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Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå
âòîðîãî ïîðÿäêà ñ êîýôôèöèåíòàìè, îáåñïå÷èâàþùèìè åäèíñòâåííîå ðåøå-
íèå çàäà÷è Äèðèõëå íà êàæäîì êîíå÷íîì èíòåðâàëå. Îïðåäåëÿåòñÿ óñëîâèå
ñîãëàñîâàíèÿ ñåìåéñòâà îïåðàòîðîâ Äèðèõëå ýòîãî óðàâíåíèÿ îòíîñèòåëüíî
îïåðàöèè ñâ¼ðòêè. Èññëåäóþòñÿ ðåøåíèÿ çàäà÷è Äèðèõëå, ïðåäñòàâèìûå â
ÿäåðíîé ôîðìå. Â îäíîìåðíîì ñëó÷àå ñóáâåðîÿòíîñòíîå ÿäðî ñâîäèòñÿ ê äâóì
ôóíêöèÿì (ïðàâîé è ëåâîé), ñîîòâåòñòâóþùèì äâóì ãðàíèöàì èíòåðâàëà.
Ïðàâàÿ (ëåâàÿ) ãðàíèöà èñõîäíîãî èíòåðâàëà íàçûâàåòñÿ íåäîñòèæèìîé, åñ-
ëè ñîîòâåòñòâóþùàÿ ñóáâåðîÿòíîñòü ðàâíî íóëþ. Â òåðìèíàõ êîýôôèöèåíòîâ
èñõîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âûâåäåíû êîíñòðóêòèâíî ïðîâåðÿ-
åìûå äîñòàòî÷íûå óñëîâèÿ íåäîñòèæèìîñòè ïðàâîé (ëåâîé) ãðàíèöû èñõîäíî-
ãî èíòåðâàëà. Ïðèâåäåíà èíòåðïðåòàöèÿ ïîëó÷åííûõ ðåçóëüòàòîâ â òåðìèíàõ
äèôôóçèîííîãî ïîëóìàðêîâñêîãî ïðîöåññà.

Êëþ÷åâûå ñëîâà: îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïî-
ðÿäêà, çàäà÷à Äèðèõëå, ñóáâåðîÿòíîñòíîå ÿäðî, èíòåãðàëüíîå óðàâíåíèå,
äèôôóçèîííûé ïîëóìàðêîâñêèé ïðîöåññ.

1. Ââåäåíèå

Â íàñòîÿùåé ñòàòüå ðàññìàòðèâàåòñÿ îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâ-
íåíèå âòîðîãî ïîðÿäêà íà íåêîòîðîì êîíå÷íîì èíòåðâàëå ñ êîýôôèöèåíòàìè,
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îáåñïå÷èâàþùèìè åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è Äèðèõëå [1] ýòîãî óðàâ-
íåíèÿ íà ëþáîì ïîä-èíòåðâàëå äàííîãî èíòåðâàëà. Äëÿ ñîáñòâåííîãî ïîä-
èíòåðâàëà îïðåäåëÿåòñÿ ïðîäîëæåíèå ýòîãî ðåøåíèÿ äî ôóíêöèè èç êëàññà
íåïðåðûâíûõ ôóíêöèé íà âñ¼ì èíòåðâàëå. Â ýòîì ñëó÷àå ðåøåíèå çàäà÷è Äè-
ðèõëå ìîæíî ðàññìàòðèâàòü êàê çíà÷åíèå íåêîòîðîãî îïåðàòîðà (òàê íàçû-
âàåìîãî îïåðàòîðà Äèðèõëå) íà ýòîì êëàññå. Çàâèñèìîñòü îò àðãóìåíòà (ïîä-
èíòåðâàëà èñõîäíîãî èíòåðâàëà) îïðåäåëÿåò ñåìåéñòâî òàêèõ îïåðàòîðîâ äëÿ
äàííîãî óðàâíåíèÿ. Ýòî ñåìåéñòâî ñîãëàñîâàíî îòíîñèòåëüíî îïåðàöèè ñâ¼ðò-
êè. Â äàííîé ðàáîòå èññëåäóþòñÿ ãðàíè÷íûå ñâîéñòâà òàêîãî ñåìåéñòâà.

Èññëåäîâàíèÿ â ýòîé îáëàñòè àêòóàëüíû äëÿ ðåøåíèÿ êðàåâûõ çàäà÷ â
òåîðèè äèôôóçèîííûõ ìàðêîâñêèõ [2] è ïîëóìàðêîâñêèõ [3] ïðîöåññîâ. Ýòè
ïðîöåññû ÿâëÿþòñÿ ìàòåìàòè÷åñêèìè ìîäåëÿìè ìíîãèõ ðåàëüíûõ ïðîöåññîâ
â ôèçèêå, ãåîëîãèè, ñîöèîëîãèè, ôèíàíñîâîé ìàòåìàòèêå è äðóãèõ.

Â ñòàòüå ðàññìàòðèâàåòñÿ ÿäåðíîå ïðåäñòàâëåíèå ðåøåíèÿ çàäà÷è Äèðè-
õëå, êîãäà ýòî ðåøåíèå äà¼òñÿ â âèäå èíòåãðàëà ïî ãðàíèöå çàäàííîé îáëàñòè
îò çíà÷åíèé íåêîòîðîé ôóíêöèè, óìíîæåííîé íà íåêîòîðîå ñóáâåðîÿòíîñòíîå
ÿäðî. Â îäíîìåðíîì ñëó÷àå ýòî ÿäðî ðàñïàäàåòñÿ íà äâå íåîòðèöàòåëüíûå
ôóíêöèè, ñóììà êîòîðûõ íå ïðåâûøàåò åäèíèöû.

Ñ äðóãîé ñòîðîíû äëÿ èçó÷åíèÿ àñèìïòîòèêè ðåøåíèÿ è âûâîäà êîìïàêò-
íûõ äîñòàòî÷íûõ óñëîâèé äëÿ òàê íàçûâàåìîé íåäîñòèæèìîñòè ãðàíèö èí-
òåðâàëà (òåðìèí, çàèìñòâîâàííûé èç ïðèëîæåíèé) èñïîëüçóåòñÿ èçâåñòíûé
ìåòîä ðåøåíèÿ ïðîñòåéøåãî íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ
âòîðîãî ïîðÿäêà (àíàëîã óðàâíåíèÿ Ïóàññîíà â ìíîãîìåðíîì ñëó÷àå) [4]. Äëÿ
îáùåãî ñëó÷àÿ îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà
ýòîò ìåòîä èñïîëüçóåòñÿ äëÿ âûâîäà èíòåãðàëüíîãî óðàâíåíèÿ îòíîñèòåëüíî
ðåøåíèÿ çàäà÷è Äèðèõëå ýòîãî óðàâíåíèÿ.

