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Àííîòàöèÿ

Ðàññìàòðèâàþòñÿ êîíå÷íûå ñèñòåìû ôóíêöèé, çàìêíóòûå íà ðåøåíèÿõ
íåêîòîðûõ ïîäêëàññîâ îáîáù¼ííî-îäíîðîäíûõ
ìîäåëüíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Ïîëó÷åíû íîâûå ðåøåíèÿ äëÿ
íåêîòîðûõ îáîáù¼ííûõ óðàâíåíèé Ýìäåíà�Ôàóëåðà. Ýòè ðåøåíèÿ ñòðîÿòñÿ
èç íåêîòîðîãî êîíå÷íîãî íàáîðà ïîëèíîìîâ, îïðåäåëÿåìîãî ïðåäëîæåííûì
àëãîðèòìîì.
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êîíå÷íàÿ ñèñòåìà ïîëèíîìîâ

Abstract

We consider the �nite systems of functions. These functions are closed upon so-
lutions of the subclasses of generalized homogeneous model di�erential equations.
The new solutions of nonlinear equations, representable in the class of polynomi-
als.
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Â ïîñëåäíèå äåñÿòèëåòèÿ ïðîøëîãî
âåêà âîçíèêëè ïðåäïîñûëêè êà÷åñòâåííîãî ñêà÷êà â ðåøåíèè ïðîáëåìû
èíòåãðèðîâàíèÿ ðÿäà êëàññîâ ìîäåëüíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé (ÌÎÄÓ) â çàìêíóòîì àíàëèòè÷åñêîì âèäå (÷åðåç êâàäðàòóðû,
ñïåöèàëüíûå ôóíêöèè è �ñòàíäàðòíûå� ðåøåíèÿ íåëèíåéíûõ óðàâíåíèé,
íå èìåþùèõ ïîäâèæíûõ êðèòè÷åñêèõ îñîáûõ òî÷åê). Êàê ñëåäñòâèå,
ïîÿâèëèñü ñïðàâî÷íèêè íîâîãî ïîêîëåíèÿ, íàïðèìåð, [1]. Îäíèì èç íàèáîëåå
ýôôåêòèâíûõ ìåòîäîâ ïîèñêà íîâûõ ðàçðåøèìûõ ñëó÷àåâ âûáðàííîãî êëàññà
óðàâíåíèé ÿâëÿåòñÿ äèñêðåòíî-ãðóïïîâîé àíàëèç [2�5].

Àëãîðèòì ïîèñêà ðåøåíèé èíòåãðèðóåìûõ óðàâíåíèé âêëþ÷àåò ïîèñê
äèñêðåòíîé ãðóïïû ïðåîáðàçîâàíèé (ÄÃÏ), äîïóñêàåìîé âûáðàííûì
êëàññîì, îïðåäåëåíèå èñõîäíûõ èíòåãðèðóåìûõ êëàññè÷åñêèìè ìåòîäàìè
ýëåìåíòîâ ýòîãî êëàññà è �ðàçìíîæåíèå� èñõîäíûõ ýëåìåíòîâ ïî íàéäåííîé
ÄÃÏ. Ñëåäóåò ó÷åñòü äâà îáñòîÿòåëüñòâà.

1. Äîêàçàòåëüñòâî ìàêñèìàëüíîñòè ÄÃÏ íà çàäàííîì êëàññå ïðåäñòàâëÿåò
ñîáîé âåñüìà ñëîæíóþ è íåàëãîðèòìè÷íóþ çàäà÷ó � äàæå äëÿ
îáîáù¼ííîãî óðàâíåíèÿ Ýìäåíà�Ôàóëåðà ìàêñèìàëüíîñòü äîêàçàíà
ëèøü äëÿ íåêîòîðûõ êîíêðåòíûõ êëàññîâ ïðåîáðàçîâàíèé.

2. Íèîòêóäà íå ñëåäóåò, ÷òî äëÿ çàäàííîãî êëàññà íàéäåíû âñå èñõîäíûå
èíòåãðèðóåìûå ýëåìåíòû, òåì áîëåå ÷òî ïîíÿòèå �èíòåãðèðóåìîå
êëàññè÷åñêèìè ìåòîäàìè� âåñüìà ðàçìûòî è íå èìååò ÷¼òêîãî
îïðåäåëåíèÿ.

ÄÃÏ, äîïóñêàåìàÿ íåêîòîðûì âûáðàííûì êëàññîì, ðàçáèâàåò åãî íà
ïîäêëàññû ýêâèâàëåíòíîñòè, ñîñòîÿùèå èç óðàâíåíèé, ñâÿçàííûõ ìåæäó
ñîáîé èçâåñòíûìè ïðåîáðàçîâàíèÿìè. Â ïðîöåññå âû÷èñëåíèÿ ðåøåíèé áûëî
çàìå÷åíî, ÷òî ðåøåíèÿ óðàâíåíèé îäíîãî è òîãî æå ïîäêëàññà âûðàæàþòñÿ
÷åðåç êîíå÷íûé íàáîð ýëåìåíòîâ íåêîòîðîãî ¾ïàçëà¿, ïðè ýòîì ñàìè ýëåìåíòû
ñâÿçàíû äîïîëíèòåëüíûìè ñîîòíîøåíèÿìè [6].

