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Abstract

In this paper we give sufficient conditions for the asymptotic stability and uniform
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1 Introduction

In this paper we investigate the asymptotic stability of the zero solution of the
delays differential equations

(a(®)(p)"(X))") + a()x"(t) + b(t)'(t) + c(t) f(z(t — 7)) =0, (1.1)
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and

(a(®) ()" (t))") + a()2"(t) + b(t)2'(t) + c(t) f(x(t — 7)) = R(t).  (1.2)

Where a(t),b(t), c(t), p(t),q(t), R(t), and f(z) are real valued functions contin-
uous in their respective argument, f(0 ) 0.

In recent years, the asymptotic stability and boundedness of solutions of
non-autonomous delay differential equation of the third order have been stud-
ied by a variety of authors, and we mention only a sampling of such papers
[1-13] and other references therein.

Omeike, in 2009 [4], considered the following nonlinear differentiable of
third order, with a constant deviating argument r ensure the stability and the
boundedness of system

2" +a(t)x” +b(t)x" + c(t) f(x(t — 1)) = R(¢). (1.3)

He discussed the stability and boundedness of solutions of this equation when
R(t) =0 and R(t) # 0.

Our objective in this paper is to show that Omeike results obtained in [3, 4]
do hold equally well in the case of the more general third order nonlinear delay
differential equation (1.1). Thus, our theorems contain the results of Omeike
3, 4] as special case (p(t) = q(t) = 1).

We shall use appropriate Lyapounov function and impose suitable condi-
tions on the functions p, q and f.

2 Preliminaries

First, we will give the preliminary definitions and the stability criteria for the
general non-autonomous delay differential system. We consider

= f(t,z), zp=2a(t+0), —r<0<0, t>0, (2.1)

Where f: I x Cy — R" is a continuous mapping, f(¢,0) = 0, and we suppose
that f takes closed bounded sets into bounded sets of R". Here (C,||.||) is the
Banach space of continuous function ¢ : [—r,0] — R" with supremum norm,
r > 0; Cp is the open H-ball in C; Cy :={¢ € (C[—r,0], R") : ||o|| < H}.
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Definition 2.1 [12] A function z(to, ¢) is said to be a solution of the system
(2.1) with the initial condition ¢ € Cy att = ty,tg > 0, if there is a constant
A > 0 such that x(ty,d) is a function from [ty — r,to + A] into R™ with the
properties:

1. $(t,t0,¢) €Oy forty <t<ty+ A,

2. th<t, ¢> - ¢;
3. x(t, @) satisfies (2.1) forty <t <ty+ A.

Standard existence theory, see Burton [1], shows that if ¢ € Cy and ¢ > 0,
then there is at least one continuous solution x(¢, ty, ¢) such that on [tg, tg + «)
satisfying Equation (2.1) for ¢ > tg, 24(t,¢) = ¢ and « is a positive constant.If
there is a closed subset B C Cy such that the solution remains in B, then a =
oo. Further, the symbol |.| will denote the norm in R” with |z| = maxj<;<, |z|.

Definition 2.2 A set ) C Cy is an invariant set if for any ¢ € Q, the solution
of (2.1), x(t,0,9), is defined on [0,00) and z:(p) € Q fort € [0, 00).

Lemma 2.3 If ¢ € Cyis such that the solution x:(¢) of (1,3) with xo(¢) = ¢
is defined on [0,00) and ||z(¢)|| < Hy < H fort € [0,00), then Q(¢) is a
non-empty, compact, invariant set and

dist(xi(¢), Up)) — 0 as t — oo.

Lemma 2.4 let V(t,¢): I x Cy — R be a continuous functional satisfying a
local Lipschitz condition.V (t,0) = 0, and such that:

(z) Wi(le(0)]) <V (t,¢) < Wa(|[¢l]) where Wi(r), Wa(r) are wedges.

(1) Vit ¢) <0, for ¢ <Cp.

Then the zero solution of (2.1) is uniformly stable.

