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×èñëåííûå ìåòîäû

Íåëîêàëüíûå êðàåâûå çàäà÷è â äèôôåðåíöèàëüíîé è
ðàçíîñòíîé òðàêòîâêàõ äëÿ îáîáùåííîãî íàãðóæåííîãî óðàâíåíèÿ

âëàãîïåðåíîñà

Ì.Õ.Áåøòîêîâ
Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè ÊÁÍÖ ÐÀÍ

Àííîòàöèÿ. Èññëåäóþòñÿ êðàåâûå çàäà÷è äëÿ îäíîìåðíîãî ïî ïðîñòðàíñòâó
íàãðóæåííîãî óðàâíåíèÿ âëàãîïåðåíîñà äðîáíîãî ïîðÿäêà ñ íåëîêàëüíûìè
ãðàíè÷íûìè óñëîâèÿìè. Ìåòîäîì ýíåðãåòè÷åñêèõ íåðàâåíñòâ â ïðåäïîëîæå-
íèè ñóùåñòâîâàíèÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è âûâîäÿòñÿ àïðèîðíûå îöåí-
êè ðåøåíèé íåëîêàëüíûõ êðàåâûõ çàäà÷ â äèôôåðåíöèàëüíîé ôîðìå. Ïî-
ñòðîåíû ðàçíîñòíûå ñõåìû è äëÿ íèõ äîêàçûâàþòñÿ àíàëîãè àïðèîðíûõ îöå-
íîê â ðàçíîñòíîé ôîðìå, ïðèâîäÿòñÿ îöåíêè ïîãðåøíîñòè â ïðåäïîëîæåíèé
äîñòàòî÷íîé ãëàäêîñòè ðåøåíèé óðàâíåíèé. Èç ïîëó÷åííûõ àïðèîðíûõ îöå-
íîê ñëåäóþò åäèíñòâåííîñòü è óñòîé÷èâîñòü ðåøåíèÿ ïî íà÷àëüíûì äàííûì
è ïðàâîé ÷àñòè, à òàêæå ñõîäèìîñòü ðåøåíèÿ ðàçíîñòíîé çàäà÷è ê ðåøåíèþ
ñîîòâåòñòâóþùåé äèôôåðåíöèàëüíîé çàäà÷è ñî ñêîðîñòüþ ðàâíîé ïîðÿäêó
àïïðîêñèìàöèè ðàçíîñòíîé çàäà÷è.

Êëþ÷åâûå ñëîâà: íàãðóæåííîå óðàâíåíèå, óðàâíåíèå âëàãîïåðåíîñà, óðàâ-
íåíèå Àëëåðà, íåëîêàëüíûå êðàåâûå çàäà÷è, àïðèîðíàÿ îöåíêà, äèôôåðåí-
öèàëüíîå óðàâíåíèå äðîáíîãî ïîðÿäêà, äðîáíàÿ ïðîèçâîäíàÿ Êàïóòî.

1 Ââåäåíèå

Íàãðóæåííûìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè â ëèòåðàòóðå (ñì. [1]-[3])
ïðèíÿòî íàçûâàòü óðàâíåíèÿ, ñîäåðæàùèå â êîýôôèöèåíòàõ èëè â ïðàâîé
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÷àñòè êàêèå-ëèáî ôóíêöèîíàëû îò ðåøåíèÿ, â ÷àñòíîñòè çíà÷åíèÿ ðåøåíèÿ
èëè åãî ïðîèçâîäíûõ íà ìíîãîîáðàçèÿõ ìåíüøåé ðàçìåðíîñòè. Èññëåäîâàíèå
òàêèõ óðàâíåíèé ïðåäñòàâëÿåò èíòåðåñ êàê ñ òî÷êè çðåíèÿ ïîñòðîåíèÿ îáùåé
òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé, òàê è ñ òî÷êè çðåíèÿ ïðèëîæåíèé,
ïðè÷åì ïðèëîæåíèé êàê â ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè, òàê è â ñîáñòâåííî
ìàòåìàòèêå.

