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Abstract. We present in this paper the problem of convergence behavior
of solutions of certain third-order nonlinear delay differential equations and
obtained the sufficient conditions involved under which the solutions of the delay
differential equation are convergent. An example is also given to demonstrate
the correctness of the proposed approach which improves earlier results on delay
differential equations.

Keywords: Convergence of solutions, complete Lyapunov function, nonlinear
delay differential equations of third-order.

1 Introduction

This paper considers the problem of convergence of solutions of third-order
nonlinear delay differential equation

2" +ax" +bx' + h(z(t —r(t))) = p(t,z,2' 2" (1)

where a,b are positive constants and functions h, p are continuous in their re-
spective arguments. Also, 0 < r(t) <, 7' (t) < [,0< < 1, § and 7 are some
positive constants, v will be determined later.
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Several authors have investigated the qualitative and other properties of solu-
tions of various forms of equation (1) in [17] where the Lyapunov second method
was used. In cases where a, b are nonlinear or continuous, several results have
been obtained on the more general form of (1) in one way or another involving
the use of generalized Routh-Hurwitz conditions on the nonlinear terms and
h in some form or the other, see [3 - 9] and [12], [13], [14], [16], [19], [20].
The Routh-Hurwitz conditions on h when specialized to equation (1) and its
various forms, usually take the form h'(z) and @, x # 0 to lie in an open
Routh-Hurwitz interval (0,ab). Almost all the results mentioned above hold
good for h not depending on the deviating arguments or delay being zero, but
there are some results [1], [2], [10], [11], [15], [18], [21], [22] who investigated
the qualitative behavior of solutions on stability, uniform boundedness and so
on except of course the convergence of solutions where h actually depend on
some deviating arguments. Analysis of the convergence behaviour of solutions
for nonlinear delay differential equations is quite complicated. The difficulties
of the convergence of solutions of nonlinear delay system increases depending
on the assumptions made on h and the requirement for a complete Lyapunov
function.(See also [6]).

Our motivation come from the above mentioned papers. To the best of our
knowledge in the relevant literature, till now, the convergence of solutions of
(1) and its various forms has not been discussed. We established sufficient con-
ditions for the convergence (when p # 0) of solutions of (1) which extend and
improves some well known results in the literature. Results obtained are not

only new but also for the development of more general formulations.

Definition 1 Any two solutions x1(t), x2(t) of (1) are said to converge if
x1(t) — xo(t) — 0, zi(t) —x5(t) — 0, z{(t) —25(t) = 0 as t — oo.

If the relations above are true of each other(arbitrary) pair of solutions of (1),
we shall describe this saying that all solutions of (1) converge.

Now, we will state the stability criteria for the general non-autonomous
delay differential system. We consider:

t=f(t,x),xy=a(t+6) —r<6<0,t>0, (2)
where f : I x Cy — R" is a continuous mapping,

f(t,0) = 0,Cx :={¢ € (C[-r, 0, R") - ||¢] < H}
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and for H; < H, there exists L(H;) > 0, with

[f (@) < L(Hy1) when o] < Hi.

Definition 2 (/2/,[19]) An element ¢ € C is in the w-limit set of ¢, say,
Q(), if (t,0,¢) is defined on [0,00) and there is a sequence {t,}, t, — oo as
n — oo, with ||z, (¢) — || — 0 as n — oo where

T (P) = x(t, +0,0,¢) for —r <6<0.

Definition 3 (/2/,[19]) A set Q € Cy is an invariant set if for any ¢ € Q,
the solution of (2), x(t,0,¢), is defined on [0,00) and x¢(¢) € Q fort € [0, 00).

Lemma 1 ([2],[19]) An element ¢ € Cy is such that the solution x(¢) of (2)
with z,(¢) = ¢ is defined on [0,00) and ||z:(p)|| < Hy < H fort € [0,00), then
Q(¢) is a non-empty, compact, invariant set and

dist(xi(¢), 2(p)) — 0 as t — .

