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Abstract. The article is devoted to the application of multiple Fourier–

Legendre series for the approximation of iterated stochastic Itô integrals of
multiplicities 1 to 3 with respect to the infinite-dimensional Q-Wiener process.

These iterated stochastic integrals are a part of the so-called exponential Mil-
stein and Wagner–Platen numerical methods for semilinear stochastic partial

differential equations with nonlinear multiplicative trace class noise. The men-
tioned numerical methods have strong orders of convergence 1.0− and 1.5−
correspondingly with respect to the temporal discretization. The theorem on

the mean-square convergence of approximations of iterated stochastic Itô inte-
grals of multiplicities 1 to 3 with respect to the infinite-dimensional Q-Wiener

process is formulated and proved. The results of this article can be applied to
implementation of high-order strong numerical methods for non-commutative

semilinear stochastic partial differential equations with nonlinear multiplicative
trace class noise.
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1 Introduction

This paper continues the author’s research [1] on methods of the mean-square
approximation of iterated stochastic Itô integrals with respect to the infinite

dimensional Q-Wiener process.

It is well-known that one of the effective approaches to the construction of
high-order strong numerical methods (with respect to the temporal discretiza-
tion) for semilinear stochastic partial differential equations (SPDEs) is based

on the Taylor formula in Banach spaces and the exponential formula for the
mild solution of SPDE [2]-[7]. A significant step in this direction was made in

[6], [7], where the exponential Milstein and Wagner–Platen methods for semi-
linear SPDEs were constructed. Under the appropriate conditions [6], [7] these

methods have strong orders of convergence 1.0− ε and 1.5− ε correspondingly
with respect to the temporal variable (where ε is an arbitrary small posilive
real number). It should be noted that in [8] the convergence of the exponential

Milstein scheme for semilinear SPDEs with strong order 1.0 has been proved
under additional smoothness assumptions.

An important feature of the mentioned numerical methods is the presence in
them the so-called iterated stochastic Itô integrals with respect to the infinite-

dimensional Q-Wiener process [9]. The problem of numerical modeling of these
stochastic integrals with multiplicities 1 to 3 was solved in [6], [7] for the case

when special commutativity conditions for SPDE are fulfilled.

If the mentioned commutativity conditions are not satisfied, which often

corresponds to SPDEs in numerous applications, the numerical modeling of
iterated stochastic Itô integrals with respect to the infinite-dimensional Q-

Wiener process becomes much more difficult. Note that the exponential Mil-
stein scheme [6] contains the iterated stochastic Itô integrals of multiplicities 1

and 2 with respect to the infinite-dimensional Q-Wiener process and the expo-
nential Wagner–Platen scheme [7] contains the mentioned stochastic integrals
of multiplicities 1 to 3. In [10], [11] two methods of the mean-square approxima-
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tion of iterated stochastic Itô integrals from the exponential Milstein scheme for

semilinear SPDEs without the commutativity conditions have been considered.
Note that the mean-square error of approximation of these stochastic integrals

consists of two components [10], [11]. The first component is related with the
finite-dimentional approximation of the infinite-dimentional Q-Wiener process

while the second one is connected with the approximation of iterated stochas-
tic Itô integrals with respect to the scalar standard Brownian motions. In the
author’s publication [1] the problem of the mean-square approximation of iter-

ated stochastic Itô integrals with respect to the infinite-dimensional Q-Wiener
process in the sense of second component of approximation error (see above)

has been solved for arbitraty multiplicity k (k ∈ N) of stochastic integrals and
without the assumptions of commutativity for SPDE. More precisely, in [1] the

method of generalized multiple Fourier series [12]-[22] for the approximation of
iterated stochastic Itô integrals with respect to the scalar standard Brownian

motions was adapted for iterated stochastic Itô integrals with respect to the
infinite-dimensional Q-Wiener process (in the sense of the second component
of approximation error).

In this article, we extend the method [10], [11] for estimating the first com-
ponent of approximation error for iterated stochastic Itô integrals of multi-

plicities 1 to 3 with respect to the infinite-dimensional Q-Wiener process. In
addition, we combine the obtained results with results from [1]. Thus, re-

sults of the paper can be applied to the implementation of exponential Milstein
andWagner–Platen schemes for semilinear SPDEs with nonlinear multiplicative

trace class noise and without the commutativity conditions.

2 Exponential Milstein and Wagner–Platen Numerical

Schemes for Non-Commutative Semilinear SPDEs

Let U,H be separable R-Hilbert spaces and LHS(U,H) be a space of Hilbert–

Schmidt operators. Let (Ω,F,P) be a probability space with a normal filtration
{Ft, t ∈ [0, T̄ ]} [9], let Wt be an U -valued Q-Wiener process with respect to

{Ft, t ∈ [0, T̄ ]}, which has a covariance trace class operator Q ∈ L(U). Here
L(U) denotes all bounded linear operators on U . Let U0 be an R-Hilbert space

U0 = Q1/2(U) with a scalar product [6], [7]

〈u, w〉U0
=
〈

Q−1/2u,Q−1/2w
〉

U
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for all u, w ∈ U0.

Consider the semilinear parabolic SPDE with multiplicative trace class noise

dXt = (AXt + F (Xt)) dt+ B(Xt)dWt, X0 = ξ, t ∈ [0, T̄ ], (1)

where nonlinear operators F, B (F : H → H, B : H → LHS(U0, H)), linear
operator A : D(A) ⊂ H → H as well as the initial value ξ are assumed to

satisfy the conditions of existence and uniqueness of the SPDE mild solution
(see [7], Assumptions A1–A4).

It is well-known [24] that Assumptions A1–A4 [7] guarantee the existence
and uniqueness (up to modifications) of the mild solution Xt : [0, T̄ ]× Ω → H

of SPDE (1)

Xt = exp(At)ξ +

t∫

0

exp(A(t− τ))F (Xτ)dτ +

t∫

0

exp(A(t− τ))B(Xτ)dWτ (2)

with probability 1 (further w. p. 1) for all t ∈ [0, T̄ ], where exp(At) is the
semigroup generated by the operator A.

Consider eigenvalues λi and eigenfunctions ei(x) of the covariance operator
Q, where i = (i1, . . . , id) ∈ J, J = {i : i ∈ N

d, and λi > 0}, and x =

(x1, . . . , xd) ∈ U.

The series representation of the Q-Wiener process Wt has the following
form [9]

Wt =
∑

i∈J
ei
√

λiw
(i)
t or Wt =

∑

i∈JM
ei 〈ei,Wt〉U ,

where t ∈ [0, T̄ ], w
(i)
t (i ∈ J) are independent standard Wiener processes, and

〈·, ·〉U is a scalar product in U. Note that eigenfunctions ei(x), i ∈ J form an

orthonormal basis of U [9].

