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Àííîòàöèÿ

Â äàííîé ñòàòüå íàõîäÿòñÿ êîíñòàíòû ñèëüíîé åäèíñòâåííîñòè äëÿ íåêî-
òîðîãî êëàññà îïåðàòîðîâ ïðîåêòèðîâàíèÿ ñ åäèíè÷íîé íîðìîé ïðîñòðàíñòâà
ðàçìåðíîñòè ÷åòûðå íà ïîäïðîñòðàíñòâî ðàçìåðíîñòè äâà, à òàêæå êîíñòàíòû
ñèëüíîé åäèíñòâåííîñòè äëÿ îïåðàòîðîâ ïðîåêòèðîâàíèÿ ïðîñòðàíñòâà âñåõ
îãðàíè÷åííûõ íà îòðåçêå [0,1] ôóíêöèé èëè âñåõ ñóììèðóåìûõ íà [0,1] ôóíê-
öèé íà ïîäïðîñòðàíñòâî, îáðàçîâàííîå ëèíåéíûìè êîìáèíàöèÿìè ïåðâûõ n
ôóíêöèé Óîëøà.

Êëþ÷åâûå ñëîâà:

îïåðàòîð ïðîåêòèðîâàíèÿ, ïðîñòðàíñòâî, ïîäïðîñòðàíñòâî, êîñòàíòà ñèëüíîé
åäèíñòâåííîñòè, îòíîñèòåëüíàÿ ïðîåêöèîííàÿ êîíñòàíòà, ôóíêöèè Óîëøà.

Abstract

In this paper we �nd constants of strong unicity for minimal norm-one
projections in some �nite-dimensional space and also we �nd constants of strong
unicity for projections onto subspace formed by Walsh's functions in the space of
all bounded on [0,1] functions or the space of all integrable on [0,1] functions.

Keywords: projection, constants of strong unicity, the relative projection
constant, space, subspace, Walsh's functions.
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Ïóñòü Yn−2 � ïîäïðîñòðàíñòâî ïðîñòðàíñòâà l
(n)
∞ ðàçìåðíîñòè n− 2.

Îïðåäåëåíèå. Îïåðàòîð ïðîåêòèðîâàíèÿ π0 : l
(n)
∞ → Yn−2 íàçûâàåòñÿ

ñèëüíî åäèíñòâåííûì, åñëè ñóùåñòâóåò ÷èñëî r ∈ (0; 1] òàêîå, ÷òî íåðàâåíñòâî

‖ π0 ‖ +r· ‖ π − π0 ‖6‖ π ‖ (1)

âûïîëíÿåòñÿ äëÿ ëþáîãî îïåðàòîðà ïðîåêòèðîâàíèÿ π : l
(n)
∞ → Yn−2.

×åðåç r0 îáîçíà÷èì ìàêñèìàëüíîå çíà÷åíèå r, ïðè êîòîðîì âûïîëíÿåòñÿ
íåðàâåíñòâî (1).

Î÷åâèäíî, ÷òî îïåðàòîð π0 èìååò ìèíèìàëüíóþ íîðìó è îáëàäàåò ñâîé-
ñòâîì åäèíñòâåííîñòè.

Èçâåñòíî [1], ÷òî ëþáîé îïåðàòîð ïðîåêòèðîâàíèÿ π : l
(n)
∞ → Yn−2 èìååò

âèä
πα,βx = x− αf(x)− βg(x),

ãäå α ∈ l
(n)
∞ , β ∈ l

(n)
∞ , f è g � ëèíåéíûå ôóíêöèîíàëû, îïðåäåëåííûå íà l

(n)
∞ ,

ïðè÷åì
f(α) = g(β) = 1; f(β) = g(α) = 0. (2)

Ãèïåðïëîñêîñòè ïðîñòðàíñòâà l
(n)
∞ èìåþò âèä

f−1(0) =

{
x ∈ l(n)∞ | f(x) =

n∑
i=1

fixi = 0

}
,

g−1(0) =

{
x ∈ l(n)∞ | g(x) =

n∑
i=1

gixi = 0

}
à Yn−2 = f−1(0) ∩ g−1(0).

Íîðìû îïåðàòîðîâ π è π − π0 âû÷èñëÿþòñÿ ïî ôîðìóëàì

‖ π ‖= max
16i6n

Ti, ‖ π − π0 ‖= max
16i6n

Bi ãäå Ti =
n∑
j=1

| δij − αifj − βigj |,

Bi =
n∑
j=1

| (αi − α(0)
i )fj + (βi − β(0)

i )gj |, à îïåðàòîð π0 èìååò âèä

π
(0)
α,βx = x− α(0)f(x)− β(0)g(x).

Íàéäåì êîíñòàíòû ñèëüíîé åäèíñòâåííîñòè îïåðàòîðîâ ïðîåêòèðîâàíèÿ
ïðîñòðàíñòâà l

(4)
∞ íà íåêîòîðûé êëàññ ïîäïðîñòðàíñòâ êîðàçìåðíîñòè 2.

Ýëåêòðîííûé æóðíàë. http://www.math.spbu.ru/di�journal 36



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 1, 2018

Ôóíêöèîíàëû f è g çàäàäèì ñëåäóþùèì îáðàçîì:

f = (1, s, 0, 0), g = (0, 0, s, 1), (3)

ãäå ïàðàìåòð s > 0. Ñîîòíîøåíèÿ (2) ïðèìóò âèä:

f(α) = α1 + sα2 = 1, g(α) = sα3 + α4 = 0, f(β) = β1 + sβ2 = 0, g(β) =

= sβ3 + β4 = 1. (4)

Ëåììà 1. Ïóñòü π
(0)
α,β � îïåðàòîð ïðîåêòèðîâàíèÿ ñ ìèíèìàëüíîé íîðìîé

ïðîñòðàíñòâà l
(4)
∞ íà ïîäïðîñòðàíñòâî Y2, îïðåäåëÿåìîå ôóíêöèîíàëàìè (3).

Òîãäà ‖ π(0)α,β ‖= 1.

Äîêàçàòåëüñòâî. Íàéäåì çíà÷åíèÿ T
(0)
i (i = 1, ..., 4), ãäå

T
(0)
i =

∑4
j=1 | δij − α

(0)
i fj − β(0)

i gj | . Èìååì

T
(0)
1 =

4∑
j=1

| δ1j − α(0)
1 fj − β(0)

1 gj |=| 1− α(0)
1 | +s | α

(0)
1 | +s | β

(0)
1 | + | β

(0)
1 |,

T
(0)
2 =

4∑
j=1

| δ2j − α(0)
2 fj − β(0)

2 gj |=| α(0)
2 | + | 1− sα

(0)
2 | +s | β

(0)
2 | + | β

(0)
2 |,

T
(0)
3 =

4∑
j=1

| δ3j − α(0)
3 fj − β(0)

3 gj |=| α(0)
3 | +s | α

(0)
3 | + | 1− sβ

(0)
3 | + | β

(0)
3 |,

T
(0)
4 =

4∑
j=1

| δ4j − α(0)
4 fj − β(0)

4 gj |=| α(0)
4 | +s | α

(0)
4 | +s | β

(0)
4 | + | 1− β

(0)
4 | .

