′′)2 +Q(y, y′)y′′ + S(y, y′). (20)

Òåîðåìà 2. Óðàâíåíèå

y′′′ = (ay2 + by + c)−5/4, (21)

ãäå a, b, c � ïðîèçâîëüíûå êîíñòàíòû, ÿâëÿåòñÿ åäèíñòâåííûì óðàâíåíèåì
êëàññà (15), èìåþùèì êâàäðàòè÷íûé ïî ñòàðøåé ïðîèçâîäíîé àâòîíîìíûé
ïåðâûé èíòåãðàë.

Äîêàçàòåëüñòâî. Àíàëîãè÷íî äîêàçàòåëüñòâó ïðåäûäóùåé òåîðåìû, ïî-

ëó÷àåì ñèñòåìó, èç êîòîðîé ñëåäóåò R = R(y), Q = −1

2
R′(y′)2 + T (y),

îñòàâøèåñÿ óðàâíåíèÿ èìåþò âèä
Sy′ −

1

2
R′′(y′)3 + T ′y′ + 2RF = 0,

y′Sy +

(
T − 1

2
R′(y′)2

)
= 0.

(22)

Ðàñùåïëåíèå óñëîâèÿ ñîâìåñòíîñòè ñèñòåìû (22) ïî ñòåïåíÿì ïåðâîé ïðî-
èçâîäíîé äà¼ò R(y) = ay2 + by + c, T (y) ≡ 0, 5R′F + 4RF ′ = 0, îòêóäà è
ñëåäóåò óòâåðæäåíèå òåîðåìû.

Ïåðâûé èíòåãðàë óðàâíåíèÿ (21) èìååò âèä

P = R(y′′)2 − 1

2
R′(y′)2y′′ +

1

8
R′′(y′)4 − 2R−1/4y′. (23)

Çàìå÷àíèå 2. Äëÿ áîëåå øèðîêîãî êëàññà óðàâíåíèé (18) óñëîâèå ñîâ-
ìåñòíîñòè ñèñòåìû (22) èìååò âèä(

1

2
R′y′ − T (y′)−1

)
Fy′ + 2RFy +

(
5

2
R′ + T (y′)−2

)
F =

1

2
R′′′(y′)3 − T ′′y′.

Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ èìååò âèä

F = R−3/2y′Φ(u) +
2RR′′ − (R′)2

8R2
(y′)3 − 2RT ′ −R′T

4R2
y′, (24)

ãäå u = R−1/2(y′)2 +

∫
TR−3/2 dy, R è T � ïðîèçâîëüíûå ôóíêöèè ïåðå-

ìåííîé y,Φ � ïðîèçâîëüíàÿ ôóíêöèÿ ïåðåìåííîé u. Ôîðìóëà (24) äà¼ò âñå
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ïðàâûå ÷àñòè óðàâíåíèé (18), îáëàäàþùèõ çàäàííûì ñâîéñòâîì, íî â ÷àñòíîì
ñëó÷àå ïðè T ≡ 0 îíà âûãëÿäèò ïðîùå, è

F = R−5/4Φ1

(
R−1/4y′

)
+

2RR′′ − (R′)2

8R2
(y′)3. (25)

Çàìå÷àíèå 3. Åñòåñòâåííî, ôîðìóëà (24) ñîäåðæèò â ñåáå ðåçóëüòàò (19)
� â ýòîì ñëó÷àå êâàäðàòè÷íûé ïåðâûé èíòåãðàë ÿâëÿåòñÿ êâàäðàòè÷íîé ôîð-
ìîé îò ëèíåéíîãî.

2.3. Êóáè÷íûå ïåðâûå èíòåãðàëû óðàâíåíèÿ y′′′ = F (y).

Ðàññìîòðèì òåïåðü àâòîíîìíûå ïåðâûå èíòåãðàëû, êóáè÷íûå ïî ñòàðøåé
ïðîèçâîäíîé. Äëÿ êëàññà (15) ïîèñê èíòåãðàëà âèäà

P = S(y, y′)(y′′)3 + T (y, y′)(y′′)2 + U(y, y′)y′′ + V (y, y′) (26)

ñ ïîìîùüþ ñòàíäàðòíîé ïðîöåäóðû ïðèâîäèò ê ñëåäóþùåé ñèñòåìå:

Sy′ = 0,

Ty′ + y′Sy = 0,

Uy′ + y′Ty + 3SF = 0,

Vy′ + y′Uy + 2TF = 0,

y′Vy + UF = 0.

