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Àííîòàöèÿ. Còàòüÿ ïîñâÿùåíà ðàçâèòèþ ìåòîäà ðåãóëÿðèçàöèè Ñ. À. Ëî-
ìîâà íà ñèíãóëÿðíî âîçìóùåííûå çàäà÷è Êîøè â ñëó÷àå íàðóøåíèé óñëîâèé
ñòàáèëüíîñòè ñïåêòðà ïðåäåëüíîãî îïåðàòîðà. Â ÷àñòíîñòè, ðàññìîòðåíà çà-
äà÷à ïðè íàëè÷èè ¾ñëàáîé¿ òî÷êè ïîâîðîòà, â êîòîðîé ñîáñòâåííûå çíà÷åíèÿ
¾ñëèïàþòñÿ¿ â íà÷àëüíûé ìîìåíò âðåìåíè. Çàäà÷è ñ ïîäîáíîãî ðîäà ñïåê-
òðàëüíûìè îñîáåííîñòÿìè õîðîøî èçâåñòíû ñïåöèàëèñòàì â ìàòåìàòè÷åñêîé
è òåîðåòè÷åñêîé ôèçèêå, à òàêæå â òåîðèè äèôôåðåíöèàëíûõ óðàâíåíèé, íî
ñ òî÷êè çðåíèÿ ìåòîäà ðåãóëÿðèçàöèè ðàíåå íå ðàññìàòðèâàëèñü. Â ïðåäñòàâ-
ëåííîé ðàáîòå âîñïîëíÿåòñÿ ýòîò ïðîáåë. Îòòàëêèâàÿñü îò èäåé àñèìïòîòè÷å-
ñêîãî èíòåãðèðîâàíèÿ çàäà÷ ñî ñïåêòðàëüíûìè îñîáåííîñòÿìè Ñ. À. Ëîìîâà
è À. Ã. Åëèñååâà, â íåé óêàçàíî êàêèì îáðàçîì ñëåäóåò ââîäèòü ðåãóëÿðèçè-
ðóþùèå ôóíêöèè, ïîäðîáíî îïèñàí àëãîðèòì ìåòîäà ðåãóëÿðèçàöèè â ñëó÷àå
¾ñëàáîé¿ òî÷êè ïîâîðîòà, ïðîâîäèòñÿ îáîñíîâàíèå ýòîãî àëãîðèòìà è ñòðîèò-
ñÿ àñèìïòîòè÷åñêîå ðåøåíèå ëþáîãî ïîðÿäêà ïî ìàëîìó ïàðàìåòðó.

Êëþ÷åâûå ñëîâà: ñèíãóëÿðíî âîçìóùåííàÿ çàäà÷à Êîøè, àñèìïòîòè÷åñêîå
ðåøåíèå, ìåòîä ðåãóëÿðèçàöèè, òî÷êà ïîâîðîòà.
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1.Ââåäåíèå.

Â äàííîé ðàáîòå ìåòîäîì ðåãóëÿðèçàöèè Ëîìîâà Ñ.À. [1] ñòðîèòñÿ ðåãóëÿ-
ðèçîâàííîå àñèìïòîòè÷åñêîå ðåøåíèå ñèíãóëÿðíî âîçìóùåííîé íåîäíîðîäíîé
çàäà÷è Êîøè íà âñåì îòðåçêå [ 0, T ] ïðè íàëè÷èè ñïåêòðàëüíîé îñîáåííîñòè â
âèäå ¾ñëàáîé¿ òî÷êè ïîâîðîòà 1-ãî ïîðÿäêà ó ïðåäåëüíîãî îïåðàòîðà. Îïðå-
äåëåíèå ¾ñëàáîé¿ òî÷êè ïîâîðîòà áóäåò äàíî íèæå.

Îòìåòèì ðàáîòû [2], [3] è [4], ïîñâÿùåííûå ïîñòðîåíèþ àñèìïòîòèêè ðå-
øåíèÿ ñèíãóëÿðíî âîçìóùåííûõ çàäà÷ Êîøè ïðè íàëè÷èè ñïåêòðàëüíûõ îñî-
áåííîñòåé ó ïðåäåëüíîãî îïåðàòîðà. Íàèáîëåå áëèçêàÿ ê íàøèì èññëåäîâàíè-
ÿì çàäà÷à ðàññìîòðåíà â ðàáîòå Â.Â.Êó÷åðåíêî [4], ãäå ñòðîèòñÿ ëîêàëüíàÿ
àñèìïòîòèêà äëÿ îäíîðîäíîé çàäà÷è ñ áûñòðîîñöèëëèðóþùèìè íà÷àëüíûìè
äàííûìè.