Ðàññìîòðèì îáîáù¼ííîå óðàâíåíèå Ýìäåíà�Ôàóëåðà

y′′ = Axnym(y′)l, îáîçíà÷àåìîå îáû÷íî òðîéêîé ïàðàìåòðîâ (n,m, l). (1)

Î÷åâèäíî, óðàâíåíèå (1) � îáîáù¼ííî�îäíîðîäíîå, ïîýòîìó åãî îáùåå
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ðåøåíèå â ïàðàìåòðè÷åñêîé ôîðìå ìîæíî çàïèñàòü â âèäå{
x(τ) = aCα

1 f(τ, C2),

y(τ) = bCβ
1 g(τ, C2).

(2)

Î÷åâèäíî, ÷òî äëÿ íàõîæäåíèÿ îáùåãî ðåøåíèÿ óðàâíåíèÿ (1) äîñòàòî÷íî
äîêàçàòü ïðîïîðöèîíàëüíîñòü

y′′ ∼ xnym(y′)l, (3)

ò. å.
ḟ g̈ − f̈ ġ ∼ fngm(ḟ)3−l(ġ)l, (4)

ãäå (˙) � äèôôåðåíöèðîâàíèå ïî τ .

Ïîäñòàâëÿÿ â (4) h = ġ/ḟ , ïîëó÷àåì

ḣ ∼ fngm(ḟ)1−l(ġ)l. (5)

Äëÿ íåêîòîðîãî (äîñòàòî÷íî øèðîêîãî) äèñêðåòíîãî ïîäêëàññà óðàâíåíèé
(1) ôóíêöèè f è g ïðåäñòàâèìû ñòåïåíÿìè ñòàíäàðòíûõ ïîëèíîìîâ èëè
ïðîèçâåäåíèåì ñòåïåíåé ñòàíäàðòíûõ ïîëèíîìîâ (ñì. [1]). Ê íàñòîÿùåìó
âðåìåíè èçâåñòíû ñëåäóþùèå ýëåìåíòû ¾ïàçëà¿ ïîëèíîìîâ:

P1 = τ,

P2 = τ 2 − 1,

P3 = τ 3 − 3τ + C2,

P4 = τ 4 − 6τ 2 + 4C2τ − 3,

P6 = τ 6 − 15τ 4 + 20C2τ
3 − 45τ 2 + 12C2τ − 8C2

2 + 27,

P9 = τ 9 − 108

7
τ 7 + 12C2τ

6 + 54τ 5 − 108C2τ
4+

+ 12(4C2
2 + 9)τ 3 − 108C2τ

2 + 81τ +
4

7
(4C2

2 − 27)C2

(6)

(ïîëèíîì P9 áûë íàéäåí â 2016 ã. â ðåøåíèÿõ øåñòè íîâûõ óðàâíåíèé ýòîãî
òèïà [7]). Çíàêè ±, êîòîðûå ìîãóò áûòü ïîñòàâëåíû ïðè ïîëèíîìàõ ÷¼òíîé
ñòåïåíè äëÿ îáåñïå÷åíèÿ âåùåñòâåííîñòè ïàðàìåòðà A, ìû áåç îãðàíè÷åíèÿ
îáùíîñòè îïóñêàåì.

Âñå ïîëèíîìû óäîâëåòâîðÿþò çàêîíîìåðíîñòè

P ′n = nPn−1, (7)
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(èíòåðåñíî, ÷òî ïîëèíîì P8 ÿâëÿåòñÿ ïðèâîäèìûì, òàê êàê P ′9 = 9P 2
4 ); åé

ìîæíî âîñïîëüçîâàòüñÿ, ÷òîáû îäíîçíà÷íî äîñòðîèòü, íàïðèìåð, ïîëèíîì P5,
êîòîðûé â ðåøåíèÿõ íå âñòðå÷àåòñÿ (îí ïîÿâëÿåòñÿ òîëüêî â ïðîìåæóòî÷íûõ
âû÷èñëåíèÿõ).

Ñïðàâåäëèâû ñëåäóþùèå òîæäåñòâà:

2P ′2P3 − P2P
′
3 = P4,

3P ′3P4 − 2P3P
′
4 = P6,

5P ′4P5 − 3P4P
′
5 = 5P2P6,

3P4P
′
6 − P ′4P6 = 2P9,

7P ′4P9 − 3P4P
′
9 = 7P 2

6 ,

ò. å.

4P1P3 − 3P 2
2 = P4,

9P2P4 − 8P 2
3 = P6,

4P3P5 − 3P 2
4 = P2P6,

9P4P5 − 2P3P6 = P9,

4P3P9 − 27P 3
4 = P 2

6

(8)

(çäåñü ñíîâà âîçíèêàåò ïîëèíîì âîñüìîãî ïîðÿäêà P2P6, îòëè÷íûé îò P 2
4 ∼

∼ P ′9, è îí òîæå îêàçûâàåòñÿ ïðèâîäèìûì). Ýòè ôîðìóëû îòðàæàþò
çàìêíóòîñòü ïðîèçâîäíûõ íåêîòîðûõ ïðîèçâåäåíèé ñòåïåíåé ñòàíäàðòíûõ
ïîëèíîìîâ íà ìíîæåñòâå ýòèõ ïîëèíîìîâ. Ïðèâåä¼ì íåêîòîðûå ðåøåíèÿ
óðàâíåíèé èç ýòîãî ïîäêëàññà.