Lemma 2 (/2/,[19]) Let V(t,¢) : I x Cy — R be a continuous functional
satisfying a local Lipschitz condition. V (t,¢) =0, and such that:

(1) Whle(0)| < V(t, o) < Whl|o|| where Wi(r), Wa(r) are wedges
(ii) Vig)(t.¢) <0 for ¢ < Cp.

Then the zero solution of (2) is uniformly stable. If we define Z = {¢ € Cy :
Vig)(t, @) = 0}, then the zero solution of (2) is asymptotically stable provided
that the largest invariant set in Z is Q = {0}.

Lemma 3 ([19]) Let V(t,¢) : R x Cg — R be continuous and locally Lips-
chitz in ¢. If

() W(lz(0)) < V(t,2,) < Willa))+Wal ], Walla(s)])ds) and
(i) Vi) < ~Wal(|(s)]) + M.

for some M > 0, where W (r), W;(i = 1,2,3) are wedges, then the solutions of
(2) are uniformly bounded and uniformly ultimately bounded for bound B.
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Now, we write the equation (1) as the following equivalent system:

r =Y,
:Z7

7 = —az—by— h(x)+ /t_ . h'(z(s))y(s)ds + p(t, z,y, 2), (3)

where h/(z) is continuous for all x,y. It is also assumed that the function h(x)
satisfy a Lipschitz condition in x.

2 Statement of result

Theorem 1 Leta,b, L,v, Ay and 6, be positive constants, h(0) = 0 and suppose
that
(i) the incremental ratio for h satisfies

h(z1) — h(x2)

I1 — T2

0o <

< kab, x1 # x9 with k <1;

(ii) [P (z)] < L
(iii) v satisfies

(6 b(1+a)(1—B) 1!
v<mm{f’L[(1+a)+b+(1+a)+(2+1)]’L(2+1)}

a

a

and
(iv) p(t,z,y, z) satisfies
p(t, 2y, 2)] < (D1 — @2| + |y1 — y2| + |21 — 22|},

holds for fort,xi,y1, 21, T2, Y2 and zs.
Then, there exists a constant 01 such that any two solutions x1(t), x2(t) of (1)
necessarily converge if

t
/ ¢ (s)ds < 01t
0
for some « in the range 1 < a < 2 and the solutions of (1) satisfying

(2% 4+ 2% + % < Ay
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3 The function V

Our main tool in the proof of the Theorem 1 will be the following scalar function
defined as

1 1 2b 2
2V (xs, yp, 2¢) = 552(113‘1 — 29)” + <a + =b+ — + a2> (y1 — y2)? + <5 + 1) (21 — 29)*
+ ab(xl — xg)(yl y2 + 2 CL + 1 yl — yg)(Zl — 22)
+ b(iCl — 5132 Zl — ZQ + /\/ / y1 y2 d@ds, (4)
t+s

where A\ positive constant which will be determined later.

The following result is immediate from (4).

Lemma 4 Suppose conditions of Theorem 1 hold, then there exists positive
constants 99, 03 such that

02 <(5’71 —22)" + (y1 — y2)* + (21 — 22)2> < V(e ye, 2e) <
e R e

Proof: (4) can be arranged as

1 1 2b 1
2‘/(3315; Yt, Zt) = ZbQ(CIH - 513'2)2 + (55 -+ E) (y1 — y2)2 + a(Zl — ZQ)Q
1
+ y2) +a 1(21 — ZQ)]2 + [(21 — 22) + alyy — yo) + §b(x1 — a:Q)]Q

+ / / (y1 — yo)(0)]2d0ds.
t+s

It follows that
Ly L 20 2 -1 2
2V (24, Y, 2) > Zb (21 — 22)” + b + (y1 — )" +al(y1 —y2) +a (21 — 22)]7,

since a > 0, b > 0 by Theorem 1 and the integral A f fHS Y1 — 12)(0)]2dbds
is non-negative.
So that

2V (x4, ye, 2) > & ((% —29)” + (y1 — y2)2) +al(yr — o) +a (21 — 2)],
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where & = min < 10, (b + 2) 0.