Íîâèçíà ïðåäñòàâëåííîé ðàáîòû ñîñòîèò â òîì,÷òî ìåòîäîì ðåãóëÿðè-
çàöèè ñòðîèòñÿ ãëîáàëüíàÿ ðåãóëÿðèçîâàííàÿ àñèìïòîòèêà íà âñåì îòðåçêå
[ 0, T ] íåîäíîðîäíîé çàäà÷è Êîøè ñ ïðîèçâîëüíûìè íà÷àëüíûìè óñëîâèÿìè.
Íàøè èññëåäîâàíèÿ ÿâëÿþòñÿ ðàçâèòèåì ðàáîòû [2], â êîòîðîé îïèñàíà ìå-
òîäèêà ïîñòðîåíèÿ ðåãóëÿðèçîâàííîãî àñèìïòîòè÷åñêîãî ðåøåíèÿ äëÿ çàäà÷
ñ íåñòàáèëüíûì ñïåêòðîì ñ ¾ïðîñòîé¿ òî÷êîé ïîâîðîòà, ò.å. ñèòóàöèè, â êî-
òîðîé ñîáñòâåííûå çíà÷åíèÿ â îòäåëüíûõ òî÷êàõ îáðàùàþòñÿ â íóëü (êàê
ñêàçàíî â [2] "ïðåäåëüíûé îïåðàòîð äèñêðåòíî íåîáðàòèì" ). Îñíîâíûå èäåè
íàñòîÿùåé ðàáîòû òåçèñíî èçëîæåíû â [5]. Äëÿ òîãî, ÷òîáû âûÿâèòü îñîáåí-
íîñòè ïîñòðîåíèÿ àñèìïòîòèêè ðåøåíèÿ â ñëó÷àå ¾ñëàáîé¿ òî÷êè ïîâîðîòà è
íå óñëîæíÿòü èçëîæåíèå äîïîëíèòåëüíûìè âû÷èñëåíèÿìè ïðè íàëè÷èè ñòà-
áèëüíîé ÷àñòè ñïåêòðà, ìû áóäåì ðàññìàòðèâàòü çàäà÷ó â R2.

Ïóñòü äàíà çàäà÷à Êîøè{
εu̇ = A(t)u+ h(t),

u(0, ε) = u0,
(1)

è âûïîëíåíû óñëîâèÿ:

1) h(t) ∈ C∞([ 0, T ],R2);

2) A(t) ∈ C∞([ 0, T ],L(R2,R2));

3) äëÿ ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà A(t) :

à) ∀t ∈ ( 0, T ] λ1(t) 6= λ2(t);

á) ∀t ∈ [ 0, T ] λi(t) 6= 0, i = 1, 2;

4) óñëîâèå ¾ñëàáîé¿ òî÷êè ïîâîðîòà 1-ãî ïîðÿäêà â òî÷êå t = 0:

λ2(t) − λ1(t) = ta(t), a(t) 6= 0, ïðè÷åì ãåîìåòðè-
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÷åñêàÿ êðàòíîñòü ñîáñòâåííûõ çíà÷åíèé ðàâíà àëãåáðàè÷åñêîé äëÿ ëþáûõ
t ∈ [ 0, T ];

5) Reλi(t) 6 0, i = 1, 2, ïðè t ∈ [ 0, T ].

Îñíîâíîé ïðîáëåìîé ìåòîäà ðåãóëÿðèçàöèè ïðè ðåøåíèè ñèíãóëÿðíî âîç-
ìóùåííûõ çàäà÷ ÿâëÿåòñÿ îïèñàíèå ñèíãóëÿðíîãî ìíîãîîáðàçèÿ (ôóíêöèé).
Â ñëó÷àå ñòàáèëüíîãî ñïåêòðà A(t) ýòî:

exp
(1

ε
ϕ1(t)

)
, exp

(1

ε
ϕ2(t)

)
, ãäå ϕi(t) =

t∫
0

λi(s) ds, i = 1, 2.

Ïðè íàëè÷èè òî÷å÷íûõ îñîáåííîñòåé ñïåêòðà âñå îáñòîèò çíà÷èòåëüíî ñëîæ-
íåå. Åñëè òî÷å÷íàÿ îñîáåííîñòü èìååò âèä 4), òî ðåãóëÿðèçèðóþùèå ôóíêöèè
íàõîäÿòñÿ èç çàäà÷è Êîøè

εJ̇(t) =

(
λ1(t) 0

0 λ2(t)

)
J + ε

(
0 1

1 0

)
J,

J(0) =

(
1

1

)
.

