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Àííîòàöèÿ. Íà îñíîâå ìåòîäà ðåãóëÿðèçàöèè Ñ. À. Ëîìîâà ïîñòðîåíî
àñèìïòîòè÷åñêîå ðåøåíèå ñèíãóëÿðíî âîçìóùåííîé çàäà÷è Êîøè äëÿ ñëó÷àÿ
íàðóøåíèÿ óñëîâèé óñòîé÷èâîñòè ñïåêòðà ïðåäåëüíîãî îïåðàòîðà. Â ÷àñòíî-
ñòè, ðàññìàòðèâàåòñÿ ïðîáëåìà ñ ïðîñòîé òî÷êîé ïîâîðîòà, êîãäà îäíî ñîá-
ñòâåííîå çíà÷åíèå â íà÷àëüíûé ìîìåíò âðåìåíè èìååò íîëü ïðîèçâîëüíîãî
èððàöèîíàëüíîãî ïîðÿäêà (ïðåäåëüíûé îïåðàòîð äèñêðåòíî íåîáðàòèì). Äàí-
íàÿ ðàáîòà ÿâëÿåòñÿ ðàçâèòèåì èäåé, îïèñàííûõ â ðàáîòàõ Ñ. À. Ëîìîâà è
À. Ã. Åëèñååâà. Èððàöèîíàëüíàÿ òî÷êà ïîâîðîòà è âîçíèêàþùèå ïðîáëåìû
â ïîñòðîåíèè àñèìïòîòèêè ðåøåíèÿ çàäà÷è Êîøè ðàíåå íå ðàññìàòðèâàëèñü
ñ òî÷êè çðåíèÿ ìåòîäà ðåãóëÿðèçàöèè. Â íàñòîÿùåé ðàáîòå íà îñíîâå ðàç-
ðàáîòàííîé àâòîðîì òåîðèè íîðìàëüíîé è îäíîçíà÷íîé ðàçðåøèìîñòè èòå-
ðàöèîííûõ çàäà÷ ðàçðàáîòàí è îáîñíîâàí àëãîðèòì ìåòîäà ðåãóëÿðèçàöèè è
ïîñòðîåíî àñèìïòîòè÷åñêîå ðåøåíèå ëþáîãî ïîðÿäêà ïî ìàëîìó ïàðàìåòðó.

Êëþ÷åâûå ñëîâà: ñèíãóëÿðíî âîçìóùåííàÿ çàäà-
÷à Êîøè, àñèìïòîòè÷åñêîå ðåøåíèå, ìåòîä ðåãóëÿðèçàöèè, òî÷êà ïîâîðîòà.

Ââåäåíèå.

Â äàííîé ðàáîòå ìåòîäîì ðåãóëÿðèçàöèè Ñ.À.Ëîìîâà [1] ñòðîèòñÿ àñèìï-
òîòè÷åñêîå ðåøåíèå çàäà÷è Êîøè â ñëó÷àå èððàöèîíàëüíîé ¾ïðîñòîé¿ òî÷-
êè ïîâîðîòà. Ìåòîä ðåãóëÿðèçàöèè ïîçâîëÿåò ïîñòðîèòü ðàâíîìåðíîå íà
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âñåì îòðåçêå [0, T ] àñèìïòîòè÷åñêîå ðåøåíèå, à ïðè äîïîëíèòåëüíûõ óñëî-
âèÿõ íà ïàðàìåòðû ñèíãóëÿðíî âîçìóùåííîé çàäà÷è è åå ïðàâóþ ÷àñòü òî÷-
íîå ðåøåíèå. Ñèíãóëÿðíî âîçìóùåííûå çàäà÷è Êîøè ñ îñîáåííîñòÿìè ñïåê-
òðà äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé áûëè ðàññìîòðåíû â ðàáîòàõ
Â.Ô.Ñàôîíîâà è À.À.Áîáîäæàíîâà [2] Èäåÿ äàííîé ðàáîòû âîñõîäèò ê ðàáî-
òå [3], â êîòîðîé ðàçðàáîòàí ìåòîä ðåãóëÿðèçàöèè äëÿ ðåøåíèÿ ñèíãóëÿðíî
âîçìóùåííîé çàäà÷è Êîøè â ñëó÷àå ¾ïðîñòîé¿ òî÷êè ïîâîðîòà ïðåäåëüíî-
ãî îïåðàòîðà ñ íàòóðàëüíûì ïîêàçàòåëåì. Íà ðàöèîíàëüíóþ òî÷êó ïîâîðîòà
ìåòîä ðåãóëÿðèçàöèè ðàçâèò â ðàáîòàõ [4, 5]. Äðîáíàÿ òî÷êà ïîâîðîòà ïîðÿä-
êà 1/2 ðàññìàòðèâàëàñü ìåòîäîì ïîãðàíè÷íûõ ôóíêöèé â ðàáîòå [6].Ñëåäóåò
îòìåòèòü, ÷òî òåðìèí ¾ïðîñòàÿ¿ òî÷êà ïîâîðîòà áûë ïðåäëîæåí àâòîðîì ìå-
òîäà ðåãóëÿðèçàöèè Ñ.À. Ëîìîâûì ïðè íàïèñàíèè ñòàòüè [2].

Ïîÿñíèì òåðìèí ¾ïðîñòàÿ¿ òî÷êà ïîâîðîòà. Ïóñòü äàíà çàäà÷à Êîøè:{
εu′ = A(t)u+ h(t),

u(0, ε) = u0
(1)

è âûïîëíåíû óñëîâèÿ:

1) h(t) ∈ C∞([0, T ], Rn);

2) A(t) ∈ C∞([0, T ], L(Rn, Rn));

3) ñïåêòð îïåðàòîðà A(t) óäîâëåòâîðÿåò óñëîâèÿì:

à) λi(t) 6= λj(t) ∀i 6= j, i, j = 1, n;

á) λi(t) 6= 0, i = 2, n;

ñ) óñëîâèå ¾ïðîñòîé¿ òî÷êè ïîâîðîòà ñ íàòóðàëüíûì ïîêàçàòåëåì: λ1(t)
èìååò íóëü k-ïîðÿäêà, ò.å. ∀t ∈ [0, T ] λ1(t) = tka(t), ãäå a(t) 6= 0.