(27)

Ïåðâûå òðè óðàâíåíèÿ ñèñòåìû (27) äàþò

S = S(y),

T = −1

2
S ′(y′)2 + ω(y),

U =
1

8
S ′′(y′)4 − 1

2
ω′′(y′)2 − 3SFy′ + ϕ(y).

Ðàñùåïëåíèå óñëîâèÿ ñîâìåñòíîñòè ÷åòâ¼ðòîãî è ïÿòîãî óðàâíåíèé ñèñòå-
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ìû (27) ïðèâîäèò ê ñëåäóþùåìó ðåçóëüòàòó

SIV = 0, S = a3y
3 + a2y

2 + a1y + a0,

ω′′′ = 0, ω = b2y
2 + b1y + b0,

24SF ′′ + 56S ′F ′ + 35S ′′F = 0,

4ωF ′ + 5ω′F = 0,

ϕ ≡ 0.

Îêîí÷àòåëüíî ïîëó÷àåì âûðàæåíèå äëÿ F = Cω−5/4 è ñîîòíîøåíèÿ äëÿ
êîíñòàíò

a1 =
b1(4a2b2 − 3a3b1)

4b22
, a0 =

b21(a2b2 − a3b1)
4b32

, b0 =
b21
4b2

.

Êîíñòàíòû a3, a2, b2 è b1 îñòàþòñÿ ïðîèçâîëüíûìè. Íàéäåííîå çíà÷åíèå
b0 ïðåâðàùàåò âåëè÷èíó ω â ïîëíûé êâàäðàò. Â äàëüíåéøåì äëÿ óïðîùåíèÿ
ôîðìóë áóäåì ðàññìàòðèâàòü óðàâíåíèå

y′′′ = y−5/2, (28)

ïîëàãàÿ âåçäå b2 = 1, b1 = 0, ò. å. a1 = a0 = 0. Ïðè ýòîì îáùèé àâòîíîìíûé
ïîäêëàññ, äîïóñêàþùèé àíàëîã í¼òåðîâîé ñèììåòðèè ñ êóáè÷íûì ïî âòîðîé
ïðîèçâîäíîé ïåðâûì èíòåãðàëîì, ìîæåò áûòü ëåãêî ïîëó÷åí ïðåîáðàçîâàíè-
åì ýêâèâàëåíòíîñòè y → c1y + c2.

Äàëüíåéøèå âû÷èñëåíèÿ äàþò ñòðóêòóðó êóáè÷íîãî ïî âòîðîé ïðîèçâîä-
íîé ïåðâîãî èíòåãðàëà (26) â âèäå P = a3P1 + a2P2 + Q, ãäå Q � êâàäðà-
òè÷íûé ïî âòîðîé ïðîèçâîäíîé ïåðâûé èíòåãðàë óðàâíåíèÿ (28) ïðè óñëîâèè
a = 1, b = c = 0. Ïîýòîìó ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 3. Óðàâíåíèå (28) ñ òî÷íîñòüþ äî ïðåîáðàçîâàíèÿ ýêâèâàëåíò-
íîñòè y → c1y+c2 ÿâëÿåòñÿ åäèíñòâåííûì óðàâíåíèåì êëàññà (15), îáëàäàþ-
ùèì àíàëîãîì í¼òåðîâîé ñèììåòðèè ñ êóáè÷íûì ïåðâûì èíòåãðàëîì, ïðè÷¼ì
èìååòñÿ äâà ôóíêöèîíàëüíî íåçàâèñèìûõ èíòåãðàëà òàêîãî âèäà:

P1 = y3(y′′)3− 3

2
y2(y′y′′)2+

(
3

4
y(y′)4 − 3y1/2y′

)
y′′− 1

8
(y′)6+

3

2
y−1/2(y′)3−3y−1,

P2 = y2(y′′)3 − y(y′y′′)2 +

(
1

4
(y′)4 − 3y−1/2y′

)
y′′ +

1

6
y−3/2(y′)3 − 3

2
y−2.

Ýëåêòðîííûé æóðíàë. http://www.math.spbu.ru/di�journal 125



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 3, 2013

Çàìå÷àíèå 4. Ñ ó÷¼òîì òîãî, ÷òî óðàâíåíèå (28) èìååò êâàäðàòè÷íûé
àâòîíîìíûé ïåðâûé èíòåãðàë, ïîëó÷àåòñÿ, ÷òî âñåãî àâòîíîìíûõ ïåðâûõ èí-
òåãðàëîâ îêàçûâàåòñÿ òðè. Î÷åâèäíî, ÷òî ñðåäè íèõ ôóíêöèîíàëüíî íåçàâè-
ñèìûõ áóäåò òîëüêî äâà, ÷òî è ïîäòâåðæäàåòñÿ ïðÿìîé ïðîâåðêîé.