Consider the finite-dimensional approximation of Wt [9]

WM
t =

∑

i∈JM
ei
√

λiw
(i)
t , t ∈ [0, T̄ ], (3)

where

JM = {i : 1 ≤ i1, . . . , id ≤M, and λi > 0}. (4)

Remark 1. Obviously, without the loss of generality we can suppose that

JM = {1, 2, . . . ,M}.
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Let ∆ > 0, τp = p∆ (p = 0, 1, . . . , N), and N∆ = T̄ . Consider the expo-

nential Milstein numerical scheme [6]

Yp+1 = exp (A∆)




Yp +∆F (Yp) +

τp+1∫

τp

B(Yp)dWs+

+

τp+1∫

τp

B′(Yp)






s∫

τp

B(Yp)dWτ




 dWs




 , (5)

and Wagner–Platen numerical scheme [7]

Yp+1 = exp

(
A∆

2

)




exp

(
A∆

2

)

Yp +∆F (Yp) +

τp+1∫

τp

B(Yp)dWs+

+

τp+1∫

τp

B′(Yp)






s∫

τp

B(Yp)dWτ




 dWs+

+
∆2

2
F ′(Yp)

(

AYp + F (Yp)

)

+

τp+1∫

τp

F ′(Yp)






s∫

τp

B(Yp)dWτ




 ds+

+
∆2

4

∑

i∈J
λiF

′′(Yp)

(

B(Yp)ei, B(Yp)ei

)

+

+A






τp+1∫

τp

s∫

τp

B(Yp)dWτds−
∆

2

τp+1∫

τp

B(Yp)dWs




+

+∆

τp+1∫

τp

B′(Yp)

(

AYp + F (Yp)

)

dWs −
τp+1∫

τp

s∫

τp

B′(Yp)

(

AYp + F (Yp)

)

dWτds+

+
1

2

τp+1∫

τp

B′′(Yp)






s∫

τp

B(Yp)dWτ ,

s∫

τp

B(Yp)dWτ




 dWs+
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+

τp+1∫

τp

B′(Yp)






s∫

τp

B′(Yp)






τ∫

τp

B(Yp)dWθ




 dWτ




 dWs




 (6)

for SPDE (1), where Yp is an approximation of Xτp (mild solution (2) at the
time moment τp), p = 0, 1, . . . , N, and B′, B′′, F ′, F ′′ are Fréchet derivatives

[23]. Note that in addition to the temporal discretization, the implementation
of numerical schemes (5) and (6) also requires a discretization of the infinite-

dimensional Hilbert space H (approximation with respect to the space domain)
and a finite-dimensional approximation of the Q-Wiener process.

Let us focus on the approximation connected with the Q-Wiener process.
Consider the following iterated Itô stochastic integrals

I
(r1)
(1)T,t =

T∫

t

dw
(r1)
t1 , I

(r10)
(10)T,t =

T∫

t

t2∫

t

dw
(r1)
t1 dt2, I

(0r2)
(01)T,t =

T∫

t

t2∫

t

dt1dw
(r2)
t2 , (7)

I
(r1r2)
(11)T,t =

T∫

t

t2∫

t

dw
(r1)
t1 dw

(r2)
t2 , I

(r1r2r3)
(111)T,t =

T∫

t

t3∫

t

t2∫

t

dw
(r1)
t1 dw

(r2)
t2 dw

(r3)
t3 , (8)

where r1, r2, r3 ∈ JM , 0 ≤ t < T ≤ T̄ , and JM is defined by (4).

Let us replace the infinite-dimensional Q-Wiener process in the iterated

stochastic Itô integrals from (5), (6) by its finite-dimensional approximation
(3). Then w. p. 1 we have

τp+1∫

τp

B(Yp)dW
M
s =

∑

r1∈JM
B(Yp)er1

√

λr1I
(r1)
(1)τp+1,τp

, (9)

A






τp+1∫

τp

s∫

τp

B(Yp)dW
M
τ ds−

∆

2

τp+1∫

τp

B(Yp)dW
M
s




 =

= A

τp+1∫

τp

B(Yp)
(τp+1

2
− s+

τp
2

)

dWM
s =

=
∑

r1∈JM
AB(Yp)er1

√

λr1

(
∆

2
I
(r1)
(1)τp+1,τp

− I
(0r1)
(01)τp+1,τp

)

, (10)
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∆

τp+1∫

τp

B′(Yp)

(

AYp + F (Yp)

)

dWM
s −

τp+1∫

τp

s∫

τp

B′(Yp)

(

AYp + F (Yp)

)

dWM
τ ds =

=

τp+1∫

τp

B′(Yp)

s∫

τp

(

AYp + F (Yp)

)

dτdWM
s =

=
∑

r1∈JM
B′(Yp)

(

AYp + F (Yp)

)

er1
√

λr1I
(0r1)
(01)τp+1,τp

, (11)

τp+1∫

τp

F ′(Yp)






s∫

τp

B(Yp)dW
M
τ




 ds =

=
∑

r1∈JM
F ′(Yp)B(Yp)er1

√

λr1

(

∆I
(r1)
(1)τp+1,τp

− I
(0r1)
(01)τp+1,τp

)

, (12)

τp+1∫

τp

B′(Yp)






s∫

τp

B(Yp)dW
M
τ




 dWM

s =

=
∑

r1,r2∈JM
B′(Yp) (B(Yp)er1) er2

√

λr1λr2I
(r1r2)
(11)τp+1,τp

,

τp+1∫

τp

B′(Yp)






s∫

τp

B′(Yp)






τ∫

τp

B(Yp)dW
M
θ




 dWM

τ




 dWM

s =

=
∑

r1,r2,r3∈JM
B′(Yp) (B

′(Yp) (B(Yp)er1) er2) er3
√

λr1λr2λr3I
(r1r2r3)
(111)τp+1,τp

,

τp+1∫

τp

B′′(Yp)






s∫

τp

B(Yp)dW
M
τ ,

s∫

τp

B(Yp)dW
M
τ




 dWM

s =
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=
∑

r1,r2,r3∈JM
B′′(Yp) (B(Yp)er1, B(Yp)er2) er3

√

λr1λr2λr3×

×
τp+1∫

τp






s∫

τp

dw(r1)
τ

s∫

τp

dw(r2)
τ




 dw(r3)

s . (13)

Note that in (10)–(12) we used the Itô formula. Moreover, using the Itô
formula we obtain

s∫

τp

dw(r1)
τ

s∫

τp

dw(r2)
τ = I

(r1r2)
(11)s,τp

+ I
(r2r1)
(11)s,τp

+ 1{r1=r2}(s− τp) w. p. 1, (14)

where 1A is the indicator of the set A.

From (14) w. p. 1 we have

τp+1∫

τp






s∫

τp

dw(r1)
τ

s∫

τp

dw(r2)
τ




 dw(r3)

s = I
(r1r2r3)
(111)τp+1,τp

+ I
(r2r1r3)
(111)τp+1,τp

+ 1{r1=r2}I
(0r3)
(01)τp+1,τp

.

(15)

After substituting (15) into (13) w. p. 1 we obtain

τp+1∫

τp

B′′(Yp)






s∫

τp

B(Yp)dW
M
τ ,

s∫

τp

B(Yp)dW
M
τ




 dWM

s =

=
∑

r1,r2,r3∈JM
B′′(Z) (B(Z)er1, B(Z)er2) er3

√

λr1λr2λr3×

×
(

I
(r1r2r3)
(111)τp+1,τp

+ I
(r2r1r3)
(111)τp+1,τp

+ 1{r1=r2}I
(0r3)
(01)τp+1,τp

)

. (16)

Thus, for the implementation of numerical schemes (5) and (6) we need to

approximate the following iterated stochastic Itô integrals

I
(r1)
(1)T,t, I

(0r1)
(01)T,t, I

(r1r2)
(11)T,t, I

(r1r2r3)
(111)T,t,

where r1, r2, r3 ∈ JM , 0 ≤ t < T ≤ T̄ .
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3 Approximation of Iterated Stochastic Itô Integrals of

Multiplicity k with Respect to the Q-Wiener Process

At first, consider an efficient method [12] (also see [1], [13]-[22]) of the mean-
square approximation of iterated stochastic Itô integrals of the form

J [ψ(k)]
(i1...ik)
T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk , (17)

where 0 ≤ t < T ≤ T̄ , ψl(τ) (l = 1, . . . , k) are continuous non-random functions

on [t, T ], w
(i)
τ (i = 1, . . . , m) are independent standard Wiener processes, w

(0)
τ =

τ, i1, . . . , ik = 0, 1, . . . , m.

Suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in
the space L2([t, T ]) and define the following function on the hypercube [t, T ]k

K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk), t1 < . . . < tk

0, otherwise

, (18)

where t1, . . . , tk ∈ [t, T ] (k ≥ 2), and K(t1) ≡ ψ1(t1), t1 ∈ [t, T ].

The function K(t1, . . . , tk) is piecewise continuous on the hypercube [t, T ]k.

At this situation it is well known that the generalized multiple Fourier series of
K(t1, . . . , tk) ∈ L2([t, T ]

k) converges to K(t1, . . . , tk) on the hypercube [t, T ]k in

the mean-square sense, i.e.

lim
p1,...,pk→∞

∥
∥
∥
∥
∥
K(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

∥
∥
∥
∥
∥
L2([t,T ]k)

= 0, (19)

where

Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk (20)

is the Fourier coefficient and

‖f‖L2([t,T ]k)
=






∫

[t,T ]k

f 2(t1, . . . , tk)dt1 . . . dtk






1/2

.
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Consider the discretization {τj}Nj=0 of [t, T ] such that

t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, (21)

where ∆τj = τj+1 − τj.

Theorem 1 [12] (also see [1], [13]-[22]). Suppose that ψl(τ) (l = 1, . . . , k)

are continuous non-random functions on the interval [t, T ] and {φj(x)}∞j=0 is a

complete orthonormal system of continuous functions in L2([t, T ]). Then

J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

− l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆w(i1)
τl1

. . . φjk(τlk)∆w(ik)
τlk

)

, (22)

where

Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1},

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N−1; lg 6= lr (g 6= r); g, r = 1, . . . , k},

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . , m,

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s (23)

are independent standard Gaussian random variables for various i or j (if i 6=
0), Cjk...j1 is the Fourier coefficient (20), ∆w

(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . , m),

{τj}Nj=0 is the discretization (21).

Note that in [12]-[15], [18], [19] the version of Theorem 1 for systems of
Haar and Rademacher–Walsh functions has been considered. Another version

of Theorem 1 related to the application of complete orthonormal systems of
functions with weight r(t1) . . . r(tk) ≥ 0 in L2([t, T ]

k) was considered in [18].

Obtain transformed particular cases of Theorem 1 for k = 1, . . . , 4 [1], [12]-
[22]

J [ψ(1)]
(i1)
T,t = l.i.m.

p1→∞

p1∑

j1=0

Cj1ζ
(i1)
j1
, (24)
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J [ψ(2)]
(i1i2)
T,t = l.i.m.

p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1
ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

, (25)

J [ψ(3)]
(i1i2i3)
T,t = l.i.m.

p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

ζ
(i1)
j1
ζ
(i2)
j2
ζ
(i3)
j3

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

−1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

, (26)

J [ψ(4)]
(i1...i4)
T,t = l.i.m.

p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3
ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2
ζ
(i4)
j4

−

−1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2
ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1
ζ
(i4)
j4

−

−1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1
ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1
ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}+

+1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

, (27)

where 1A is the indicator of the set A.

Let us consider the generalization of the formulas (24) – (27) for the case
of arbitrary k (k ∈ N).

Theorem 2 [13] (also see [1], [14], [15], [18], [19]). In conditions of Theorem

1 the following mean-square converging expansion is valid

J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig2s−1
= ig2s 6=0}1{jg2s−1

= jg2s }

k−2r∏

l=1

ζ
(iql)

jql

)

, (28)
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where [·] is an integer part of a real number,

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

means the sum according to all possible permutations of the set

({{g1, g2}, . . . , {g2r−1, g2r}}, {q1, . . . , qk−2r}),

where {g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k}, braces mean an disor-

dered set, and parentheses mean an ordered set.

Assume that J [ψ(k)]
(i1...ik)p1...pk
T,t is an approximation of stochastic integral

(17), which is the prelimit expression in (22) or (28).

Let us denote

E(i1...ik)p1,...,pk = M

{(

J [ψ(k)]
(i1...ik)
T,t − J [ψ(k)]

(i1...ik)p1,...,pk
T,t

)2
}

,

Ik = ‖K‖2L2([t,T ]k)
=

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk. (29)

In [15], [18], [19] it was shown that

E
(i1...ik)p1,...,pk
k ≤ k!

(

Ik −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1

)

(30)

for i1, . . . , ik = 1, . . . , m and T − t ∈ (0,+∞) or i1, . . . , ik = 0, 1, . . . , m and

T − t ∈ (0, 1).

Using Theorem 1 and complete orthonormal system of Legendre polynomi-

als in the space L2([t, T ]) we obtain the following approximations of iterated
stochastic Itô integrals (7), (8) [1], [12]-[22] (also see early publication [25])

I
(i1)
(1)T,t =

√
T − tζ

(i1)
0 , (31)

I
(0i1)
(01)T,t =

(T − t)3/2

2

(

ζ
(i1)
0 +

1√
3
ζ
(i1)
1

)

, (32)
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I
(i10)
(10)T,t =

(T − t)3/2

2

(

ζ
(i1)
0 − 1√

3
ζ
(i1)
1

)

, (33)

I
(i1i2)q
(11)T,t =

T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

q
∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)

− 1{i1=i2}

)

,

(34)

I
(i1i2i3)p
(111)T,t =

p
∑

j1,j2,j3=0

Cj3j2j1

(

ζ
(i1)
j1
ζ
(i2)
j2
ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

−1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

, (35)

I
(i1i1i1)
(111)T,t =

1

6
(T − t)3/2

((

ζ
(i1)
0

)3

− 3ζ
(i1)
0

)

,

Cj3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(T − t)3/2

8
C̄j3j2j1,

C̄j3j2j1 =

1∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz,

where the Gaussian random variable ζ
(i)
j (if i 6= 0) is defined by (23) and Pj(x)

(j = 0, 1, 2, . . .) is a complete orthonormal system of Legendre polynomials in

the space L2([−1, 1]) [26].

Note that for pairwise different i1, i2, i3 = 1, . . . , m we have [1], [12]-[22],
[25]

E(i1i2)q,q =
(T − t)2

2

(

1

2
−

q
∑

i=1

1

4i2 − 1

)

, (36)

E(i1i2i3)p,p,p =
(T − t)3

6
−

p
∑

j1,j2,j3=0

C2
j3j2j1. (37)
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Consider the iterated stochastic Itô integral with respect to the Q-Wiener

process in the following form

I[Φ(k)(Z), ψ(k)]T,t =

T∫

t

Φk(Z)



. . .





t3∫

t

Φ2(Z)×

×





t2∫

t

Φ1(Z)ψ1(t1)dWt1



ψ2(t2)dWt2



 . . .