Thus, it is evident from the terms contained in the above inequality that exists
a constant do > 0 small enough such that

V(e ye, 2t) = 09 <($1 —29)° 4+ (1 — )’ + (21 — 22)2>-

To prove the right side of inequality (5), by the assumptions of Theorem 1 and
using the fact that

2|lz1 — wa|[yr — yo| < (w1 — 372)2 + (y1 — y2)2
yields from 2V, term by term
(21— 22) (51 — y2)| < |21 = @ofly1 — 92| < (21— 22)* + (91 — 12)°

Y1 —Y2)(Z1 — 22)| = |Y1 — Y2171 — %2 = (Y1 — Y2 21— %22
( ) )| < | | <( )? +( )?

(21 — x2)(21 — 22)| < |21 — @2|21 — 20| < (21 — 96'2)2 + (7 — 22)2

and
: t 2 _ 1y 2
)‘/_T(t) /t—i-s[(yl —y2)(0)]°dOds = A () (1 — 1)

1
< 5)\72(91 —y2)”.

1 1 2b 2
2V (w4, yp, 21) < 562(9:1 — x9)% + (a +5b+— a2> (y1 — y2)? + (5 + 1) (21 — 29)?
1 1
+ ab(er —2)" + Sab(yr — 1)” + (a+ V(1 = 92)" + (a + 1)(z21 = 2)°

1 1 1
+ Eb(fUl - 562)2 + 55(2’1 - 22)2 + §>\72(y1 - y2)2-
1 1
= (552 +(a+1)+ 55) (21 — 5’72)2
1 2b 1 1
+ (a+§b+3+a2+§ab+ (a+1)+§kvz>(yl — )’

+ ((2 + 1)+ (a+1)+ %b) (21 — 2)%

IA

& ((931 —29)° 4 (11 — 42)” + (21 — 22)2)7
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where § = max {(%bz+(a+1)+%b), (a+3b+2+a®+Lab+(a+1)+202), (3+
1) +(a+1)+%b)}.

If we choose a positive constant d3, then we have

V(e ye, z) < 03 <($1 —29)? + (g1 — )’ + (21 — 22)2>.

Thus, (5) of Lemma 4 is established where dy, d3 are finite constants.

Consider the function
(6 =V (1(0) = 2a). (1) = (0, 21(0) - 200,

where V' is the function defined in (4). Then, by (5) we have positive constants
04 and 05 such that

045(t) < W(t) < 055(t) (6)

and
S(t) = {\:m(t) O + (1) — oD + |2 0) — z2<t>\2}.

The time derivative of (4) along the system (3) defined as

dV(ZUt,yt, Zt) o (9‘/ dl’t 8‘/ dyt 4 8\/ dZt
dt S Ox dt Oy dt Oz dt’

hence we prove the following result.

Lemma 5 Let the hypotheses (i)-(iv) of Theorem 1 hold. Then, there ezists
positive constants dg, 07 such that
dW (t)
dt

< —85S(t) + 6752 (1))4),

where 0 = p(t, z1,y1, 21) — p(t, T2, Y2, 22).
Proof: Thus, from (4) and (3), we have
dW (t)
dt

— —U) + Uy + Us,
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U = bl = a)(har) = () + (a+ Do = 3a) (h(ar) — A2)

b5+~ + (2 41) (= 2)0en) = A

s <%+1)<21_22>] /() W (@1 — 22)(s), (31 — 92 (s)ds

() — ) — A / s ) / s

and

Let

Ui =Un + U + Uss,

T1—T2

Un = ib(% - $2)2{M} + %(1 +a)(y1 — y2)2 + %(21 - 22)2-

By the hypotheses of Theorem 1, we have that

1 b 1
Un > 1550(331 —x9)* + 5(1 +a)(y1 — y2)* + 5(21 — 29)?,

Uiy = Lb(a: — ){M} (14 )5 — ) (1) — hla)) + Sb(ys — 9o)?