Îñîáûé èíòåðåñ ïðåäñòàâëÿþò êðàåâûå çàäà÷è ñ èíòåãðàëüíûìè óñëîâèÿ-
ìè. Èç ôèçè÷åñêèõ ñîîáðàæåíèé óñëîâèÿ òàêîãî âèäà ñîâåðøåííî åñòåñòâåí-
íû è âîçíèêàþò ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè â òåõ ñëó÷àÿõ, êîãäà
íåâîçìîæíî ïîëó÷èòü èíôîðìàöèþ î ïðîèñõîäÿùåì ïðîöåññå íà ãðàíèöå îá-
ëàñòè åãî ïðîòåêàíèÿ ñ ïîìîùüþ íåïîñðåäñòâåííûõ èçìåðåíèé èëè æå êîãäà
âîçìîæíî èçìåðåíèå ëèøü íåêîòîðûõ óñðåäíåííûõ (èíòåãðàëüíûõ) õàðàêòå-
ðèñòèê èñêîìîé âåëè÷èíû. Òàê, çàäà÷è ñ èíòåãðàëüíûìè óñëîâèÿìè ìîãóò
ñëóæèòü ìàòåìàòè÷åñêèìè ìîäåëÿìè ôèçè÷åñêèõ ÿâëåíèé, ñâÿçàííûõ, íà-
ïðèìåð, ñ çàäà÷àìè, âîçíèêàþùèìè ïðè èçó÷åíèè ôèçèêè ïëàçìû, ïðè èçó-
÷åíèè äâèæåíèÿ ïî÷âåííîé âëàãè â êàïèëëÿðíî-ïîðèñòûõ ñðåäàõ. Íà çàäà÷è
ïîäîáíîãî òèïà, êàê êà÷åñòâåííî íîâûå è âîçíèêàþùèå ïðè ðåøåíèè ñîâðå-
ìåííûõ ïðîáëåì ôèçèêè, óêàçûâàåò â ñâîåé ñòàòüå À.À. Ñàìàðñêèé [4] è ïðè-
âîäèò ïîñòàíîâêó çàäà÷è ñ èíòåãðàëüíûì óñëîâèåì äëÿ óðàâíåíèÿ òåïëîïðî-
âîäíîñòè êàê ïðèìåð îäíîé èç òàêèõ çàäà÷.

Â íàñòîÿùåå âðåìÿ ñòàëî î÷åâèäíûì, ÷òî ïðè ðåøåíèè ìíîãèõ çàäà÷ â
ôèçèêå, áèîëîãèè ÷àñòî âñòðå÷àþòñÿ ñðåäû è ñèñòåìû, êîòîðûå õîðîøî èí-
òåðïðåòèðóþòñÿ êàê ôðàêòàëû, ïðèìåðàìè êîòîðûõ ìîãóò ñëóæèòü ñèëüíî
ïîðèñòûå ñðåäû, êàêîâûì, íàïðèìåð, ÿâëÿåòñÿ ïî÷âîãðóíò. Ïðè ðåøåíèè òà-
êèõ çàäà÷ âîçíèêàåò íåîáõîäèìîñòü èçó÷åíèÿ êðàåâûõ çàäà÷ äëÿ äèôôåðåí-
öèàëüíûõ óðàâíåíèé ñ äðîáíîé ïðîèçâîäíîé [5] - [10].

Õîðîøî èçâåñòíî, ÷òî âîïðîñû ôèëüòðàöèè æèäêîñòè â ïîðèñòûõ ñðå-
äàõ [11], [12], ïåðåäà÷è òåïëà â ãåòåðîãåííîé ñðåäå [13], [14], âëàãîïåðåíîñà
â ïî÷âî-ãðóíòàõ [15], (ñì. [16, c.137]) ïðèâîäÿò ê ìîäèôèöèðîâàííûì óðàâ-
íåíèÿì äèôôóçèè, êîòîðûå ÿâëÿþòñÿ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè â
÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà.

uxxt + dut + ηuxx + aux + bu = q(x, t), (∗)

ãäå η = const, a = a(x), b = b(x).

Óðàâíåíèå (*) ÷àñòî íàçûâàþò ïñåâäîïàðàáîëè÷åñêèì óðàâíåíèåì èëè
óðàâíåíèåì ñîáîëåâñêîãî òèïà [17].

Â ðàáîòå [18] ïðåäëîæåíû è èññëåäîâàíû ìàòåìàòè÷åñêèå ìîäåëè âîäíîãî
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ðåæèìà â ïî÷âîãðóíòàõ ñ ôðàêòàëüíîé ñòðóêòóðîé. Â îñíîâå ýòèõ ìîäåëåé
ëåæàò ïñåâäîïàðàáîëè÷åñêèå óðàâíåíèÿ ñ äðîáíîé ïî âðåìåíè ïðîèçâîäíîé.