ψk(tk)dWtk, (38)

where Z : Ω → H is an Ft/B(H)-measurable mapping, every non-ran-
dom function ψl(τ) (l = 1, . . . , k) is continuous on the interval [t, T ], and

Φk(v)( . . . (Φ2(v)(Φ1(v))) . . . ) is a k-linear Hilbert–Schmidt operator mapping
from U0 × . . .× U0︸ ︷︷ ︸

k times

to H for all v ∈ H.

Let I[Φ(k)(Z), ψ(k)]MT,t be an approximation of the stochastic integral (38)

I[Φ(k)(Z), ψ(k)]MT,t =

T∫

t

Φk(Z)



. . .





t3∫

t

Φ2(Z)×

×





t2∫

t

Φ1(Z)ψ1(t1)dW
M
t1



ψ2(t2)dW
M
t2



 . . .



ψk(tk)dW
M
tk

=

=
∑

r1,r2,...,rk∈JM
Φk(Z) (. . . (Φ2(Z) (Φ1(Z)er1) er2) . . .) erk

(
k∏

l=1

λrl

)1/2

×

×J [ψ(k)]
(r1r2...rk)
T,t , (39)

where 0 ≤ t < T ≤ T̄ , and

J [ψ(k)]
(r1r2...rk)
T,t =

T∫

t

ψk(tk) . . .

t3∫

t

ψ2(t2)

t2∫

t

ψ1(t1)dw
(r1)
t1 dw

(r2)
t2 . . . dw

(rk)
tk

is the iterated stochastic Itô integral (17).

Let I[Φ(k)(Z), ψ(k)]M,p1...,pk
T,t be an approximation of the iterated stochastic

integral (39)
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I[Φ(k)(Z), ψ(k)]M,p1...,pk
T,t =

=
∑

r1,r2,...,rk∈JM
Φk(Z) (. . . (Φ2(Z) (Φ1(Z)er1) er2) . . .) erk

(
k∏

l=1

λrl

)1/2

×

×J [ψ(k)]
(r1r2...rk)p1,...,pk
T,t , (40)

where J [ψ(k)]
(r1r2...rk)p1,...,pk
T,t is defined as a prelimit expression in (22)

J [ψ(k)]
(r1r2...rk)p1,...,pk
T,t =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(rl)
jl

−

− l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆w(r1)
τl1

. . . φjk(τlk)∆w(rk)
τlk

)

(41)

or as a prelimit expression in (28)

J [ψ(k)]
(r1r2...rk)p1...pk
T,t =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(rl)
jl

+

[k/2]
∑

m=1

(−1)m×

×
∑

({{g1,g2},...,{g2m−1,g2m}},{q1,...,qk−2m})

{g1,g2,...,g2m−1,g2m,q1,...,qk−2m}={1,2,...,k}

m∏

s=1

1{rg2s−1
= rg2s 6=0}1{jg2s−1

= jg2s }

k−2m∏

l=1

ζ
(rql )

jql

)

.

(42)

Let U, H be separable R-Hilbert spaces, U0 = Q1/2(U), and L(U,H) be the
space of linear and bounded operators mapping from U to H. Let

L(U,H)0 = {T |U0
: T ∈ L(U,H)} ,

where T |U0
is the restriction of operator T to the space U0. It is known [9]

that L(U,H)0 is a dense subset of the space of Hilbert–Schmidt operators
LHS(U0, H).

Theorem 3 [1], [22]. Let the conditions of Theorem 1 be fulfilled as well as

the following conditions:
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1. Q ∈ L(U) is a nonnegative and symmetric trace class operator (λi and

ei (i ∈ J) are its eigenvalues and eigenfunctions correspondingly), and Wτ ,

τ ∈ [0, T̄ ] is an U-valued Q-Wiener process.

2. Z : Ω → H is an Ft/B(H)-measurable mapping.

3. Φ1 ∈ L(U,H)0, Φ2 ∈ L(H,L(U,H)0), and Φk(v)( . . . (Φ2(v)(Φ1(v))) . . . )

is a k-linear Hilbert–Schmidt operator mapping from U0 × . . .× U0︸ ︷︷ ︸

k times

to H for all

v ∈ H such that
∥
∥
∥
∥
∥
Φk(Z) (. . . (Φ2(Z) (Φ1(Z)er1) er2) . . .) erk

∥
∥
∥
∥
∥

2

H

≤ Lk <∞

w. p. 1 for all r1, r2, . . . , rk ∈ JM , M ∈ N. Then

M







∥
∥
∥
∥
∥
I[Φ(k)(Z), ψ(k)]MT,t − I[Φ(k)(Z), ψ(k)]M,p1...pk

T,t

∥
∥
∥
∥
∥

2

H






≤

≤ Lk(k!)
2 (tr Q)k

(

Ik −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1

)

, (43)

where Ik is defined by (29), and

tr Q =
∑

i∈J
λi.

Note that the right-hand side of the inequality (43) is independent of M

and tends to zero if p1, . . . , pk → ∞ due to the Parseval’s equality.

4 Approximation of Iterated Stochastic Integrals From

the Exponential Milstein and Wagner–Platen Schemes

for Non-Commutative Semilinear SPDEs

This section is devoted to the approximation of iterated stochastic integrals from
the Milstein scheme (5) and Wagner–Platen scheme (6) for non-commutative
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semilinear SPDEs. These integrals have the following form

J1[B(Z)]T,t =

T∫

t

B(Z)dWt1, (44)

J2[B(Z)]T,t = A





T∫

t

t2∫

t

B(Z)dWt1dt2 −
(T − t)

2

T∫

t

B(Z)dWt1



 , (45)

J3[B(Z), F (Z)]T,t = (T − t)

T∫

t

B′(Z)

(

AZ + F (Z)

)

dWt1−

−
T∫

t

t2∫

t

B′(Z)

(

AZ + F (Z)

)

dWt1dt2, (46)

J4[B(Z), F (Z)]T,t =

T∫

t

F ′(Z)





t2∫

t

B(Z)dWt1



 dt2, (47)

I1[B(Z)]T,t =

T∫

t

B′(Z)





t2∫

t

B(Z)dWt1



 dWt2, (48)

I2[B(Z)]T,t =

T∫

t

B′(Z)





t3∫

t

B′(Z)





t2∫

t

B(Z)dWt1



 dWt2



 dWt3, (49)

I3[B(Z)]T,t =

T∫

t

B′′(Z)





t2∫

t

B(Z)dWt1,

t2∫

t

B(Z)dWt1



 dWt2, (50)

where Z : Ω → H is an Ft/B(H)-measurable mapping, 0 ≤ t < T ≤ T̄ .