If Z={¢€Cpq: ‘./(271)(15, ®) = 0}, then the zero solution of (2.1) is asymptoti-
cally stable, provided that the largest invariant set in Z is QQ = {0}.

3 Assumptions and main results

We shall state here some assumptions which will be used on the functions that
appeared in equation (1.1):
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i) p(t) and ¢(t) are positives and continuously differentiable functions on
[0, +00[, and f(z) is continuously differentiable for = € R,

i) O<m<plt) <M, 0<m<q(t) <M,

iii) =L <p/(t) <0, -L<q(t) <0,andp’(t) >0, t >0,
iv) f(0)=0,0<6 < @ with x £ 0 and |f'(x)| < 4y,

v) 0<ag<a(t)<a, t>0,

vi) 0<n<c(t)<blt)<N,—N<Ut) <) <0, t>0,
vii) (p(t)e(t))” < (q(t)e(t))" <0, = 0.

To simplify the notation in what follows, we let

Ay = 20 gy MR — a0 ()

~ p(t)g(t) p(t) ’
aM [2a1p(t) — asp(t)p'(t) ,
D(t) = — t)| >0
( ) 2 pg(t> (lgc( ) = Y
1 N L
where ay = ——a; + 2n(1 — aM¥d;) + N, and a3 = — + al—.
alM nm  nm?2

Theorem 3.1 Suppose that the assumptions (i)-(vii) hold. Then every solution
of (1.1) is uniformly asymptotically stable, provided that there exists o satisfying
M

. <a< R such that
1
5@'(25) < dy <n(l—aMd),
and o )
. Comn C3
<
r i e ) an N
1 1
where ¢y = i n(1 —aMd) —dy] >0, and c3 = M(% —1)>0.
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Proof: We write the equation (1.1) as the following equivalent system:

:C/ — L
p(t)”
o L, (3.1)
O '
: b y(s)
J = =AWz = By = o) (@) +olt) [ L7 o)
t—r
and denote 6(t fo ds We can see that since p(t) and ¢(t) are continuous
bounded functlons then (9 fo s)ds < oo; for all t > 0. Indeed,

[ oo - @M/o [a;fi'f; g ~ 370

t / /
—p'(s),, P'(s) aasM  aasMN
< M _
< aq« /0( 2 )( p(s))ds—i— 5 + :

aoML  «aasM  aasMN
+ +

< w < 0.
2m

We define the Lyapounov functional W (t, z,y, z) as

o(t
W(tvxtaytazt) = eXp(_%)V(tu'xtayhzt)) (32)

where
2

Vit ooy ) = pte(®F(x) +aq®)BOS +aqt)e®f @)y (3.3)

+ ;{ E;y + az +2yz}+)\/_r/+s €)déds,

such that F(x fo u)du, p and A are positives constants which will be
determined later From the definition of V' in (3.3), we observe that the above
Lyapounov functional can be rewritten as follows

0 t
V=Vi+Vo+ A/ / y*(€)dEds,
—r Jit+s

2

Vi = p(H)e(t)F(x) + aq(t) B(H) T

Vy :1{%y2+az2+2yz}.

Electronic Journal. http://www.math.spbu.ru/diffjournal 26

where
+ aq(t)c(t) f(z)y,

and




Differential Equations and Control Processes, N 1, 2014

First consider

{%yz +az + 2yz}

20
M
Thus there exist positives constants such that

Vo > 0oy® + 6327 (3.4)

On the other hand, using the assumptions (i)-(vi), and since
n < b(t) < p(t)B(t), after some rearrangements we obtain

c(t) f (=) }2 aq(t) fA(x)c(t)

Vi = p(t)e(t)F(x)+ gq(t)B(t) {y +

> B() 2B(1)

> et [ 1= S )] s

> p(o)elt) [ (1 aMs)fa)du

> 04 F(z),
where

@_nmu—aMm)>mm1—mﬁqng
Thus from (iv) we obtain,
Vi > @x% (3.5)

Clearly, from (3.5),(3.4) and (3.3), we have

V(L @, g, 20) > 0oy + 032 + ——2 %1% 2+>\/ / £)deds.
—r Ji+s

Hence, it is evident, from the terms contained in the last inequality, that there
exist sufficiently small positive constant k, such that

V(ta Tty Yt Zt) Z k(;}j2 + y2 + Z2)7 (36)

Electronic Journal. http://www.math.spbu.ru/diffjournal 27



Differential Equations and Control Processes, N 1, 2014

since the integral ft:s y?(€)d¢ is nonnegative, where k = min(ds; d3; %)-
Therefore we can find a continuous function Wi (|¢(0)|) with

Wi([¢(0)]) 20 and  Wi([o(0)]) < W(t, ¢).