Íåêëàññè÷íîñòü ðàññìàòðèâàåìûõ â ðàáîòå çàäà÷ çàêëþ÷àåòñÿ â òîì, ÷òî
âìåñòî ïåðâîé ïðîèçâîäíîé ïî âðåìåíè óðàâíåíèå ñîäåðæèò ïðîèçâîäíóþ
äðîáíîãî ïîðÿäêà â ñìûñëå Êàïóòî, óðàâíåíèÿ ÿâëÿþòñÿ íàãðóæåííûìè, à
êðàåâûå óñëîâèÿ - ãðàíè÷íûìè óñëîâèÿìè èíòåãðàëüíîãî âèäà. Ýòè íåêëàñ-
ñè÷åñêèå íàïðàâëåíèÿ àêòóàëüíû â ñèëó îáèëèÿ ðàçíîîáðàçíûõ ïðèëîæåíèé,
â êîòîðûõ âîçíèêàþò òàêèå íåêëàññè÷åñêèå îáúåêòû.

Íåëîêàëüíûì êðàåâûì çàäà÷àì äëÿ ðàçëè÷íûõ óðàâíåíèé âëàãîïåðåíîñà
ïîñâÿùåíû ðàáîòû àâòîðà [19], [20], íàãðóæåííûì óðàâíåíèÿì - [21]. ×èñ-
ëåííûì ìåòîäàì ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ ðàçëè÷íûõ óðàâíåíèé äðîáíîãî
ïîðÿäêà ïîñâÿùåíû ðàáîòû [22]-[28].

2 Ïîñòàíîâêà íåëîêàëüíîé êðàåâîé çàäà÷è À

Â çàìêíóòîì öèëèíäðå QT = {(x, t) : 0 ≤ x ≤ l, 0 ≤ t ≤ T} ðàññìîòðèì
ñëåäóþùóþ íåëîêàëüíóþ êðàåâóþ çàäà÷ó

∂α0tu =
∂

∂x

(
k(x, t)

∂u

∂x

)
+∂α0t

∂

∂x

(
η(x)

∂u

∂x

)
+ r(x, t)

∂u

∂x
− q(x, t)u(x0, t) +f(x, t),

0 < x < l, 0 < t ≤ T, (1)

u(0, t) = 0, 0 ≤ t ≤ T, (2)

−Π(l, t) = β(t)

∫ l

0

u(x, t)dx− µ(t), 0 ≤ t ≤ T, (3)

u(x, 0) = u0(x), 0 ≤ x ≤ l, (4)

ãäå
u(x, t) ∈ C4,3(QT ), k(x, t) ∈ C3,2(QT ), η(x) ∈ C3[0, l],

r(x, t), q(x, t), f(x, t) ∈ C2,2(QT ),

0 < c0 ≤ k(x, t), η(x) ≤ c1,

|q(x, t)|, |r(x, t)|, |rx(x, t)|, |kx(x, t)|, |β(t)| ≤ c2, (5)

∂α0tu = 1
Γ(1−α)

t∫
0

uτ (x,τ)
(t−τ)α dτ, − äðîáíàÿ ïðîèçâîäíàÿ â ñìûñëå Êàïóòî ïîðÿäêà

α, 0 < α < 1, ci, i = 0, 1, 2− ïîëîæèòåëüíûå ïîñòîÿííûå ÷èñëà, Π(x, t) =
kux + ∂α0t

(
ηux
)
, x0− ôèêñèðîâàííàÿ òî÷êà èç ïðîìåæóòêà (0, l), Cn,m(QT ) −
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êëàññ ôóíêöèé, èìåþùèõ íåïðåðûâíûå íà QT ïðîèçâîäíûå äî ïîðÿäêà n ïî
x è äî ïîðÿäêà m ïî t âêëþ÷èòåëüíî.

Â äàëüíåéøåì áóäåì ïðåäïîëàãàòü, ÷òî ðåøåíèå çàäà÷è (1) − (4) ñóùå-
ñòâóåò è îáëàäàåò íóæíûìè ïî õîäó èçëîæåíèÿ ïðîèçâîäíûìè.

Çàìåòèì, ÷òî ïðè ïîñòðîåíèè ðàçíîñòíîé ñõåìû òðåáóåòñÿ áîëåå âûñîêàÿ
ãëàäêîñòü ðåøåíèÿ è êîýôôèöèåíòîâ óðàâíåíèÿ äëÿ îáåñïå÷åíèÿ íóæíîãî
ïîðÿäêà àïïðîêñèìàöèè ðàçíîñòíîé ñõåìû [29].