Óðàâíåíèå f(τ) g(τ) ġ(τ)/ḟ(τ)

(−5/2,−1/2, 0) P−13 P 2
2P
−1
3 P4

(1,−5/3, 0) P4 P
3/2
3 P2P

−1/2
3

(1,−1/2, 7/5) P2P
−1/2
3 P 2

4 P
5/2
3

(−7/3,−5/3, 0) P−14 P
3/2
3 P−14 P

−1/2
3 P6

(1,−7/4, 7/5) P
−1/2
3 P6 P

4/3
4 P

5/2
3 P

−5/3
4

(−5/2,−1/2, 10/7) P−13 P
2/3
4 P−13 P 2

6 P
7/3
4

(−11/7,−10/7, 1/2) P−19 P
7/3
4 P−19 P

−2/3
4 P 2

6

(2,−11/4, 13/10) P
−1/3
4 P6 P

4/7
9 P

10/3
4 P

−10/7
9

(−10/3,−2/3, 18/11) P−14 P
3/7
9 P−14 P 3

6 P
11/7
9

Âñåãî ïîëó÷åííàÿ ¾îðáèòà ïîëèíîìîâ¿ îáúåäèíÿåò 32 îáîáù¼ííûõ óðàâíåíèÿ
Ýìäåíà�Ôàóëåðà, âêëþ÷àÿ èñõîäíóþ òðèâèàëüíî ðàçðåøèìóþ òî÷êó (1, 0, 0),
ò. å. y′′ = x; ðåøåíèå ýòîãî óðàâíåíèÿ ñðàçó æå ïîðîæäàåò ïîëèíîì
P3. Åñòåñòâåííî, âñå óðàâíåíèÿ, ïðèâîäÿùèåñÿ ê óðàâíåíèþ Ýìäåíà�
Ôàóëåðà, èìåþò ðåøåíèÿ, ñîñòàâëåííûå èç ýëåìåíòîâ òåõ æå ¾ïàçëîâ¿,
â ñëó÷àå óðàâíåíèé áîëåå âûñîêîãî ïîðÿäêà ¾ïàçë¿ ñòàíîâèòñÿ èíòåãðî-
äèôôåðåíöèàëüíûì, íî îñòà¼òñÿ ïðîñòûì ïî ñòðóêòóðå. Íàïðèìåð,
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óðàâíåíèå
y′′′ = Ay−1/2(y′)−4(y′′)11/7

èìååò ðåøåíèå

x(τ) = aC55
1

∫
P
−3/2
3 P

5/3
4 P6 dτ + C3, y(τ) = bC54

1 P
−1
3 P 2

6 .

Òî÷íî òàê æå äðóãèå ðåøåíèÿ èñõîäíûõ ðàçðåøèìûõ òî÷åê ïîðîæäàþò
¾ïàçëû¿, ñîñòîÿùèå èç äðóãèõ ôóíêöèé, íî îáëàäàþùèå ñõîæèìè ñâîéñòâàìè:
¾îðáèòà Ýéëåðà¿, ¾îðáèòà òàíãåíñîâ¿, ¾îðáèòà Âåéåðøòðàññà¿ è ¾îðáèòà
Áåññåëÿ¿ [5] îáúåäèíÿþò á�îëüøóþ ÷àñòü èçâåñòíîãî ê íàñòîÿùåìó âðåìåíè
ìíîæåñòâà ðàçðåøèìûõ ñëó÷àåâ (117) îáîáù¼ííûõ óðàâíåíèÿ Ýìäåíà�
Ôàóëåðà.

Êàê èçâåñòíî, ìíîæåñòâî
âñåâîçìîæíûõ ïîëèíîìîâ îáðàçóåò äèôôåðåíöèàëüíóþ àëãåáðó [8], òàê ÷òî
ìíîæåñòâî ýëåìåíòîâ ¾ïàçëà¿ ÿâëÿåòñÿ ñóæåíèåì äèôôåðåíöèàëüíîé

àëãåáðû ïîëèíîìîâ íà ðåøåíèÿõ îáîáù¼ííîãî óðàâíåíèÿ Ýìäåíà�

Ôàóëåðà. Ñòðîåíèå ýòîãî ñóæåíèÿ âåñüìà ñïåöèôè÷íî � äîñòàòî÷íî óêàçàòü,
÷òî àïðèîðíî îïðåäåë¼ííàÿ îïåðàöèÿ ñëîæåíèÿ ïî÷òè íå èñïîëüçóåòñÿ (ñóììà
ïîëèíîìîâ P1 è P2 ïîÿâëÿåòñÿ ëèøü â íåáîëüøîì �îòðîñòêå� ¾îðáèòû
ïîëèíîìîâ¿), à äîïîëíèòåëüíûå ñîîòíîøåíèÿ (3)�(8) â ñîâîêóïíîñòè çàäàþò
æ¼ñòêèå îãðàíè÷åíèÿ íà ñòðóêòóðó. Àíàëîãè÷íûå ñóæåíèÿ âîçíèêàþò è íà
îñíîâå äðóãèõ ¾ïàçëîâ¿.