Ðàññìîòðèì äâà ñëó÷àÿ. 1) 0 < s 6 1. Ïîëîæèì α
(0)
1 = β

(0)
4 = 1, α

(0)
2 =

α
(0)
3 = α

(0)
4 = β

(0)
1 = β

(0)
2 = β

(0)
3 = 0. Ïðè ýòîì óñëîâèÿ (2) âûïîëíÿþòñÿ. Òîãäà

T
(0)
1 = s 6 1, T

(0)
2 = T

(0)
3 = 1, T

(0)
4 = s 6 1.

Ñëåäîâàòåëüíî,
‖ π(0)α,β ‖= max

16i64
T

(0)
i = 1.

2) s > 1. Â ýòîì ñëó÷àå ïîëîæèì α
(0)
2 = β

(0)
3 = 1

s , α
(0)
1 = α

(0)
3 = α

(0)
4 = β

(0)
1 =

β
(0)
2 = β

(0)
4 = 0. Óñëîâèÿ (2) âûïîëíÿþòñÿ. Òîãäà T

(0)
1 = 1, T

(0)
2 = T

(0)
3 = 1

s <

1, T
(0)
4 = 1.
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Ñëåäîâàòåëüíî,
‖ π(0)α,β ‖= max

16i64
T

(0)
i = 1.

Ëåììà 1 äîêàçàíà.

Çàìå÷àíèå. Ýòîò ðåçóëüòàò ìîæíî áûëî ïîëó÷èòü èç áîëåå îáùåé òåî-
ðåìû [3, ñ.88]. Êðîìå òîãî, èç òåîðåìû 1 [3, ñ.101] ñëåäóåò, ÷òî ðàññìîò-
ðåííûé îïåðàòîð ïðîåêòèðîâàíèÿ îáëàäàåò ñâîéñòâîì åäèíñòâåííîñòè, åñëè
s 6= 1 (s > 0).

Ëåììà 2. Çíà÷åíèå r 6 1−s
1+s , åñëè 0 < s < 1 è r 6 s−1

1+s , åñëè s > 1.

Äîêàçàòåëüñòâî. Äëÿ ïîëó÷åíèÿ îöåíêè r ñâåðõó ðàññìîòðèì îïåðàòîð
πx = x − αf(x) − βg(x). Çíà÷åíèÿ α è β îïðåäåëèì ñëåäóþùèì îáðàçîì:
0 < α1 6 1, α2 > 0, β3 = α2, β4 = α1, α4 = α3 = β1 = β2 = 0.

Âû÷èñëèì íîðìû îïåðàòîðîâ π è π − π(0).
1. 0 < s < 1. Èìååì

‖ π ‖= max
1≤i≤4

T i = max
i

4∑
j=1

| δij − αifj − βigj | . Íàéäåì çíà÷åíèÿ T i.

T 1 = 1− α1 + sα1 = 1 + (s− 1)α1 = 1 + (s− 1)(1− sα2) = s+ s(1− s)α2,

T 2 = α2 + 1− sα2 = 1 + (1− s)α2,

T 3 =| 1− sβ3 | + | β3 |=| 1− sα2 | + | α2 |= 1 + (1− s)α2,

T 4 = s | β4 | + | 1− β4 |= s | α1 | + | 1− α1 |= sα1 + 1− α1 = s+ s(1− s)α2.

Òàêèì îáðàçîì,
T 1 = T 4, T 2 = T 3, T 1 < T 2 ⇔ s + s(1 − s)α2 < 1 + (1 − s)α2 ⇔ 0 < 1 − s +
+(1− s)2 · α2 è

max
16i64

T i = T 2 = 1 + (1− s)α2.

‖ π − π(0) ‖= max
16i64

Bi = max
i

4∑
j=1

| (αi − α(0)
i )fj − (βi − β

(0)
i )gj |=

= max

{
4∑
j=1

| (α1 − 1)fj |;
4∑
j=1

| α2fj |;
4∑
j=1

| α2gj |;
4∑
j=1

| (α1 − 1)gj |

}
=

= max{(1 + s) | α1 − 1 |; (1 + s) | α2 |; (1 + s) | α2 |; (1 + s) | α1 − 1 |} =

= (1 + s) max{| α1 − 1 |; | α2 |} = (1 + s) max{s | α2 |; | α2 |} = (1 + s)α2.
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Íàéäåì äëÿ r îöåíêó ñâåðõó. Èç íåðàâåíñòâà ‖ π(0) ‖ +r · B2 6 T 2 ⇔
1 + r · (1 + s)α2 6 1 + (1− s)α2 ïîëó÷èì, ÷òî r 6 1−s

1+s . Î÷åâèäíî, ÷òî r ∈ (0, 1].

2. s > 1. Ïî-ïðåæíåìó

‖ π ‖= max
16i64

T i = max
i

4∑
j=1

| δij − αifj − βigj | . Íàéäåì çíà÷åíèÿ T i.

T 1 =| 1− α1 | +s | α1 |= 1 + (s− 1)α1,

T 2 =| α2 | + | 1− sα2 |=
1

s
| 1− α1 | + | α1 |=

1

s
(1 + (s− 1)α1) =

1

s
· T 1 < T 1,

T 3 =| 1− sβ3 | + | β3 |=| 1− sα2 | + | α2 |=
1

s
· T 1 < T 1,

T 4 = s | β4 | + | 1− β4 |= s | α1 | + | 1− α1 |= T 1.

Òàêèì îáðàçîì,
max
1≤i≤4

T i = T 1 = 1 + (s− 1)α1.

‖ π − π(0) ‖= max
16i64

Bi = max
i

4∑
j=1

| (αi − α(0)
i )fj − (βi − β

(0)
i )gj |=

= max

{
4∑
j=1

| α1fj |;
4∑
j=1

∣∣∣∣(α2 −
1

s

)
fj

∣∣∣∣ ; 4∑
j=1

∣∣∣∣(α2 −
1

s

)
gj

∣∣∣∣ ; 4∑
j=1

| α1gj |

}
=

= max

{
(1 + s) | α1 |; (1 + s)

∣∣∣∣α2 −
1

s

∣∣∣∣ ; (1 + s)

∣∣∣∣α2 −
1

s

∣∣∣∣ ; (1 + s) | α1 |
}

=

= (1 + s) max

{
| α1 |;

∣∣∣∣α2 −
1

s

∣∣∣∣} = (1 + s) max

{
| α1 |;

1

s
| α1 |

}
=

= (1 + s)α1 = B1.