1. Ôîðìàëèçì ìåòîäà ðåãóëÿðèçàöèè.

Òî÷êà ε = 0 äëÿ çàäà÷è (1) ÿâëÿåòñÿ îñîáîé â òîì ñìûñëå, ÷òî êëàññè÷å-
ñêèå òåîðåìû ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è Êîøè íå èìåþò ìåñòà. Ïîýòîìó
â ðåøåíèè ýòîé çàäà÷è âîçíèêàþò ñóùåñòâåííî îñîáûå ñèíãóëÿðíîñòè. Ïðè
âûïîëíåíèè óñëîâèÿ ñòàáèëüíîñòè äëÿ ñïåêòðà A(t) ñóùåñòâåííî îñîáûå ñèí-
ãóëÿðíîñòè îïèñûâàþòñÿ ñ ïîìîùüþ ýêñïîíåíò âèäà:

eϕi(t)/ε, ϕi(t) =

t∫
0

λi(s)ds, i = 1, n,
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ãäå ϕi(t) � ãëàäêàÿ (â îáùåì ñëó÷àå êîìïëåêñíàÿ) ôóíêöèÿ äåéñòâèòåëüíîãî
ïåðåìåííîãî t. Äëÿ ðåøåíèÿ ëèíåéíûõ îäíîðîäíûõ óðàâíåíèé òàêèå ñèíãó-
ëÿðíîñòè áûëè îïèñàíû åù¼ Ëóèâèëëåì [7].

Åñëè æå óñëîâèÿ ñòàáèëüíîñòè íàðóøåíû õîòÿ áû äëÿ îäíîé òî÷êè ñïåê-
òðà îïåðàòîðà A(t) (óñëîâèå 4)), òî êðîìå ýêñïîíåíöèàëüíî ñóùåñòâåííî îñî-
áûõ ñèíãóëÿðíîñòåé â ðåøåíèè íåîäíîðîäíîãî óðàâíåíèÿ âîçíèêàþò åùå è
ñèíãóëÿðíîñòè âèäà:

σi = e
−ϕ1(t)

ε

t∫
0

e
ϕ1(s)
ε sids, i = 0, k − 1,

êîòîðûå ïðè ε → 0 èìåþò ñòåïåííîé õàðàêòåð óáûâàíèÿ ïðè ñîîòâåòñòâóþ-
ùèõ îãðàíè÷åíèÿõ íà λ1(t), ïðè ýòîì ïðåäïîëàãàåòñÿ, ÷òî îñòàëüíûå òî÷êè
ñïåêòðà íå îáðàùàþòñÿ â íóëü ïðè t = 0 (óñëîâèå 3-c)).

Ñèíãóëÿðíî âîçìóùåííûå çàäà÷è âîçíèêàþò îáû÷íî â ñëó÷àÿõ, êîãäà îá-
ëàñòü îïðåäåëåíèÿ èñõîäíîãî îïåðàòîðà, çàâèñÿùåãî îò ε ïðè ε 6= 0, íå ñîâïà-
äàåò ñ îáëàñòüþ îïðåäåëåíèÿ ïðåäåëüíîãî îïåðàòîðà ïðè ε = 0. Ïðè èçó÷åíèè
çàäà÷ ñ ¾ïðîñòîé¿ òî÷êîé ïîâîðîòà âîçíèêàþò äîïîëíèòåëüíûå óñëîâèÿ, êî-
ãäà îáëàñòü çíà÷åíèé èñõîäíîãî îïåðàòîðà íå ñîâïàäàåò ñ îáëàñòüþ çíà÷åíèé
ïðåäåëüíîãî îïåðàòîðà.

Äëÿ òîãî, ÷òîáû âûÿâèòü îñîáåííîñòè ïîñòðîåíèÿ ðåøåíèÿ â ñëó÷àå èððà-
öèîíàëüíîé òî÷êè ïîâîðîòà, è íå óñëîæíÿòü èçëîæåíèå ìàòåðèàëà äîïîëíè-
òåëüíûìè âû÷èñëåíèÿìè ïðè íàëè÷èè ñòàáèëüíîé ÷àñòè ñïåêòðà, ðàññìîòðèì
ñëåäóþùóþ çàäà÷ó Êîøè: {

εu′ + tβu = h(t),

u(0, ε) = u0,
(2)

è âûïîëíåíû óñëîâèÿ:

1) h(t) ∈ C∞([0, T ], R);
2) β > 0 - èððàöèîíàëüíîå ÷èñëî.

Â äàííîé çàäà÷å íà ñòðóêòóðó ðåøåíèÿ (2) ñèëüíî âëèÿåò ïðàâàÿ ÷àñòü
óðàâíåíèÿ (òàê êàê îíà íå ïðèíàäëåæèò îáëàñòè çíà÷åíèé ïðåäåëüíîãî îïå-
ðàòîðà).

Èððàöèîíàëüíàÿ òî÷êà ïîâîðîòà ïðåäúÿâëÿåò ïîâûøåííûå òðåáîâàíèÿ ê
ïðàâîé ÷àñòè. Óòî÷íèì óñëîâèÿ íà ïðàâóþ ÷àñòü h(t).

Ðàññìîòðèì ðàçëè÷íûå ñëó÷àè h(t)

Ýëåêòðîííûé æóðíàë. http://di�journal.spbu.ru/ 17



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 2, 2020

1) h(t) ðàçëàãàåòñÿ â îáîáùåííûé ðÿä Òåéëîðà- Ìàêëîðåíà.

h(t) = h(tβ+1) =
∞∑
k=0

D(k)h(0)

k!

t(β+1)k

(β + 1)k
(3)

Çäåñü îïåðàòîð äèôôåðåíöèðîâàíèÿ èìååò âèä D(t) = 1
tβ

d
dt , ÿâëÿþùèìñÿ ëå-

âûì îáðàòíûì ê èíòåãðàëüíîìó îïåðàòîðó
t∫
0

sβ · ds Â ýòîì ñëó÷àå ñèíãóëÿð-

íîñòè îïèñûâàþòñÿ ôóíêöèÿìè

e
−ϕ(t)
ε , σ(t, ε) = e

−ϕ(t)
ε

t∫
0

e
ϕ(s)
ε ds,

ãäå ϕ(t) = tβ+1/(β + 1).