Ñïåöèôè÷íîñòü è íåäîñòàòî÷íàÿ èçó÷åííîñòü ¾ïàçëîâ¿ âðÿä ëè ïîçâîëèò
ðàçðàáîòàòü â îáîçðèìîì áóäóùåì ñêîëüêî-íèáóäü óíèâåðñàëüíûé ìåòîä
ðåøåíèÿ ÌÎÄÓ â çàäàííîì êëàññå ôóíêöèé íà îñíîâå ïîëó÷åííûõ
çàêîíîìåðíîñòåé. Îäíàêî íåêîòîðûå ïåðñïåêòèâû ïðèìåíåíèÿ ïîäîáíîãî
ïîäõîäà ìîæíî îòìåòèòü óæå ñåé÷àñ.

1. Îáùåå ðåøåíèå óðàâíåíèÿ íàõîäèòñÿ áåç êàêèõ-ëèáî ïðåîáðàçîâàíèé
ñàìîãî óðàâíåíèÿ è áåç îïåðàöèé èíòåãðèðîâàíèÿ.

2. Ýòî îáñòîÿòåëüñòâî, â ñâîþ î÷åðåäü, ñóùåñòâåííî îáëåã÷àåò ïîñòðîåíèå
àëãîðèòìîâ äëÿ ñîâðåìåííûõ ñèñòåì àíàëèòè÷åñêèõ âû÷èñëåíèé íà ÝÂÌ
(íàïðèìåð, MAPLE), ïîçâîëÿÿ ðàäèêàëüíî óìåíüøèòü êîëè÷åñòâî âàðèàíòîâ,
êîòîðûå ïðèä¼òñÿ ïðîâåðÿòü.

3. Íàéäåííûå íîâûå ðàñøèðåíèÿ èçâåñòíûõ îðáèò ïîçâîëÿò íàéòè íîâûå
îáðàçóþùèå ÄÃÏ êëàññà (1) ñ âîçìîæíûì ðàñïðîñòðàíåíèåì èõ íà äðóãèå
îðáèòû, â ïåðâóþ î÷åðåäü � ¾îðáèòó òàíãåíñîâ¿ è ¾îðáèòó Âåéåðøòðàññà¿,
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òàê êàê äëÿ ýòèõ îðáèò íàéäåíî àíàëîãè÷íîå ¾îðáèòå ïîëèíîìîâ¿ ðàñøèðåíèå
[7].

Íå ñëåäóåò òàêæå èñêëþ÷àòü âîçìîæíîñòü ïðèìåíåíèÿ äàííîãî ïîäõîäà ê
äðóãèì êëàññàì îáîáù¼ííî-îäíîðîäíûõ ÌÎÄÓ ñ á�îëüøèì ÷èñëîì ñëàãàåìûõ
â ïðàâîé ÷àñòè, íàïðèìåð,

y′′ = Axnym(y′)l +Bxn−l+kym+l−k(y′)k,

èëè

y′′ =
N∑
i=1

Aix
n+liym−li(y′)li.

Ðåøåíèÿ ýòèõ êëàññîâ óðàâíåíèé, î÷åâèäíî, òîæå ïðåäñòàâèìû â âèäå (2).

Îòìåòèì, ÷òî êîíñòðóèðîâàíèå ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé â
âèäå ¾ïàçëà¿ âïîëíå óêëàäûâàåòñÿ â êîíöåïöèþ ñèììåòðèéíîé òåîðèè ÎÄÓ:
åñëè â êëàññè÷åñêîé òåîðèè Ëè è å¼ îáîáùåíèÿõ íà íåëîêàëüíûå ñèììåòðèè
(òåîðåìû î ôàêòîðèçàöèè) óðàâíåíèÿ ñòðîÿòñÿ èç èíâàðèàíòîâ äîïóñêàåìîé
ãðóïïû èëè äîïóñêàåìîãî îïåðàòîðà (ýòî
ñïðàâåäëèâî è äëÿ äèñêðåòíî-èíâàðèàíòíûõ óðàâíåíèé), òî çäåñü ðåøåíèÿ
óðàâíåíèé ñòðîÿòñÿ èç ýëåìåíòîâ ¾ïàçëà¿, è ýòè ýëåìåíòû îêàçûâàþòñÿ
èíâàðèàíòíûìè îòíîñèòåëüíî (äèñêðåòíûõ) ãðóïï ýêâèâàëåíòíîñòè íà ýòîì
êëàññå óðàâíåíèé.

Ïóñòü Pα, Pβ, Pγ � ïîëèíîìû ïî ïåðåìåííîé τ ñòåïåíè α, β è γ

ñîîòâåòñòâåííî (õîòÿ â îáùåì ñëó÷àå îíè ìîãóò áûòü ëþáûìè ôóíêöèÿìè).
Î÷åâèäíî, åñëè

f ∼ P a1
α P

b1
β P

c1
γ , g ∼ P a2

α P
b2
β P

c2
γ , h ∼ P a3

α P
b3
β P

c3
γ ,

ḟ ∼ P a4
α P

b4
β P

c4
γ , ġ ∼ P a5

α P
b5
β P

c5
γ , ḣ ∼ P a6

α P
b6
β P

c6
γ ,

(9)

òî ìîæíî ïîäîáðàòü òàêèå n, m, l, ÷òîáû ñîîòíîøåíèå (5) âûïîëíÿëîñü.