The existence of a continuous function Ws(||¢||) which satisfies the inequality
W (t, o) < Wa(||p]|), is easily verified.

For the time derivative of the Lyapunov functional V' (¢, z, y:, 2z¢), along the
trajectories of the system (3.1), we have

SVt ) = (O F@) + 56 (0B +alat)e(t) f(2)y

+ gmny@—a$£?+aw+xﬁf
1 2
+ -@ - OzA(t)] z
' y(s) . o ' 2
+t+az) [ B ranas—a [ e
Where () (0
_ ac(t) L f1(q) - :
Since ¢'c = (qc)’ — qc, we obtain the following:
. o ad (b)) 2
I OBy = 5 0 B(t)y
= o 1O BOY = 5 a0 OBy

consequently, we have

d Q

=V = (p(t)c(t)) F(2) + 5= (a(t)e(t)) B(t)y” + alg(t)c(t)) f(z)y

dt 2¢(t)

aq(t)B'(t)  aqt)d(O)B(t) al®)p'(t) 2

+ _ 5 — %0 — 202(1) + G(t) + )\r] Y
- 2

+_a5—mmﬂz (3.7)

b oeas) [ U7 ds—A [ P

Now, we verify
H(t,z,y) = (p(t)c(?)) F(x) + 200(;) (q()e()) B(t)y* + alq(t)e(t)) f(x)y <0,
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for all x,y and t > 0. If (¢(t)c(t))’ = 0, then
H(t,2,5) = (p()e(t)) F(x) < 0.

If (q(t)c(t)) < 0, the quantity in the brackets above can be written as,

ggij@;ﬁﬂx) o B+ af(x)y]
(pOet) . aBW) [ ef@))® aclt) )
ey’ T 2oty {“ B(1) } 2B(1)

/
(p(t)c(?)) > 1 this implies

@O0y =
H(t.0.) < a(0eo) [ [1 -2 <u>] F(u)du

also by assumption (vii) we have

From (ii) and (vi) we get ¢(t) < M B(t), thus

H(t.zy) < (q(t)elt)) / (1~ a6, f(u)du
/ 54

< (g(t)elt) = Fla) <0,

Thus, on combining the two cases, we have H(t,z,y) <0 for all ¢ >0, x and
y. Using the assumptions of theorem, we get

B(t) < % + %
and
B(t) — V' ()p*(t) — (b(t) + a'(t)p(t)p(t) — a(t)p(t)p"(t) + 2a(t)p*(¢)
p*(t)
< 2a1p"%(t) — [2n(1 — aMdy) + Nlp(t)p'(t)
N p*(t)

hence, it is easy to see that

aq(t)B'(t) _aqt)d)B({) _ alt)p'(t)

9 2¢(t) 2p*(1)
aM 2a1p'2(t) — agp(t)p'(t) / _
< 5 0 —asc(t)| = D(1),
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and
1 c(t)
G(t) < 0] do + b(t)(&@CJ(t)(ﬁ —1)
< % [do +n(aMd —1)] = —c <0,
we have also,
1 N _ 1 aa(t)
@ Y= W e

Therefore (3.7) becomes

d t
—V(t, Tty Yt, Zt) < [D(t) —Cy + )\7”] yz - 032’2 - )\/ 3/2(5)d§
t—r

dt
+ c(t)(y + az) /t_ f%f’(a:(s))ds.