Note that according to (9)–(12), (31), and (32) we can write the following

relatively simple formulas for numerical modeling

J1[B(Z)]MT,t =

T∫

t

B(Z)dWM
s =

= (T − t)1/2
∑

r1∈JM
B(Z)er1

√

λr1ζ
(r1)
0 ,
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J2[B(Z)]MT,t = A





T∫

t

t2∫

t

B(Z)dWM
t1
dt2 −

(T − t)

2

T∫

t

B(Z)dWM
t1



 =

= −(T − t)3/2

2
√
3

∑

r1∈JM
AB(Z)er1

√

λr1ζ
(r1)
1 , (51)

J3[B(Z), F (Z)]MT,t = (T − t)

T∫

t

B′(Z)

(

AZ + F (Z)

)

dWM
t1 −

−
T∫

t

t2∫

t

B′(Z)

(

AZ + F (Z)

)

dWM
t1
dt2 =

=
(T − t)3/2

2

∑

r1∈JM
B′(Z)

(

AZ + F (Z)

)

er1
√

λr1

(

ζ
(r1)
0 +

1√
3
ζ
(r1)
1

)

, (52)

J4[B(Z), F (Z)]MT,t =

T∫

t

F ′(Z)





t2∫

t

B(Z)dWM
t1



 dt2 =

=
(T − t)3/2

2

∑

r1∈JM
F ′(Z)B(Z)er1

√

λr1

(

ζ
(r1)
0 − 1√

3
ζ
(r1)
1

)

, (53)

where ζ
(r1)
0 , ζ

(r1)
1 (r1 ∈ JM) are independent standard Gaussian random vari-

ables.

Further consider the more complicate for approximation stochastic integrals

(48)–(50) in detail.

Let I1[B(Z)]MT,t, I2[B(Z)]MT,t, I3[B(Z)]MT,t be approximations of stochastic in-

tegrals (48)–(50), which have the following form

I1[B(Z)]MT,t =

T∫

t

B′(Z)





t2∫

t

B(Z)dWM
t1



 dWM
t2

=

=
∑

r1,r2∈JM
B′(Z) (B(Z)er1) er2

√

λr1λr2I
(r1r2)
(11)T,t, (54)
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I2[B(Z)]MT,t =

T∫

t

B′(Z)





t3∫

t

B′(Z)





t2∫

t

B(Z)dWM
t1



 dWM
t2



 dWM
t3

=

=
∑

r1,r2,r3∈JM
B′(Z) (B′(Z) (B(Z)er1) er2) er3

√

λr1λr2λr3I
(r1r2r3)
(111)T,t, (55)

I3[B(Z)]MT,t =

T∫

t

B′′(Z)





t2∫

t

B(Z)dWM
t1
,

t2∫

t

B(Z)dWM
t1



 dWM
t2

=

=
∑

r1,r2,r3∈JM
B′′(Z) (B(Z)er1, B(Z)er2) er3

√

λr1λr2λr3×

×
(

I
(r1r2r3)
(111)T,t + I

(r2r1r3)
(111)T,t + 1{r1=r2}I

(0r3)
(01)T,t

)

. (56)

Let I1[B(Z)]M,q
T,t , I2[B(Z)]M.q

T,t , I3[B(Z)]M,q
T,t be approximations of stochastic

integrals (54)–(56), which are represented as follows

I1[B(Z)]M,q
T,t =

∑

r1,r2∈JM
B′(Z) (B(Z)er1) er2

√

λr1λr2I
(r1r2)q
(11)T,t ,

I2[B(Z)]M,q
T,t =

∑

r1,r2,r3∈JM
B′(Z) (B′(Z) (B(Z)er1) er2) er3

√

λr1λr2λr3I
(r1r2r3)q
(111)T,t ,

(57)

I3[B(Z)]M,q
T,t =

∑

r1,r2,r3∈JM
B′′(Z) (B(Z)er1, B(Z)er2) er3

√

λr1λr2λr3×

×
(

I
(r1r2r3)q
(111)T,t + I

(r2r1r3)q
(111)T,t + 1{r1=r2}I

(0r3)
(01)T,t

)

, (58)

where q ≥ 1, approximations I
(r1r2)q
(11)T,t , I

(r1r2r3)q
(111)T,t , I

(r2r1r3)q
(111)T,t are defined by (34), (35),

and I
(0r3)
(01)T,t has the form (32).

Recall that LHS(U0, H) is a space of Hilbert–Schmidt operators from U0 to

H. Moreover, let L
(2)
HS(U0, H) and L

(3)
HS(U0, H) be spaces of bilinear and 3-linear
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Hilbert–Schmidt operators from U0 × U0 to H and from U0 × U0 × U0 to H

correspondingly. Furthermore, let ‖·‖LHS(U0,H), ‖·‖L(2)
HS(U0,H)

, and ‖·‖
L
(3)
HS(U0,H)

be

operator norms in these spaces.

Theorem 4. Let the conditions 1, 2 of Theorem 3 as well as the conditions

of Theorem 1 be fulfilled. Futhermore, let

B(v) ∈ LHS(U0, H), B′(v)(B(v)) ∈ L
(2)
HS(U0, H),

B′(v)(B′(v)(B(v))), B′′(v)(B(v), B(v)) ∈ L
(3)
HS(U0, H)

for all v ∈ H (we suppose that Frêchet derivatives B′, B′′ exist; see Sect. 2).

Moreover, let there exists a constant C such that w. p. 1
∥
∥
∥
∥
B(Z)Q−α

∥
∥
∥
∥
LHS(U0,H)

< C,

∥
∥
∥
∥
B′(Z)(B(Z))Q−α

∥
∥
∥
∥
L
(2)
HS(U0,H)

< C,

∥
∥
∥
∥
B′(Z)(B′(Z)(B(Z)))Q−α

∥
∥
∥
∥
L
(3)
HS(U0,H)

< C,

∥
∥
∥
∥
B′′(Z)(B(Z), B(Z))Q−α

∥
∥
∥
∥
L
(3)
HS(U0,H)

< C

for some α > 0. Then

M







∥
∥
∥
∥
∥
I1[B(Z)]T,t − I1[B(Z)]M,q

T,t

∥
∥
∥
∥
∥

2

H






≤

≤ (T − t)2



C0 (tr Q)
2

(

1

2
−

q
∑

j=1

1

4j2 − 1

)

+KQ

(

sup
i∈J\JM

λi

)2α


 , (59)

M







∥
∥
∥
∥
∥
I2[B(Z)]T,t − I2[B(Z)]M,q

T,t

∥
∥
∥
∥
∥

2

H






≤

≤ (T − t)3



C1 (tr Q)
3

(

1

6
−

q
∑

j1,j2,j3=0

Ĉ2
j3j2j1

)

+ LQ

(

sup
i∈J\JM

λi

)2α


 , (60)
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M







∥
∥
∥
∥
∥
I3[B(Z)]T,t − I3[B(Z)]M,q

T,t

∥
∥
∥
∥
∥

2

H






≤

≤ (T − t)3



C2 (tr Q)
3

(

1

6
−

q
∑

j1,j2,j3=0

Ĉ2
j3j2j1

)

+MQ

(

sup
i∈J\JM

λi

)2α


 , (61)

where q ∈ N, C0, C1, C2, KQ, LQ,MQ <∞, and

Ĉj3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

8
C̄j3j2j1,

C̄j3j2j1 =

1∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz,

where Pj(x) (j = 0, 1, 2, . . .) is the Legendre polynomial.

Remark 2. Note that the estimate similar to (59) has been derived in [10],
[11] (also see [6]) with the difference connected with the first term on the right-

hand side of (59). In [10] the authors used the Karhunen–Loeve expansion of

the Brownian bridge process for the approximation of iterated stochastic Itô

integrals with respect to the finite-dimensional Wiener process. In this article

we apply Theorem 1 and the system of Legendre polynomials to obtain the first

term on the right-hand side of (59).