Íàéäåì äëÿ r îöåíêó ñâåðõó. Èç íåðàâåíñòâà ‖ π(0) ‖ +r · B1 6 T 1 ⇔
1 + r · (1 + s)α1 6 1 + (s−1)α1 ïîëó÷èì, ÷òî r 6 s−1

1+s . Î÷åâèäíî, ÷òî r ∈ (0, 1].

Ëåììà 2 äîêàçàíà.

Òåîðåìà. Îïåðàòîð ïðîåêòèðîâàíèÿ π
(0)
α,β ïðîñòðàíñòâà l4∞ íà ïîäïðî-

ñòðàíñòâî Y2, îïðåäåëÿåìîå ôóíêöèîíàëàìè (3), ÿâëÿåòñÿ ñèëüíî åäèíñòâåí-
íûì è çíà÷åíèå êîíñòàíòû ñèëüíîé åäèíñòâåííîñòè r0 ðàâíî:

r0 =
1− s
1 + s

, åñëè 0 < s < 1 è r0 =
s− 1

1 + s
, åñëè s > 1.
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Äîêàçàòåëüñòâî. Ñðàâíèì çíà÷åíèÿ Ti. Âîñïîëüçóåìñÿ ðàâåíñòâàìè (4).

T1 = |1− |α1|+ s|α1|+ (1 + s)|β1| = s|α2|+ s|1− sα2|+ s(1 + s)|β2| =

= s(|α2|+ |1− sα2|+ (1 + s)|β2|),
T2 = |α2|+ |1−sα2|+(1+s)|β2| ⇒ T1 = sT2, T3 = (1+s)|α3|+ |1−sβ3|+ |β3|,
T4 = (1 + s)|α4|+ s|β4|+ |1− β4| = s((1 + s)|α3|+ |1− sβ3|+ |β3|) = sT3.

Åñëè 0 < s < 1, òî max
16i64

Ti = max{T2, T3}, åñëè æå s > 1, òî

max
16i64

Ti = max{T1, T4}.

1. Ïîêàæåì, ÷òî r0 = 1−s
1+s , (0 < s < 1) � ìàêñèìàëüíî âîçìîæíîå çíà÷åíèå

êîíñòàíòû ñèëüíîé åäèíñòâåííîñòè. Äëÿ ýòîãî íàäî äîêàçàòü, ÷òî íåðàâåí-
ñòâî

‖π(0)‖+ r0 · max
16i64

Bi 6 max
16i64

Ti (5)

âûïîëíÿåòñÿ ïðè ëþáûõ çíà÷åíèÿõ αi, βi.

Ñðàâíèì çíà÷åíèÿ Bi. Èìååì

B1 =
4∑
j=1

∣∣∣(α1 − α(0)
1

)
fj +

(
β1 − β(0)

1

)
gj

∣∣∣ =
4∑
j=1

|(α1 − 1)fj + β1gj| =

= (1 + s)(|α1 − 1|+ |β1|),

B2 =
4∑
j=1

∣∣∣(α2 − α(0)
2

)
fj +

(
β2 − β(0)

2

)
gj

∣∣∣ =
4∑
j=1

|α2fj + β2gj| =

= (1 + s)(|α2|+ |β2|),

B3 =
4∑
j=1

∣∣∣(α3 − α(0)
3

)
fj +

(
β3 − β(0)

3

)
gj

∣∣∣ =
4∑
j=1

|α3fj + β3gj| =

= (1 + s)(|α3|+ |β3|),

B4 =
4∑
j=1

∣∣∣(α4 − α(0)
4

)
fj +

(
β4 − β(0)

4

)
gj

∣∣∣ =
4∑
j=1

|α4fj + (β4 − 1)gj| =

= (1 + s)(|α4|+ |β4 − 1|).

Èñïîëüçóÿ ðàâåíñòâà (4), ïîëó÷èì

B1 = s(1 + s)(|α2|+ |β2|) = sB2, B4 = s(1 + s)(|α3|+ |β3|) = sB3.
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Tàê êàê 0 < s < 1, òî max
16i64

Bi = max{B2, B3}.

Íåðàâåíñòâî (5) ïåðåïèøåì â âèäå

1 + r0 ·max{B2, B3} 6 max{T2, T3} ⇔

⇔ 1 + (1− s) ·max{|α2|+ |β2|; |α3|+ |β3|} 6
6 max{|α2|+ |1− sα2|+ (1 + s)|β2|; (1 + s)|α3|+ |1− sβ3|+ |β3|}.

Ðàññìîòðèì äâà ñëó÷àÿ:

à) max
16i64

Bi = B2. Äîñòàòî÷íî äîêàçàòü íåðàâåíñòâî

1 + (1− s)(|α2|+ |β2|) 6 |α2|+ |1− sα2|+ (1 + s)|β2|.
Åãî ñïðàâåäëèâîñòü ñëåäóåò èç âûïîëíåíèÿ äâóõ íåðàâåíñòâ:

1 + (1− s)|α2| 6 |α2|+ |1− sα2| è (1− s)|β2| 6 (1 + s)|β2|,

êîòîðûå ðàâíîñèëüíû äâóì î÷åâèäíûì íåðàâåíñòâàì:

1− s|α2| 6 |1− sα2| è 1− s 6 1 + s.

á) max
16i64

Bi = B3. Äîñòàòî÷íî äîêàçàòü íåðàâåíñòâî

1 + (1− s)(|α3|+ |β3|) 6 (1 + s)|α3|+ |1− sβ3|+ |β3|.
Åãî ñïðàâåäëèâîñòü ñëåäóåò èç âûïîëíåíèÿ äâóõ íåðàâåíñòâ:

1 + (1− s)|β3| 6 |β3|+ |1− sβ3| è (1− s)|α3| 6 (1 + s)|α3|,

êîòîðûå ðàâíîñèëüíû äâóì î÷åâèäíûì íåðàâåíñòâàì:

1− s|β3| 6 |1− sβ3| è 1− s 6 1 + s.

Òàêèì îáðàçîì, ïåðâàÿ ÷àñòü òåîðåìû äîêàçàíà.