Èñõîäÿ èç ïðèíÿòîãî ïðåäïîëîæåíèÿ (9) äëÿ f ëåãêî âû÷èñëèòü

ḟ ∼ P a1−1
α P b1−1

β P c1−1
γ (a1ṖαPβPγ + b1PαṖβPγ + c1PαPβṖγ).

Ñ äðóãîé ñòîðîíû èç òîãî æå ïðåäïîëîæåíèÿ ḟ ∼ P a4
α P

b4
β P

c4
γ , à çíà÷èò

a1ṖαPβPγ + b1PαṖβPγ + c1PαPβṖγ = P q
αP

r
βP

s
γ . (10)

Â ëåâîé ÷àñòè ðàâåíñòâà (10) ñòîèò ïîëèíîì ñòåïåíè α+ β + γ − 1 , à çíà÷èò
è â ïðàâîé äîëæåí ñòîÿòü ïîëèíîì òîé æå ñòåïåíè. Ïîýòîìó α+ β + γ− 1 =
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= qα+rβ+sγ . Íàçîâ¼ì ýòî ñîîòíîøåíèå ðàçëîæåíèåì α+β+γ−1 ïî α, β
è γ ñ êîýôôèöèåíòàìè q, r, s. Ïðîäåëàâ âñå òî æå ñàìîå äëÿ g è h, ïîëó÷èì
åù¼ 2 ðàçëîæåíèÿ α + β + γ − 1 ïî α, β è γ ñ äðóãèìè êîýôôèöèåíòàìè.
Ðàññìîòðèì ñëó÷àé, êîãäà âñå ýòè êîýôôèöèåíòû íàòóðàëüíûå. Äëÿ ýòîé
öåëè áûëà íàïèñàíà ïðîãðàììà, ñ ïîìîùüþ êîòîðîé äëÿ ïåðâîé ñîòíè áûëè
âûñ÷èòàíû âñå ÷èñëà, ó êîòîðûõ ñóùåñòâóåò õîòÿ áû 3 ðàçëîæåíèÿ. Èõ
ìîæíî ïîäåëèòü íà 3 ãðóïïû. Ïåðâàÿ ñîñòîèò èç ÷èñåë, ó êîòîðûõ âî âñåõ
ñîîòíîøåíèÿõ õîòÿ áû îäèí êîýôôèöèåíò (íàïðèìåð, ïåðåä α) ðàâåí 0,
âòîðàÿ � ñîäåðæàùàÿ õîòÿ áû îäèí ïîëèíîì 2-îé ñòåïåíè, òðåòüÿ � âñå
îñòàâøèåñÿ. Ðàññìîòðèì âòîðóþ ãðóïïó, â îáùåì âèäå ñîîòíîøåíèÿ ýòîé
ãðóïïû âûãëÿäÿò ñëåäóþùèì îáðàçîì:

0 ∗ k + 0 ∗ (k − 1) + k ∗ 2 = 2k,

0 ∗ k + 2 ∗ (k − 1) + 1 ∗ 2 = 2k,

2 ∗ k + 0 ∗ (k − 1) + 0 ∗ 2 = 2k,

1 ∗ k + 0 ∗ (k − 1) +
k

2
∗ 2 = 2k, åñëè k � ÷¼òíîå,

0 ∗ k + 1 ∗ (k − 1) +
k + 1

2
∗ 2 = 2k, åñëè k � íå÷¼òíîå,

ãäå k � íàòóðàëüíîå ÷èñëî, á�îëüøåå ÷åì 3. Òîãäà, âîçâðàùàÿñü ê ïîëèíîìàì,
ïîëó÷àåì:

a1ṖkPk−1P2 + b1PkṖk−1P2 + c1PkPk−1Ṗ2 = P k
2 ,

a2ṖkPk−1P2 + b2PkṖk−1P2 + c2PkPk−1Ṗ2 = P2P
2
k−1,

a3ṖkPk−1P2 + b3PkṖk−1P2 + c3PkPk−1Ṗ2 = P 2
k ,

a4ṖkPk−1P2 + b4PkṖk−1P2 + c4PkPk−1Ṗ2 = PkP
k
2
2 , åñëè k � ÷¼òíîå,

a4ṖkPk−1P2 + b4PkṖk−1P2 + c4PkPk−1Ṗ2 = Pk−1P
k+1
2

2 , åñëè k � í¼÷åòíîå.