Ñîãëàñíî ìåòîäó ðåãóëÿðèçàöèè â ñëó÷àå ¾ïðîñòîé¿ òî÷êè ïîâîðîòà ðå-
øåíèå èùåòñÿ â âèäå:

u(t, ε) = e
−ϕ(t)
ε x(t, ε) + y(t, ε)σ(t, ε) + z(t, ε), (4)

ãäå x(t, ε), y(t, ε), z(t, ε) � ãëàäêèå ïî t ôóíêöèè, ñòåïåííûì îáðàçîì çàâèñÿ-
ùèå îò ε.

Ïîäñòàâëÿÿ (4) â çàäà÷ó (2) è âûäåëÿÿ ñëàãàåìûå ïðè îäèíàêîâûõ ñèíãó-
ëÿðíîñòÿõ, ïîëó÷èì çàäà÷ó:

(x(t, ε))′ = 0,

(y(t, ε))′ = 0,

tβz(τ, ε) = h(t)− εy(t, ε)− εz′(t, ε),
x(0, ε) + z(0, ε) = u0.

(5)

Ôóíêöèÿ y(t, ε) íå ó÷àñòâóåò â íà÷àëüíîì óñëîâèè ñèñòåìû (5), òàê êàê
σ(0, ε) = 0.

Çàäà÷à (5) ÿâëÿåòñÿ ðåãóëÿðíîé ïî ñòåïåíÿì ε, ïîýòîìó, ðàçëàãàÿ ôóíê-
öèè x, y, z â ðÿäû ïî ñòåïåíÿì ε, ïîëó÷èì:

x(t, ε) =
∞∑

k=−1
εkxk(t),

y(t, ε) =
∞∑

k=−1
εkyk(t),

z(t, ε) =
∞∑

k=−1
εkzk(t)

(6)
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è ïðèðàâíèâàÿ âûðàæåíèÿ ïðè îäèíàêîâûõ ñòåïåíÿõ ε, ïîëó÷èì ñåðèþ èòå-
ðàöèîííûõ çàäà÷:

x′k(t) = 0,

(yk(t))
′ = 0,

tβzk(t) = −z′k−1(t)− yk−1(t) + δk0h(t),

xk(0) + zk(0) = δk0u
0, k = −1,∞.

(7)

Çäåñü δk0 - ñèìâîë Êðîíåêåðà. Îòðèöàòåëüíàÿ ñòåïåíü ïî ε âîçíèêàåò èç-çà
òîãî, ÷òî h(t) íå ïðèíàäëåæèò îáëàñòè çíà÷åíèé ïðåäåëüíîãî îïåðàòîðà.

Äëÿ ðåøåíèÿ èòåðàöèîííûõ çàäà÷ (7) ñôîðìóëèðóåì òåîðåìó î òî÷å÷íîé
ðàçðåøèìîñòè óðàâíåíèÿ

tβz(t) = h(t),

Òåîðåìà 1 Ïóñòü äàíî óðàâíåíèå

tβz(t) = h(t) (8)

è âûïîëíåíû óñëîâèÿ 1), 2) çàäà÷è (2),è óñëîâèå (3). Òîãäà óðàâíåíèå (8)
ðàçðåøèìî â êëàññå ãëàäêèõ ôóíêöèé òîãäà è òîëüêî òîãäà, êîãäà

h(0) = 0.

Äîêàçàòåëüñòâî.
Íåîáõîäèìîñòü. Òàê êàê óðàâíåíèå ðàçðåøèìî, òî ñ íåîáõîäèìîñòüþ h(0) =
0
Äîñòàòî÷íîñòü. Åñëè h(0) = 0, òî èç (3) ñëåäóåò,÷òî h(t) = tβ+1h0(t

β+1),
h0(0) 6= 0. Óðàâíåíèå (8) ðàçðåøèìî. Ðåøåíèå (8) ïðè âûïîëíåíèè óñëîâèé
òåîðåìû çàïèøåòñÿ â âèäå z(t) = th0(t

β+1)

Çàìå÷àíèå. Ïðè ðåøåíèè èòåðàöèîííûõ çàäà÷ ïðè îïðåäåëåíèè ÷àñòíîãî
ðåøåíèÿ zk(t) ïðèõîäèòñÿ äåéñòâîâàòü îïåðàòîð äèôôåðåíöèðîâàíèÿ íà ÷àñò-
íîå ðåøåíèå zk−1(t), êîòîðîå áóäåò èìåòü âèä th0(t

β+1)

d

dt
th0(t

β+1) = h1(t
β+1).

Òàêèì îáðàçîì, äèôôåðåíöèðîâàíèå íå âûâîäèò èç êëàññà ôóíêöèé, óäîâëå-
òâîðÿþùèõ óñëîâèþ (3).
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Ðàññìîòðèì ñèñòåìó (7) ïðè k = −1:
x′−1(t) = 0,

(y−1(t)
′ = 0,

tβz−1 = 0,

x−1(0) + z−1(0) = 0.

(9)

Ðåøåíèå ñèñòåìû (9) çàïèøåòñÿ â âèäå:
x−1(t) = x−1(0) = 0,

y−1(t) = y−1(0),

z−1(t) = 0.

(10)

Íà äàííîì èòåðàöèîííîì øàãå (k = −1) y−1(0) � ïðîèçâîëüíîå ÷èñëî,
êîòîðîå îïðåäåëÿåòñÿ èç óñëîâèÿ òî÷å÷íîé ðàçðåøèìîñòè ïðè k = 0:

x′0(t) = 0,

(y0(t))
′ = 0,

tβz0(t) = −y−1(0) + h(tβ+1),

x0(0) + z0(0) = u0.

(11)

Ðåøåíèå çàäà÷è (11) çàïèøåòñÿ êàê x0(t) = x0(0),y0(t) = y0(0), êîòîðûå
îïðåäåëÿþòñÿ èç óñëîâèÿ ðàçðåøèìîñòè óðàâíåíèÿ

tβz0(t) = h(tβ+1)− y−1(0) (12)

è íà÷àëüíûõ óñëîâèé.