Remark 3. If we assume that λi ≤ C ′i−γ (γ > 1, C ′ < ∞) for i ∈ J , then

the parameter α > 0 obviously increases with decreasing γ [11].

Proof. The estimate (59) follows directly from (43) for k = 2 (the first term

on the right-hand side of (59)) and Theorem 1 from [10] (the second term on
the right-hand side of (59)). Further C3, C4, . . . denote various constants.

Let us prove the estimates (60), (61). Using Theorem 3 we obtain

M







∥
∥
∥
∥
∥
I2[B(Z)]T,t − I2[B(Z)]M,q

T,t

∥
∥
∥
∥
∥

2

H






≤ 2M







∥
∥
∥
∥
∥
I2[B(Z)]T,t − I2[B(Z)]MT,t

∥
∥
∥
∥
∥

2

H






+

+2M







∥
∥
∥
∥
∥
I2[B(Z)]MT,t − I2[B(Z)]M,q

T,t

∥
∥
∥
∥
∥

2

H






≤
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≤ 2M







∥
∥
∥
∥
∥
I2[B(Z)]T,t − I2[B(Z)]MT,t

∥
∥
∥
∥
∥

2

H






+

+C3(T − t)3 (tr Q)3
(

1

6
−

q
∑

j1,j2,j3=0

Ĉ2
j3j2j1

)

, (62)

M







∥
∥
∥
∥
∥
I3[B(Z)]T,t − I3[B(Z)]M,q

T,t

∥
∥
∥
∥
∥

2

H






≤ 2M







∥
∥
∥
∥
∥
I3[B(Z)]T,t − I3[B(Z)]MT,t

∥
∥
∥
∥
∥

2

H






+

+2M







∥
∥
∥
∥
∥
I3[B(Z)]MT,t − I3[B(Z)]M,q

T,t

∥
∥
∥
∥
∥

2

H






. (63)

Repeating with insignificant modification the proof of Theorem 3 for the
case k = 3 (see for details [1], pages 39–44) we have

M

{∥
∥
∥
∥
I3[B(Z)]MT,t − I3[B(Z)]M,q

T,t

∥
∥
∥
∥

2

H

}

≤

≤ 4C̃(3!)2 (tr Q)3 (T − t)3

(

1

6
−

q
∑

j1,j2,j3=0

Ĉ2
j3j2j1

)

, (64)

where the constant C̃ has the same meaning as the constant Lk in Theorem 3
(k is the multiplicity of the iterated stochastic integral).

Combining (63) and (64) we obtain

M







∥
∥
∥
∥
∥
I3[B(Z)]T,t − I3[B(Z)]M,q

T,t

∥
∥
∥
∥
∥

2

H






≤ 2M







∥
∥
∥
∥
∥
I3[B(Z)]T,t − I3[B(Z)]MT,t

∥
∥
∥
∥
∥

2

H






+

+C4(T − t)3 (tr Q)3
(

1

6
−

q
∑

j1,j2,j3=0

Ĉ2
j3j2j1

)

. (65)

Let us evaluate the right-hand sides of (62) and (65).
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Using the elementary inequality (a+ b+ c)2 ≤ 3(a2 + b2 + c2), we obtain

M







∥
∥
∥
∥
∥
I2[B(Z)]T,t − I2[B(Z)]MT,t

∥
∥
∥
∥
∥

2

H






≤ 3

(

E1,M
T,t + E2,M

T,t + E3,M
T,t

)

, (66)

M







∥
∥
∥
∥
∥
I3[B(Z)]T,t − I3[B(Z)]MT,t

∥
∥
∥
∥
∥

2

H






≤ 3

(

G1,M
T,t +G2,M

T,t +G3,M
T,t

)

, (67)

where

E1,M
T,t =

= M







∥
∥
∥
∥
∥
∥

T∫

t

B′(Z)





t3∫

t

B′(Z)





t2∫

t

B(Z)d
(
Wt1 −WM

t1

)



 dWt2



 dWt3

∥
∥
∥
∥
∥
∥

2

H







,

E2,M
T,t =

= M







∥
∥
∥
∥
∥
∥

T∫

t

B′(Z)





t3∫

t

B′(Z)





t2∫

t

B(Z)dWM
t1



 d
(
Wt2 −WM

t2

)



 dWt3

∥
∥
∥
∥
∥
∥

2

H







,

E3,M
T,t =

= M







∥
∥
∥
∥
∥
∥

T∫

t

B′(Z)





t3∫

t

B′(Z)





t2∫

t

B(Z)dWM
t1



 dWM
t2



 d
(
Wt3 −WM

t3

)

∥
∥
∥
∥
∥
∥

2

H







,

G1,M
T,t = M







∥
∥
∥
∥
∥
∥

T∫

t

B′′(Z)





t2∫

t

B(Z)dWt1,

t2∫

t

B(Z)d
(
Wt1 −WM

t1

)



 dWt2

∥
∥
∥
∥
∥
∥

2

H







,

G2,M
T,t = M







∥
∥
∥
∥
∥
∥

T∫

t

B′′(Z)





t2∫

t

B(Z)d
(
Wt1 −WM

t1

)
,

t2∫

t

B(Z)dWM
t1



 dWt2

∥
∥
∥
∥
∥
∥

2

H







,
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G3,M
T,t = M







∥
∥
∥
∥
∥
∥

T∫

t

B′′(Z)





t2∫

t

B(Z)dWM
t1 ,

t2∫

t

B(Z)dWM
t1



 d
(
Wt2 −WM

t2

)

∥
∥
∥
∥
∥
∥

2

H







.

We have

E1,M
T,t =

=

T∫

t

M







∥
∥
∥
∥
∥
∥

B′(Z)





t3∫

t

B′(Z)





t2∫

t

B(Z)d
(
Wt1 −WM

t1

)



dWt2





∥
∥
∥
∥
∥
∥

2

LHS(U0,H)







dt3 ≤

≤ C5

T∫

t

M







∥
∥
∥
∥
∥
∥

t3∫

t

B′(Z)





t2∫

t

B(Z)d
(
Wt1 −WM

t1

)



 dWt2

∥
∥
∥
∥
∥
∥

2

H







dt3 =

= C5

T∫

t

t3∫

t

M







∥
∥
∥
∥
∥
∥

B′(Z)





t2∫

t

B(Z)d
(
Wt1 −WM

t1

)





∥
∥
∥
∥
∥
∥

2

LHS(U0,H)







dt2dt3 ≤

≤ C6

T∫

t

t3∫

t

M







∥
∥
∥
∥
∥
∥

t2∫

t

B(Z)d
(
Wt1 −WM

t1

)

∥
∥
∥
∥
∥
∥

2

H







dt2dt3 ≤ (68)

≤ C6

(

sup
i∈J\JM

λi

)2α T∫

t

t3∫

t

t2∫

t

M

{∥
∥
∥
∥
B(Z)Q−α

∥
∥
∥
∥

2

LHS(U0,H)

}

dt1dt2dt3 ≤ (69)

≤ C7

(

sup
i∈J\JM

λi

)2α

(T − t)3. (70)