Äëÿ óïðîùåíèÿ ñîîòíîøåíèé ïðèìåì êîýôôèöèåíòû ïåðåä ïðîèçâîäíûìè
ïîëèíîìîâ, êîòîðûå åñòü â ïðàâîé ÷àñòè, ðàâíûìè íóëþ (â èçâåñòíûõ ðàíåå
ðåøåíèÿõ â äèôôåðåíöèàëüíûõ ñîîòíîøåíèÿõ [1] ýòî áûëî âûïîëíåíî).

a1ṖkPk−1 + b1PkṖk−1 = P k−1
2 , (11)

a2Ṗk = Pk−1, (12)

b3Ṗk−1P2 + c3Pk−1Ṗ2 = Pk, (13)

b4Ṗk−1 = P
k−2
2

2 , åñëè k � ÷¼òíîå, (14)

a4Ṗk = P
k−1
2

2 , åñëè k � í¼÷åòíîå. (15)
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Òàêèì îáðàçîì, åñëè íàì óäàñòñÿ íàéòè òàêèå ïîëèíîìû, äëÿ
êîòîðûõ âûïîëåíû ëþáûå 3 ñîîòíîøåíèÿ èç (11)�(15), òî ìû ñìîæåì
ïîñòðîèòü ðåøåíèå. Äëÿ íàõîæäåíèÿ ïîëèíîìîâ èñïîëüçîâàëñÿ ñëåäóþùèé
àëãîðèòì. Ïîëèíîìû â îáùåì âèäå ñî ñòàðøèìè êîýôèöèåíòàìè, ðàâíûìè
åäèíèöå, ïîäñòàâëÿëèñü â âûáðàííûå 3 äèôôåðåíöèàëüíûõ ñîîòíîøåíèÿ.
Ïîëó÷àþùàÿñÿ ñèñòåìà óðàâíåíèé íà êîýôôèöèåíòû ïîëèíîìîâ
è êîýôôèöèåíòû äèôôåðåíöèàëüíûõ ñîîòíîøåíèé ðåøàëàñü ñ ïîìîùüþ
ïðîãðàììû Maple, è ðåøåíèÿ ïðîâåðÿëèñü íà êîððåêòíîñòü. Åñòåñòâåííî,
îòáðàñûâàëñü òå ðåøåíèÿ, â êîòîðûõ ïîëó÷èâøèåñÿ ïîëèíîìû îêàçûâàëèñü
ôóíêöèîíàëüíî çàâèñèìû (Pα ∼ P b

βP
c
γ ). Ïðèâåä¼ì ïðèìåð ðàáîòû àëãîðèòìà

äëÿ k = 4. Â ýòîì ñëó÷àå äèôôåðåíöèàëüíûå ñîîòíîøåíèÿ âûãëÿäÿò
ñëåäóþùèì îáðàçîì:

a1Ṗ4P3 + b1P4Ṗ3 = P 3
2 , (16)

a2Ṗ4 = P3, (17)

b3Ṗ3P2 + c3P3Ṗ2 = P4, (18)

b4Ṗ3 = P2. (19)

Çàïèøåì ïîëèíîìû P4, P3 è P2 â îáùåì âèäå ñî ñòàðøèìè êîýôôèöèåíòàìè,
ðàâíûìè åäèíèöå (çäåñü è äàëåå ïîëèíîìû Pk ìîãóò íå ñîâïàäàòü ñ
ïðèâåäåííûìè âûøå ýëåìåíòàìè ¾ïàçëà¿, íàéäåííûìè äëÿ óæå èçâåñòíûõ
ñëó÷àåâ èíòåãðèðóåìîñòè îáîáù¼ííîãî óðàâíåíèÿ Ýìäåíà�Ôàóëåðà).

P4 = τ 4 + q1τ
3 + q2τ

2 + q3τ + q4,

P3 = τ 3 + r1τ
2 + r2τ + r3,

P2 = τ 2 + s1τ + s2.

Âûáåðåì 3 äèôôåðåíöèàëüíûõ ñîîòíîøåíèÿ, íàïðèìåð, (16)�(18) è
ïîäñòàâèì â íèõ P4, P3 è P2, òîãäà, ïðèâîäÿ ïîäîáíûå ñëàãàåìûå, èìååì:

(3b1 + 4a1 − 1)τ 6 + (3a1q1 + 3b1q1 − 3s1 + 4a1r1 + 2b1r1)τ
5+

+ (b1r2 + 3a1q1r1 + 2b1q1r1 − 3s21 + 3b1q2 − 3s2 + 4a1r2 + 2a1q2)τ
4+

+ (2b1q2r1 + 3a1q1r2 + 4a1r3 − 6s1s2 + b1q1r2 + 3b1q3 + 2a1q2r1 − s31 + a1q3)τ
3+

+ (2a1q2r2 + 3a1r3q1 + a1q3r1 + 3b1q4 + 2b1q3r1 − 3s21s2 − 3s22 + b1q2r2)τ
2+

+ (2a1r3q2 + a1q3r2 − 3s1s
2
2 + b1q3r2 + 2b1q4r1)τ − s32 + a1r3q3 + b1q4r2 = 0,

(4a2 − 1)τ 3 + (3a2q1 − r1)τ 2 + (2a2q2 − r2)τ + a2q3 − r3 = 0,
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(2c3 + 3b− 1)τ 4 + (c3s1 + 2br1 − q1 + 2c3r1 + 3bs1)τ
3+

+ (3bs2 + 2c3r2 + br2 + 2bs1r1 − q2 + c3s1r1)τ
2+

+ (2c3r3 − q3 + c3s1r2 + 2bs2r1 + bs1r2)τ + bs2r2 − q4 + c3r3s1 = 0.