Íà îñíîâàíèè òåîðåìû ðàçðåøèìîñòè ñëåäóåò, ÷òî y−1(0) = h(0). Ðåøåíèå
z0(t) çàïèøåòñÿ â âèäå:

z0(t) = th0(t
β+1). (13)

x0(0) îïðåäåëÿåòñÿ èç íà÷àëüíûõ óñëîâèé x0(0)+z0(0) = u0. Òàê êàê z0(0) = 0,
òî x0(0) = u0. Íà÷àëüíîå óñëîâèå y0(0) íà íóëåâîì èòåðàöèîííîì øàãå íå
îïðåäåëÿåòñÿ.

Òàêèì îáðàçîì, ðåøåíèå íà èòåðàöèîííîì øàãå −1 îïðåäåëåíî è èìååò
âèä:

u−1(t, ε) = h(0)σ(t, ε).

×òîáû îïðåäåëèòü y0(t),ðàññìîòðèì èòåðàöèîííóþ ñèñòåìó íà
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øàãå k = 1: 
x′1(t) = 0,

(y1(t))
′ = 0,

tβz1(t) = −z′0(t)− y0(0),
x1(0) + z1(0) = 0.

(14)

Ðàññìîòðèì óðàâíåíèå îòíîñèòåëüíî z1(t). Ñîãëàñíî çàìå÷àíèþ z′0(t)
ïðåäñòàâèìî â âèäå z′0(t) = h1(t

β+1). Îòñþäà tβz1(t) = −h1(tβ+1)− y0(0).
Íà îñíîâàíèè òåîðåìû ðàçðåøèìîñòè èìååì: y0(0) = −h1(0) è òîãäà

z1(t) = th2(t
β+1), à èç íà÷àëüíûõ óñëîâèé x0(0) = 0 òàê êàê z1(0) = 0.

Ñëåäîâàòåëüíî, íà íóëåâîì èòåðàöèîííîì øàãå ïîëíîñòüþ íàõîäèòñÿ
ãëàâíûé ÷ëåí àñèìïòîòèêè:

ug.m(t, ε) =
1

ε
h(0)σ(t, ε) + u0e

−ϕ(t)
ε . (15)

Àíàëîãè÷íî ìîæíî íàéòè ëþáîé ÷ëåí àñèìïòîòè÷åñêîãî ðåøåíèÿ.
Íåñëîæíî ïîíÿòü, ÷òî ôîðìàëüíîå àñèìïòîòè÷åñêîå ðåøåíèå çàäà÷è (1) çà-
ïèøåòñÿ â âèäå

u(t, ε) = u0e
−ϕ(t)
ε +

∞∑
k=−1

(−1)(k+1)εkhk(0)σ(t, ε) +
∞∑
k=0

εkthk+1(t
β+1) (16)

Çäåñü h−1(0) = h(0).

Òåîðåìà 2 Ïóñòü çàäàíà çàäà÷à (2) è âûïîëíåíû óñëîâèÿ 1),2)è óñëîâèå
(3). Òîãäà âåðíà îöåíêà∥∥∥∥∥u(t, ε)−

N∑
k=−1

εkuk(t, ε)

∥∥∥∥∥ ≤ CεN+1,∀tε[0, T ].

Çäåñü uk(t, ε) = u0e
−ϕ(t)
ε δ0k + (−1)(k+1)hk+1(0)σ(t, ε) + thk+1(t

β+1)

Òåîðåìà 3 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 8 è äîïîëíèòåëüíûå óñëî-
âèÿ òî÷å÷íîé ðàçðåøèìîñòè h(0) = 0, Òîãäà

lim
ε→0

u(t, ε) = u0(t),∀tε[δ, T ], δ > 0.

ãäå u0(t) = th0(t
β+1), h0(0) 6= 0.
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2) h(t) ðàçëàãàåòñÿ â îáîáùåííûé ðÿä Òåéëîðà-Ìàêëîðåíà.

h(t) = h(t
β+1
m ) =

∞∑
k=0

D(k)h(0)

k!

t
k(β+1)
m

(β + 1)k
(17)

Îñíîâíûå ñèíãóëÿðíîñòè äàííîé çàäà÷è (2) èìåþò âèä:

e
−ϕ(t)
ε ; σi(t, ε) = e

−ϕ(t)
ε

t∫
0

e
ϕ(s)
ε s

i(β+1)
m ds, i = 0,m− 1.

ãäå ϕ(t) = tβ+1/(β + 1).

Ñîãëàñíî ìåòîäó ðåãóëÿðèçàöèè â ñëó÷àå ¾ïðîñòîé¿ òî÷êè ïîâîðîòà ðå-
øåíèå èùåòñÿ â âèäå:

u(t, ε) = e
−ϕ(t)
ε x(t, ε) +

m−1∑
i=0

yi(t, ε)σi(t, ε) + z(t, ε). (18)

ãäå x(t, ε), yi(t, ε), z(t, ε), i = 0,m− 1 � ãëàäêèå ïî t ôóíêöèè, ñòåïåííûì
îáðàçîì çàâèñÿùèå îò ε.

Ïîäñòàâëÿÿ (18) â çàäà÷ó (2) è âûäåëÿÿ ñëàãàåìûå ïðè îäèíàêîâûõ ñèí-
ãóëÿðíîñòÿõ, ïîëó÷èì çàäà÷ó:

(x(t, ε))′ = 0,

(yi(t, ε))′ = 0, i = 0,m− 1,

tβz(t, ε) = −εz′(t, ε)− ε
[
y0(t, ε) + t

β+1
m y1(t, ε) + . . .+ t

(m−1)(β+1)
m ym−1(t, ε)

]
+ h(t),

x(0, ε) + z(0, ε) = u0.

(19)
Ôóíêöèè yi(t, ε) íå ó÷àñòâóþò â íà÷àëüíîì óñëîâèè ñèñòåìû (19), òàê êàê
σi(0, ε) = 0.