(2)

Ñèñòåìà (2) â ÿâíîì âèäå íå ðåøàåòñÿ. Íàéäåì ðåøåíèå (2) ìåòîäîì ïîñëå-
äîâàòåëüíûõ ïðèáëèæåíèèé.

Ëåììà 1 Ðåøåíèå (2) ïðåäñòàâëÿåòñÿ â âèäå ðàâíîìåðíî ñõîäÿùåãîñÿ ðÿäà
íà [ 0, T ]× ( 0, ε0], êîòîðîå äîïóñêàåò îöåíêó

a) åñëè Reλi 6 −δ < 0, òî

‖J‖C [0,T ] 6 e−δt/εC,

b) åñëè Reλi 6 0, òî
‖J‖C [0,T ] 6 C,

ãäå C > 0 � êîíñòàíòà, íå çàâè÷ñÿùàÿ îò ε.

Äîêàçàòåëüñòâî: Ðåøèâ (2) ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé, ïîëó-
÷èì:

J(t) = exp
(

1
εΛ

t
0

)
+ exp

(
1
εΛ

t
0

) t∫
0

exp
(

1
εΛ

s
0

)
· T · exp

(
1
εΛ

s
0

)
ds+

+ exp
(

1
εΛ

t
0

) t∫
0

exp
(

1
εΛ

s
0

)
· T · exp

(
1
εΛ

s
0

) s∫
0

exp
(

1
εΛ

s1
0

)
· T ·

· exp
(

1
εΛ

s1
0

)
ds1 ds+ . . . ,
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çäåñü T =

(
0 1

1 0

)
,Λt

0 =

(
ϕ1(t) 0

0 ϕ2(t)

)
.

Èñïîëüçóÿ ñâîéñòâî

T · exp

(
1

ε

(
ϕ1(t) 0

0 ϕ2(t)

))
= exp

(
1

ε

(
ϕ2(t) 0

0 ϕ1(t)

))
· T,

ïîëó÷èì

J(t) = exp
(

1
εΛ

t
0

)
+ exp

(
1
εΛ

t
0

) t∫
0

exp
(

1
ε4

s
0

)
T ds+

+ exp
(

1
εΛ

t
0

) t∫
0

exp
(

1
ε4

s
0

) s∫
0

exp
(
−1
ε4

s1
0

)
T ds1 ds+

+ exp
(

1
εΛ

t
0

) t∫
0

exp
(

1
ε4

s
0

) s∫
0

exp
(
−1
ε4

s1
0

)
·
s1∫
0

exp
(

1
ε4

s2
0

)
T ds2 ds1 ds+ . . . ,

(3)

çäåñü 4t
0 =

(
ϕ2(t)− ϕ1(t) 0

0 ϕ1(t)− ϕ2(t)

)
.

Ïîêîìïîíåíòíî (3) âûãëÿäèò

J1(t) = exp
(

1
εϕ1(t)

)
+ exp

(
1
εϕ1(t)

) t∫
0

exp
(

1
ε∆ϕ(s)

)
ds+

+ exp
(

1
εϕ1(t)

) t∫
0

exp
(

1
ε∆ϕ(s)

) s∫
0

exp
(
−1
ε∆ϕ(s1)

)
ds1 ds+ . . . ,

J2(t) = exp
(

1
εϕ2(t)

)
+ exp

(
1
εϕ2(t)

) t∫
0

exp
(
−1
ε∆ϕ(s)

)
ds+

+ exp
(

1
εϕ2(t)

) t∫
0

exp
(
−1
ε∆ϕ(s)

) s∫
0

exp
(

1
ε∆ϕ(s1)

)
ds1 ds+ . . .

(4)

Ðàâíîìåðíàÿ ñõîäèìîñòü ðÿäîâ (4) ñëåäóåò èç îöåíîê:

a) Reλi 6 −δ < 0, t ∈ [ 0, T ].∣∣eϕ1(t)/ε
∣∣ 6 e−δt/ε,∣∣∣∣eϕ1(t)/ε
t∫

0

e(ϕ2(s)−ϕ1(s))/ε ds

∣∣∣∣ 6 t∫
0

e

t∫
s

Reλ1(s1) ds1/ε+
s∫
0

Reλ2(s2) ds2/ε
ds 6

6
t∫

0

e−δ(t−s+s)/ε ds = e−δt/ε · t,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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∣∣∣∣eϕ1(t)/ε
t∫

0

e∆ϕ(s1)/ε
s1∫
0

e∆ϕ(s2)/ε . . .
sn−1∫
0

e(−1)n∆ϕ(sn)/ε dsn . . . ds1

∣∣∣∣ 6
6

t∫
0

s1∫
0

· · ·
sn−1∫
0

e(ϕ1(t)−ϕ1(s1)+...+(−1)n+1ϕ1(sn))/ε·

·e(ϕ2(s1)−ϕ2(s2)+...+(−1)nϕ2(sn))/ε ds1 . . . dsn 6 e−δt/ε · tnn!