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïåðåä âñåìè ñòåïåíÿìè τ ê íóëþ, ïîëó÷àåì
ñèñòåìó óðàâíåíèé, èç êîòîðîé íàõîäÿòñÿ êîýôôèöèåíòû ïîëèíîìîâ P4, P3

è P2, à òàêæå êîýôôèöèåíòû äèôôåðåíöèàëüíûõ ñîîòíîøåíèé a1, b1, a2,
b3 è c3. Â äàííîì ñëó÷àå ýòà ñèñòåìà èìååò íåñêîëüêî ðåøåíèé, èç êîòîðûõ
êîððåêòíûì ÿâëÿåòñÿ îäíî.

P4 = τ 4 + 4C1τ
3 + 10C2τ

2 + (20C1C2 − 8C3
1)τ + 4C2

1C2 + 5C2
2 −

16C4
1

5
, (20)

P3 = τ 3 + 3C1τ
2 + 5C2τ + 5C1C2 − 2C3

1 , (21)

P2 = τ 2 + 2C1τ − 5C2 + 4C2
1 , (22)

ãäå C1, C2 � ïðîèçâîëüíûå êîíñòàíòû. Äëÿ ýòèõ ïîëèíîìîâ âûïîëíåíû
ñëåäóþùèå äèôôåðåíöèàëüíûå ñîîòíîøåíèÿ:

4Ṗ4P3 − 5P4Ṗ3 = P 3
2 ,

Ṗ4 = 4P3,

4P3Ṗ2 − Ṗ3P2 = 5P4,

à çíà÷èò

dP 4a
4 P−5a3

dτ
= aP 3

2P
4a−1
4 P−5a−13 , (23)

dP c
4

dτ
= 4cP3P

c−1
4 , (24)

dP−b3 P 4b
2

dτ
= 5bP4P

−b−1
3 P 4b−1

2 . (25)

Âûáðàòü f , g è h èç âûðàæåíèé ïîä ïðîèçâîäíîé â ëåâîé ÷àñòè (23)�(25)
ìîæíî øåñòüþ ñïîñîáàìè, ñîîòâåòñòâåííî ïîëó÷èì 6 ðàçëè÷íûõ ðåøåíèé.
Âåëè÷èíû a, b è c íàõîäÿòñÿ èç óñëîâèÿ h = ġ/ḟ , à ïîäñòàâëÿÿ f , g, h,
ḟ , ġ è ḣ â (5) íàõîäèì n, m è l. Íåòðóäíî ïðîâåðèòü, ÷òî, íàïðèìåð, äëÿ
f = P−b3 P 4b

2 , g = P 4a
4 P−5a3 , h = P c

4 ïîëó÷àåòñÿ, ÷òî a = 1/5, b = 1, c = −6/5,
à n = −3/4, m = −9/4, l = 7/6. Â êîíå÷íîì èòîãå äëÿ óðàâíåíèÿ

y′′ = Ax−3/4y−9/4(y′)7/6

íàõîäèì îáùåå ðåøåíèå

x(τ) = aC25
1 P

4
2P
−1
3 , y(τ) = bC1P

−1
3 P

4/5
4 , A = −24 · 5

1/3

25
a−1/12b25/12;
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çäåñü

P2 = τ 2 + 2C2τ + 4C2
2 , (26)

P3 = τ 3 + 3C2τ
2 − 2C3

2 ,

P4 = τ 4 + 4C2τ
3 − 8C3

2τ −
16C4

2

5
.

Çàìåòèì, ÷òî ïîëèíîì P3 â äàííîì ñëó÷àå ÿâëÿåòñÿ ïðèâîäèìûì:

P3 = (τ + C2)(τ
2 + 2C2τ − 2C2

2) = (τ + C2)(P2 − 6C2
2),

è ìíîæåñòâî ýëåìåíòîâ ¾ïàçëà¿ îòëè÷àåòñÿ îò ïðèâåäåííîãî âûøå (6).

Àíàëîãè÷íûì îáðàçîì
ìîæíî âçÿòü ëþáóþ äðóãóþ òðîéêó èç ñîîòíîøåíèé (16)�(19), íî ðåøåíèå
óäà¼òñÿ ïîñòðîèòü òîëüêî äëÿ ñîîòíîøåíèé (17)�(19). Ýòî áóäåò îäíî èç óæå
èçâåñòíûõ ðåøåíèé, õîòÿ ïîëèíîìû, ïîëó÷àåìûå òàêèì ñïîñîáîì, � áîëåå
îáùåãî âèäà.