Âûâîä äîñòàòî÷íûõ óñëîâèé íåäîñòèæèìîñòè ãðàíèö ïðîèçâîäèòñÿ â äâà
ýòàïà. Íà ïåðâîì ýòàïå ýòè óñëîâèÿ âûâîäÿòñÿ äëÿ äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ âòîðîãî ïîðÿäêà áåç ïðîèçâîäíîé ïåðâîãî ïîðÿäêà (â òàê íàçûâàåìîé
íîðìàëüíîé ôîðìå [5]). Íà âòîðîì ýòàïå èñïîëüçóåòñÿ ïðèâåäåíèå èñõîäíîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ â íîðìàëüíóþ ôîðìó.

Â êà÷åñòâå ïðèëîæåíèÿ ðàññìàòðèâàåòñÿ çàäà÷à î íåäîñòèæèìûõ ãðàíè-
öàõ èíòåðâàëà çíà÷åíèé äèôôóçèîííîãî ïîëóìàðêîâñêîãî ïðîöåññà.
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2. Îñíîâíîé ðåçóëüòàò

Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå

f ′′ + A(x)f ′ −B(x) = 0 (1)

íà èíòåðâàëå (a, b), ãäå −∞ < a < b < ∞, A � íåïðåðûâíî äèôôåðåíöèðó-
åìàÿ ôóíêöèÿ, B � íåïðåðûâíàÿ íåîòðèöàòåëüíàÿ ôóíêöèÿ íà ýòîì èíòåð-
âàëå. Ïóñòü a < c < x < d < b è φ ∈ C � íåêîòîðàÿ íåïðåðûâíàÿ ôóíêöèÿ.
Ðåøåíèå u(c,d)(φ |x) óðàâíåíèÿ (1) ñî çíà÷åíèÿìè φ(c) è φ(d) íà ãðàíèöàõ èí-
òåðâàëà (c, d) ïðîäîëæèì íà âñå x 6∈ (c, d), ïîëîæèâ u(c,d)(φ |x) ≡ φ(x). Â ýòîì
ïðîäîëæåííîì ñìûñëå ôóíêöèÿ u(c,d)(φ | ·) ìîæåò ðàññìàòðèâàòüñÿ êàê çíà÷å-
íèå ëèíåéíîãî îïåðàòîðà âèäà C → C â òî÷êå φ. Òàêîé îïåðàòîð åñòåñòâåííî
íàçâàòü îïåðàòîðîì Äèðèõëå, çàâèñÿùèì îò àðãóìåíòà (c, d).

Ëåììà 1. ×ëåíû ñåìåéñòâà îïåðàòîðîâ Äèðèõëå, çàâèñÿùèõ îò èíòåð-
âàëüíîãî àðãóìåíòà, ñîãëàñîâàíû ìåæäó ñîáîé ñëåäóþùèì îáðàçîì:

u∆2
(φ |x) = u∆1

(u∆2
(φ | ·) |x), (2)

ãäå ∆1 ≡ (c1, d1), ∆2 ≡ (c2, d2), a < c2 ≤ c1 < d1 ≤ c2 < b.

Äîêàçàòåëüñòâî. Ïóñòü ôóíêöèÿ φ çàäàíà íà ãðàíèöàõ èíòåðâàëà ∆2. Òîãäà
îáå ôóíêöèè u∆2

(φ | ·) è u∆1
(u∆2

(φ | ·) | ·) óäîâëåòâîðÿþò âíóòðè ∆1 óðàâíå-
íèþ (1). Êðîìå òîãî îíè ñîâïàäàþò íà ãðàíèöàõ ýòîãî èíòåðâàëà. Ïî òåî-
ðåìå åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ (1) ïîëó÷à-
åì u∆2

(φ | ·) = ψ âíóòðè èíòåðâàëà ∆1, ãäå ψ ≡ u∆1
(u∆2

(φ | ·) | ·). Ðàâåíñòâî
ýòèõ ôóíêöèé âíå èíòåðâàëà ∆1 âûòåêàåò èç ïðàâèëà ïðîäîëæåíèÿ ôóíêöèè
u∆1

(φ | ·) íà òî÷êè, íå ïðèíàäëåæàùèå ∆1. Ëåììà äîêàçàíà.

Çàìåòèì, ÷òî ôîðìóëà (2) ñïðàâåäëèâà òàêæå äëÿ ìíîãîìåðíîãî ïðî-
ñòðàíñòâà. Â ýòîì ñëó÷àå ∆1 è ∆2 ñóòü îòêðûòûå îäíîñâÿçíûå îáëàñòè èç
ýòîãî ïðîñòðàíñòâà, ñâÿçàííûå îòíîøåíèåì ∆1 ⊂ ∆2.

Óñëîâèå 1 . Ñóùåñòâóåò ñóáâåðîÿòíîñòíîå ÿäðî U∆(x, t) (x ∈ ∆, t ∈ ∂∆)
òàêîå, ÷òî

u∆(φ |x) =

∫
∂∆

U∆(x, t)φ(t) dst.

Â îäíîìåðíîì ïðîñòðàíñòâå ñóùåñòâîâàíèå ÿäðà U∆(x, t) ñîñòîèò â òîì,
÷òî ñóùåñòâóþò äâå ôóíêöèè: g∆(x) è h∆(x) òàêèå, ÷òî îíè íåîòðèöàòåëüíû,
â ñóììå íå ïðåâûøàþò åäèíèöû, äëÿ êîòîðûõ ïðè x ∈ ∆ ≡ (c, d) ñïðàâåäëèâî

u∆(φ |x) = g∆(x)φ(c) + h∆(x)φ(d). (3)
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Êðîìå òîãî ìû äåëàåì åù¼ îäíî åñòåñòâåííîå ïðåäïîëîæåíèå

Óñëîâèå 2 . Â îäíîìåðíîì ñëó÷àå

g(c,d)(d) = h(c,d)(c) = 0, (4)

à çíà÷åíèÿ g(c,d)(c) = g(c,d)(c + 0) è h(c,d)(d) = h(c,d)(d − 0) îïðåäåëÿþòñÿ ïî
íåïðåðûâíîñòè.

Êëàññ ñîãëàñîâàííûõ ñåìåéñòâ îïåðàòîðîâ Äèðèõëå, ïîä÷èíÿþùèõñÿ óñëîâè-
ÿì 1 è 2, íå ïóñò. Ïðèìåðîì ÿâëÿåòñÿ ðàññìîòðåííîå íèæå ñåìåéñòâî, ñâÿçàí-
íîå ñ äèôôóçèîííûì ïîëóìàðêîâñêèì ïðîöåññîì.

Ëåììà 2 . Ïðè âûïîëíåíèè óñëîâèé 1 è 2 ôóíêöèÿ g∆(x) íå âîçðàñòàåò è
ôóíêöèÿ h∆(x) íå óáûâàåò êàê ôóíêöèè îò x ∈ ∆ ≡ (c, d).