Òàêèì îáðàçîì

|J1(t, ε)| 6 e−δt/ε · et 6 eT · e−δt/ε;

àíàëîãè÷íî

|J2(t, ε)| 6 eT · e−δt/ε.

b) Reλi 6 0, t ∈ [ 0, T ]

|Ji(t)| 6 eT , i = 1, 2.

Ñëåäîâàòåëüíî, ðÿäû (4) ñõîäÿòñÿ ðàâíîìåðíî ïî ε è t íà [ 0, T ]×( 0, ε0].Êðîìå
òîãî, ëåãêî ïðîâåðÿåòñÿ, ÷òî ðÿäû âûäåðæèâàþò äåéñòâèå îïåðàòîðà ε ddt â
ëþáîé ñòåïåíè.

Ââåäåì îáîçíà÷åíèÿ

σ1,k = eϕ1(t)/ε

t∫
0

e∆ϕ(s1)/ε

s1∫
0

e−∆ϕ(s2)/ε . . .

sk−1∫
0

e(−1)k+1∆ϕ(sk)/ε

︸ ︷︷ ︸
k èíòåãðàëîâ

dsk . . . ds1,

σ2,k = eϕ2(t)/ε

∫ t

0

e−∆ϕ(s1)/ε

∫ s1

0

e∆ϕ(s2)/ε . . .

∫ sk−1

0

e(−1)k∆ϕ(sk)/ε︸ ︷︷ ︸
k èíòåãðàëîâ

dsk . . . ds1,

Íåòðóäíî óñòàíîâèòü, ÷òî σi,k óäîâëåòâîðÿþò ñîîòíîøåíèÿì
ε ˙σ1,k = λ1(t)σ1,k + εσ2,k−1,

ε ˙σ2,k = λ2(t)σ2,k + εσ1,k−1,

σ1,k(0) = 0, σ2,k(0) = 0, k > 1.

Äëÿ îáîñíîâàíèÿ ôîðìàëèçìà ìåòîäà ðåãóëÿðèçàöèè â ñëó÷àå ¾ñëàáîé¿
òî÷êè ïîâîðîòà ñôîðìóëèðóåì è äîêàæåì åù¼ îäíî óòâåðæäåíèå.
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Ëåììà 2 Ïóñòü äàíà ìàòðèöà A(t), óäîâëåòâîðÿþùàÿ óñëîâèÿì 2)÷4) èç
ïîñòàíîâêè çàäà÷è (1). Òîãäà λi(t) ∈ C∞[ 0, T ], i = 1, 2.

Äîêàçàòåëüñòâî: Òàê êàê λ1(0) = λ2(0) = λ0, òî

A(0) =

(
λ0 0

0 λ0

)
= λ0I.

Íà îñíîâàíèè ëåììû Àäàìàðà

A(t)− λ0I = tpB(t),

ãäå B(t) � äèàãîíàëèçèðóåìàÿ ìàòðèöà, p � öåëîå ïîëîæèòåëüíîå ÷èñëî (â
íàøåì ñëó÷àå p = 1). Äëÿ ìàòðèö B(t), óäîâëåòâîðÿþùèõ óñëîâèÿì ñòà-
áèëüíîñòè (µ1(t) 6= µ2(t), i = 1, 2, µ1,2(t) � ñîáñòâåííûå çíà÷åíèÿ ìàòðè-
öû B(t)) èçâåñòíî, ÷òî, åñëè B(t) ∈ C∞[ 0, T ], òî ñîáñòâåííûå çíà÷åíèÿ
µi(t) ∈ C∞[ 0, T ] è ñîáñòâåííûå âåêòîðû ei(t) ∈ C∞[ 0, T ], i = 1, 2 [6] (ñòð.
55-60). Â íàøåì ñëó÷àå ýòî ìîæíî ïîêàçàòü è íåïîñðåäñòâåííî, òàê êàê µi(t)
� êîðíè êâàäðàòíîãî óðàâíåíèÿ ñ ãëàäêèìè êîýôôèöèåíòàìè. Îòñþäà è
λi = λ0 + tpµi(t) ∈ C∞[ 0, T ].

2. Ôîðìàëèçì ìåòîäà ðåãóëÿðèçàöèè.