2. Ïóñòü s > 1. Òîãäà

‖π − π(0)α,β‖ = max
16i64

Bi = max
i

4∑
j=1

|(αi − α(0)
i )fj + (βi − β(0)

i )gj| =

= max

{
4∑
j=1

|α1fj + β1gj|;
4∑
j=1

∣∣∣∣(α2 −
1

s

)
fj + β2gj

∣∣∣∣ ; 4∑
j=1

∣∣∣∣α3fj +

(
β3 −

1

s

)
gj

∣∣∣∣ ;
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4∑
j=1

|α4fj + β4gj|

}
= max

{
(1 + s)(|α1|+ |β1|); (1 + s)

(∣∣∣∣α2 −
1

s

∣∣∣∣+ |β2|
)

;

(1 + s)

(
|α3|+

∣∣∣∣β3 − 1

s

∣∣∣∣) ; (1 + s)(|α4|+ |β4|)
}

= (1 + s) ·max{|α1|+ |β1|;∣∣∣∣α2 −
1

s

∣∣∣∣+ |β2|; |α3|+
∣∣∣∣β3 − 1

s

∣∣∣∣ ; |α4|+ |β4|
}

= (1 + s) ·max{|α1|+ |β1|;

1

s
(|α1|+ |β1|);

1

s
(|α4|+ |β4|); |α4|+ |β4|

}
= (1+s) ·max{|α1|+ |β1|; |α4|+ |β4|}.

Íåðàâåíñòâî (5) ïåðåïèøåì â âèäå

1+r0 ·max{B1, B4} 6 max{T1, T4} ⇔ 1+(s−1) ·max{|α1|+ |β1|; |α4|+ |β4|} 6

6 max{|1− α1|+ s|α1|+ (1 + s)|β1|; (1 + s)|α4|+ s|β4|+ |1− β4|}.

Ðàññìîòðèì äâà ñëó÷àÿ:

à) max
16i64

Bi = B1. Äîñòàòî÷íî äîêàçàòü íåðàâåíñòâî

1 + (s− 1)(|α1|+ |β1|) 6 |1− α1|+ s|α1|+ (1 + s)|β1|.
Åãî ñïðàâåäëèâîñòü ñëåäóåò èç âûïîëíåíèÿ äâóõ íåðàâåíñòâ:

1 + (s− 1)|α1| 6 |1− α1|+ s|α1| è (s− 1)|β1| 6 (1 + s)|β1|,

êîòîðûå ðàâíîñèëüíû äâóì î÷åâèäíûì íåðàâåíñòâàì:

1− |α1| 6 |1− α1| è s− 1 6 1 + s.

á) max
16i64

Bi = B4. Äîñòàòî÷íî äîêàçàòü íåðàâåíñòâî

1 + (s− 1)(|α4|+ |β4|) 6 (1 + s)|α4|+ s|β4|+ |1− β4|.
Åãî ñïðàâåäëèâîñòü ñëåäóåò èç âûïîëíåíèÿ äâóõ íåðàâåíñòâ:

1 + (s− 1)|β4| 6 s|β4|+ |1− β4| è (s− 1)|α4| 6 (1 + s)|α4|,

êîòîðûå ðàâíîñèëüíû äâóì î÷åâèäíûì íåðàâåíñòâàì:

1− |β4| 6 |1− β4| è s− 1 6 1 + s.

Òåîðåìà äîêàçàíà.
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II. Îïåðàòîðû ïðîåêòèðîâàíèÿ ïî ñèñòåìå Óîëøà

â ïðîñòðàíñòâå L1

1. Íååäèíñòâåííîñòü îïåðàòîðà F5 : X8 → X5

×àñòíûå ñóììû ðÿäà Ôóðüå-Óîëøà Fn èìåþò ìèíèìàëüíûå íîðìû ñðåäè
âñåõ îïåðàòîðîâ ïðîåêòèðîâàíèÿ πn : X → Xn, ãäå X � ïðîñòðàíñòâî M âñåõ
îãðàíè÷åííûõ íà [0; 1] ôóíêöèé èëè ïðîñòðàíñòâî L1 âñåõ ñóììèðóåìûõ íà
[0; 1] ôóíêöèé [3, ãëàâà 12, §2].
Óîëø [2] ïîêàçàë, ÷òî íîðìà îïåðàòîðà Fn äîñòèãàåòñÿ íà ìíîæåñòâå X2s (s =
0, 1, . . . ; n 6 2s). Ïóñòü

L(s)
n = sup

P∈X2s, ‖P‖=1

‖Fn(P )‖,

òîãäà

L
(s)
1 = L

(s)
2s = 1, L(s−1)

n = L
(s)
2n , L

(s+1)
2n+1 = 0, 5

(
L
(s+1)
2n + L

(s+1)
2n+2

)
+ 0, 5 =

= 0, 5
(
L(s)
n + L

(s)
n+1

)
+ 0, 5,

‖Fn‖ = L(s)
n [2].

Ëåãêî ïðîâåðèòü, ÷òî ‖F5‖ = 7
4 , ‖F6‖ = 3

2 . Êðàéíèìè òî÷êàìè åäèíè÷íîé
ñôåðû ïðîñòðàíñòâà X8 â èíòåãðàëüíîé ìåòðèêå ÿâëÿþòñÿ ýëåìåíòû ±v(j) =∑8

i=1 aijwi−1 (j = 1, 8). Äåéñòâèòåëüíî, ïóñòü xm ∈
(
m−1
8 , m8

)
, (m = 1, 8).

Òîãäà

v(j)(xm) =
8∑
i=1

aijaim =

{
8, j = m

0, j 6= m,
‖v(j)‖L1

=

∫ 1

0

|v(j)(x)|dx =

=
8∑

m=1

2−3|v(j)(xm)| = 1,

ïîýòîìó ëþáîé ïîëèíîì P ∈ X8 ñ åäèíè÷íîé íîðìîé ìîæåò áûòü ïðåäñòàâëåí
â âèäå âûïóêëîé ëèíåéíîé êîìáèíàöèè ýëåìåíòîâ ±v(j). Âñåãî åäèíè÷íàÿ
ñôåðà ïðîñòðàíñòâà X8 ñîäåðæèò 16 êðàéíèõ òî÷åê (â ìåòðèêå L1).
Òàê êàê

‖F6(v
(j))‖ =

∫ 1

0

∣∣∣∣∣
6∑
j=1

aijwi−1

∣∣∣∣∣ dx =
8∑

m=1

2−3

∣∣∣∣∣
6∑
i=1

aijaim

∣∣∣∣∣ =
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= 2−3

∑
m6=j

∣∣∣∣∣
6∑
i=1

aijaim

∣∣∣∣∣+

∣∣∣∣∣
6∑
i=1

a2ij

∣∣∣∣∣
 = 2−3(6 + 6) =

3

2
= ‖F6‖, (j = 1, 8),

òî âñå êðàéíèå òî÷êè ±v(j) ÿâëÿþòñÿ ýêñòðåìàëüíûìè äëÿ îïåðàòîðà F6. Ýëå-
ìåíòû ±v(j) ýêñòðåìàëüíûå è äëÿ îïåðàòîðà F5 : X8 → X5, ò.å. ‖F5(v

(j))‖ =
7
4 = ‖F5‖, (j = 1, 8).