Çàìå÷àíèå 5. Íàëè÷èå äâóõ ôóíêöèîíàëüíî íåçàâèñèìûõ àâòîíîìíûõ
ïåðâûõ èíòåãðàëîâ ïîçâîëÿåò ïðîèíòåãðèðîâàòü óðàâíåíèå (28) â êâàäðàòó-
ðàõ. Äëÿ ýòîãî, íàïðèìåð, èç óðàâíåíèé P1 = C1 è Q = C2 íàäî èñêëþ÷èòü
âòîðóþ ïðîèçâîäíóþ y′′, â ðåçóëüòàòå ÷åãî ïîëó÷àåòñÿ àâòîíîìíîå óðàâíåíèå
ïåðâîãî ïîðÿäêà Φ(y, y′, C1, C2) = 0, êîòîðîå ëåãêî èíòåãðèðóåòñÿ ìåòîäîì
ââåäåíèÿ ïàðàìåòðà.

Çàìå÷àíèå 6. Óðàâíåíèå (28) äîïóñêàåò äâóìåðíóþ àëãåáðó ñèììåòðèé
ñ îïåðàòîðàìè X1 = ∂x, X2 = 7x∂x + 6y∂y, îäíàêî âòîðîé îïåðàòîð X2

ïåðâûìè èíòåãðàëàìè óðàâíåíèÿ (28) íå íàñëåäóåòñÿ.

Äëÿ áîëåå øèðîêîãî êëàññà (18) ñëåäóåò ó÷èòûâàòü, ÷òî â ñèñòåìå (27)
F = F (y, y′), ïîýòîìó ðåøèòü ñðàçó óäà¼òñÿ òîëüêî äâà ïåðâûõ óðàâíåíèÿ
ñèñòåìû:

S = S(y),

T = −1

2
S ′(y′)2 + ω(y).

(29)

Òðåòüå óðàâíåíèå ñèñòåìû òîæå ìîæíî ïðîèíòåãðèðîâàòü, åñëè âûïîë-

íèòü ïåðåîáîçíà÷åíèå íåèçâåñòíîé ôóíêöèè F : F =
∂G

∂y′
. Òîãäà

U =
1

8
S ′′(y′)4 − 1

2
ω′(y′)2 − 3SG+ ϕ(y). (30)

Â ðåçóëüòàòå îñòà¼òñÿ ñèñòåìà äâóõ óðàâíåíèé:
Vy′ = −y′Uy − 2TGy′,

Vy = − 1

y′
UGy′.

Èñêëþ÷àÿ ôóíêöèþ V ñ ïîìîùüþ óñëîâèÿ ñîâìåñòíîñòè, ïîëó÷àåì äëÿ
îïðåäåëåíèÿ ôóíêöèè G íåëèíåéíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ âòî-
ðîãî ïîðÿäêà :

∂

∂y′

(
1

y′
UGy′

)
− 2

∂

∂y
(TGy′)− y′Uyy = 0,
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ãäå ôóíêöèè U = U(G) è T îïðåäåëÿþòñÿ ñîîòâåòñòâåííî ôîðìóëàìè (29)
è (30).

Òåïåðü ïåðåéä¼ì ê êëàññàì óðàâíåíèé, ÿâíî ñîäåðæàùèì âòîðóþ ïðîèç-
âîäíóþ y′′. Ïðè ýòîì ñëåäóåò îòìåòèòü, ÷òî ìåòîä ïîèñêà ïåðâûõ èíòåãðàëîâ
ñòàíîâèòñÿ èíûì.

2.4. Ïåðâûå èíòåãðàëû óðàâíåíèé âèäà y′′′ = F (y, y′, y′′)G(y′′).

Ðàññìîòðèì óðàâíåíèÿ âèäà

y′′′ = F (y, y′, y′′)G(y′′), (31)

ãäå G(y′′) � ïðîèçâîëüíàÿ ôóíêöèÿ, à F ïîäëåæèò îïðåäåëåíèþ. Ïîòðåáóåì,
÷òîáû óðàâíåíèå (31) èìåëî àâòîíîìíûé ïåðâûé èíòåãðàë. Î÷åâèäíî, ïîñëå
äåëåíèÿ íà G óðàâíåíèå (31) ïðèíèìàåò ôîðìóëó

y′′′

G(y′′)
= F (y, y′, y′′), (32)

è ëåâàÿ ÷àñòü âûðàæåíèÿ (32) ñòàíîâèòñÿ ïîëíîé ïðîèçâîäíîé. Äëÿ âûïîë-
íåíèÿ ïîñòàâëåííûõ óñëîâèé íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû è ïðàâàÿ ÷àñòü
(32) ÿâëÿëàñü áû òî÷íîé ïðîèçâîäíîé:

F (y, y′, y′′) = DxH(y, y′) =
∂H

∂y′
y′′ +

∂H

∂y
y′.