Çàäà÷à (19) ÿâëÿåòñÿ ðåãóëÿðíîé ïî ñòåïåíÿì ε, ïîýòîìó, ðàçëàãàÿ ôóíê-
öèè x(t, ε), yi(t, ε), z(t, ε) â ðÿäû ïî ñòåïåíÿì ε

x(t) =
∞∑

k=−1
εkxk(t),

yi(t) =
∞∑

k=−1
εkyik(t), i = 0,m− 1,

z(t) =
∞∑

k=−1
εkzk(t)

(20)
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è ïðèðàâíèâàÿ âûðàæåíèÿ ïðè îäèíàêîâûõ ñòåïåíÿõ ε, ïîëó÷èì ñåðèþ èòå-
ðàöèîííûõ çàäà÷:

x′k(t) = 0,

(yik(t))
′ = 0, i = 0,m− 1,

tβzk(t) = −z′k−1(t)−
m−1∑
i=0

t
i(β+1)
m yik−1(0) + δk0h(t),

xk(0) + zk(0) = δk0u
0, k = −1,∞.

(21)

Îòðèöàòåëüíàÿ ñòåïåíü ïî ε âîçíèêàåò èç-çà òîãî, ÷òî h(t) íå ïðèíàäëåæèò
îáëàñòè çíà÷åíèé ïðåäåëüíîãî îïåðàòîðà.

Äëÿ ðåøåíèÿ èòåðàöèîííûõ çàäà÷ (21) ñôîðìóëèðóåì òåîðåìó î òî÷å÷íîé
ðàçðåøèìîñòè óðàâíåíèÿ

tβz(t) = h(t
(β+1)
m ),

Òåîðåìà 4 Ïóñòü äàíî óðàâíåíèå

tβz(t) = h(t
(β+1)
m ), (22)

è âûïîëíåíû óñëîâèÿ 1) è 2) çàäà÷è (2) è óñëîâèå (17). Òîãäà óðàâíåíèå (22)
ðàçðåøèìî â êëàññå ãëàäêèõ ôóíêöèé òîãäà è òîëüêî òîãäà, êîãäà

D(k)h(0) = 0, k = 0,m− 1.

Äîêàçàòåëüñòâî.

Íåîáõîäèìîñòü. Òàê êàê óðàâíåíèå ðàçðåøèìî, òî ðàçëîæèâ h(t
(β+1)
m ) â îáîá-

ùåííûé ðÿä Ìàêëîðåíà ñ íåîáõîäèìîñòüþ ïîëó÷èì D(k)h(0) = 0, k =
0,m− 1.
Äîñòàòî÷íîñòü. Åñëè D(k)h(0) = 0, k = 0,m− 1, òî óðàâíåíèå î÷åâèäíî
(22) ðàçðåøèìî. Ðåøåíèå (22) ïðè âûïîëíåíèè óñëîâèé òåîðåìû çàïèøåòñÿ

â âèäå z(t) = th0(t
(β+1)
m )

Çàìå÷àíèå. Ïðè ðåøåíèè èòåðàöèîííûõ çàäà÷ ïðè îïðåäåëåíèè ÷àñòíî-

ãî ðåøåíèÿ z(t) ïðèõîäèòñÿ äèôôåðåíöèðîâàòü âûðàæåíèå z(t) = th(t
(β+1)
m ).

Ïðîâåäåì äèôôåðåíöèðîâàíèå ż(t) = h(t
(β+1)
m )+ (β+1)

m t
(β+1)
m ḣ(t

(β+1)
m ) = h0(t

(β+1)
m )

Òàêèì îáðàçîì, äèôôåðåíöèðîâàíèå íå âûâîäèò èç êëàññà ôóíêöèé, óäîâëå-
òâîðÿþùèõ óñëîâèþ (17).
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Ðàññìîòðèì ñèñòåìó (21) ïðè k = −1:
x′−1(t) = 0,

(y−1(t)
′ = 0,

tβz−1 = 0,

x−1(0) + z−1(0) = 0.

(23)

Ðåøåíèå ñèñòåìû (23) çàïèøåòñÿ â âèäå:
x−1(t) = x−1(0) = 0,

yi−1(t) = yi−1(0), i = 0,m− 1,

z−1(t) = 0.

(24)

Íà äàííîì èòåðàöèîííîì øàãå (k = −1) y−1(0) - ïðîèçâîëüíûå ÷èñëà,
êîòîðûå îïðåäåëÿþòñÿ èç óñëîâèÿ òî÷å÷íîé ðàçðåøèìîñòè ïðè k = 0:

x′0(t) = 0,

yi0(t) = yi0(0), i = 0,m− 1,

tβz0(t) = −
m−1∑
i=0

t
i(β+1)
m yi−1(0) + h(t

(β+1)
m ),

x0(0) + z0(0) = u0.

(25)

Íà îñíîâàíèè òåîðåìû ðàçðåøèìîñòè ñëåäóåò, ÷òî y0−1(0) = h(0), yi−1(0) =
D(i)h(0)
i!(β+1)i , i = 1,m− 1.

Ðåøåíèå z0(t) çàïèøåòñÿ â âèäå:

z0(t) =

h(t
(β+1)
m )−

m−1∑
i=0

D(i)h(0)
i!(β+1)i t

i(β+1)
m

tβ
= th0(t

(β+1)
m ). (26)

x0(0) îïðåäåëÿåòñÿ èç íà÷àëüíûõ óñëîâèé x0(0) + z0(0) = u0.
Òàê êàê z0(0) = 0, òî x0(0) = u0. Íà÷àëüíîå óñëîâèå y0(0) íà íóëåâîì èòåðà-
öèîííîì øàãå íå îïðåäåëÿåòñÿ.

Òàêèì îáðàçîì, ðåøåíèå íà −1 èòåðàöèîííîì øàãå îïðåäåëåíî è èìååò
âèä:

u−1(t, ε) =
m−1∑
i=0

D(i)h(0)

i!(β + 1)i
σi(t, ε).

×òîáû îïðåäåëèòü yi0(t), ðàññìîòðèì èòåðàöèîííóþ ñèñòåìó íà
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øàãå k = 1: 

x′1(t) = 0,

(yi1(t))
′ = 0,

tβz1(t) = −z′0(t)−
m−1∑
i=0

t
i(β+1)
m yi0(0),

x1(0) + z1(0) = 0.

(27)

Ðàññìîòðèì óðàâíåíèå îòíîñèòåëüíî z1(t). Ñîãëàñíî çàìå÷àíèþ z′0(t)

ïðåäñòàâèìî â âèäå z′0(t) = h1(t
(β+1)
m ). Îòñþäà tβz1(t) = −h1(t

(β+1)
m ) −

m−1∑
i=0

t
i(β+1)
m yi0(0).