Note that the transition from (68) to (69) was made by analogy with the
proof of Theorem 1 in [10] (also see [6]). More precisely, taking into account

the relation Qαei = λαi ei we have (see [10], Sect. 3.1)

M







∥
∥
∥
∥
∥
∥

t2∫

t

B(Z)d
(
Wt1 −WM

t1

)

∥
∥
∥
∥
∥
∥

2

H







=
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= M







∥
∥
∥
∥
∥
∥

∑

i∈J\JM

√

λi

t2∫

t

B(Z)eidw
(i)
t1

∥
∥
∥
∥
∥
∥

2

H







=

=
∑

i∈J\JM

λi

t2∫

t

M

{∥
∥
∥
∥
B(Z)Q−αQαei

∥
∥
∥
∥

2

H

}

dt1 =

=
∑

i∈J\JM

λ1+2α
i

t2∫

t

M

{∥
∥
∥
∥
B(Z)Q−αei

∥
∥
∥
∥

2

H

}

dt1 =

=

(

sup
i∈J\JM

λi

)2α t2∫

t

M







∑

i∈J\JM

λi

∥
∥
∥
∥
B(Z)Q−αei

∥
∥
∥
∥

2

H






dt1 ≤

≤
(

sup
i∈J\JM

λi

)2α t2∫

t

M

{
∑

i∈J
λi

∥
∥
∥
∥
B(Z)Q−αei

∥
∥
∥
∥

2

H

}

dt1 =

=

(

sup
i∈J\JM

λi

)2α t2∫

t

M

{∥
∥
∥
∥
B(Z)Q−α

∥
∥
∥
∥

2

LHS(U0,H)

}

dt1. (71)

Further, we will also use the estimate similar to (71).

We have

E2,M
T,t =

=

T∫

t

M







∥
∥
∥
∥
∥
∥

B′(Z)





t3∫

t

B′(Z)





t2∫

t

B(Z)dWM
t1



d
(
Wt2 −WM

t2

)





∥
∥
∥
∥
∥
∥

2

LHS(U0,H)







dt3 ≤

≤ C8

T∫

t

M







∥
∥
∥
∥
∥
∥

t3∫

t

B′(Z)





t2∫

t

B(Z)dWM
t1



 d
(
Wt2 −WM

t2

)

∥
∥
∥
∥
∥
∥

2

H







dt3 ≤

≤ C8

(

sup
i∈J\JM

λi

)2α T∫

t

t3∫

t

M







∥
∥
∥
∥
∥
∥

B′(Z)





t2∫

t

B(Z)dWM
t1



Q−α

∥
∥
∥
∥
∥
∥

2

LHS(U0,H)







dt2dt3 ≤
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≤ C8

(

sup
i∈J\JM

λi

)2α T∫

t

t3∫

t

M

{∥
∥
∥
∥
B′(Z) (B(Z))Q−α

∥
∥
∥
∥

2

L
(2)
HS(U0,H)

}

(t2 − t)dt2dt3 ≤

≤ C9

(

sup
i∈J\JM

λi

)2α

(T − t)3. (72)

Moreover,

E3,M
T,t ≤

(

sup
i∈J\JM

λi

)2α

×

×
T∫

t

M







∥
∥
∥
∥
∥
∥

B′(Z)





t3∫

t

B′(Z)





t2∫

t

B(Z)dWM
t1



 dWM
t2



Q−α

∥
∥
∥
∥
∥
∥

2

LHS(U0,H)







dt3 ≤

≤ C10

(

sup
i∈J\JM

λi

)2α

×

×
T∫

t

M

{∥
∥
∥
∥
B′(Z) (B′(Z) (B(Z)))Q−α

∥
∥
∥
∥

2

L
(3)
HS(U0,H)

}

(t3 − t)2

2
dt3 ≤

≤ C11

(

sup
i∈J\JM

λi

)2α

(T − t)3. (73)

Combining (62), (66), (70), (72), (73) we obtain (60).

We have

G1,M
T,t =

=

T∫

t

M







∥
∥
∥
∥
∥
∥

B′′(Z)





t2∫

t

B(Z)dWt1,

t2∫

t

B(Z)d
(
Wt1 −WM

t1

)





∥
∥
∥
∥
∥
∥

2

LHS(U0,H)







dt3 ≤

≤ C12

T∫

t

M







∥
∥
∥
∥
∥
∥

t2∫

t

B(Z)dWt1

∥
∥
∥
∥
∥
∥

2

H

∥
∥
∥
∥
∥
∥

t2∫

t

B(Z)d
(
Wt1 −WM

t1

)

∥
∥
∥
∥
∥
∥

2

H







dt3 ≤
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≤ C12

T∫

t




M







∥
∥
∥
∥
∥
∥

t2∫

t

B(Z)dWt1

∥
∥
∥
∥
∥
∥

4

H












1/2

×

×




M







∥
∥
∥
∥
∥
∥

t2∫

t

B(Z)d
(
Wt1 −WM

t1

)

∥
∥
∥
∥
∥
∥

4

H












1/2

dt3 ≤

≤ C13

T∫

t

t2∫

t

(

M

{∥
∥
∥
∥
B(Z)

∥
∥
∥
∥

4

LHS(U0,H)

})1/2

dt1×

×




M







∥
∥
∥
∥
∥
∥

t2∫

t

B(Z)d
(
Wt1 −WM

t1

)

∥
∥
∥
∥
∥
∥

4

H












1/2

dt3 ≤

≤ C14

T∫

t

(t2 − t)




M







∥
∥
∥
∥
∥
∥

t2∫

t

B(Z)d
(
Wt1 −WM

t1

)

∥
∥
∥
∥
∥
∥

4

H












1/2

dt3. (74)

Let us estimate the right-hand side of (74). If s > t, then for fixed M ∈ N

and for some N > M (N ∈ N) we have

M







∥
∥
∥
∥
∥
∥

s∫

t

B(Z)d
(
WN

t1 −WM
t1

)

∥
∥
∥
∥
∥
∥

4

H







=

= M







〈
∑

j∈JN\JM

√

λjB(Z)ej

(

w(j)
s −w

(j)
t

)

,

∑

j′∈JN\JM

√

λj′B(Z)ej′
(

w(j′)
s −w

(j′)
t

)
〉2

H






=

=
∑

j,j′,l,l′∈JN\JM

√

λjλj′λlλl′ M

{〈

B(Z)ej, B(Z)ej′

〉

H

〈

B(Z)el, B(Z)el′

〉

H

×

×M

{(

w(j)
s −w

(j)
t

)(

w(j′)
s −w

(j′)
t

)(

w(l)
s −w

(l)
t

)(

w(l′)
s −w

(l′)
t

)
∣
∣
∣
∣
Ft

}}

=
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= 3(s− t)2
∑

j∈JN\JM

λ2jM

{∥
∥
∥
∥
B(Z)ej

∥
∥
∥
∥

4

H

}

+

+(s− t)2
∑

j,j′∈JN\JM (j 6=j′)

λjλj′

(

M

{∥
∥
∥
∥
B(Z)ej

∥
∥
∥
∥

2

H

∥
∥
∥
∥
B(Z)ej′

∥
∥
∥
∥

2

H

}

+

+2

〈

B(Z)ej, B(Z)ej′

〉2

H

)

≤

≤ 3(s− t)2




∑

j∈JN\JM

λ2jM

{∥
∥
∥
∥
B(Z)ej

∥
∥
∥
∥

4

H

}

+

+
∑

j,j′∈JN\JM (j 6=j′)