Îòñþäà ñëåäóåò, ÷òî âîçìîæíî äâà ñëó÷àÿ:

2.4à. Ôóíêöèÿ F ëèíåéíà ïî âòîðîé ïðîèçâîäíîé, òîãäà ïåðâûé èíòåãðàë
óðàâíåíèÿ (32) èìååò âèä

P =

∫
dy′′

G(y′′)
−H(y, y′).

2.4á. Ôóíêöèÿ F íå çàâèñèò îò âòîðîé ïðîèçâîäíîé, òîãäà ïåðâûé èíòå-
ãðàë óðàâíåíèÿ (32) èìååò âèä

P =

∫
dy′′

G(y′′)
−H(y).

Â ýòîì ñëó÷àå ôóíêöèÿ F ëèíåéíà ïî ïåðâîé ïðîèçâîäíîé: F = H(y)y′, ãäå
H � ïðîèçâîëüíà.

2.4â. Îòìåòèì âàæíûé ñëó÷àé ñòåïåííîé çàâèñèìîñòè ôóíêöèè G îò
�ïðåäñòàðøåé� ïðîèçâîäíîé, êîãäà G = (y′′)n. Òîãäà

P =

 (y′′)1−n − (1− n)H(y, y′), åñëè n 6= 1,

ln y′′ −H(y, y′), åñëè n = 1.
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Óðàâíåíèÿ ïîäîáíîãî òèïà âñòðå÷àþòñÿ â òåîðèè ïîãðàíè÷íîãî ñëîÿ. Ïðåä-
ñòàâëÿåòñÿ èíòåðåñíûì èçó÷åíèå ôèçè÷åñêèõ ïðèëîæåíèé ïîëó÷åííûõ ðå-
çóëüòàòîâ, àíàëîãè÷íûõ âàðèàöèîííûì (í¼òåðîâûì) ñèììåòðèÿì óðàâíåíèé
÷¼òíûõ ïîðÿäêîâ.

2.5. Ïåðâûå èíòåãðàëû óðàâíåíèé âèäà y′′′ = F (y, y′′).

Íàðÿäó ñ êëàññîì (31) áóäåì ðàññìàòðèâàòü åù¼ îäèí âèä óðàâíåíèé,
ñîäåðæàùèõ ïðåäñòàðøóþ ïðîèçâîäíóþ y′′

y′′′ = F (y, y′′), (33)

è èìåþùèõ àâòîíîìíûå ïåðâûå èíòåãðàëû, êîòîðûå, åñòåñòâåííî, áóäóò �íà-
ñëåäîâàòü� ñèììåòðèþ X = ∂x èñõîäíîãî óðàâíåíèÿ.

Ðàññìîòðèì êëàññ óðàâíåíèé

y′′′ = F (y)(y′′)2 +G(y)y′′ +H(y), (34)

è áóäåì èñêàòü àâòîíîìíûé ïåðâûé èíòåãðàë, ëèíåéíûé ïî ñòàðøåé ïðîèç-
âîäíîé (y′′)

P = R(y, y′)y′′ +Q(y, y′). (35)

Òåîðåìà 4. Ñóùåñòâóåò åäèíñòâåííîå íåòðèâèàëüíîå àâòîíîìíîå óðàâ-
íåíèå (34) ñ F ≡ 0 (ò. å. ëèíåéíîå ïî âòîðîé ïðîèçâîäíîé), èìåþùåå àâòî-
íîìíûé ïåðâûé èíòåãðàë âèäà (35), à èìåííî,

y′′′ =
cy′′

ay + b
, (36)

ãäå a, b, c � ïðîèçâîëüíûå êîíñòàíòû.

Äîêàçàòåëüñòâî. Ïîäñòàâëÿÿ (34), (35) â (14) è ðàñùåïëÿÿ ïî y′′, ïîëó-
÷èì ñèñòåìó 

Ry′ +RF = 0,

Qy′ +Ryy
′ +RG = 0,

Qyy
′ +RH = 0.