Ðåøåíèå çàäà÷è (1) áóäåì èñêàòü â âèäå

u(t, ε) =
∞∑
k=0

σ1,k

∞∑
m=0

εmxkm(t) +
∞∑
k=0

σ2,k

∞∑
m=0

εmykm(t) +
∞∑
m=0

εmzm(t). (5)

Ïîäñòàâèâ (5) â (1) è ïðèðàâíèâàÿ ñëàãàåìûå ïðè îäèíàêîâûõ σ1,k, σ2,k, ïî-
ëó÷èì ñåðèþ çàäà÷:

(ïðè ε0)


(A(t)− λ1(t))x

k
0(t) = 0,

(A(t)− λ2(t)) y
k
0(t) = 0,

A(t)z0(t) = −h(t),

x0
0(0) + y0

0(0) + z0(0) = u0, k = 0,∞.

(6)

Ðåøåíèå (6) èìååò âèä:

xk0(t) = αk0(t)e1(t), yk0(t) = βk0 (t)e2(t), z0(t) = −A−1(t)h(t)

çäåñü e1(t), e2(t) � ñîáñòâåííûå âåêòîðû, αk0(t), βk0 (t) � ïðîèçâîëüíûå ñêàëÿð-
íûå ôóíêöèè. Çíà÷åíèÿ α0

0(0), β0
0(0) îïðåäåëÿþòñÿ èç íà÷àëüíûõ óñëîâèé:
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α0
0(0)e1(0) + β0

0(0)e2(0) = u0 + A−1(0)h(0)

èëè

α0
0(0) = u0

1 +
h1(0)

λ1(0)
, β0

0(0) = u0
2 +

h2(0)

λ2(0)

Òàê êàê σ1,k(0) = 0, σ2,k(0) = 0, k > 1, òî αk0(0), βk0 (0) ìîãóò ïðèíèìàòü
ïðîèçâîëüíûå çíà÷åíèÿ íà äàííîì èòåðàöèîííîì øàãå.

(ïðè ε1)


(A(t)− λ1(t))x

k
1(t) = ẋk0(t) + yk+1

0 (t),

(A(t)− λ2(t)) y
k
1(t) = ẏk0(t) + xk+1

0 (t),

A(t)z1(t) = ż0(t),

x0
1(0) + y0

1(0) + z1(0) = 0, k = 0,∞.

(7)

Ïîäñòàâèâ xk0(t), yk0(t), z0(t), ïîëó÷èì:

(A(t)− λ1(t))x
k
1(t) =

=
(
α̇k0(t) + C1

1(t)αk0(t)
)
e1(t) +

(
αk0(t)C2

1(t) + βk+1
0 (t)

)
e2(t),

(A(t)− λ2(t)) y
k
1(t) =

=
(
β̇k0 (t) + C2

2(t)βk0 (t)
)
e2(t) +

(
βk0 (t)C1

2(t) + αk+1
0 (t)

)
e1(t),

z1(t) = −
(
A−1(t)

d

dt

)
A−1(t)h(t),

(8)

çäåñü Cj
i (t) � êîýôôèöèåíòû ðàçëîæåíèÿ ė1(t) è ė2(t) ïî áàçèñó ñîáñòâåííûõ

âåêòîðîâ e1(t), e2(t):

ėi(t) =
2∑
j=1

Cj
i (t)ej(t), i = 1, 2.

Èç óñëîâèé ðàçðåøèìîñòè è òî÷å÷íîé ðàçðåøèìîñòè â íóëå èìååì ñèñòåìû:{
α̇k0(t) + C1

1(t)αk0(t) = 0

βk−1
0 (0)C1

2(0) + αk0(0) = 0
,

{
β̇k0 (t) + C2

2(t)βk0 (t) = 0

αk−1
0 (0)C2

1(0) + βk0 (0) = 0
, k > 1. (9)

Îòñþäà îïðåäåëÿþòñÿ íà÷àëüíûå óñëîâèÿ:

αk0(0) = −βk−1
0 (0)C1

2(0), βk0 (0) = −αk−1
0 (0)C2

1(0) (10)
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è ôóíêöèè αk0(t), βk0 (t), k > 1:

αk0(t) = αk0(0) exp

− t∫
0

C1
1(s) ds

, βk0 (t) = βk0 (0) exp

− t∫
0

C2
2(s) ds


Çàìåòèì, ÷òî α0

0(0), β0
0(0) îïðåäåëåíû â ñèñòåìå (6). Òîãäà αk0(0), βk0 (0), k > 1

îäíîçíà÷íî îïðåäåëåíû èç ðåêóððåíòíûõ ñîîòíîøåíèé (10).