Äîêàçàòåëüñòâî. Èç ôîðìóë (2) è (3) óñëîâèå ñîãëàñîâàííîñòè ñåìåéñòâà
ðåøåíèé u(c,d)(φ |x) ïåðåïèñûâàåòñÿ â âèäå

u∆2
(φ |x) = g∆1

(x)u∆2
(φ | c1) + h∆1

(x)u∆2
(φ | d1).

Îòñþäà ïîëó÷àåì
g∆2

(x)φ(c2) + h∆2
(x)φ(d2) =

= g∆1
(x) [g∆2

(c1)φ(c2) + h∆2
(c1)φ(d2)]+

+h∆1
(x) [g∆2

(d1)φ(c2) + h∆2
(d1)φ(d2)].

Áëàãîäàðÿ ñïðàâåäëèâîñòè ýòîãî óðàâíåíèÿ îòíîñèòåëüíî ëþáîé ôóíêöèè φ
îíî ðàñïàäàåòñÿ íà äâà. Äåéñòâèòåëüíî. Âûáðàâ ñïåðâà φ(d2) = 0, φ(c2) > 0,
à çàòåì íàîáîðîò φ(d2) > 0, φ(c2) = 0, ìû ïîëó÷àåì äâà óðàâíåíèÿ

g∆2
(x) = g∆1

(x) g∆2
(c1) + h(∆1

(x) g∆2
(d1), (5)

h∆2
(x) = g∆1

(x)h∆2
(c1) + h∆1

(x)h∆2
(d1), (6)

ãäå ∆1 ≡ (c1, d1), ∆2 ≡ (c2, d2) è ∆1 ⊂ ∆2. Îòñþäà è èç óñëîâèÿ (4) ïðè ëþáûõ
x è ε (x− ε, x+ ε ∈ (c, d)), ïîëó÷àåì ïðè ε > 0

g(c,d)(x) = g(x−ε,d)(x)g(c,d)(x−ε)+h(x−ε,d)(x)g(c,d)(d) = g(x−ε,d)(x)g(c,d)(x−ε) ≤ g(c,d)(x−ε).

h(c,d)(x) = g(c,x+ε)(x)h(c,d)(c)+h(c,x+ε)(x)h(c,d)(x+ε) = h(c,x+ε)(x)h(c,d)(x+ε) ≤ h(c,d)(x+ε),

Ëåììà äîêàçàíà.
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Èíòåãðàëüíîå óðàâíåíèå. Ðàññìîòðèì óðàâíåíèå y′′ = q(x). Â êíèãå [4], ñ.269
ïðèâåäåíà ôîðìóëà äëÿ ðåøåíèÿ çàäà÷è Äèðèõëå ýòîãî óðàâíåíèÿ íà èíòåð-
âàëå (a, b):

y(x) = y(a)
b− x
b− a

+y(b)
x− a
b− a

− b− x
b− a

∫ x

a

q(t) (t−a) dt−x− a
b− a

∫ b

x

q(t) (b−t) dt.

(7)
Ýòó ôîðìóëó ëåãêî ïðîâåðèòü è ïðèìåíèòü å¼ ê óðàâíåíèþ y′′ + A(x) y′ −
B(x) y = 0, ïîëîæèâ â ïðåäûäóùåé çàäà÷å q(x) ≡ −A(x) y′(x) +B(x) y(x). Â
ðåçóëüòàòå ïîëó÷àåì èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå, êîòîðîå ñ ïîìî-
ùüþ èíòåãðèðîâàíèå ïî ÷àñòÿì ïåðåõîäèò â èíòåãðàëüíîå óðàâíåíèå îòíîñè-
òåëüíî ôóíêöèè y(x) :

y(x) = y(a)
b− x
b− a

+ y(b)
x− a
b− a

+

∫ b

a

K(a,b)(x, t) y(t) dt, (8)

ãäå

K(a,b)(x, t) =


b−x
b−a(−A(t)− (B(t) + A′(t)) (t− a)), a < t < x,

x−a
b−a (A(t)− (B(t) + A′(t)) (b− t)), x < t < b.

(9)

Â ÷àñòíîñòè ïðè A(x) ≡ 0

K(a,b)(x, t) =


b−x
b−a(−B(t) (t− a)), a < t < x,

x−a
b−a (−B(t) (b− t)), x < t < b.

(10)

Íåäîñòèæèìîñòü ïðàâîé ãðàíèöû. Èç óðàâíåíèÿ (6), ïîëîæèâ c1 = c2, è
óñëîâèÿ (4) ïîëó÷àåì óðàâíåíèå

h(c1,d2)(x) = h(c1,d1)(x)h(c1,d2)(d1),

èç êîòîðîãî ñëåäóåò

h(a,b)(x0) = h(a,x1)(x0)h(a,b)(x1), (11)

ãäå a < x0 < x1 < b.

Ïóñòü (xn)
∞
0 � ñòðîãî âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü òî÷åê, ó êîòîðîé

x0 ∈ (a, b), à òàêæå xn → b. Îòñþäà èç (11) ñëåäóåò ïðîèçâåäåíèå

h(a,xn)(x0) =
n∏
k=1

h(a,xk)(xk−1), xk > xk−1,
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êîòîðîå ìîæíî ïðîäîëæèòü

h(a,b)(x0) =
∞∏
k=1

h(a,xk)(xk−1).

. Ïðàâàÿ ãðàíèöà èíòåðâàëà (a, b) íàçûâàåòñÿ íåäîñòèæèìîé äëÿ äàííîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ, åñëè äëÿ ëþáîé òî÷êè x < b ñïðàâåäëèâî
h(a,b)(x) = 0. Èç ýòîãî îïðåäåëåíèÿ ñëåäóåò, ÷òî íåäîñòèæèìîñòü ãðàíèöû
b ðàâíîñèëüíà ðàâåíñòâó íóëþ ñîîòâåòñòâóþùåãî áåñêîíå÷íîãî ïðîèçâåäåíèÿ
(ïðîèçâåäåíèå ðàñõîäèòñÿ). Ýòî â ñâîþ î÷åðåäü ðàâíîñèëüíî ðàñõîäèìîñòè
ðÿäà (ñì., íàïðèìåð, [6], ñ.357)

∞∑
k=1

(1− h(a,xk)(xk−1)) =∞.

Èç (10) ñëåäóåò

h(c,d)(x) = h(c,d)(d)
x− c
d− c

−
∫ x

c

d− x
d− c

B(t) (t−c)h(c,d)(t) dt−
∫ d

x

x− c
d− c

B(t) (d−t)h(c,d)(t) dt.

Îòñþäà

1−h(c,d)(x) = 1−h(c,d)(d)
x− c
d− c

+

∫ x

c

d− x
d− c

B(t) (t−c)h(c,d)(t) dt+

∫ d

x

x− c
d− c

B(t) (d−t)h(c,d)(t) dt.