Îïåðàòîð π̄5 îïðåäåëèì ñëåäóþùèì îáðàçîì:

π̄5(wi−1) = wi−1, i = 1, 5, π̄5(w6) = 0, π̄5(w7) = π̄5(w8) = ε(w0 − w1),

0 < |ε| < 1

4
.

π̄5(v
(j)) =

5∑
i=1

aijwi−1 + ε(w0 − w1)(a7j + a8j) =

=

{ ∑5
i=1 aijwi−1 + 2ε(w0 − w1)a8j, j = 1, 4,∑5

i=1 aijwi−1, j = 5, 8.

Åñëè j = 5, 8, òî

‖π̄5(v(j))‖ =

∫ 1

0

∣∣∣∣∣
5∑
i=1

aijwi−1

∣∣∣∣∣ dx =
8∑

m=1

2−3

∣∣∣∣∣
5∑
i=1

aijaim

∣∣∣∣∣ = ‖F5(v
(j))‖.

Ïóñòü j = 1.

π̄5(v
(1)) =

5∑
i=1

ai1wi−1 + 2ε(w0 − w1), π̄5(v
(1), xm) =

5∑
i=1

aim + 2ε(a1m − a2m) =

=

{ ∑5
i=1 aim, m = 1, 4,∑5

i=1 aim + 4ε, m = 5, 8.

‖π̄5(v(1))‖ = 2−3
8∑

m=1

‖π̄5(v(1);xm)‖ =

= 2−3

(
4∑

m=1

∣∣∣∣∣
5∑
i=1

aim

∣∣∣∣∣+
8∑

m=5

∣∣∣∣∣
5∑
i=1

aim + 4ε

∣∣∣∣∣
)

=

= 2−3(5 + 3 + 1 + 1 + |1 + 4ε|+ | − 1 + 4ε|+ |1 + 4ε|+ | − 1 + 4ε|) =
7

4
.
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Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî ‖π̄5(v(j))‖ = 7
4 , j = 2, 3, 4. Òàêèì îáðàçîì,

‖π̄5‖ = ‖F5‖ è íååäèíñòâåííîñòü ìèíèìàëüíîé ïðîåêöèè π5 : X8 → X5 äîêà-
çàíà.

2. Cèëüíàÿ åäèíñòâåííîñòü îïåðàòîðà F6 : X8 → X6

Â ïðîñòðàíñòâå L1 ñâîéñòâîì åäèíñòâåííîñòè îïåðàòîð Fn îáëàäàåò
òîëüêî ïðè n = 2s, (s = 0, 1, 2, . . .) [3, ãëàâà 13, §2]. Åñëè ðàññìàòðè-
âàòü îïåðàòîðû πn íå íà âñ¼ì ïðîñòðàíñòâå X, à íà ïîäïðîñòðàíñòâå
X2s (πn : X2s → Xn, n 6 2s) , òî äëÿ íåêîòîðûõ n îïåðàòîð Fn îáëàäàåò íå
òîëüêî ñâîéñòâîì åäèíñòâåííîñòè, íî è ñâîéñòâîì ñèëüíîé åäèíñòâåííîñòè.

Îïðåäåëåíèå. Îïåðàòîð ïðîåêòèðîâàíèÿ π
(0)
n : Y → X íàçûâàåòñÿ ñèëü-

íî åäèíñòâåííûì, åñëè ñóùåñòâóåò äåéñòâèòåëüíîå ÷èñëî r(0 < r 6 1) òàêîå,
÷òî äëÿ ëþáîãî îïåðàòîðà πn : Y → X âûïîëíÿåòñÿ íåðàâåíñòâî

‖π(0)n ‖+ r‖πn − π(0)n ‖ 6 ‖πn‖. (1)

Î÷åâèäíî, ÷òî ñèëüíî åäèíñòâåííûé îïåðàòîð îáëàäàåò ñâîéñòâîì ìèíè-
ìàëüíîñòè è
åäèíñòâåííîñòè. Â ñëó÷àå ïðîåêòèðîâàíèÿ íà ãèïåðïëîñêîñòü F2s−1 : X2s →
X2s−1 ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå [3, ãëàâà 13, §3].

Óòâåðæäåíèå. Îïåðàòîð F2s−1 : X2s → X2s−1 ÿâëÿåòñÿ ñèëüíî åäèí-
ñòâåííûì. Ìàêñèìàëüíîå çíà÷åíèå êîíñòàíò ñèëüíîé åäèíñòâåííîñòè r0 â ïðî-
ñòðàíñòâàõ L1 è M ðàâíû ñîîòâåòñòâåííî

1

2s − 1
è

2s−1 − 1

2s−1(2s − 1)
(s = 1, 2, ...).

Òåîðåìà. Îïåðàòîð F6 : X8 → X6 ÿâëÿåòñÿ ñèëüíî åäèíñòâåííûì è ìàê-
ñèìàëüíîå çíà÷åíèå êîíñòàíòû r = r0 â íåðàâåíñòâå

‖F6‖+ r0‖π6 − F6‖ 6 ‖π6‖ (2)

ðàâíî 1
3 .

Äîêàæåì íåñêîëüêî ëåìì.

Ëåììà 1.

‖π6‖ = 2−3 max
16j68

8∑
m=1

∣∣∣∣∣
6∑
i=1

aijaim + cjm

∣∣∣∣∣ , (3)
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ãäå cjm =
∑8

i=7 aij
∑6

l=1 γlialm, γli ∈ R.
Äîêàçàòåëüñòâî. Îïåðàòîð π6 : X8 → X6 èìååò ñëåäóþùèé âèä:

π6(wi−1) =

{
wi−1, (i = 1, 6),∑6

l=1 γliwl−1, (i = 7, 8),

π6(v
(j)) =

6∑
i=1

aijwi−1 +
8∑
i=7

aij

6∑
l=1

γliwl−1.

Òîãäà

‖π6‖ = max
1≤j≤8

‖π6(v(j))‖ = 2−3 max
16j68

8∑
m=1

∣∣∣∣∣
6∑
i=1

aijaim + cjm

∣∣∣∣∣ .
Ëåììà 2.