Â äàëüíåéøåì áóäåì òàêæå èñïîëüçîâàòü Mi = const > 0, i = 1, 2, ...,
çàâèñÿùèå òîëüêî îò âõîäíûõ äàííûõ ðàññìàòðèâàåìîé çàäà÷è.

3 Àïðèîðíàÿ îöåíêà â äèôôåðåíöèàëüíîé ôîðìå

Äëÿ ïîëó÷åíèÿ àïðèîðíîé îöåíêè ðåøåíèÿ çàäà÷è (1) - (4) â äèôôåðåíöè-
àëüíîé ôîðìå ââåä¼ì ñêàëÿðíîå ïðîèçâåäåíèå è íîðìó â ñëåäóþùåì âèäå:(

a, b
)

=

∫ l

0

abdx,
(
a, a
)

= ‖a‖2
0, ãäå a, b− çàäàííûå íà [0, l] ôóíêöèè.

Óìíîæèì óðàâíåíèå (1) ñêàëÿðíî íà u:(
∂α0tu, u

)
=
((
kux
)
x
, u
)

+
(
∂α0t
(
ηux
)
x
, u
)

+

+
(
rux, u

)
−
(
qu(x0, t), u

)
+
(
f, u
)
. (6)

Ñïðàâåäëèâû ñëåäóþùèå

Ëåììà 1. [26]. Äëÿ ëþáîé àáñîëþòíî íåïðåðûâíîé íà [0, T ] ôóíêöèè
υ(t) ñïðàâåäëèâî íåðàâåíñòâî

υ(t)∂α0tυ(t) ≥ 1

2
∂α0tυ

2(t), 0 < α < 1.

Ëåììà 2. [26]. Ïóñòü íåîòðèöàòåëüíàÿ àáñîëþòíî íåïðåðûâíàÿ ôóíê-
öèÿ y(t) óäîâëåòâîðÿåò äëÿ ïî÷òè âñåõ t èç [0,T] íåðàâåíñòâó

∂α0ty(t) ≤ c1y(t) + c2(t), 0 ≤ α ≤ 1,

ãäå c1 > 0, c2(t)−ñóììèðóåìàÿ íà [0, T ] íåîòðèöàòåëüíàÿ ôóíêöèÿ. Òîãäà

y(t) ≤ y(0)Eα(c1t
α) + Γ(α)Eα,α(c1t

α)D−α0t c2(t),
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ãäå Eα(z) =
∞∑
n=0

zn

Γ(αn+1) , Eα,µ(z) =
∞∑
n=0

zn

Γ(αn+µ)− ôóíêöèè Ìèòòàã-Ëåôôëåðà.

Ëåììà 3. [27]. Äëÿ ëþáîé ôóíêöèè y(t), çàäàííîé íà ñåòêå ω̄τ , ñïðàâåä-
ëèâî íåðàâåíñòâî

y(σ)∆α
0tj+σ

y ≥ 1

2
∆α

0tj+σ
(y2).

Ëåììà 4. [28] Ïðåäïîëîæèì, ÷òî íåîòðèöàòåëüíûå ïîñëåäîâàòåëüíî-
ñòè yj, ϕj, j = 0, 1, 2, ... óäîâëåòâîðÿþò íåðàâåíñòâó

∆α
0tj+σ

yj ≤ λ1y
j+1 + λ2y

j + ϕj, j ≥ 1

ãäå λ1 ≥ 0, λ2 ≥ 0− êîíñòàíòû, òîãäà ñóùåñòâóåò òàêîå τ0, ÷òî åñëè
τ ≤ τ0, òî

yj+1 ≤ 2
(
y0 +

tαj
Γ(1 + α)

max
0≤j′≤j

ϕj
′
)
Eα(2λtαj ), 1 ≤ j ≤ j0,

ãäå Eα(z) =
∞∑
k=0

zk

Γ(1 + kα)
− ôóíêöèÿ Ìèòòàã-Ëåôôëåðà, λ = λ1 +

λ2

2 + 21−α .