λjλj′M

{∥
∥
∥
∥
B(Z)ej

∥
∥
∥
∥

2

H

∥
∥
∥
∥
B(Z)ej′

∥
∥
∥
∥

2

H

}

 =

= 3(s− t)2M










∑

j∈JN\JM

λj

∥
∥
∥
∥
B(Z)ej

∥
∥
∥
∥

2

H





2






≤

≤ 3(s− t)2

(

sup
i∈JN\JM

λi

)4α

M










∑

j∈JN\JM

λj

∥
∥
∥
∥
B(Z)Q−αej

∥
∥
∥
∥

2

H





2






≤

≤ C15(s− t)2

(

sup
i∈JN\JM

λi

)4α

M

{∥
∥
∥
∥
B(Z)Q−α

∥
∥
∥
∥

4

LHS(U0,H)

}

. (75)

Carrying out the passage to the limit lim
N→∞

in (75) and using (74) we obtain

G1,M
T,t ≤ C16

(

sup
i∈J\JM

λi

)2α

(T − t)3. (76)

Absolutely analogously we get

G2,M
T,t ≤ C17

(

sup
i∈J\JM

λi

)2α

(T − t)3. (77)
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Let us estimate G3,M
T,t . We have

G3,M
T,t ≤

(

sup
i∈J\JM

λi

)2α

×

×
T∫

t

M







∥
∥
∥
∥
∥
∥

B′′(Z)





t2∫

t

B(Z)dWM
t1
,

t2∫

t

B(Z)dWM
t1



Q−α

∥
∥
∥
∥
∥
∥

2

LHS(U0,H)







dt2 ≤

≤
(

sup
i∈J\JM

λi

)2α
∑

i∈J

∑

j,l∈JM

λiλjλl×

×
T∫

t

(t2 − t)2

(

M

{∥
∥
∥
∥
B′′(Z)(B(Z)ej, B(Z)el)Q

−αei

∥
∥
∥
∥

2

H

}

+

+M

{∥
∥
∥
∥
B′′(Z)(B(Z)ej, B(Z)ej)Q

−αei

∥
∥
∥
∥
H

∥
∥
∥
∥
B′′(Z)(B(Z)el, B(Z)el)Q

−αei

∥
∥
∥
∥
H

}

+

+M

{∥
∥
∥
∥
B′′(Z)(B(Z)ej, B(Z)el)Q

−αei

∥
∥
∥
∥
H

×

×
∥
∥
∥
∥
B′′(Z)(B(Z)el, B(Z)ej)Q

−αei

∥
∥
∥
∥
H

})

dt2 ≤

≤ C18

(

sup
i∈J\JM

λi

)2α

(T − t)3. (78)

Combaining (65), (67), and (76)–(78) we obtain (61). Theorem 4 is proved.

Let us consider the convergence analysis for the stochastic integrals (45)–
(47) (convergence of the stochastic integral (44) follows from (71) (see Theorem

1 in [10] or [6])).

Using the Itô formula w. p. 1 we obtain [7]

J2[B(Z)]T,t =

T∫

t

(
T

2
− s+

t

2

)

AB(Z)dWs,
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J3[B(Z), F (Z)]T,t =

T∫

t

(s− t)B′(Z)

(

AZ + F (Z)

)

dWs.

Suppose that

M

{∥
∥
∥
∥
B′(Z)

(

AZ + F (Z)

)

Q−α

∥
∥
∥
∥

2

LHS(U0,H)

}

<∞,

M

{∥
∥
∥
∥
AB(Z)Q−α

∥
∥
∥
∥

2

LHS(U0,H)

}

<∞

for some α > 0.

Then by analogy with (71) we get

M







∥
∥
∥
∥
∥
J2[B(Z)]T,t − J2[B(Z)]MT,t

∥
∥
∥
∥
∥

2

H






≤

≤ C19(T − t)3

(

sup
i∈J\JM

λi

)2α

,

M







∥
∥
∥
∥
∥
J3[B(Z), F (Z)]T,t − J3[B(Z), F (Z)]MT,t

∥
∥
∥
∥
∥

2

H






≤

≤ C20(T − t)3

(

sup
i∈J\JM

λi

)2α

,

where J2[B(Z)]MT,t, J3[B(Z), F (Z)]MT,t are defined by (51), (52).

Moreover, in conditions given in Sect. 2 we obtain for some α > 0

M







∥
∥
∥
∥
∥
J4[B(Z), F (Z)]T,t − J4[B(Z), F (Z)]MT,t

∥
∥
∥
∥
∥

2

H






=

= M







∥
∥
∥
∥
∥
∥

T∫

t

F ′(Z)





t2∫

t

B(Z)d
(
Wt1 −WM

t1

)



 dt2

∥
∥
∥
∥
∥
∥

2

H







≤
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≤ (T − t)

T∫

t

M







∥
∥
∥
∥
∥
∥

F ′(Z)





t2∫

t

B(Z)d
(
Wt1 −WM

t1

)





∥
∥
∥
∥
∥
∥

2

H







dt2 ≤

≤ C21(T − t)

T∫

t

M







∥
∥
∥
∥
∥
∥

t2∫

t

B(Z)d
(
Wt1 −WM

t1

)

∥
∥
∥
∥
∥
∥

2

H







dt2 ≤

≤ C21(T − t)

(

sup
i∈J\JM

λi

)2α T∫

t

t2∫

t

M

{∥
∥
∥
∥
B(Z)Q−α

∥
∥
∥
∥

2

LHS(U0,H)

}

dt1dt2 ≤

≤ C22(T − t)3

(

sup
i∈J\JM

λi

)2α

.

where J4[B(Z), F (Z)]MT,t is defined by (53).
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for the numerical solution of Itô stochastic differential equations. Comp.
Math. Math. Phys. 58, 7 (2018), 1058-1070.

DOI: http://doi.org/10.1134/S0965542518070096

[17] Kuznetsov, D.F. On numerical modeling of the multidimensional dynamic

systems under random perturbations with the 1.5 and 2.0 orders of strong
convergence. Autom. Remote Control. 79, 7 (2018), 1240-1254.

DOI: http://doi.org/10.1134/S0005117918070056

[18] Kuznetsov, D.F. Stochastic differential equations: theory and practice of
numerical solution. With MATLAB programs, 6th Ed. [In Russian]. Dif-

ferencialnie Uravnenia i Protsesy Upravlenia, 4 (2018), A.1-A.1073. Avail-
able at: http://diffjournal.spbu.ru/EN/numbers/2018.4/article.2.1.html

[19] Kuznetsov, D.F. Expansion of iterated Ito stochastic integrals of arbitrary
multiplicity based on generalized multiple Fourier series converging in the
mean. [In English]. arXiv:1712.09746 [math.PR]. 2017, 65 pp.

[20] Kuznetsov, D.F. On numerical modeling of the multidimentional dynamic
systems under random perturbations with the 2.5 order of strong conver-

gence. Autom. Remote Control. 80, 5 (2019), 867-881.
DOI: http://doi.org/10.1134/S0005117919050060

[21] Kuznetsov, D.F. Comparative analysis of the efficiency of application of

Legendre polynomials and trigonometric functions to the numerical inte-
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