(37)

Òàê êàê F ≡ 0, èç ïåðâîãî óðàâíåíèÿ ñèñòåìû ñëåäóåò, ÷òî èíòåãðèðóþ-
ùèé ìíîæèòåëü çàâèñèò òîëüêî îò y : R = R(y). Èç îñòàâøèõñÿ óðàâíåíèé
ïîëó÷àåì

Q = −1

2
R′(y′)2 −RGy′ + ω(y),
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ãäå ω(y) � ïðîèçâîëüíàÿ ôóíêöèÿ y. Íàêîíåö, èç ïîñëåäíåãî óðàâíåíèÿ ñëå-
äóåò âûðàæåíèå

−1

2
R′′(y′)3 − (G′R +GR′)(y′)2 + ω′y′ +RH = 0,

îòêóäà (ïîñëå ðàñùåïëåíèÿ ïî y′) ñ íåîáõîäèìîñòüþ ñëåäóåò

R′′ = 0, (GR)′ = 0, ω′ = 0, RH = 0.

Ïîýòîìó, åñëè R 6≡ 0, òî H ≡ 0, R = ay + b, G =
c

ay + b
, ω = C.

Îêîí÷àòåëüíî ïîëó÷àåì ïåðâûé èíòåãðàë â âèäå

P = (ay + b)y′′ − a

2
(y′)2 − cy′. (38)

Çàìå÷àíèå 7. Ñóùåñòâîâàíèå ïåðâîãî èíòåãðàëà âèäà (35) äëÿ óðàâíå-
íèÿ (36) â äîñòàòî÷íîé ñòåïåíè î÷åâèäíî � åñëè çàïèñàòü óðàâíåíèå (36) â
âèäå

(ay + b)y′′′ = cy′′,

òî ëåâàÿ è ïðàâàÿ ÷àñòè ïîëó÷èâøåãîñÿ âûðàæåíèÿ ïðåäñòàâëÿþò ñîáîé òî÷-
íûå ïîëíûå ïðîèçâîäíûå. Ïîýòîìó çíà÷èìîñòü òåîðåìû 4 ñîñòîèò ïðåæäå
âñåãî â äîêàçàòåëüñòâå åäèíñòâåííîñòè óðàâíåíèÿ (36), îáëàäàþùåãî çàäàí-
íûì ñâîéñòâîì.

Ïóñòü òåïåðü F 6≡ 0. Òîãäà èç ïåðâîãî óðàâíåíèÿ ñèñòåìû (37) íàõîäèì
R = S(y)e−Fy

′
, èç âòîðîãî óðàâíåíèÿ � ôóíêöèþ Q:

Q = −e
−Fy′

F 3

[
SF 2F ′(y′)2 + F (2SF ′ − S ′F )y′ + 2SF ′ − S ′F − SF 2G

]
.

Î÷åâèäíî, òðåòüå óðàâíåíèå (ïîñëå ñîêðàùåíèÿ íà e−Fy
′
) ïðèìåò âèä

A4(y)(y′)4 + A3(y)(y′)3 + A2(y)(y′)2 + A1(y)y′ + SH = 0,

ïîýòîìó ïðè S ≡ 0 îêàçûâàåòñÿ, ÷òî H ≡ 0, è âñå Ai = 0, i = 1, . . . , 4. Èç
íåðàâåíñòâà F (y) 6= 0 ñëåäóåò F ′ = 0, ò. å. F = α. Èç îñòàëüíûõ óñëîâèé

áåç òðóäà ïîëó÷àåì S = ay + b, G =
c

ay + b
. Òàêèì îáðàçîì, äîêàçàíî

ñëåäóþùåå óòâåðæäåíèå

Òåîðåìà 5. Óðàâíåíèå

y′′′ = α(y′′)2 +
cy′′

ay + b
(39)
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ÿâëÿåòñÿ åäèíñòâåííûì óðàâíåíèåì âèäà (34) ñ F 6≡ 0, èìåþùèì àâòîíîìíûé
ïåðâûé èíòåãðàë âèäà (35), à èìåííî,

P =

[
(ay + b)y′′ +

αay′ + a+ αc

α2

]
eαy

′
. (40)

Áóäåì òåïåðü äëÿ óðàâíåíèÿ (34) èñêàòü àâòîíîìíûé ïåðâûé èíòåãðàë,
êâàäðàòè÷íûé ïî ñòàðøåé ïðîèçâîäíîé (y′′)

P = R(y, y′)(y′′)2 +Q(y, y′)y′′ + S(y, y′). (41)

Îïðåäåëÿþùàÿ ñèñòåìà â äàííîì ñëó÷àå èìååò âèä

Ry′ + 2RF = 0,

Qy′ +Ryy
′ +QF + 2RG = 0,

Sy′ +Qyy
′ +QG+ 2RH = 0,

Syy
′ +QH = 0.