‖π6 − F6‖ = 2−3 max
16j68

8∑
m=1

‖cjm‖. (4)

Äîêàçàòåëüñòâî. Îïåðàòîð F6 : X8 → X6 èìååò ñëåäóþùèé âèä:

F6(wi−1) =

{
wi−1, i = 1, 6,

0, i = 7, 8,

F6(v
(j)) =

∑6
i=1 aijwi−1. Òîãäà

‖π6 − F6‖ = max
16j68

‖(π6 − F6)(v
(j))‖ = 2−3 max

16j68

8∑
m=1

|cjm|.

Ëåììà 3. r0 6 1
3 .

Äîêàçàòåëüñòâî. Îïåðàòîð π̃6 îïðåäåëèì ñëåäóþùèì îáðàçîì. Ïîëî-
æèì γli = −0, 5hal4,
0 < h < 1, l = 1, 6, i = 7, 8. Âû÷èñëèì íîðìû îïåðàòîðîâ ‖π̃6‖ è ‖π̃6 − F6‖.

‖π̃6‖ = max
16j68

‖π̃6(v(j))‖ = 2−3 max
16j68

8∑
m=1

∣∣∣∣∣
6∑
i=1

aijaim − 0, 5h
8∑
i=7

aij

6∑
l=1

al4alm

∣∣∣∣∣ .
Â çàâèñèìîñòè îò m ñóììà

∑6
l=1 al4alm ïðèíèìàåò ñëåäóþùèå çíà÷åíèÿ:

1) 1 6 m 6 3,
6∑
l=1

al4alm = −2a8m, 2) m = 4,
6∑
l=1

a2l4 = 6, 3) 5 6 m 6 8,
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6∑
l=1

al4alm = 0.

Èìååì

‖π̃6‖ = 2−3 max
16j68

(
3∑

m=1

∣∣∣∣∣
6∑
i=1

aijaim + ha8m

8∑
i=7

aij

∣∣∣∣∣+

∣∣∣∣∣
6∑
i=1

aijai4 − 3h
8∑
i=7

aij

∣∣∣∣∣+
+

8∑
m=5

∣∣∣∣∣
6∑
i=1

aijaim

∣∣∣∣∣
)

= 2−3 max
16j68

Dj = 2−3 max

{
max
16j63

Dj; D4; max
56l68

Dj

}
,

ãäå

Dj =
3∑

m=1

∣∣∣∣∣
6∑
i=1

aijaim + ha8m

8∑
i=7

aij

∣∣∣∣∣+
∣∣∣∣∣

6∑
i=1

aijai4 − 3h
8∑
i=7

aij

∣∣∣∣∣+
8∑

m=5

∣∣∣∣∣
6∑
i=1

aijaim

∣∣∣∣∣ .
Êàæäûé ñëó÷àé ðàññìîòðèì îòäåëüíî. Çàìåòèì, ÷òî

8∑
m=5

∣∣∣∣∣
6∑
i=1

aijaim

∣∣∣∣∣ = 0 ïðè 1 6 j 6 4.

1) 1 6 j 6 3. Dj =
3∑

m=1

∣∣∣∣∣
8∑
i=1

aijaim −
8∑
i=7

aijaim + ha8m

8∑
i=7

aij

∣∣∣∣∣+
+

∣∣∣∣∣
8∑
i=1

aijai4 −
8∑
i=7

aijai4 − 3h
8∑
i=7

aij

∣∣∣∣∣ =

=
3∑

m=1, m6=j

∣∣∣∣∣
8∑
i=1

aijaim −
8∑
i=7

aijaim + ha8m

8∑
i=7

aij

∣∣∣∣∣+
+

∣∣∣∣∣
8∑
i=1

a2ij −
8∑
i=7

a2ij + ha8j

8∑
i=7

aij

∣∣∣∣∣+

∣∣∣∣∣
8∑
i=7

aijai4 + 3h
8∑
i=7

aij

∣∣∣∣∣ =

=
3∑

m=1, m6=j

∣∣∣∣∣−
8∑
i=7

aijaim + 2ha8ma8j

∣∣∣∣∣+ |6 + 2ha28j|+ |2a8j + 6ha8j| =

=
3∑

m=1,m6=j

| − 2a8ma8j + 2ha8ma8j|+ |6 + 2h| = 4(1− h) + 8 + 8h = 12 + 4h.

Ýëåêòðîííûé æóðíàë. http://www.math.spbu.ru/di�journal 47



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 1, 2018

2) j = 4. D4 =
3∑

m=1

∣∣∣∣∣
6∑
i=1

ai4aim + ha8m

8∑
i=7

ai4

∣∣∣∣∣+

∣∣∣∣∣
6∑
i=1

a2i4 − 3h
8∑
i=7

ai4

∣∣∣∣∣ =

=
3∑

m=1

∣∣∣∣∣−
8∑
i=7

ai4aim + 2ha8m

∣∣∣∣∣+ |6− 6h| =
3∑

m=1

| − 2a8m + 2ha8m|+ |6− 6h| =

= 12− 12h.

3) 5 6 j 6 8. Òàê êàê â ýòîì ñëó÷àå
8∑
i=7

aij = 0, òî Dj =
4∑

m=1

∣∣∣∣∣
6∑
i=1

aijaim

∣∣∣∣∣+
+

8∑
m=5

∣∣∣∣∣
6∑
i=1

aijaim

∣∣∣∣∣ =
8∑

m=5

∣∣∣∣∣
6∑
i=1

aijaim

∣∣∣∣∣ =
8∑

m=5,m6=j

∣∣∣∣∣
6∑
i=1

aijaim

∣∣∣∣∣+

∣∣∣∣∣
6∑
i=1

a2ij

∣∣∣∣∣ =

= 3 · 2 + 6 = 12.

Ñëåäîâàòåëüíî,

‖π̃6‖ = 2−3 max{12 + 4h, 12− 12h, 12} = 2−3(12 + 4h).

Íàéä¼ì òåïåðü íîðìó îïåðàòîðà ‖π̃6 − F6‖.

‖π̃6 − F6‖ = max
16j68

8∑
m=1

∣∣∣∣∣0, 5h
8∑
i=7

aij

6∑
l=1

al4alm

∣∣∣∣∣ = 2−4h×

× max
16j68

(
3∑

m=1

∣∣∣∣∣
8∑
i=7

aij

6∑
l=1

al4alm

∣∣∣∣∣+

∣∣∣∣∣
8∑
i=7

aij

6∑
l=1

a2l4

∣∣∣∣∣+
8∑

m=5

∣∣∣∣∣
8∑
i=7

aij

6∑
l=1

al4alm

∣∣∣∣∣
)

=

= 2−4h max
16j68

(
2

3∑
m=1

∣∣∣∣∣
8∑
i=7

aija8m

∣∣∣∣∣+ 6

∣∣∣∣∣
8∑
i=7

aij

∣∣∣∣∣
)

= 2−3h max
16j68

∣∣∣∣∣6
8∑
i=7

aij

∣∣∣∣∣ =
3h

2
.