Ó÷èòûâàÿ, ÷òî B ≥ 0, 0 ≤ h(c,d)(d) ≤ 1 è ÷òî h(c,d)(x) íå óáûâàåò ïî x,
ïîëó÷àåì ïåðâîå íåðàâåíñòâî

1− h(c,d)(x) ≥ d− x
d− c

+ h(c,d)(x)

∫ d

x

x− c
d− c

B(t) (d− t) dt,

Îòñþäà

1− h(c,d)(x) − h(c,d)(x)

∫ d

x

x− c
d− c

B(t) (d− t) dt ≥ d− x
d− c

,

x− c
d− c

≥ h(c,d)(x) (1 + L),

ãäå

L ≡
∫ d

x

x− c
d− c

B(t) (d− t) dt,

h(c,d)(x) ≤ x− c
d− c

[1 + L]−1 ,
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1− h(c,d)(x) ≥ 1− x− c
d− c

[1 + L]−1 ≥ 1− [1 + L]−1 =
L

1 + L

Ó÷èòûâàÿ íåðàâåíñòâà a < xk−1 < xk < b è ñâîéñòâî ñòðîãîãî âîçðàñòàíèÿ
ôóíêöèè f(x) ≡ x/(1 + x), ïîëàãàÿ c ≡ a, d ≡ xk, x ≡ xk−1, ïîëó÷àåì

1− h(a,xk)(xk−1) ≥
Lk

1 + Lk
,

ãäå

Lk ≡
∫ xk

xk−1

xk−1 − a
xk − a

B(t) (xk − t) dt

Lk ≥ Lkb ≡
∫ xk

xk−1

x0 − a
b− a

B(t) (xk − t) dt

L

1 + L
≥ Lkb

1 + Lkb
Îòñþäà äîñòàòî÷íûì óñëîâèåì äëÿ ðàñõîäèìîñòè ðÿäà ÿâëÿåòñÿ óñëîâèå

(∀k ≥ 1)(∃ε > 0)

∫ xk

xk−1

B(t) (xk − t) dt ≥ ε.

Îíî ñëèøêîì ãðîìîçäêî è òðóäíî ïðîâåðÿåìî. Áóäåì èñêàòü áîëåå ïðîñòîå
äîñòàòî÷íîå óñëîâèå. Çàäàäèì êîíêðåòíóþ ïîñëåäîâàòåëüíîñòü (xn)

∞
0 :

(∀k ≥ 1) xk = x0 + (b− x0)(1− 2−k),

îòêóäà rk = (b− x0)2
−k, ãäå rk ≡ xk − xk−1. Áîëåå ïðîñòîå óñëîâèå äîñòàòî÷-

íîñòè:

(∃ε > 0) (∀k ≥ 1)

∫ xk

xk−1

B(t) (xk − t) dt ≥ ε.

Óñëîâèå 3 . Ñóùåñòâóåò x0 < b òàêîå, ÷òî ôóíêöèÿ B íå óáûâàåò íà
èíòåðâàëå (x0, b)

Â ýòîì ñëó÷àå äëÿ âûïîëíåíèÿ ïðåäûäóùåãî óñëîâèÿ äîñòàòî÷íî :

(∃ε > 0) (∀k ≥ 1) B(xk−1)

∫ xk

xk−1

(xk − t) dt ≥ ε.

÷òî ðàâíîñèëüíî

B(xk−1) ≥ ε

[
r2
k

2

]−1

.
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Ðàññìîòðèì ïðîäîëæåíèå ôóíêöèè xk, çàäàííîé äëÿ âñåõ öåëûõ n ≥ 0,
íà èíòåðâàë âñåõ t ≥ 0:

xt = x0 + (b− x0)(1− 2−t).

Îòñþäà rt = (b− x0)/2
t. Èñïîëüçóÿ âûðàæåíèå ìíîæèòåëÿ 2t â òåðìèíàõ xt:

2t =
b− x0

b− xt
,

ïîëó÷àåì ïðîäîëæåíèå ôóíêöèè B(xn) íà âñå z ∈ [x0, b) è óñëîâèå äîñòàòî÷-
íîñòè â òåðìèíàõ B(z) :

(∃ε > 0)(∀z ∈ (x0, b)) B(z) ≥ 2ε

r2
t+1

=
8ε

(b− z)2
.

Íåäîñòèæèìîñòü ëåâîé ãðàíèöû. Ðàññìîòðèì ïðåäñòàâëåíèå ôóíêöèè
g(a,b)(x). . Ëåâàÿ ãðàíèöà èíòåðâàëà (a, b) íàçûâàåòñÿ íåäîñòèæèìîé äëÿ äàí-
íîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ, åñëè äëÿ ëþáîé òî÷êè x > a ñïðàâåä-
ëèâî g(a,b)(x) = 0.

Ïóñòü (yn)
∞
0 � ñòðîãî óáûâàþùàÿ ïîñëåäîâàòåëüíîñòè òî÷åê, ó êîòîðûõ

y0 ∈ (a, b), à òàêæå yn → a. Îòñþäà è èç (5) ñëåäóåò ïðîèçâåäåíèå

g(yn,b)(y0) =
n∏
k=1

g(yk,b)(yk−1), yk < yk−1,

êîòîðîå ìîæíî ïðîäîëæèòü

g(a,b)(y0) =
∞∏
k=1

g(yk−1,b)(yk),

Ýòî â ñâîþ î÷åðåäü ðàâíîñèëüíî ðàñõîäèìîñòè ðÿäà (ñì., íàïðèìåð, [6],
ñ.357)

∞∑
k=1

(1− g(a,yk−1)(yk)) =∞, (12)

Îöåíèì ÷ëåíû ýòîãî ðÿäà. Èç ôîðìóëû (10) ïðè A(x) ≡ 0 ïîëó÷àåì

g(a,b)(x) = g(a,b)(a)
b− x
b− a

−b− x
b− a

∫ x

a

B(t) (t−a) g(a,b)(t) dt−
x− a
b− a

∫ b

x

B(t) (b−t) g(a,b)(t) dt.

Îòñþäà

1− g(a,b)(x) ≥ x− a
b− a

+
b− x
b− a

g(a,b)(x)

∫ x

a

B(t) (t− a) dt.
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Îòñþäà

1− x− a
b− a

≥ g(a,b)(x) (1 + L),

ãäå

L ≡ b− x
b− a

∫ x

a

B(t) (t− a).

Îòñþäà

1− g(a,b)(x) ≥
[
x− a
b− a

+ L

]
(1− L)−1 ≥ L

1 + L
.

Çàäàäèì êîíêðåòíóþ ïîñëåäîâàòåëüíîñòü

yn = a+ (y0 − a)2−n

è å¼ ïðîäîëæåíèå íà âñå t > 0

yt = a+ (y0 − a)2−t. (13)

Äëÿ äàííîé ïîñëåäîâàòåëüíîñòè (yn) èìååì

rn ≡ yn−1 − yn = (y0 − a)2−n

à òàêæå

1− g(yn,b)(yn−1) ≥
Ln

1 + Ln
,

ãäå

Ln ≡
b− yn−1

b− yn

∫ yn−1

yn

B(t)(t− yn) dt.