(42)

Åñëè F = 0, òî èíòåãðèðóþùèé ìíîæèòåëü çàâèñèò îò y: R = R(y), èç
âòîðîãî óðàâíåíèÿ íàõîäèì Q:

Q = −1

2
R′(y′)2 − 2RGy′ + ω(y).

Èç òðåòüåãî óðàâíåíèÿ íàõîäèòñÿ S, à ÷åòâ¼ðòîå ðàñùåïëÿåòñÿ ïî ñòåïåíÿì
y äî ñèñòåìû 

R′′′ = 0,

(5R′G+ 4RG′)′ = 0,

(2RG2 − ω′)′ = 0,

2(ωG)′ + 5R′H + 4RH ′ = 0,

ωH = 0.

(43)

Ñèñòåìû (42) è (43) ïðè H ≡ 0 èìåþò íåñêîëüêî �ñåðèé� ðåøåíèé, íî
ñîîòâåòñòâóþùèå èì óðàâíåíèÿ òðèâèàëüíû (ëèíåéíûå ñ êîýôôèöèåíòàìè,
âîîáùå íå çàâèñÿùèìè îò y).

Òåîðåìà 6. Íå ñóùåñòâóåò íåòðèâèàëüíûõ óðàâíåíèé êëàññ (34) ñ H ≡ 0,
èìåþùèõ êâàäðàòè÷íûé ïî âòîðîé ïðîèçâîäíîé ïåðâûé èíòåãðàë âèäà (41).
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Çàìå÷àíèå 8. Äëÿ óðàâíåíèé (36) è (39) ëåãêî íàéòè êâàäðàòè÷íûå ïåð-
âûå èíòåãðàëû, íî îíè ïðåäñòàâëÿþò ñîáîé êâàäðàòè÷íûå ôîðìû ëèíåéíûõ
ïåðâûõ èíòåãðàëîâ, óêàçàííûõ â òåîðåìàõ 4, 5.

Ïðè H 6≡ 0 ñèñòåìà (42) èìååò åäèíñòâåííîå íåòðèâèàëüíîå ðåøåíèå, è
ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 7. Ñóùåñòâóåò åäèíñòâåííîå óðàâíåíèå (34) ñ F ≡ 0, H 6≡ 0,
à èìåííî,

y′′′ =
cy′′

ay + b
+

k

(ay + b)5/2
,

èìåþùåå ïåðâûé èíòåãðàë âèäà (41)

P =

[
(ay + b)y′′ +

1

2
a(y′)2 − cy′

]2
− 2k

a

ay′ + 2c

(ay + b)1/2
,

è åäèíñòâåííîå óðàâíåíèå êëàññà (34) ñ F,H 6≡ 0, à èìåííî,

y′′′ = α(y′′)2 − ay′′

α(ay + b)
+

c

(ay + b)4
,

èìåþùåå ïåðâûé èíòåãðàë âèäà (41):

P =

{[
α(ay + b)y′′ + ay′

]2
+

αc

(ay + b)2

}
e−2αy

′
.

Ïîèñê êóáè÷íûõ ïåðâûõ èíòåãðàëîâ ò. å.

P = R(y, y′)(y′′)3 +Q(y, y′)(y′′)2 + S(y, y′)y′′ + T (y, y′), (44)

äëÿ êëàññà (34) ñ F ≡ 0, (ò. å. ëèíåéíûõ ïî âòîðîé ïðîèçâîäíîé), àíàëîãè÷íî
ïðåäûäóùèì ñëó÷àÿì, ïðèâîäèò ê ñèñòåìå

Ry′ = 0,

Ryy
′ +Qy′ = −3RG,

Qyy
′ + Sy′ = −2QG− 3RH,

Syy
′ + Ty′ = −SG− 2QH,

Tyy
′ = −SH.