Ðåøåíèÿ (8) ïðèìóò âèä
xk1(t) = αk1(t)e1(t) +

αk0(t)C2
1(t) + βk+1

0 (t)

λ2(t)− λ1(t)
e2(t)

yk1(t) = βk1 (t)e2(t) +
βk0 (t)C1

2(t) + αk+1
0 (t)

λ1(t)− λ2(t)
e1(t)

Çàìåòèì, ÷òî íà÷àëüíûå óñëîâèÿ (10), óñëîâèÿ 1) ÷ 4) çàäà÷è (1) è
ëåììà 2 îáåñïå÷èâàþò ãëàäêîñòü âåêòîð-ôóíêöèé xk1(t), yk1(t) íà [ 0, T ]. Íà-
÷àëüíûå óñëîâèÿ äëÿ α0

1(0), β0
1(0) îïðåäåëÿþòñÿ èç ñîîòíîøåíèÿ:

α0
1(0)e1(0) + β0

1(0)e2(0) =

[(
A−1(t)

d

dt

)
A−1(t)h(t)−

−β
0
0(t)C1

2(t) + α1
0(t)

λ1(t)− λ2(t)
e1(t)−

α0
0(t)C2

1(t) + β1
0(t)

λ2(t)− λ1(t)
e2(t)

]∣∣∣∣∣
t=0

Ïðîèçâîëüíûå ôóíêöèè αk1(t), βk1 (t) è íà÷àëüíûå óñëîâèÿ äëÿ íèõ ïðè k > 1
îïðåäåëÿþòñÿ íà ñëåäóþùåì èòåðàöèîííîì øàãå.

(ïðè ε2)


(A(t)− λ1(t))x

k
2(t) = ẋk1(t) + yk+1

1 (t),

(A(t)− λ2(t)) y
k
2(t) = ẏk1(t) + xk+1

1 (t),

z2(t) = −
(
A−1(t) ddt

)2
A−1(t)h(t),

x0
2(0) + y0

2(0) + z2(0) = 0, k = 0,∞.

(11)

Çàïèñàâ óñëîâèÿ ðàçðåøèìîñòè äëÿ (11), ïîëó÷èì çàäà÷è Êîøè äëÿ îïðåäå-
ëåíèÿ αk1(t), βk1 (t).

α̇k1(t) + C1
1(t)αk1(t) = −α

k
0(t)C2

1(t)C1
2(t)− αk+2

0 (t)

λ2(t)− λ1(t)
,

β̇k1 (t) + C2
2(t)βk1 (t) = −β

k
0 (t)C2

1(t)C1
2(t)− βk+2

0 (t)

λ1(t)− λ2(t)
.
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Íà÷àëüíûå óñëîâèÿ íàõîäÿòñÿ èç (11) ñ ó÷åòîì òî÷å÷íîé ðàçðåøèìîñòè â
íóëå. Ïðèâåäåì îòâåò, îïóñêàÿ äîñòàòî÷íî ãðîìîçäêèå âûêëàäêè:

αk+1
1 (0) = −βk1 (0)C1

2(0)−

−

[
βk0 (t)C1

2(t) + αk+1
0 (t)

λ1(t)− λ2(t)
C1

1(t) +
d

dt

βk0 (t)C1
2(t) + αk+1

0 (t)

λ1(t)− λ2(t)

]∣∣∣∣∣
t=0

,
(12)

βk+1
1 (0) = −αk1(0)C2

1(0)−

−

[
αk0(t)C2

1(t) + βk+1
0 (t)

λ2(t)− λ1(t)
C2

2(t) +
d

dt

αk0(t)C2
1(t) + βk+1

0 (t)

λ2(t)− λ1(t)

]∣∣∣∣∣
t=0

.
(13)

Òàêèì îáðàçîì, èìååì ðåêóððåíòíûå ñîîòíîøåíèÿ äëÿ îïðåäåëåíèÿ íà÷àëü-
íûõ óñëîâèé αk1(0), βk1 (0), k > 1 :

αk1(0) = −βk−1
1 (0)C1

2(0)− γk−1,

βk1 (0) = −αk−1
1 (0)C2

1(0)− δk−1,

ãäå γk, δk èçâåñòíûå ÷èñëà, îïðåäåëåííûå â (12), (13).

Ñëåäîâàòåëüíî, ðåøåíèÿ ñèñòåìû (7) îïðåäåëåíû. Ïðîäîëæàÿ àíàëîãè÷-
íûé ïðîöåññ ìîæíî îïðåäåëèòü ëþáîé ÷ëåí ðÿäà (5).