Çàìå÷àÿ, ÷òî
b− yn−1

b− yn
≥ b− y0

b− a
è ïîëüçóÿñü ñòðîãèì âîçðàñòàíèåì ôóíêöèè

f(x) ≡ 1/(1 + x), ïîëó÷àåì

1− g(yn,b)(yn−1) ≥
Lan

1 + Lan
,

ãäå

Lna ≡
b− y0

b− a

∫ yn−1

yn

B(t)(t− yn) dt.

Òåïåðü äëÿ ðàñõîäèìîñòè èñõîäíîãî ðÿäà äîñòàòî÷íî íàéòè óñëîâèÿ, ïðè êî-
òîðûõ ðàñõîäèòñÿ ðÿä

∞∑
n=1

Lan
1 + Lna

.
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Ïðîñòîå äîñòàòî÷íîå óñëîâèå ðàñõîäèìîñòè ýòîãî ðÿäà ñîñòîèò â òîì, íàïðè-
ìåð, ÷òî

(∀n ≥ 1) (∃ε > 0)

∫ yn−1

yn

B(t)(t− yn) dt > ε.

×òîáû èì âîñïîëüçîâàòüñÿ, ñäåëàåì ñëåäóþùåå ïðåäïîëîæåíèå:

Óñëîâèå 4 . Ñóùåñòâóåò y0 > a òàêîå, ÷òî íà èíòåðâàëå (a, y0) ôóíêöèÿ
B íå âîçðàñòàåò.

Ïðè ýòîì∫ yn−1

yn

B(t)(t− yn) dt ≥ B(yn−1)

∫ yn−1

yn

(t− yn) dt = B(yn−1)
(yn − yn−1)

2

2
.

Íàøå íîâîå ïðåäïîëîæåíèå, îáåñïå÷èâàþùåå ðàñõîäèìîñòü :

(∃ε > 0) (∀n ≥ 1) B(yn−1)

∫ yn−1

yn

(t− yn) dt > ε.

Îòñþäà

(∀n ≥ 1) B(yn−1) ≥
2ε

(yn − yn−1)2

(∀n ≥ 0) B(yn) ≥
2ε

(yn − yn+1)2
=

2ε

(y0 − a)2(2−n − 2−n−1)2
=

8ε 22n

(y0 − a)2
.

Ñ äðóãîé ñòîðîíû, èç îïðåäåëåíèÿ yn ñëåäóåò

2n =
y0 − a
yn − a

. Îòñþäà

(∀n ≥ 0) B(yn) ≥
8ε

(yn − a)2
.

Ïðîäîëæàÿ ýòî íåðàâåíñòâî íà âñå t ≥ 0 è çàìåíÿÿ yt íà z ∈ (a, y0), ïîëó÷àåì
äîñòàòî÷íîå óñëîâèå äëÿ ðàñõîäèìîñòè èñõîäíîãî ðÿäà:

(∃ε > 0)(∀z ∈ (a, y0)) B(z) ≥ 8ε

(z − a)2
.
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6. Ïðèâåäåíèå óðàâíåíèÿ â íîðìàëüíóþ ôîðìó

Ðàññìîòðèì óðàâíåíèå

y′′ + A(x)y′ −B(x)y = 0. (14)

Ñ ïîìîùüþ çàìåíû ôóíêöèè

y(x) ≡ u(x) exp

(
1

2

∫ b

x

A(t) dt

)
ýòî óðàâíåíèå î÷åâèäíûì îáðàçîì ïðåîáðàçóåòñÿ â íîðìàëüíóþ ôîðìó (ñì.,
íàïðèìåð, [6], ñ.145)

u′′ −B1(x)u = 0, (15)

ãäå

B1 ≡ B +
1

4
A2 +

1

2
A′. (16)

×òîáû óðàâíåíèå (15) äîïóñêàëî åäèíñòâåííîå ðåøåíèå çàäà÷è Äèðèõëå íà
ëþáîì êîíå÷íîì èíòåðâàëå, ïðåäïîëîæèì, ÷òî âûïîëíåíî ñëåäóþùåå óñëî-
âèå:

Óñëîâèå 5 . Äëÿ ïðåîáðàçîâàííîãî óðàâíåíèÿ ñïðàâåäëèâî B1 ≥ 0.

Ïðè ôèêñèðîâàííîé ôóíêöèè A ñ îãðàíè÷åííîé ïðîèçâîäíîé ýòî óñëîâèå âñå-
ãäà ìîæåò áûòü äîñòèãíóòî çà ñ÷¼ò óâåëè÷åíèÿ B

Îáîçíà÷èì h
(u)
(a,b)(x) ïðàâóþ ñóáâåðîÿòíîñòü, ñîîòâåòñòâóþùóþ óðàâíåíèþ

(15)

h
(u)
(a,b)(a) = 0, h

(u)
(a,b)(b) ≤ 1.

Ñîãëàñíî çàìåíå ôóíêöèé, äëÿ ñîîòâåòñòâóþùåãî ðåøåíèÿ óðàâíåíèÿ (14)
èìååì ïðåäñòàâëåíèå

h(a,b)(x) = h
(u)
(a,b)(x) exp

(
1

2

∫ b

x

A(t) dt

)
.

Â ÷àñòíîñòè,

h(a,b)(a) = h
(u)
(a,b)(a) exp

(
1

2

∫ b

a

A(t) dt

)
= 0,

h(a,b)(b) = h
(u)
(a,b)(b) exp

(
1

2

∫ b

b

A(t) dt

)
≤ 1.
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Ñîãëàñíî ïîëó÷åííûì âûøå ñðàâíåíèÿì, äëÿ íåäîñòèæèìîñòè ïðàâîé ãðàíè-
öû èíòåðâàëà (a, b) äîñòàòî÷íî, ÷òîáû äëÿ ëþáîãî z ∈ (a, b)

B1(z) ≥ 8ε

(b− z)2
. (17)

Èç îïðåäåëåíèÿ íåäîñòèæèìîñòè ïðàâîé ãðàíèöû ñëåäóåò, ÷òî ýòà íåäîñòè-
æèìîñòü áóäåò ó äèôôåðåíöèàëüíîãî óðàâíåíèÿ (14) òîãäà æå, êàê è ó óðàâ-
íåíèÿ (15). Ýòî îçíà÷àåò, ÷òî óñëîâèå (17) ÿâëÿåòñÿ äîñòàòî÷íûì äëÿ íåäî-
ñòèæèìîñòè ïðàâîé ãðàíèöû äèôôåðåíöèàëüíîãî óðàâíåíèÿ (14)).

Óñëîâèå íåäîñòèæèìîñòè ëåâîé ãðàíèöû äèôôåðåíöèàëüíûì óðàâíåíèåì
(14) ìû ïîëó÷èì ñ ïîìîùüþ çàìåíû ôóíêöèè

y(x) = v(x) exp

(
−1

2

∫ x

a

A(t) dt

)
.