Ïîäñòàâèì íàéäåííûå çíà÷åíèÿ ‖π̃6‖ è ‖π̃6−F6‖ â íåðàâåíñòâî (2). Èìååì

3

2
+ r · 3h

2
6

3

2
+
h

2
⇔ 3r 6 1, îòêóäà r 6

1

3
.

Ëåììà 3 äîêàçàíà.

Äîêàæåì òåïåðü, ÷òî äëÿ ïðîèçâîëüíîãî îïåðàòîðà ïðîåêòèðîâàíèÿ π6 :
X8 → X6 ñïðàâåäëèâî íåðàâåíñòâî

‖F6‖+
1

3
‖π6 − F6‖ 6 ‖π6‖ (5)
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èëè, èñïîëüçóÿ (3) è (4),

3

2
+

1

3
· 1

8
max
16j68

8∑
m=1

|cjm| 6
1

8
max
16j68

8∑
m=1

∣∣∣∣∣
6∑
i=1

aijaim + cjm

∣∣∣∣∣ . (6)

Åñëè cjm = 0 äëÿ ëþáûõ j,m = 1, 8, òî (6) âûïîëíåíî. Ïóñòü òåïåðü íå
âñå cjm ðàâíû íóëþ.

Òàê êàê

max
16j68

8∑
m=1

|cjm| = max

{
max
16j64

8∑
m=1

|cjm|; max
56j68

8∑
m=1

|cjm|

}
,

à
8∑

m=1

|cjm| =
8∑

m=1

∣∣∣∣∣
8∑
i=7

aij

6∑
l=1

γlialm

∣∣∣∣∣ =
8∑

m=1

∣∣∣∣∣a7j
6∑
l=1

γl7alm + a8j

6∑
l=1

γl8alm

∣∣∣∣∣ ,
òî ïðè 1 6 j 6 4 èìååì

a7j = a8j è
8∑

m=1

|cjm| =
8∑

m=1

∣∣∣∣∣a8j
6∑
l=1

(γl7 + γl8)alm

∣∣∣∣∣ =

=
8∑

m=1

∣∣∣∣∣
6∑
l=1

(γl7 + γl8)alm

∣∣∣∣∣ .
Åñëè æå 5 6 j 6 8, òî a7j = −a8j è

8∑
m=1

|cjm| =
8∑

m=1

∣∣∣∣∣a8j
6∑
l=1

(−γl7 + γl8)alm

∣∣∣∣∣ =

=
8∑

m=1

∣∣∣∣∣
6∑
l=1

(−γl7 + γl8)alm

∣∣∣∣∣ .
Òàêèì îáðàçîì,

max
16j68

8∑
m=1

|cjm| = max

{
8∑

m=1

∣∣∣∣∣
6∑
l=1

(γl7 + γl8)alm

∣∣∣∣∣ ;
8∑

m=1

∣∣∣∣∣
6∑
l=1

(−γl7 + γl8)alm

∣∣∣∣∣
}
.

Ïóñòü äëÿ îïðåäåë¼ííîñòè

max
16j68

8∑
m=1

|cjm| =
8∑

m=1

∣∣∣∣∣
6∑
l=1

(γl7 + γl8)alm

∣∣∣∣∣ .
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Äëÿ äîêàçàòåëüñòâà íåðàâåíñòâà (6) äîñòàòî÷íî äîêàçàòü, ÷òî

3

2
+

1

3
· 1

8

8∑
m=1

∣∣∣∣∣
6∑
l=1

(γl7 + γl8)alm

∣∣∣∣∣ 6 1

8
max
16j64

8∑
m=1

∣∣∣∣∣
6∑
i=1

aijaim + cjm

∣∣∣∣∣ . (7)

Ïðàâóþ ÷àñòü íåðàâåíñòâà (7) îöåíèì ñíèçó. Âîñïîëüçóåìñÿ î÷åâèäíûìè
ñîîòíîøåíèÿìè:

1) 1 6 m 6 4, m 6= j,
6∑
i=1

aijaim =
8∑
i=1

aijaim −
8∑
i=7

aijaim = −2a8ja8m.

2) m = j,
6∑
i=1

a2jj = 6.

3) 5 6 m 6 8,
6∑
i=1

aijaim = 0.

Èìååì

1

8
max
16j64

8∑
m=1

∣∣∣∣∣
6∑
i=1

aijaim + cjm

∣∣∣∣∣ =
1

8
max
16j64

 4∑
m=1,m6=j

| − 2a8ja8m + cjm|+ |6 + cjj|+

+
8∑

m=5

|cjm|

)
=

1

8
max
16j64

 4∑
m=1,m6=j

|2− a8ja8mcjm|+ |6 + cjj|+
8∑

m=5

|cjm|

 >

>
1

8
max
16j64

6−
4∑

m=1,m6=j

a8ja8mcjm + 6 + cjj +
8∑

m=5

|cjm|

 =

=
1

8
max
16j64

(
12−

4∑
m=1

a8ja8mcjm + 2cjj +
8∑

m=5

|cjm|

)
.

Òàê êàê

4∑
m=1

a8ja8mcjm = a8j

4∑
m=1

a8m

8∑
i=7

aij

6∑
l=1

γlialm = a8j

8∑
i=7

aij

6∑
l=1

γli

4∑
m=1

a8malm = 0,

òî
1

8
max
16j64

8∑
m=1

∣∣∣∣∣
6∑
i=1

aijaim + cjm

∣∣∣∣∣ > 1

8
max
16j64

(
12 + 2cjj +

8∑
m=5

|cjm|

)
=
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=
3

2
+

1

8
max
16j64

(
2cjj +

8∑
m=5

|cjm|

)
=

=
3

2
+

1

8
max
16j64

(
2cjj +

8∑
m=5

∣∣∣∣∣
6∑
l=1

(γl7 + γl8)alm

∣∣∣∣∣
)