Ðàññìîòðèì äðóãèå çíà÷åíèÿ k. Îêàçûâàåòñÿ, ÷òî èç ñîîòíîøåíèé (11)�
(13) àíàëîãè÷íûì îáðàçîì âñåãäà óäà¼òñÿ ïîñòðîèòü ðåøåíèå. Åñëè ïðèíÿòü
C2 = 0, òî âî âñåõ ýòèõ ñëó÷àÿõ ïîëèíîì P2 èìååò âèä (26), à ïàðàìåòðû
(ïîêàçàòåëè) ïîëó÷åííîãî ýëåìåíòà èñõîäíîãî êëàññà óðàâíåíèé äëÿ îäíîãî

èç ðåøåíèé èìåþò âèä n = −k − 1

k
, m = −2k + 1

k
, l =

k + 3

k + 2
; îñòàëüíûå

ýëåìåíòû ìîæíî ëåãêî ïîñòðîèòü èç ñîîáðàæåíèé ñèììåòðèè. Âïðî÷åì, âñå
îíè ðàñïîëàãàþòñÿ íà êðèâîé(

n,−n− 3,
3n+ 4

2n+ 3

)
. (27)

Ñîãëàñíî [1], âñå óðàâíåíèÿ, âåêòîðû ïàðàìåòðîâ êîòîðûõ ïðèíàäëåæàò
ýòîé êðèâîé, èíòåãðèðóþòñÿ â çàìêíóòîì âèäå ÷åðåç ïðèñîåäèí¼ííûå
ôóíêöèè Ëåæàíäðà, îäíàêî ðåøåíèÿ â ñïðàâî÷íèêå íå ïðèâîäÿòñÿ èç-çà
èõ ãðîìîçäêîñòè è íåóäîáñòâà (âìåñòî ðåøåíèé äàíà ññûëêà [4]). Ïîýòîìó
ðåøåíèÿ, ïîëó÷åííûå äëÿ ñ÷¼òíîãî ìíîæåñòâà ýëåìåíòîâ êðèâîé (27),
ÿâëÿþòñÿ íîâûìè, îíè ñîîòâåòñòâóþò òåì ñëó÷àÿì, êîãäà ðåøåíèå óðàâíåíèÿ
Ëåæàíäðà ïðåäñòàâëÿåò ñîáîé ïîëèíîì.

Ïîëèíîìû, äîñòàâëÿþùèå ðåøåíèÿ ñ÷¼òíîãî ìíîæåñòâà òî÷åê êðèâîé
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(27), èìåþò âèä:

Pk(τ) =


Re

{
−
[√

3C1 + i(τ + C1)
]k+1

√
3(k + 1)C1

}
, k = 2s,

Im

{
−
[√

3C1 + i(τ + C1)
]k+1

√
3(k + 1)C1

}
, k = 2s+ 1,

s � íàòóðàëüíîå.

Ðàññìîòðèì òðåòüþ ãðóïïó ñîîòíîøåíèé. Â íåé åñòü 4 ñîîòíîøåíèÿ äëÿ
ïîëèíîìîâ P3, P4, P6 è ïî 3 ñîîòíîøåíèÿ äëÿ ïîëèíîìîâ P4, P6, P9 è P6,
P10, P15. Â îáùåì âèäå ýòè ñîîòíîøåíèÿ äëÿ ïîëèíîìîâ èìåþò âèä

a1Ṗ3P4P6 + b1P3Ṗ4P6 + c1P3P4Ṗ6 = P 3
4 ,

a2Ṗ3P4P6 + b2P3Ṗ4P6 + c2P3P4Ṗ6 = P 4
3 ,

a3Ṗ3P4P6 + b3P3Ṗ4P6 + c3P3P4Ṗ6 = P 2
6 ,

a4Ṗ3P4P6 + b4P3Ṗ4P6 + c4P3P4Ṗ6 = P 2
3P6,

(24)


a1Ṗ4P6P9 + b1P4Ṗ6P9 + c1P4P6Ṗ9 = P 3

6 ,

a2Ṗ4P6P9 + b2P4Ṗ6P9 + c2P4P6Ṗ9 = P 3
4P6,

a3Ṗ4P6P9 + b3P4Ṗ6P9 + c3P4P6Ṗ9 = P 2
9 ,

(25)


a1Ṗ6P10P15 + b1P6Ṗ10P15 + c1P6P10Ṗ15 = P 3

10,

a2Ṗ6P10P15 + b2P6Ṗ10P15 + c2P6P10Ṗ15 = P 5
6 ,

a3Ṗ6P10P15 + b3P6Ṗ10P15 + c3P6P10Ṗ15 = P 2
15.

(26)

Èçâåñòíû ðåøåíèÿ èç ïåðâîãî, òðåòüåãî è ÷åòâ¼ðòîãî ñîîòíîøåíèé (24),
à òàêæå èç ñîîòíîøåíèé (25) [1, 3, 4]. Ñîîòíîøåíèÿ (26), ïî-âèäèìîìó,
ïîçâîëÿþò íàéòè íîâóþ äèñêðåòíóþ îáðàçóþùóþ íà êëàññå îáîáù¼ííûõ
óðàâíåíèé Ýìäåíà�Ôàóëåðà, çàäàííóþ êàñàòåëüíûì ïðåîáðàçîâàíèåì.
Îäíàêî ñïîñîá, èñïîëüçîâàííûé äëÿ ãðóïïû ñ ïîëèíîìîì P2, äëÿ ýòèõ
ñîîòíîøåíèé îêàçûâàåòñÿ íåýôôåêòèâíûì, òàê êàê òðóäî¼ìêîñòü ðåøåíèÿ
ïîëó÷èâøåéñÿ ñèñòåìû óðàâíåíèé ïðåâîñõîäèò âîçìîæíîñòè ïðîãðàììû
Maple.
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