Ïðè ýòîì óðàâíåíèå (14) î÷åâèäíûì îáðàçîì ïðåîáðàçóåòñÿ ê íîðìàëüíîìó
âèäó. v�- B1(x)v = 0,ãäå êîýôôèöèåíò B1(x) îïðåäåë¼í âûøå (16). Êàê è
ðàíåå ìû ïðåäïîëàãàåì, ÷òî êîýôôèöèåíò B1(x) âñþäó íà èíòåðâàëå (a, b)
íåîòðèöàòåëåí. Ñëåäîâàòåëüíî, óðàâíåíèå () äîïóñêàåò ñóùåñòâîâàíèå åäèí-
ñòâåííîãî ðåøåíèÿ çàäà÷è Äèðèõëå íà ëþáîì êîíå÷íîì èíòåðâàëå. ýòîìó íî-
âîìó óðàâíåíèþ. "ëåâàÿ"ñóáâåðîÿòíîñòü g

(v)
(a,b)(x). Ëåâàÿ ãðàíèöà èíòåðâàëà

íàçûâàåòñÿ íåäîñòèæèìîé, åñëè äëÿ ëþáîé òî÷êè èíòåðâàëà g
(v)
(a,b)(x) = 0. Äî-

ñòàòî÷íûì óñëîâèåì ýòîé íåäîñòèæèìîñòè ÿâëÿåòñÿ äîêàçàííîå âûøå íåðà-
âåíñòâî

B1(z) ≥ 8ε

(z − a)2
. (18)

Ôóíêöèÿ g(a,b)(x) èñõîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ îïðåäåëÿåòñÿ
óñëîâèåì

g(a,b)(x) = g
(v)
(a,b)(x) exp

(
−1

2

∫ x

a

A(t) dt

)
.

Ïîýòîìó äîñòàòî÷íûì óñëîâèåì íåäîñòèæèìîñòè ëåâîé ãðàíèöû äëÿ èñõîä-
íîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ÿâëÿåòñÿ òî æå ñàìîå óñëîâèå (18).

Òàêèì îáðàçîì ìû äîêàçàëè 2 òåîðåìû

Òåîðåìà 1 . Ïóñòü ôóíêöèÿ B íåïðåðûâíà è íåîòðèöàòåëüíà íà èíòåðâàëå
(a, b) è âûïîëíÿþòñÿ óñëîâèÿ 1 è 2 äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ f� -
B(x)f=0

íà èíòåðâàëå (a, b).
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Äëÿ òîãî, ÷òîáû äëÿ ýòîãî óðàâíåíèÿ ïðàâàÿ ãðàíèöà èíòåðâàëà áûëà
íåäîñòèæèìà, äîñòàòî÷íî, ÷òîáû ôóíêöèÿ B áûëà íåóáûâàþùåé íà íåêîòî-
ðîì èíòåðâàëå (x0, b) (x0 ∈ (a, b)), à òàêæå äëÿ ëþáîãî z ∈ [x0, b) âûïîëíÿëîñü
íåðàâåíñòâî

B(z) ≥ 8ε

(b− z)2
.

Äëÿ òîãî, ÷òîáû äëÿ ýòîãî óðàâíåíèÿ ëåâàÿ ãðàíèöà èíòåðâàëà áûëà íåäî-
ñòèæèìà, äîñòàòî÷íî, ÷òîáû ôóíêöèÿ B áûëà íåâîçðàñòàþùåé íà íåêîòîðîì
èíòåðâàëå (a, y0) (y0 ∈ (a, b)), à òàêæå äëÿ ëþáîãî z ∈ (a, y0] âûïîëíÿëîñü
íåðàâåíñòâî

B(z) ≥ 8ε

(z − a)2
.

Òåîðåìà 2 . Ïóñòü ôóíêöèÿ B íåïðåðûâíà è íåîòðèöàòåëüíà, ôóíêöèÿ A
íåïðåðûâíî äèôôåðåíöèðóåìà è âûïîëíÿþòñÿ óñëîâèÿ 1 è 2 äëÿ óðàâíåíèÿ
f� + A(x)f '-B(x)f=0

íà èíòåðâàëå (a, b),

Äëÿ òîãî, ÷òîáû äëÿ ýòîãî óðàâíåíèÿ ïðàâàÿ ãðàíèöà èíòåðâàëà áûëà
íåäîñòèæèìà, äîñòàòî÷íî, ÷òîáû ôóíêöèÿ B1 ≡ B + 1

4A
2 + 1

2A
′ áûëà íåîòðè-

öàòåëüíîé íà (a, b), íåóáûâàþùåé íà íåêîòîðîì èíòåðâàëå (x0, b) (x0 ∈ (a, b)),
à òàêæå äëÿ ëþáîãî z ∈ [x0, b) âûïîëíÿëîñü íåðàâåíñòâî

B1(z) ≥ 8ε

(b− z)2
.

Äëÿ òîãî, ÷òîáû äëÿ ýòîãî óðàâíåíèÿ ëåâàÿ ãðàíèöà èíòåðâàëà áûëà íåäî-
ñòèæèìà, äîñòàòî÷íî, ÷òîáû ôóíêöèÿ B1 áûëà íåîòðèöàòåëüíîé íà (a, b),
íåâîçðàñòàþùåé íà íåêîòîðîì èíòåðâàëå (a, y0) (y0 ∈ (a, b)), à òàêæå äëÿ
ëþáîãî z ∈ (a, y0] âûïîëíÿëîñü íåðàâåíñòâî

B1(z) ≥ 8ε

(z − a)2
.

7. Èíòåðïðåòàöèÿ

Â ðàáîòå [7] ðàññìàòðèâàëñÿ ñëó÷àé íåäîñòèæèìîñòè ãðàíèö èíòåðâàëà çíà-
÷åíèé äèôôóçèîííîãî ïðîöåññà X(t) áåç îñòàíîâêè, ñîîòâåòñòâóþùåãî óðàâ-
íåíèþ