(45)

Èç ïåðâîãî óðàâíåíèÿ ñëåäóåò

Q(y, y′) = −1

2
R′(y′)2 − 3RGy′ + α(y), (46)
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à èç òðåòüåãî �

S =
1

8
R′′(y′)4 +

(
4

3
R′G+RG′

)
(y′)3 +

(
3RG2 − 1

2
α′
)

(y′)2−

− (3RH + 2αG)y′ + β(y). (47)

×åòâ¼ðòîå óðàâíåíèå äà¼ò

T = − 1

48
R′′′(y′)6 −

(
7

24
R′′G+

7

15
R′G′ +

1

5
RG′′

)
(y′)5−

−
(

7

4
RGG′ − 1

8
α′′ +

13

12
R′G2

)
(y′)4+

+

(
5

6
α′G+

2

3
αG′ +RH ′ +

4

3
R′H −RG3

)
(y′)3+

+

(
αG2 +

9

2
GHR− 1

2
β′
)

(y′)2 − (Gβ + 2Hα)y′ + γ(y). (48)

Ïîäñòàâèâ (47), (48) â ïîñëåäíåå óðàâíåíèå ñèñòåìû (44) è çàòåì ðàñùåïèâ
ïî ïåðâîé ïðîèçâîäíîé y′, ïîëó÷èì

R(IV ) = 0,

7

24
R′′′G+

91

120
R′′G′ +

2

3
R′G′′ +

1

5
RG′′′ = 0,

13

12
R′′G2 +

(
47

12
R′G′ +

7

4
RG′′

)
G+

7

4
R(G′)2 − 1

8
α′′′ = 0,

−3G′RG2 +RH ′′ +
5

6
α′′G−R′G3 +

2

3
αG′′ +

3

2
α′G′+

+
35

24
R′′H +

7

3
R′H ′ = 0,

α′G2 +

(
2αG′ +

35

6
R′H +

9

2
RH ′

)
G− 1

2
β′′ +

11

2
HRG′ = 0,

3HRG2 − 5

2
Hα′ − 2H ′α−Gβ′ −G′β = 0,

3RH2 − γ′ + 2GHα = 0,

βH = 0.

Èç ïåðâîãî óðàâíåíèÿ ñëåäóåò

R(y) = ay3 + by2 + cy + d, (49)
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à èç ïîñëåäíåãî �
β(y) ≡ 0. (50)

Ïÿòîå óðàâíåíèå òåïåðü ñòàíîâèòñÿ òàêèì:

2H ′α =

(
3RG2 − 5

2
α′
)
H. (51)

Ïåðåïèñàâ åãî â ñëåäóþùåì âèäå

H ′

H
=

6RG2 − 5α′

4α
,

ëåãêî íàõîäèì ðåøåíèå

H(y) = k exp

(∫
6RG2 − 5α′

4α
dy

)
, (52)

ãäå k � ïðîèçâîëüíàÿ êîíñòàíòà.

Îñòàâøèåñÿ 4 óðàâíåíèÿ ñîñòàâëÿþò ïåðåîïðåäåë¼ííóþ ñèñòåìó îáûêíî-
âåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé îòíîñèòåëüíî ôóíêöèè G(y):

7

24
R′′′G+

91

120
R′′G′ +

2

3
R′G′′ +

1

5
RG′′′ = 0,

13

12
R′′G2 +

(
47

12
R′G′ +

7

4
RG′′

)
G+

7

4
R(G′)2 − 1

8
α′′′ = 0,

−3G′RG2 +RH ′′ +
5

6
α′′G−R′G3 +

2

3
αG′′ +

3

2
α′G′+

+
35

24
R′′H +

7

3
R′H ′ = 0,

α′G2 +

(
2αG′ +

35

6
R′H +

9

2
RH ′

)
G+

11

2
HRG′ = 0.

(53)

Îäíàêî ñèñòåìà (53) ñîâìåñòíà è èìååò ðåøåíèå, òàê êàê, ñîãëàñíî òåîðåìå
1, êëàññ óðàâíåíèé (34) ñ F ≡ 0 èìååò ëèíåéíûé ïåðâûé èíòåãðàë. Èç ýòîãî
ñëåäóåò, ýòîò êëàññ óðàâíåíèé òàêæå èìååò òðèâèàëüíûé êóáè÷íûé ïåðâûé
èíòåãðàë, ïîëó÷åííûé â ðåçóëüòàòå âîçâåäåíèÿ â òðåòüþ ñòåïåíü ëèíåéíîãî
èíòåãðàëà (38), ò. å.

P =
[
(ay + b)y′′ − a

2
(y′)2 − cy′

]3
.