=

=
3

2
+

1

4
max
16j64

cjj +
1

8

8∑
m=5

∣∣∣∣∣
6∑
l=1

(γl7 + γl8)alm

∣∣∣∣∣ .
Ïîñëå óïðîùåíèÿ íåðàâåíñòâî (7) ïðèìåò âèä

3

2
+

1

3
· 1

8

8∑
m=1

∣∣∣∣∣
6∑
l=1

(γl7 + γl8)alm

∣∣∣∣∣ 6 3

2
+

1

4
max
16j64

cjj +
1

8

8∑
m=5

∣∣∣∣∣
6∑
l=1

(γl7 + γl8)alm

∣∣∣∣∣⇔
⇔

4∑
m=1

∣∣∣∣∣
6∑
l=1

(γl7 + γl8)alm

∣∣∣∣∣ 6 6 max
16j64

cjj + 2
8∑

m=5

∣∣∣∣∣
6∑
l=1

(γl7 + γl8)alm

∣∣∣∣∣ . (8)

Óìåíüøèì ïðàâóþ ÷àñòü íåðàâåíñòâà (8). Äîêàæåì íåðàâåíñòâî

4∑
m=1

∣∣∣∣∣
6∑
l=1

(γl7 + γl8)alm

∣∣∣∣∣ 6 6 max
16j64

cjj. (9)

Ïðåîáðàçóåì îáå ÷àñòè íåðàâåíñòâà (9).

4∑
m=1

∣∣∣∣∣
6∑
l=1

(γl7 + γl8)alm

∣∣∣∣∣ =
4∑

m=1

∣∣∣∣∣
6∑
l=1

tlalm

∣∣∣∣∣ = |t1 + t2 + t3 + t4 + t5 + t6|+

+|t1+t2+t3+t4−t5−t6|+|t1+t2−t3−t4+t5+t6|+|t1+t2−t3−t4−t5−t6| =
= |d1 + d2 + d3|+ |d1|+ |d2|+ |d3|, ãäå tl = γl7 + γl8 (l = 1, 6),

d1 = t1 + t2 + t3 + t4 − t5 − t6, d2 = t1 + t2 − t3 − t4 + t5 + t6, d3 =
−t1 − t2 + t3 + t4 + t5 +−t6.

c11 =
∑8

i=7 ai1
∑6

l=1 γlial1 =
∑6

l=1 tlal1 = d1 + d2 + d3,

c22 =
∑8

i=7 ai2
∑6

l=1 γlial2 = −
∑6

l=1 tlal2 = −(t1+t2+t3+t4−t5−t6) = −d1,
c33 =

∑8
i=7 ai3

∑6
l=1 γlial3 = −

∑6
l=1 tlal3 = −(t1+t2−t3−t4+t5+t6) = −d2,

c44 =
∑8

i=7 ai4
∑6

l=1 γlial4 =
∑6

l=1 tlal4 = (t1 + t2 − t3 − t4 − t5 − t6) = −d3.
Ïîñëå ïðåîáðàçîâàíèé íåðàâåíñòâî (9) ïðèìåò âèä

|d1 + d2 + d3|+ |d1|+ |d2|+ |d3| 6
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6 6 ·max {d1 + d2 + d3, −d1, −d2, −d3} = K. (10)

Äîêàæåì åãî. Â ñèëó ñèììåòðèèè áåç óìåíüøåíèÿ îáùíîñòè áóäåì ñ÷è-
òàòü, ÷òî |d1| > |d2| > |d3|. Ðàññìîòðèì íåñêîëüêî ñëó÷àåâ.

1. d1 ≤ 0. |d1 + d2 + d3|+ |d1|+ |d2|+ |d3| 6 6|d1| 6 K.

2. d1 > 0, d2 > 0. Î÷åâèäíî, ÷òî d2 + d3 > 0, ïîýòîìó d1 + d2 + d3 > d1 è
K > 6(d1 + d2 + d3) > 6d1 > |d1 + d2 + d3|+ |d1|+ |d2|+ |d3|.

3. d1 > 0, d2 < 0, d3 > 0, max {d1 + d2 + d3, −d2} = d1 + d2 + d3.
Äîêàæåì, ÷òî 6(d1+d2+d3) > |d1+d2+d3|+|d1|+|d2|+|d3| ⇔ 5(d1+d2+d3) >
d1 − d2 + d3 ⇔ 2d1 + 3d2 + 2d3 > 0. Ïî óñëîâèþ d1 + d2 + d3 > −d2 ⇔
d1 + 2d2 + d3 > 0 è d1 + d2 + d3 > 0. Ñëîæèâ ýòè äâà íåðàâåíñòâà, ïîëó÷èì
òðåáóåìîå íåðàâåíñòâî 2d1 + 3d2 + 2d3 > 0.

4. d1 > 0, d2 < 0, d3 > 0, max {d1 + d2 + d3, −d2} = −d2. Òðåáóåòñÿ
äîêàçàòü, ÷òî −6d2 > d1 + d2 + d3 + d1 − d2 + d3 ⇔ d1 + 3d2 + d3 6 0. Ïî
óñëîâèþ d1+d2+d3 < −d2 ⇔ d1+2d2+d3 < 0. Òîãäà è ïîäàâíî d1+3d2+d3 6 0.

5. d1 > 0, d2 < 0, d3 < 0, max {d1 + d2 + d3, −d2} = d1 + d2 + d3.
Òðåáóåòñÿ äîêàçàòü, ÷òî 6(d1 + d2 + d3) > d1 + d2 + d3 + d1 − d2 − d3 ⇔
2d1 + 3d2 + 3d3 > 0. Ïî óñëîâèþ d1 + 2d2 + d3 > 0 è −d2 + d3 > 0. Òîãäà
2d1 + 3d2 + 3d3 = (2d1 + 4d2 + 2d3) + (−d2 + d3) > 0.

6. d1 > 0, d2 < 0, d3 < 0, max {d1 + d2 + d3, −d2} = −d2, d1+d2+d3 > 0.
Òðåáóåòñÿ äîêàçàòü, ÷òî −6d2 > d1 + d2 + d3 + d1 − d2 − d3 ⇔ d1 + 3d2 6 0.
Ïî óñëîâèþ d1 + 2d2 + d3 > 0 è d2− d3 6 0. Òîãäà d1 + 3d2 = (d1 + 2d2 + d3) +
(d2 − d3) 6 0.

7. d1 > 0, d2 < 0, d3 < 0, max {d1 + d2 + d3, −d2} = −d2, d1+d2+d3 6 0.
Òðåáóåòñÿ äîêàçàòü, ÷òî −6d2 > −d1 − d2 − d3 + d1 − d2 + d3 ⇔ 2d2 − d3 6 0.
Ïîñëåäíåå íåðàâåíñòâî î÷åâèäíî.

Íåðàâåíñòâî (10), à âìåñòå ñ íèì è òåîðåìà, äîêàçàíû.
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