Uy = %b(m — x2)2{h(x1) — h($2)}

X1 — T2

+ <2 + 1) (21 — 22)(M(@1) — h(=2)) + %(21 — )"

a
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Next, we give estimates for
(1+a)(yr — y2)(h(x1) — h(z2)) = {(1 +a)? (g — y2) + 27 (1 + a)2 (h(m) — h(@)}

— (a9’ — 31+ ) (h(m) — b))

Thus,
Ve = {<1 +a)2(y1 — yo) + 271 (1 + a)2 (h(x1) - hm))}
b g = P { MR L o)) b))
+ <%b —(1+ a)) (1 — v2)°.
Since
g = { M |- G0+ 0o e
_ ih(xz = Ziﬂfz) {%b as a)h(xz - Zixg) }(m _ 1)’
and if
with
| 1
k = mm{za(1 o) 2a(2a T+ 1)} <1,
then,
Uiz > 0.
Similarly,
(3 - 1) (21 — 22)(h(x1) — h(xq)) = { (2 + 1) 2(21 — %)

+ 2! (g + 1) ;(h(%"l) - h(@))}z

— (2 + 1) (21 — 2)*

) i(% i 1) (h(21) — ()"
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Thus,

Uiy = { 2 n 1) ;(zl _ )27 (3 + 1) é(h(xl) _ h(@))}2
1
8

(
e — e { M 22 ) o) — e

L1 — X2

_ 1h(z1) — h(xg) {% B (g N 1) h(x1) — h(zs) }(xl )

4 11— 29 T — T2
and if
h _
(21) — h(2) < hab < #7
T — T 2(2a71+1)
with
k i L L <1
— min :
2a(1+a) 2a(2a71 + 1) ’
then,
Uiz > 0.
Hence,
1 o b 2, 1 2
U1 Z 1650(331 — CCQ) + 5(1 + a)(y1 — y2) + 5(21 — ZQ) .

In Us, we give estimates for the following and using the fact that 2uv =
2, 2
u® + v°,

1 t
—b(z] — 29 W (zy — 29)(8)(y; — y2)(s)ds
e =) [ K =)@ =)o

<

1 1 t
LLbr (1) — 1)+ b / (11 — 12)2(5)ds.
t—r(t)
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() =) [ W =)o) ) ()

< Lﬂ+ﬂﬁﬁﬂm—yﬁ”+;1+®Lllw@r—wV@M&

DN | —

Gtz [ Wl =5 = )6

+ Dr(t)(z1 — 2)* + %(% + 1)L /t_ (t)(yl — 42)?(s)ds.

U, — ier(t)(ml _ )+ %((1 F )L+ 20)r(6) (s — 9

+ %L(% + 1)7’(1&)(21 )
+ {%L(b +(14a)+ (% + 1) — A1 - r’(t))} X /t:(t)(yl —42)*(s)ds.

Using r(¢) and 7/(t), we obtain
1

1 1 2
U, = Zb[/y(xl — x2)2 + 5((1 +a)L + 2\)y(y; — y2)2 + §L (5 + 1)7(21 — 22)2

+ {%L(H (14a)+ (Z + 1) — A1 - 6)} X /t;@)(yl —12)*(s)ds.

If we choose,

Lib+ (1+a)+ (2+1))

2(1-5) ’
Uy > %b[ﬁ(xl — 39)? + %L((l +a)+ Lo+ (;(_; Ci);) Gt 1)>7(yl — y)°
b LA D)o - )

and

U, > {b(xl—x2)+(1+a)(y1—y2)+(§+1>(Z1—z2)}|«9\.
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Combining all the estimates for Uy, Us and Us, we obtain

W) < — i(béo b)Y (21 — 192
- %{b(lﬂz)—7L<(1+a)+(ba(_lg)a)ﬂ%“))}(yl—y2)2
- %{1—%(3“)}(2«1—@)2
+ {b(xl—x2)+(1+a)(y1—y2)+ (§+1>(zl—z2)}|9\.
Choosing
7<min{%; b(1+a)(1_5) ;L(%:_ 1)}

L[(l+a)+b+(1—|—a)+(%+1)}
We have that

W(t) < - 68((371 —29)? 4 (1 — y2)* + (21 — 22)2)
+ Oo((w1r — 22)” + (1 — 12)” + (21 — 22)°)

N|—=

10,

where dg and dg are finite positive constants.