Íà îñíîâàíèè òåîðåìû ðàçðåøèìîñòè èìååì: y00(0) = h1(0), y
i
0(0) =

−D(i)h1(0)
i!(β+1)i , i = 1,m− 1 è òîãäà z1(t) = th2(t

(β+1)
m ) Èç íà÷àëüíûõ óñëîâèé

x1(0) = 0 òàê êàê z1(0) = 0.

Ñëåäîâàòåëüíî, íà íóëåâîì èòåðàöèîííîì øàãå ïîëíîñòüþ íàõîäèòñÿ
ãëàâíûé ÷ëåí àñèìïòîòèêè:

ug.m = 1
ε

m−1∑
i=0

D(i)h(0)
i!(β+1)iσi(t, ε) + u0e

−ϕ(t)
ε −

m−1∑
i=0

D(i)h1(0)
i!(β+1)i σi(t, ε) + th0(t

(β+1)
m )

Àíàëîãè÷íî ìîæíî íàéòè ëþáîé ÷ëåí àñèìïòîòè÷åñêîãî ðåøåíèÿ.
Íåñëîæíî ïîíÿòü, ÷òî ôîðìàëüíîå àñèìïòîòè÷åñêîå ðåøåíèå çàäà÷è (2) çà-
ïèøåòñÿ â âèäå

u(t, ε) = u0e
−ϕ(t)
ε +

∞∑
k=−1

(−1)(k+1)εk
m−1∑
i=0

D(i)hk(0)

i!(β + 1)i
σi(t, ε) +

∞∑
k=0

εkthk+1(t
(β+1)
m )

(28)
Çäåñü D(i)h−1(0) = D(i)h(0)

Òåîðåìà 5 Ïóñòü çàäàíà çàäà÷à (2) è âûïîëíåíû óñëîâèÿ 1),2)è óñëîâèå
(17). Òîãäà âåðíà îöåíêà∥∥∥∥∥u(t, ε)−

N∑
k=−1

εkuk(t, ε)

∥∥∥∥∥ ≤ CεN+1,∀tε[0, T ].

Çäåñü uk(t, ε) = u0e−ϕ(t)/εδ0k + (−1)(k+1)
m−1∑
i=0

D(i)hk(0)
i!(β+1)i σi(t, ε) + thk+1(t

β+1)

Ýëåêòðîííûé æóðíàë. http://di�journal.spbu.ru/ 25



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 2, 2020

Òåîðåìà 6 Ïóñòü âûïîëíåíû óñëîâèÿ 1) è 2) çàäà÷è (2), óñëîâèå (17) è
äîïîëíèòåëüíûå óñëîâèÿ òî÷å÷íîé ðàçðåøèìîñòè D(i)h(0) = 0, i = 0,m− 1,
Òîãäà âåðíà òåîðåìà î ïðåäåëüíîì ïåðåõîäå

lim
ε→0

u(t, ε) = u0(t), t ∈ [δ, T ], ãäå δ > 0.

ãäå u0(t) = th0(t
(β+1)
m ), h0(0) 6= 0.

Òåîðåìà 7 Ïóñòü âûïîëíåíû óñëîâèÿ 1) è 2) çàäà÷è (2), óñëîâèå (17) è
äîïîëíèòåëüíûå óñëîâèÿ òî÷å÷íîé ðàçðåøèìîñòè D(i)h(0) = 0, i = 0,m− 1,
Òîãäà òåîðåìà î ïðåäåëüíîì ïåðåõîäå âåðíà â ñëàáîì ñìûñëå

∀φ(t) ∈ C[0, T ] lim
ε→0

∫ T

0

u(t, ε)φ(t)dt =

∫ T

0

u0(t)φ(t)dt

ãäå u0(t) = th0(t
(β+1)
m ), h0(0) 6= 0.

3) h(t) ãëàäêàÿ ôóíêöèÿ, êîòîðàÿ ðàçëàãàåòñÿ â îáû÷íûé ðÿä
Òåéëîðà-Ìàêëîðåíà.

h(t) =
∞∑
k=0

h(k)(0)

k!
tk (29)

Òàê êàê ôóíêöèÿ h(t) íå ëåæèò â îáðàçå îïåðàòîðà ε ddt + t
β, òî ñïåöôóíêöèé,

îïèñûâàþùèõ ñèíãóëÿðíîñòè çàäà÷è, áóäåò áåñêîíå÷íîå ÷èñëî. Äëÿ ïðîñòî-
òû èçëîæåíèÿ áóäåì ðàññìàòðèâàòü ñëó÷àé 0 < β < 1. Äëÿ îïèñàíèÿ ñèí-
ãóëÿðíîñòåé çàäà÷è Êîøè (1) â ýòîì ñëó÷àå ââåäåì ñëåäóþùèå îïåðàòîðû
{β}n = {β + {β + ...{β}}..}, [β]n = [β + {β + ...{β}..}].
Çäåñü { } -îçíà÷àåò äðîáíóþ ÷àñòü ÷èñëà, [ ] - öåëóþ ÷àñòü ÷èñëà. Ïî
îïðåäåëåíèþ {β}0 = 0.

Îñíîâíûå ñèíãóëÿðíîñòè äàííîé çàäà÷è(2) èìåþò âèä:

e
−ϕ(t)
ε , σi,0(t, ε) = e

−ϕ(t)
ε

t∫
0

e
ϕ(s)
ε s−{β}ids, σi,1(t, ε) = e

−ϕ(t)
ε

t∫
0

e
ϕ(s)
ε s1−{β}ids,

i = 0,∞

ãäå ϕ(t) = tβ+1/(β + 1). Ïî îïðåäåëåíèþ ïîëîæèì σ0,1(t, ε) ≡ 0.

Ñîãëàñíî ìåòîäó ðåãóëÿðèçàöèè â ñëó÷àå ¾ïðîñòîé¿ òî÷êè ïîâîðîòà ðå-
øåíèå èùåòñÿ â âèäå:
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u(t, ε) = e
−ϕ(t)
ε x(t, ε) +

1∑
j=0

∞∑
i=0

yi,j(t, ε)σi,j(t, ε) + z(t, ε). (30)

ãäå x(t, ε), yi,j(t, ε), z(t, ε), i = 0,∞ � ãëàäêèå ïî t ôóíêöèè, ñòåïåííûì
îáðàçîì çàâèñÿùèå îò ε.