Ýòîò èíòåãðàë ÿâëÿåòñÿ, ïî ïîñòðîåíèþ, îäíèì èç ðåøåíèé ÷òî ñèñòåìû (53).
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Çàìå÷àíèå 9. Ëåãêî âèäåòü, ÷òî àëãîðèòì ðåøåíèÿ îáðàòíîé çàäà÷è äëÿ
êëàññîâ óðàâíåíèé, ñîäåðæàùèõ �ïðåäñòàðøóþ� ïðîèçâîäíóþ, ñóùåñòâåííî
îòëè÷àåòñÿ îò ìåòîäà, ðåàëèçîâàííîãî äëÿ êëàññîâ F (y) è F (y, y′): åñëè â
óðàâíåíèè èìåþòñÿ òîëüêî ìëàäøèå ïðîèçâîäíûå, ìû â êîíå÷íîì èòîãå ïðè-
õîäèì ê ñèñòåìå äâóõ óðàâíåíèé, â êîòîðûõ âñïîìîãàòåëüíàÿ ôóíêöèÿ (îäèí
èç êîýôôèöèåíòîâ ïåðâîãî èíòåãðàëà) âõîäèò â âèäå ÷àñòíûõ ïðîèçâîäíûõ
ïî ðàçíûì ïåðåìåííûì. Òîãäà óñëîâèå ñîâìåñòíîñòè ïðèâîäèò ê ïîëó÷åíèþ
óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ äëÿ èñêîìîé ôóíêöèè � ïðàâîé ÷àñòè
óðàâíåíèÿ. Â ðàññìàòðèâàåìîì â íàñòîÿùåé ðàáîòå ñëó÷àå ìëàäøèå (â äàí-
íîì ñëó÷àå � ïåðâàÿ y′) ïðîèçâîäíûå îòñóòñòâóþò, è îêîí÷àòåëüíîå óðàâíå-
íèå, ê êîòîðîìó ïðèâîäèòñÿ îïðåäåëÿþùàÿ ñèñòåìà, íåîáõîäèìî ðàñùåïëÿòü
ïî y′, â ðåçóëüòàòå ÷åãî âîçíèêàåò íîâàÿ ñèñòåìà.

Â çàêëþ÷åíèå îòìåòèì, ÷òî äëÿ óðàâíåíèé 3-ãî (è âîîáùå íå÷¼òíîãî)
ïîðÿäêà ñâîéñòâî �íàñëåäîâàíèÿ� ïåðâûì èíòåãðàëîì ñèììåòðèè èñõîäíîãî
óðàâíåíèÿ (ò. å. ñâîéñòâî, àíàëîãè÷íîå ñâîéñòâó âàðèàöèîííîé ñèììåòðèè)
îêàçûâàåòñÿ ñóùåñòâåííî áîëåå �ðåäêèì�, ÷åì äëÿ óðàâíåíèé ÷¼òíûõ ïîðÿä-
êîâ. Ýòî ìîæåò îáúÿñíÿòüñÿ ðÿäîì ïðè÷èí � îòñóòñòâèåì ñàìîñîïðÿæ¼ííûõ
ôîðì äëÿ óðàâíåíèé íå÷¼òíûõ ïîðÿäêîâ è äëÿ èõ ñèììåòðèé; îòñóòñòâèåì
àíàëîãèé â óðàâíåíèÿõ ìåõàíèêè è âîîáùå âàðèàöèîííûõ çàäà÷àõ (óðàâíå-
íèå Ýéëåðà�Ëàãðàíæà ìîæåò èìåòü òîëüêî ÷¼òíûé ïîðÿäîê); îòñóòñòâèåì
ïðîñòûõ èíòåãðèðóåìûõ êîìáèíàöèé ñ ìëàäøèìè ïðîèçâîäíûìè (äëÿ ñðàâ-
íåíèÿ: åñëè k � öåëîå, òî âûðàæåíèå y′y(2k) ÿâëÿåòñÿ òî÷íîé ïðîèçâîäíîé,
à âûðàæåíèå y′y(2k+1) � íåò). Èññëåäîâàíèå ýòèõ âîïðîñîâ, áåçóñëîâíî, ïðåä-
ñòàâëÿåò çíà÷èòåëüíûé èíòåðåñ.

Òåì íå ìåíåå ìíîæåñòâî óðàâíåíèé, îáëàäàþùèõ îïèñûâàåìûì ñâîé-
ñòâîì, ìîæåò áûòü ñóùåñòâåííî ðàñøèðåíî, åñëè èñïîëüçîâàòü íå òî÷å÷íóþ
ãðóïïó ýêâèâàëåíòíîñòè, à îáùåå ïðåîáðàçîâàíèå Áåêëóíäà, ñîõðàíÿþùåå àâ-
òîíîìíîñòü [3] 

y =

∫
f(u, u̇) dt,

x = at+

∫
g(u, u̇) dt.
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