Using (6), it follows that

dW (t)
dt
The conditions of Lemma 2 and Lemma 3 is immediate if provided v satisfy

(iv) of Theorem 1.
This completes the proof of Lemma 5.

< —85S(t) + 69576). (7)

4 Proof of Theorem 1

Let a be any constant such that 1 < o < 2 and set v = 1 — 1o, so that

2
0<v< %
Then, (7) becomes

dW ()
dt

+ 658 (t) < Go SV (8)
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and W* = SGV)(|6] — 005152 (1)).

Considering these two cases:
(i) 0] < 630557 and
(i) || > ds0; 52

separately, we can find that in either case, there exists some constants d;9 > 0
such that

W* < 10020,
By using (iv) of Theorem 1, inequality (8) becomes
dW (t)
dt
where 617 > 209019. On using (6) on W it follows that
dW(t)
dt

where 015 and 013 are positive constants.
Integrating (9) from ¢, to ¢, (t > t,), we get

+055(t) < 611501 gUY)

+ (612 — d13) W (t) <0, (9)

t
W(t) <Wi(t,) eXp{ — 012(te — 1) + 513/ qbo‘(s)ds}.
to
If
t
/ »*(s)ds < 01(t — t,),
to
where 0; = 51251_31. Then, the exponential index remains negative for all (¢ —
to) > 0. As (ty — t1) — oo, we have that
W(t) <0 for any t.
Again, by (6), we have that
S(t) — 0.
Thus,
1(t) —xo(t) = 0, y1(t) —y2(t) = 0, 21(t) — 22(t) = 0 as t - 0
or in (1) as,

x1(t) — 2o(t) — 0, 27(t) —25(t) = 0, 2{(t) —25(t) = 0 as t — oo.
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Example 4.1 Consider equation (1) in the form

2" 32" [zt —r(t) = e (10)
Comparing (1) with (10), it is obvious that a =3, b =1 and
h(z(t —r(t)) = [x(t — r(t)))%, where e is a bounded continuous function of t

only on [0, 00).
With the earlier notations, gives

1
k = min s <1,
24° 10

thus k = 24, we have that
5, < i) = hlzs) 1
o T1 — T2 -8
We choose §, =
If we take r(t) = 45 =z then 0 < 45 =z < v and that r'(t) = 4512;2 <pB,0<p<1.

IF(@)] = Rllz@f[y@l[T = r'(6)] <2, ie L=2.

If we choose 8 = 35, we must have that
< mi 1 21
min{§ —; —, —
K 25° 32’ 5
_ 1
795
that is,
1
L)
Hence, we can choose
1
£ =—.
") = 700

Thus, all the conditions of Theorem 1 are satisfied and so for every solution of
(10) is such that

z1(t) — wo(t) — 0, 27(t) —25(t) = 0, 2{(t) —25(t) = 0 as t — co.

The plot of x(t),2'(t), 2" (t) or equivalently x(t), y(t) and z(t) of equation (10)
which are the solutions characterizing the system (10) is shown in Fig. 1, Fig.
2 respectively above and Fig.3 below. It is very clear from Fig. 1, Fig. 2
and Fig. 3 that all conditions of Theorem 1 are satisfied along the graphs and
x(t), ' (t), 2" (t) of (10) converges to zero as t — oo.
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- 100000+

-200000+

-3000004

-4000004

Figure 2: The plot of 2/(t), r(t)=0.01

-100000

-200000

=300000+

Figure 3: The plot of 2"(t), r(t)=0.01
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Conclusion So, we can formulate the CONVERGENCE CRITERIA OF

NONLINEAR DELAY SYSTEM (1): the solutions of the third order nonlin-

ear

system are convergent according to Lyapunov’s theory if the conditions of

Theorem 1 hold.

Analysis of nonlinear systems literary shows that Lyapunov’s theory in con-

vergence of solutions of nonlinear delay differential equations is rarely scarce.
The second Lyapunov’s method allows to predict the convergence of solutions
of nonlinear delay physical system.
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