Çàìå÷àíèå. Êàê ñëåäóåò èç âûøåèçëîæåííîãî, ïîñòðîåíèå ðåøåíèÿ ñèëü-
íî óïðîñòèòñÿ, åñëè õîòÿ áû îäèí èç êîýôôèöèåíòîâ ðàçëîæåíèÿ ïðîèçâîä-
íûõ áàçèñà èìååò íóëü â òî÷êå t = 0. Íàïðèìåð,:

a) åñëè
(
C2

1

)(k)
(0) = 0, ∀ k > 0, òî äëÿ ïîñòðîåíèÿ àñèìïòîòè÷åñêîãî

ðÿäà äîñòàòî÷íî òðåõ ðåãóëÿðèçèðóþùèõ ôóíêöèé:

eϕ1(t)/ε, eϕ2(t)/ε, eϕ1(t)/ε

∫ t

0

e∆ϕ(s)/ε ds.

Äëÿ ïîñòðîåíèÿ àñèìïòîòè÷åñêîé ñóììû èçN ÷ëåíîâ äîñòàòî÷íî âûïîëíåíèÿ

óñëîâèé:
(
C2

1

)(k)
(0) = 0, ∀ k = 0, N.

b) åñëè
(
C2

1

)(k)
(0) = 0,

(
C1

2

)(k)
(0) = 0, ∀ k > 0, òî äëÿ ïîñòðîåíèÿ

àñèìïòîòè÷åñêîãî ðÿäà ïîíàäîáèòñÿ âñåãî äâå ðåãóëÿðèçèðóþùèå ôóíêöèè:

eϕ1(t)/ε, eϕ2(t)/ε.

Àíàëîãè÷íî a) äëÿ ïîñòðîåíèÿ àñèìïòîòè÷åñêîé ñóììû èç N ÷ëåíîâ ìîæ-

íî îãðàíè÷èòñÿ íóëåì N−ãî ïîðÿäêà:
(
C2

1

)(k)
(0) = 0,

(
C1

2

)(k)
(0) = 0,

∀ k = 0, N.
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3. Îöåíêà îñòàòî÷íîãî ÷ëåíà. Òåîðåìà î ïðåäåëüíîì ïåðåõîäå.

Çàïèøåì

u(t, ε) =
k∑
p=0

m∑
q=0

εq
(
σ1,p x

p
q(t) + σ2,p y

p
q(t)
)

+
m∑
q=0

εqzq(t) + εm+1Rk,m(t, ε). (14)

Ïîäñòàâèâ (14) â (1) è ñ ó÷åòîì ðàçðåøèìîñòè èòåðàöèîííûõ çàäà÷, ïîëó÷èì:{
εṘn,m − A(t)Rn,m = H(t, ε),

Rn,m(0, ε) = 0,
(15)

ãäå

H(t, ε) = −

[
n−1∑
p=0

σ1,p

(
ẋpm(t) + yp+1

m (t)
)

+ σ2,p

(
ẏpm(t) + xp+1

m (t)
) ]

+σ1,n ẋ
n
m(t) + σ2,p ẏ

n
m(t) + żm(t)

Êàê ñëåäóåò èç îöåíîê èíòåãðàëîâ σ1,p, σ2,p (ñì. ëåììó 1) ïðàâàÿ ÷àñòü (15)
èìååò îöåíêó

H(t, ε) = O(1)

Ðåøåíèå (15) çàïèøåì â âèäå:

Rn,m =
1

ε

t∫
0

Uε(t, s)H(s, ε) ds,

ãäå Uε(t, s) � ðàçðåøàþùèé îïåðàòîð, ÿâëÿþùèéñÿ ðåøåíèåì çàäà÷è Êîøè:

εU̇ε(t, s) = A(t)Uε(t, s), Uε(t, s)
∣∣∣
s=t

= I.

Èç óñëîâèé 1)÷ 5) ñëåäóåò, ÷òî Uε(t, s) îãðàíè÷åí íà [ 0, T ]:

‖Uε(t, s)‖C[0,T ] 6 C.

Ñëåäîâàòåëüíî, èç ñîîòíîøåíèÿ

Rn,m = −Uε(t, s)A−1(s)H(s, ε)
∣∣∣t
0

+

t∫
0

Uε(t, s)
d

ds
A−1(s)H(s, ε) ds =

= −A−1(t)H(t, ε) + Uε(t, 0)A−1(0)H(0, ε) +

t∫
0

Uε(t, s)
d

ds
A−1(s)H(s, ε) ds,

ïîëó÷èì:
Rn,m = O(1) ïðè ε→ 0.

Òàêèì îáðàçîì, äîêàçàíû ñëåäóþùèå òåîðåìû.
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Òåîðåìà 1 Îá îöåíêå îñòàòêà (àñèìòîòè÷åñêàÿ ñõîäèìîñòü).