1

2
y′′ + A(x)y′ = 0.
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Ïðîöåññ X(t) â ðàññìîòðåííîì ñëó÷àå � ýòî ìàðêîâñêèé äèôôóçèîííûé ïðî-
öåññ áåç îáðûâà ñ îáëàñòüþ îïðåäåëåíèÿ [0,∞) è îáëàñòüþ çíà÷åíèé (a, b), ãäå
−∞ < a < b <∞. Ìíîæèòåëü 1/2 â äàííîì âûðàæåíèè îáû÷íî ñîõðàíÿåòñÿ
êàê íàïîìèíàíèå îá óðàâíåíèè Êîëìîãîðîâà î äèôôóçèîííîì ìàðêîâñêîì
ïðîöåññå (ñì., íàïðèìåð, [2], ñ.215). Íåäîñòèæèìîñòü ãðàíèö èíòåðâàëà (a, b)
äîñòèãàëàñü çà ñ÷¼ò ðîñòà àáñîëþòíîé âåëè÷èíû êîýôôèöèåíòà A ïðè ïðè-
áëèæåíèè çíà÷åíèÿ ïðîöåññà ê ýòèì ãðàíèöàì (ê ëåâîé ãðàíèöå ñî çíàêîì
ïëþñ, ê ïðàâîé ãðàíèöå � ìèíóñ). Â êíèãå Ãèõìàíà è Ñêîðîõîäà [8] èçó-
÷àëàñü çàäà÷à íåäîñòèæèìîñòè ãðàíèö èíòåðâàëà â òåðìèíàõ ñòîõàñòè÷åñêèõ
äèôôåðåíöèàëüíûõ óðàâíåíèé. Â êíèãå ×¼ðíîãî è Ýíãåëüáåðòà [9] ïîäâîäèë-
ñÿ èòîã èññëåäîâàíèÿì â ýòîé îáëàñòè, ãäå ïðîáëåìå íåäîñòèæèìîñòè ãðàíèö
äèôôóçèîííûì ïðîöåññîì ïîñâÿùåíà âòîðàÿ ãëàâà, â êîòîðîé èññëåäóåòñÿ
ïîâåäåíèå ïðîöåññà â îäíîñòîðîííèõ îêðåñòíîñòÿõ ñèíãóëÿðíûõ òî÷åê ñòîõà-
ñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Ðàññìîòðèì ñëó÷àéíûé ïðîöåññ, ñîîòâåòñòâóþùèé óðàâíåíèþ

1

2
y′′ + A(x)y′ −B(x)y = 0, (19)

ãäå ôóíêöèè B íåîòðèöàòåëüíà íà èíòåðâàëå (a, b), à å¼ ìàêñèìóì íà ýòîì
èíòåðâàëå ïîëîæèòåëåí. Òàêîå ïðåäïîëîæåíèå äîïóñêàåò âîçìîæíîñòü áåñ-
êîíå÷íîé îñòàíîâêè äèôôóçèîííîãî ïîëóìàðêîâñêîãî ïðîöåññà X(t) (ñì. íè-
æå) âíóòðè ýòîãî èíòåðâàëà äî ìîìåíòà ïåðâîãî âûõîäà èç íåãî (ñì., íàïðè-
ìåð, [3]), äëÿ êîòîðîãî áåñêîíå÷íàÿ îñòàíîâêà èìååò ñìûñë è îïðåäåëÿåòñÿ
â òåðìèíàõ ïîëóìàðêîâñêèõ ïåðåõîäíûõ ôóíêöèé. Äëÿ ìàðêîâñêîãî äèôôó-
çèîííîãî ïðîöåññ îáû÷íî ïðåäïîëàãàåòñÿ (ñì., íàïðèìåð, [2], ñ.15), ÷òî òàêîé
ïðîöåññ îáðûâàåòñÿ â íåêîòîðûé ñëó÷àéíûé ìàðêîâñêèé ìîìåíò âðåìåíè, ò.å.
åãî çíà÷åíèå â ýòîò ìîìåíò ðàâíî íåêîòîðîìó δ 6∈ (−∞,∞) (ïðîöåññ âûõîäèò
èç ëþáîãî èíòåðâàëà, à íå îñòà¼òñÿ â í¼ì íàâñåãäà).

Îäíîìåðíûé äèôôóçèîííûé ïîëóìàðêîâñêèé ïðîöåññ. Ïðîöåññ X(t) îïðå-
äåë¼í íà ïîëóïðÿìîé [0,∞) ñî çíà÷åíèÿìè â R ≡ (−∞,∞) (åñëè íå ðàñ-
ñìàòðèâàåòñÿ êàêîå-ëèáî îãðàíè÷åíèå îáëàñòè çíà÷åíèé). Ïðîöåññ îäíîðîäåí
âî âðåìåíè è ïîëíîñòüþ îïðåäåëÿåòñÿ íàáîðîì âñåõ ñâîèõ ïîëóìàðêîâñêèõ
ïåðåõîäíûõ ôóíêöèé Y(a,b)(S, a |x) è Y(a,b)(S, b |x), ãäå x ∈ (a, b), S ⊂ (0,∞).
Âûðàæåíèå Y(a,b)(S, γ |x) îïðåäåëÿåòñÿ êàê óñëîâíàÿ âåðîÿòíîñòü ïðè óñëî-
âèè, ÷òî X(0) = x, ñîáûòèÿ {ìîìåíò ïåðâîãî âûõîäà èç èíòåðâàëà (a, b) ïðè-
íàäëåæèò ìíîæåñòâó S, ïðè÷¼ì òî÷êà ïåðâîãî âûõîäà � ýòî γ }. Çäåñü γ �
îäíî èç äâóõ çíà÷åíèé γ = a èëè γ = b. Äëÿ îäíîìåðíîãî äèôôóçèîííî-
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ãî ïîëóìàðêîâñêîãî ïðîöåññà ýòè óñëîâíûå âåðîÿòíîñòè ñîãëàñîâàíû äâóìÿ
óñëîâèÿìè:

Y(a,b)((0, t), a |x) =

∫ t

0

Y(c,d)(dy, c |x)Y(a,b)((0, t−y), a | c)+
∫ t

0

Y(c,d)(dy, d |x)Y(a,b)((0, t−y), a | d),

Y(a,b)((0, t), b |x) =

∫ t

0

Y(c,d)(dy, c |x)Y(a,b)((0, t−y), b | c)+
∫ t

0

Y(c,d)(dy, d |x)Y(a,b)((0, t−y), b | d),

ãäå (c, d) ⊂ (a, b). Îáîçíà÷èâ

g(a,b)(x) ≡ Y(a,b)((0,∞), a |x), h(a,b)(x) ≡ Y(a,b)((0,∞), b |x),

ìû ïîëó÷àåì äëÿ ñåìåéñòâà ýòèõ ôóíêöèé óñëîâèÿ ñîãëàñîâàíèÿ (5) è (6).

Çàìåòèì, ÷òî óñëîâèå 1 âûïîëíÿåòñÿ äëÿ ïîëóìàðêîâñêîãî ïðîöåññà ïî
îïðåäåëåíèþ, òàê êàê ðåøåíèå çàäà÷è Äèðèõëå äëÿ íåãî ñ ôóíêöèåé φ íà
ãðàíèöå èíòåðâàëà ñîâïàäàåò ñ ìàòåìàòè÷åñêèì îæèäàíèåì çíà÷åíèÿ φ ïðî-
öåññà â òî÷êàõ ïåðâîãî âûõîäà èç èíòåðâàëà. Îäíîìåðíûé íåïðåðûâíûé ïî-
ëóìàðêîâñêèé ïðîöåññ íàçûâàåòñÿ äèôôóçèîííûì, åñëè â îêðåñòíîñòè òî÷êè
x ñóùåñòâóþò ôóíêöèè: A(x) íåïðåðûâíî äèôôåðåíöèðóåìàÿ è B(x) íåîò-
ðèöàòåëüíàÿ íåïðåðûâíàÿ, � òàêèå, ÷òî ïðè r > 0, r → 0

g(x−r,x+r)(x) =
1

2
(1− A(x)r −B(x)r2) + o(r2), (20)

h(x−r,x+r)(x) =
1

2
(1 + A(x)r −B(x)r2) + o(r2). (21)

Ëåãêî ïðîâåðèòü ñëåäóþùåå óòâåðæäåíèå: åñëè ýòè óñëîâèÿ âûïîëíÿþòñÿ äëÿ
ëþáîé òî÷êè x ∈ (a, b), òî ôóíêöèè g(a,b)(x), h(a,b)(x) óäîâëåòâîðÿþò íà ýòîì
èíòåðâàëå äèôôåðåíöèàëüíîìó óðàâíåíèþ.