Çàäà÷à (2) â êëàññå ôóíêöèé (29) ÿâëÿåòñÿ ðåãóëÿðíîé ïî ñòåïåíÿì ε,
ïîýòîìó, ðàçëàãàÿ ôóíêöèè x(t, ε), yi,j(t, ε), z(t, ε) â ðÿäû ïî ñòåïåíÿì ε

x(t) =
∞∑

k=−1
εkxk(t),

yi,j(t) =
∞∑

k=−1
εkyi,jk (t), i = 0,∞, j = 0, 1,

z(t) =
∞∑

k=−1
εkzk(t)

(31)

è ïðèðàâíèâàÿ âûðàæåíèÿ ïðè îäèíàêîâûõ ñòåïåíÿõ ε, ïîëó÷èì ñåðèþ èòå-
ðàöèîííûõ çàäà÷:

x′k(t) = 0,

(yi,jk (t))′ = 0, i = 0,∞, j = 0, 1,

tβzk(t) = −z′k−1(t)−
∞∑
i=0

(t−{β}iyi,0k−1(0) + t1−{β}iyi,1k−1(0)) + δk0h(t),

xk(0) + zk(0) = δk0u
0, k = −1,∞.

(32)

Îòðèöàòåëüíàÿ ñòåïåíü ïî ε âîçíèêàåò èç-çà òîãî, ÷òî h(t) íå ïðèíàäëåæèò
îáëàñòè çíà÷åíèé ïðåäåëüíîãî îïåðàòîðà.

Ðàññìîòðèì ñèñòåìó (30) ïðè k = −1:
x′−1(t) = 0,

(yi,j−1(t))
′ = 0, i = 0,∞, j = 0, 1,

tβz−1(t) = 0,

x−1(0) + z−1(0) = 0.

(31)

Ðåøåíèå ñèñòåìû (32) çàïèøåòñÿ â âèäå:
x−1(t) = x−1(0) = 0,

yi,j−1(t) = yi,j−1(0), i = 0,∞, j = 0, 1,

z−1(t) = 0.

(33)
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Íà äàííîì èòåðàöèîííîì øàãå yi,j−1(0) � ïðîèçâîëüíûå ÷èñëà, êîòîðûå
îïðåäåëÿþòñÿ èç óñëîâèÿ òî÷å÷íîé ðàçðåøèìîñòè ïðè k = 0:

x′0(t) = 0,

yi,j0 (t) = yi,j0 (0), i = 0,∞, j = 0, 1,

tβz0(t) = −
∞∑
i=0

(t−{β}iyi,0−1(0) + t1−{β}iyi,1−1(0)) + h(t),

x0(0) + z0(0) = u0.

(34)

Íà îñíîâàíèè òåîðåìû ðàçðåøèìîñòè ñëåäóåò, ÷òî y0,0−1(0) = h(0),

y0,1−1(0) = 0, yi,j−1(0) = 0, i = 1,∞, j = 1, 2. Ðåøåíèå z0(t) çàïèøåòñÿ â âèäå:

z0(t) =
h(t)− h(0)

tβ
. (35)

x0(0) îïðåäåëÿåòñÿ èç íà÷àëüíûõ óñëîâèé x0(0) + z0(0) = u0.
Òàê êàê z0(0) = 0, òî x0(0) = u0. Íà÷àëüíûå óñëîâèå yi,j0 (0) íà íóëåâîì
èòåðàöèîííîì øàãå íå îïðåäåëÿþòñÿ.

Òàêèì îáðàçîì, ðåøåíèå íà −1 èòåðàöèîííîì øàãå îïðåäåëåíî è èìååò
âèä:

u−1(t, ε) = h(0)e
−ϕ(t)
ε

t∫
0

e
ϕ(s)
ε ds. (36)

×òîáû îïðåäåëèòü yi,j0 (t), ðàññìîòðèì èòåðàöèîííóþ ñèñòåìó íà øàãå
k = 1: 

x′1(t) = 0,

(yi,j1 (t))′ = 0, i = 0,∞, j = 0, 1,

tβz1(t) = −z′0(t)−
∞∑
i=0

(t−{β}iyi,00 (0) + t1−{β}iyi,10 (0)),

x1(0) + z1(0) = 0.

(37)

Ðàññìîòðèì óðàâíåíèå îòíîñèòåëüíî z1(t). Ñîãëàñíî çàìå÷àíèþ z′0(t)

ïðåäñòàâèìî â âèäå z′0(t) = t−{β}(ḣ(t) − β(h(t)−h(0))
t ) = t−{β}h0(t). Çàìåòèì,

÷òî h0(0) = (1− β)ḣ(0).
Îòñþäà

tβz1(t) = −t−{β}h0(t)−
∞∑
i=0

(t−{β}iyi,00 (0) + t1−{β}iyi,10 (0)).
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Íà îñíîâàíèè òåîðåìû ðàçðåøèìîñòè èìååì: y1,00 (0) = −h0(0), y1,10 (0) =
−ḣ0(0),
îñòàëüíûå yi,j0 = 0.

Òîãäà z1(t) =
(h0(t)−h0(0)−tḣ0(0))

tβ
= t2−β−{β}h1(t). Âîçìîæíû äâå ñèòóàöèè

à) [β]2 = 1 z1(t) = t1−{β}2h1(t)
b) [β]2 = 0 z1(t) = t2−{β}2h1(t)

Ýòî ìîæíî çàïèñàòü â âèäå z1(t) = t2−δ
[β]2
1 −{β}2h1(t), äå δ

j
i -ñèìâîë Êðîíå-

êåðà Èç íà÷àëüíûõ óñëîâèé x1(0) = 0 òàê êàê z1(0) = 0.