Ïóñòü äàíà çàäà÷à Êîøè (1) è âûïîëíåíû óñëîâèÿ 1) ÷ 5). Òîãäà âåðíà

îöåíêà

‖U(t, ε)−
k∑
p=0

m∑
q=0

εq
(
σ1,p x

p
q(t) + σ2,p y

p
q(t)
)
−

m∑
q=0

εqzq(t)‖C[0,T ] 6 C · εm+1

Òåîðåìà 2 Î ïðåäåëüíîì ïåðåõîäå.

Ïóñòü äàíà çàäà÷à Êîøè (1), âûïîëíåíû óñëîâèÿ 1)÷ 5)

è λi(t) 6 −δ < 0 ïðè t ∈ [ 0, T ], i = 1, 2. Òîãäà

lim
ε→0

u(t, ε) = −A−1(t)h(t).

4. Ïðèìåð.

Ðàññìîòðèì ïðèìåð, â êîòîðîì ìîæíî îãðàíè÷èòüñÿ òðåìÿ ðåãóëÿðèçè-
ðóþùèìè ôóíêöèÿìè.

Ðàññìîòðèì çàäà÷ó Êîøè{
εu̇ = A(t)u+ h(t),

u(0, ε) = u0,
t ∈ [ 0, 1],

ãäå A(t) =

(
−1 + t 0

−2te2t −1− t

)
.

Ñîáñòâåííûå çíà÷åíèÿ: λ1,2 = −1± t.
Ñîáñòâåííûå âåêòîðû: e1 = { 0, et}T , e2 = {−e−t, et}T .

u0 = u0
1e1 + u0

2e2, h(t) = h1(t)e1 + h2(t)e2,

ė1 = e1, ė2 = { e−t, et}T = 2e1 − e2,

ϕ1(t) = −t+
t2

2
, ϕ2(t) = −t− t2

2
, ∆ϕ = −t2.

Ðåãóëÿðèçèðóþùèå ôóíêöèè:

σ1,0 = eϕ1(t)/ε, σ2,0 = eϕ2(t)/ε, σ1,1 = eϕ1(t)/ε

∫ t

0

e∆ϕ(s)/ε ds.

Ýëåêòðîííûé æóðíàë. http://di�journal.spbu.ru/ 65



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 1, 2020

Ãëàâíûé ÷ëåí àñèìïòîòèêè çàïèøåòñÿ â âèäå:

u0(t, ε) = eϕ1(t)/ε

(
u0

1 +
h1(0)

λ1(0)

)
e−te1(t) + eϕ2(t)/ε

(
u0

2 +
h2(0)

λ2(0)

)
e−te2(t)+

+eϕ1(t)/ε

t∫
0

e∆ϕ(s)/ε ds ·
(
−2u0

2 − 2
h2(0)

λ2(0)

)
ete1(t).

5. Çàêëþ÷åíèå.

Ïîäâîäÿ èòîã, åùå ðàç ïîä÷åðêíåì, ÷òî îñíîâíîé ïðîáëåìîé ìåòîäà ðå-
ãóëÿðèçàöèè Ñ.À. Ëîìîâà ÿâëÿåòñÿ îïèñàíèå ñåìåéñòâà ðåãóëÿðèçèðóþùèõ
ñèíãóëÿðíîñòü ôóíêöèé. Â íàñòîÿùåé ðàáîòå ýòà ïðîáëåìà óñïåøíî ðåøåíà
â ñëó÷àå ñïåêòðàëüíîé îñîáåííîñòè ïðåäåëüíîãî îïåðàòîðà â âèäå ¾ñëàáîé¿
òî÷êè ïîâîðîòà, ÷òî ïîäòâåðæäàåòñÿ ðåçóëüòàòàìè íàøèõ èññëåäîâàíèé.
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Abstract. The article is devoted to the development of the regularization method
of S. A. Lomov for singularly perturbed Cauchy problems in the case of violation
of the stability conditions for the spectrum of the limit operator. In particular,
the problem is considered in the presence of a "weak"turning point, in which the
eigenvalues "stick together"at the initial instant of time. Problems with this kind
of spectral features are well known to specialists in mathematical and theoretical
physics, as well as in the theory of di�erential equations, but from the point of
view of the regularization method they have not been previously considered. This
work �lls this gap. Based on the ideas of asymptotic integration of problems with
spectral features of S. A. Lomov and A. G. Eliseev, it indicates how to introduce
regularizing functions, describes in detail the algorithm of the regularization
method in the case of a �weak� turning point, justi�es this algorithm and an
asymptotic solution of any order with respect to a small parameter is constructed.

Keywords: singularly perturbed Cauchy problem, asymptotic solution,
regularization method, turning point.
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