1

2
y′′ + A(x)y′ −B(x)y = 0.

Òàêèì îáðàçîì, íåäîñòèæèìîñòü â òåðìèíàõ äèôôåðåíöèàëüíûõ óðàâíåíèé
ñîâïàäàåò ñ íåäîñòèæèìîñòüþ â òåðìèíàõ îäíîìåðíûõ äèôôóçèîííûõ ïîëó-
ìàðêîâñêèõ ïðîöåññîâ. Óñëîâèå 2 äëÿ äèôôóçèîííîãî ïðîöåññà âûïîëíÿåòñÿ
áëàãîäàðÿ òîìó, ÷òî çíà÷åíèÿ h(c,d)(c) è g(c,d)(d) îïðåäåëÿþòñÿ â ýòîì ñëó-
÷àå ïî íåïðåðûâíîñòè: h(c,d)(x) → 0 ïðè x > c, x → c è g(c,d)(x) → 0 ïðè
x < d, x→ d. Ýòîò ôàêò õîðîøî èçâåñòåí â òåîðèè äèôôóçèîííûõ ïðîöåññîâ.
Ïðè ïîñòîÿííûõ êîýôôèöèåíòàõ îí äîêàçûâàåòñÿ ïóò¼ì íåïîñðåäñòâåííîãî
ðåøåíèÿ óðàâíåíèÿ. Äëÿ óðàâíåíèÿ ñ ïåðåìåííûìè êîýôôèöèåíòàìè îáîñíî-
âûâàåòñÿ ïðåäåëüíûé ïåðåõîä ñ èñïîëüçîâàíèåì ìàðêîâñêîãî ñâîéñòâà îòíî-
ñèòåëüíî ìîìåíòîâ ïåðâîãî âûõîäà. Óñëîâèÿ 3, 4, 5 âõîäÿò íåïîñðåäñòâåííî
â óñëîâèÿ òåîðåì 1 è 2.
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8. Çàêëþ÷åíèå

Èññëåäîâàíû ñâîéñòâà íåäîñòèæèèìîñòè ãðàíèö èíòåðâàëà äëÿ îáûêíîâåí-
íîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà, çàâèñÿùèå îò êîýô-
ôèöèåíòîâ ýòîãî óðàâíåíèÿ. Íàéäåíû äîñòàòî÷íûå óñëîâèÿ îäíîñòîðîííå -
íóëåâûõ ðåøåíèé çàäà÷è Äèðèõëå, ïðåäñòàâèìîãî â ÿäåðíîì âèäå (ñì. Óñëî-
âèå 1). Ãëàâíîé ÷åðòîé íåäîñòèæèìîñòè ãðàíèö ÿâëÿåòñÿ áûñòðîå ñòðåìëåíèå
ê áåñêîíå÷íîñòè êîýôôèöèåíòà B(x) ïðè ïðèáëèæåíèè àðãóìåíòà ýòîãî êî-
ýôôèöèåíòà ê ãðàíèöå èíòåðâàëà.

Ïðèâåäåíà èíòåðïðåòàöèÿ ïîëó÷åííûõ ðåçóëüòàòîâ â òåðìèíàõ äèôôó-
çèîííîãî ïîëóìàðêîâñêîãî ïðîöåññà, îáëàñòüþ çíà÷åíèé êîòîðîãî ÿâëÿåòñÿ
äàííûé èíòåðâàë. Íåäîñòèæèìîñòü ãðàíèö èíòåðâàëà äèôôóçèîííûì ïðî-
öåññîì îáúÿñíÿåò ñâîéñòâà ðåàëüíûõ ïðîöåññîâ â ôèçèêå, ãåîëîãèè, ñîöèî-
ëîãèè è äðóãèõ îáëàñòÿõ, ñîñòîÿùèå â íàêîïëåíèè ìàññû äèôôóíäèðóþùåãî
âåùåñòâà âáëèçè ãðàíèö èíòåðâàëà. Ýòî ñòàíîâèòñÿ ïîíÿòíûì ââèäó òîãî, ÷òî
êîýôôèöèåíò B(x) óðàâíåíèÿ õàðàêòåðèçóåò áåñêîíå÷íóþ îñòàíîâêó ïðîöåñ-
ñà âíóòðè èíòåðâàëà.

Èíòåðåñíûì ñëåäñòâèåì äîêàçàííûõ òåîðåì ÿâëÿåòñÿ ñóùåñòâîâàíèå òà-
êèõ êîýôôèöèåíòîâ óðàâíåíèÿ, äëÿ êîòîðûõ ðåøåíèå çàäà÷è Äèðèõëå òîæ-
äåñòâåííî ðàâíî íóëþ. Äëÿ äèôôóçèîííîãî ïîëóìàðêîâñêîãî ïðîöåññà ýòî
ñîîòâåòñòâóåò íåäîñòèæèìîñòè îáåèõ ãðàíèö. Â óñëîâèè òåîðåìû 1, íàïðè-
ìåð, ýòî ìîæåò áûòü ðåàëèçîâàíî çà ñ÷¼ò âûáîðà x0 = y0 è ñòðåìëåíèÿ êî-
ýôôèöèåíòà B(x) ê áåñêîíå÷íîñòè ïðè ñòðåìëåíèè x ê ãðàíèöàì èíòåðâàëà
(U -îáðàçíàÿ ôóíêöèÿ).
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Abstract. An ordinary di�erential equation of the second order is considered.
Coe�cients of the equation are assumed to provide a unique Dirichlet problem
solution on every �nite interval. A consistency condition with respect to
convolution of operators Dirichlet family of this equation is de�ned. The
Dirichlet problem solutions representing in a kernel form are investigated. In
one-dimensional case such a sub-probability kernel is reduced to two functions
(left and right) corresponding to two boundaries of the interval. The left (right)
boundary of the initial interval is said to be unattainable if the the left (right)
sub-probability is equal to zero. In terms of the initial di�erential equation some
su�cient conditions are derived for the left (right) boundary to be unattainable.
One can control these conditions by a constructive method. As interpretation
of obtain results unattainable boundaries of a di�usion semi-Markov process are
demonstrated

Key words: ordinary di�erential equation of the second order, Dirichlet problem,
sub-probability kernel, integral equation, di�usion semi-Markov process.
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