Using the Schwartz inequality |uv| < 1(u?*+v?) and since | f'(z)| < 1, we obtain

t 5 5 t
[ U7 alonds < 2T 4 0

e y?(€)de,

t—r

and
act)z [ D paloas < an¥2 - S0 [ e

We rearrange

_ N N
iv(taxta Yt, Zt) S - Co — D(t) — 7“()\ + 51_)] yQ . [C?, . &51 7"] 22

dt I 2 2
—(1 — A dg.
R R ARG
0N : :
If we take ﬁ(l + a) = A the last inequality becomes
m
d [ 0N 1+«
av(taxtaybzt) < - _02 — D(t) - —12 ( m2 + 1)7“] Y’
— |3 —« 2.
2
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Using (3.6), (3.2) and taking u = k we obtain:

d 0(t). d D(t
%W(ﬂxt;yt,zt) = exp(—%)(%V(t,xt,yt,zt) - %V(tyxtuytazt))
a(t) SN 1+a )
< GXP(—T)[—(Cz - T( T Lr)y
N
—(es— a2y
2
Therefore, if
. 2com? 2¢3
T et D) e N
we have
d W, o 9
%W(taxtaytazt) < —p exp(—E)(y +27%), for some (> 0.

It is clear that the largest invariant set in Z is @) = {0}, where

Z:{gbe Ch: %W((j)) :0}

Namely, the only solution of system (3.1) for which %W(t, Ty, Yp, 2t) = 0 is the
solution x = y = z = 0. Thus, under the above discussion, we conclude that
the trivial solution of equation (1.1) is uniformly asymptotically stable. This
fact completes the proof.

In the case R(t) # 0 we establish the following result:

Theorem 3.2 In addition to the assumptions of Theorem 3.1, If we assume
that R(t) is continuous in R and

t
/ R(s)ds < oo for allt >0,
0

then all solutions of the perturbed equation (1.2) are bounded.

Proof: The proof of this theorem is similar to that of the proof of Theorem
2 in [4] and hence it is omitted.

We give an example to illustrate our main results:
Example: We consider the following third order non-autonomous delay differ-
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ential equation

(o + (g + 20 + (Fsint +10)2" (1) (3.8)

1 I 1 x(t—r) »
o)t “Ya(t — =,
+(1+t+2)x()+(4(1+t)+4)(x( T>+1+x2(t—r)) c

Now, it is easy to see that
L2 L3l 113
o =P T Ty =W T T o=y

—1<p'(t) <0, =1 <q'(¢t) <0, and p"(t) > 0 for all ¢ € [1, 4o0].

1§%:1+1+x2withx7&0, and |f'(z)] <2 = 0.
1 1 1 11

- <c(t) = - <bt)=—+ =<1
S-St =gt

1<V(t) <d(t) <0; for all t € [1,+00].

(p(t)c(t)) < (q(t)c(t)) <0 for all t € [1, +o00].
39 1 41
1 < a(t) 4smt+10_ 1 tell,+o0f,
M 2 - <1 1
—=—<a<-=—,.
ag 13 3 M(Sl
! '(t) = 1cost< (1—aMéy) < !
2"\ TR T A= 5y
and
R(t)=e™,
hence

o
/ e ! < 0.
1

All the assumptions (i) through (vii) are satisfied, we can conclude using The-
orem 3.2 that every solution of (3.8) is bounded.

Remark 3.3 FEquation(1.1) can be rewritten as

2"(t) + a(t)z"(t) + B(t)2'(t) + () f(x(t — 7)) =0, (3.9)
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where

pt)q'(t) +2q(t)p'(t) + alt) _ dOP@) +ea@p"(t) +08)
olt) = TO ) = 00 - ond
Y(t) = —

p(t)q(t)
If we apply Omeike theorem [3] to show that every solution z(t) of (3.9) is

uniform-bounded and satisfies x(t) — 0,2'(t) — 0 and 2"(t) — 0 as t — oo,
then the differentiability of a and (B s needed, which implies the use of the sec-
ond derivative of q and the third derivative of p. However in our theorem this
latter conditions are not required since we just need to deal with p',p" and ¢ .
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