Ñëåäîâàòåëüíî, íà íóëåâîì èòåððàöèîííîì øàãå ïîëíîñòüþ íàõîäèòñÿ
ãëàâíûé ÷ëåí àñèìïòîòèêè:

ug.m =
1

ε
h(0)e

−ϕ(t)
ε

t∫
0

e
ϕ(s)
ε ds+ u0e

−ϕ(t)
ε − h0(0)e

−ϕ(t)
ε

t∫
0

e
ϕ(s)
ε s−{β}ds

−ḣ0(0)e
−ϕ(t)
ε

t∫
0

e
ϕ(s)
ε s1−{β}ds+

h(t)− h(0)
tβ

. (38)

Àíàëîãè÷íî ìîæíî íàéòè ëþáîé ÷ëåí àñèìïòîòè÷åñêîãî ðåøåíèÿ.
Íåòðóäíî ïîëó÷èòü îáùèé âèä ðåãóëÿðèçîâàííîãî àñèìïòîòè÷åñêîãî ðåøå-
íèÿ çàäà÷è Êîøè (1).

u(t, ε) = u0e
−ϕ(t)
ε +

∞∑
k=−1

(−1)(k+1)εk(hk(0)σk,0(t, ε) + ḣk(0)σk,1(t, ε))δ
[β]k
1

+(hk(0)σk,1(t, ε))δ
[β]k
0 ) +

∞∑
k=0

εkt2−δ
[β]k+1
1 −{β}k+1hk(t).

(39)

Òåîðåìà 8 Ïóñòü çàäàíà çàäà÷à (2) è âûïîëíåíû óñëîâèÿ 1)-3). Òîãäà âåðíà
îöåíêà ∥∥∥∥∥u(t, ε)−

N∑
k=−1

εkuk(, ε)

∥∥∥∥∥ ≤ CεN+1,∀t ∈ [0, T ].

Çäåñü uk(t) = u0e
−ϕ(t)
ε δ0k + (−1)k+1(hk(0)σk,0(t, ε) + ḣk(0)σk,1(t, ε))δ

[β]k
1

+ (hk(0)σk,1(t, ε))δ
[β]k
0 + t2−δ

[β]k+1
1 −{β}k+1hk(t).
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Òåîðåìà 9 Ïóñòü âûïîëíåíû óñëîâèÿ 1) è 2) çàäà÷è (2) è äîïîëíèòåëüíûå
óñëîâèÿ òî÷å÷íîé ðàçðåøèìîñòè h(0) = 0, Òîãäà âåðíà òåîðåìà î ïðåäåëü-
íîì ïåðåõîäå

lim
ε→0

u(t, ε) = u0(t), t ∈ [δ, T ], ãäå δ > 0.

ãäå u0(t) =
h(t)−h(0)

tβ
.

Òåîðåìà 10 Ïóñòü âûïîëíåíû óñëîâèÿ 1) è 2) çàäà÷è (2) è äîïîëíèòåëü-
íûå óñëîâèÿ òî÷å÷íîé ðàçðåøèìîñòè h(0) = 0, Òîãäà òåîðåìà î ïðåäåëüíîì
ïåðåõîäå âåðíà â ñëàáîì ñìûñëå

∀ϕ(t) ∈ C[0, T ] lim
ε→0

∫ T

0

u(t, ε)ϕ(t)dt =

∫ T

0

u0(t)ϕ(t)dt

ãäå u0(t) =
h(t)−h(0)

tβ
.

Ïðèìåð {
ε∂u∂t − ε

2 ∂2u
∂x2 = −t

βu+ h(x, t)

u(x, 0) = ϕ(x).

1) h(x, t) = h(x, tβ+1) =
∞∑
k=0

D(k)h(x,0)
k!

t(β+1)k

(β+1)
k

ug.m(x, t, ε) =
1
εh(x, 0)σ(t, ε) + ϕ(x)e−

1
ε
tβ+1

β+1 + h(x,t)−h(x,0)
tβ

.

ãäå σ(t, ε) = e−
1
ε
tβ+1

β+1

t∫
0

e
1
ε
sβ+1

β+1 ds

2) h(x, t) = h(x, t
β+1
m ) =

∞∑
k=0

D(k)h(x,0)
k!

t
k(β+1)
m

(β+1)
k

ug.m = 1
ε

m−1∑
i=0

D(i)h(x,0)
i!(β+1)i σi(t, ε) + ϕ(x)e−

1
ε
tβ+1

β+1 −
m−1∑
i=0

D(i)h1(x,0)
i!(β+1)i σi(t, ε) +

h(x,t
(β+1)
m )−

m−1∑
i=0

D(i)h(x,0)

i!(β+1)i
t
i(β+1)
m

tβ
.

ãäå σi(t, ε) = e−
1
ε
sβ+1

β+1

t∫
0

e
1
ε
sβ+1

β+1 s
i(β+1)
m ds, i = 0,m− 1.

3) h(x, t) =
∞∑
k=0

h(k)(x,0)
k! tk
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ug.m = 1
εh(x, 0)e

−ϕ(t)
ε

t∫
0

e
ϕ(s)
ε ds + ϕ(x)e−

1
ε
tβ+1

β+1 − h0(x, 0)e
−ϕ(t)
ε

t∫
0

e
ϕ(s)
ε s−{β} −

ḣ0(x, 0)e
−ϕ(t)
ε

t∫
0

e
ϕ(s)
ε s1−{β}ds+ h(x,t)−h(x,0)

tβ
.
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Regularized solution of a singularly perturbed Cauchy problem in the
presence of irrational simple turning point

Alexander Eliseev

National Research University "Moscow Power Engineering Institute"

eliseevag@mpei.ru

Absract. Basing on the regularization method of S. A. Lomov, we construct
an asymptotic solution for a singularly perturbed Cauchy problem for the case
when the stability conditions for the spectrum of the limit operator are violated.
In particular, we consider the problem with a simple turning point, when one
eigenvalue at the initial moment of time has zero of arbitrary irrational order (the
limit operator is discretely irreversible). This work is a development of the ideas
described in the works of S. A. Lomov and A. G. Eliseev. The irrational turning
point and the problems that arise in constructing the asymptotic of the solution
of the Cauchy problem have not previously been considered from the point of
view of the regularization method. In the present work, basing on the theory o f
normal and unique solvability of iterative problems developed by the author, we
design and justify the algorithm for the regularization method and construct an
asymptotic solution of any order with respect to a small parameter.

Keywords: singularly perturbed Cauchy problem, asymptotic solution,
regularization method, turning point.
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