Ïðåîáðàçóåì èíòåãðàëû, âõîäÿùèå â òîæäåñòâî (6), ïîëüçóÿñü íåðàâåíñòâîì
Êîøè ñ ε: (

∂α0tu, u
)
≥ 1

2

(
1, ∂α0tu

2
)

=
1

2
∂α0t‖u‖2

0, (7)((
kux
)
x
, u
)

=

∫ l

0

u
(
kux

)
x
dx = ukux|l0 −

∫ l

0

ku2
xdx, (8)(

∂α0t
(
ηux
)
x
, u
)

=

∫ l

0

u∂α0t

(
ηux

)
x
dx = u∂α0t(ηux)|l0 −

∫ l

0

η(x)ux∂
α
0tuxdx ≤

≤ u∂α0t(ηux)|l0 −
1

2

∫ l

0

η(x)∂α0t(ux)
2dx, (9)(

rux, u
)

=

∫ l

0

ruuxdx ≤
c2

2

∫ l

0

u2dx+
c2

2

∫ l

0

u2
xdx ≤

c2

2

(
‖u‖2

0 + ‖ux‖2
0

)
. (10)

−
(
qu(x0, t), u

)
= −

∫ l

0

qu(x0, t)udx = −u(x0, t)

∫ l

0

qudx ≤

≤ 1

2
u2(x0, t) +

1

2

(∫ l

0

qudx

)2

≤M1

(
‖u‖2

0 + ‖ux‖2
0

)
, (11)

(
f, u
)

=

∫ l

0

fudx ≤ 1

2
‖u‖2

0 +
1

2
‖f‖2

0. (12)
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Ó÷èòûâàÿ ïðåîáðàçîâàíèÿ (7)-(12), èç (6) íàõîäèì

1

2
∂α0t‖u‖2

0 +
1

2

∫ l

0

η(x)∂α0t(ux)
2dx+ c0‖ux‖2

0 ≤

uΠ(x, t)
∣∣l
0

+M2

(
‖u‖2

0 + ‖ux‖2
0

)
+

1

2
‖f‖2

0. (13)

Îöåíèì ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (13) ñ ó÷åòîì (2), (3)

uΠ(x, t)
∣∣l
0

= Π(l, t)u(l, t)− Π(0, t)u(0, t) = u(l, t)

(
µ(t)− β(t)

∫ l

0

u(x, t)dx

)
=

= µ(t)u(l, t)− β(t)u(l, t)

∫ l

0

u(x, t)dx ≤M3u
2(l, t) +

1

2
µ2(t)+

+
1

2

(∫ l

0

u(x, t)dx

)2

≤M4

(
‖u‖2

0 + ‖ux‖2
0

)
+

1

2
µ2(t). (14)

Èç (13) ñ ó÷åòîì (14) íàõîäèì

∂α0t‖u‖2
W 1

2 (0,l) + ‖ux‖2
0 ≤M5‖u‖2

W 1
2 (0,l) +M6

(
‖f‖2

0 + µ2(t)
)
. (15)

ãäå ‖u‖2
W 1

2 (0,l)
= ‖u‖2

0 + ‖ux‖2
0.

Ïðèìåíÿÿ ê îáåèì ÷àñòÿì (15) îïåðàòîð äðîáíîãî èíòåãðèðîâàíèÿ D−α0t ,

íàõîäèì

∂α0t‖u‖2
0 +

∫ l

0

η(x)∂α0t(ux)
2dx+D−α0t ‖ux‖2

0 ≤

≤M5D
−α
0t ‖u‖2

W 1
2 (0,l) +M7

(
D−α0t

(
‖f‖2

0 + µ2(t)
)

+ ‖u0(x)‖2
W 1

2 (0,l)

)
, (16)

ãäå = const > 0, çàâèñÿùåå òîëüêî îò âõîäíûõ äàííûõ çàäà÷è (1)-(4),D−α0t u =

1
Γ(α)

t∫
0

udτ
(t−τ)1−α− äðîáíûé èíòåãðàë Ðèìàíà-Ëèóâèëëÿ ïîðÿäêà α, 0 < α < 1.

Íà îñíîâàíèè Ëåììû 2 îöåíèì ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (16).

Ïóñòü y(t) = D−α0t ‖u‖2
W 1

2 (0,l)
, ∂α0ty(t) = ‖u(x, t)‖2

W 1
2 (0,l)

, òîãäà ïîëó÷àåì

D−α0t ‖u‖2
W 1

2 (0,l) ≤M7

(
D−2α

0t

(
‖f‖2

0 + µ2(t)
)

+ ‖u0(x)‖2
W 1

2 (0,l)

)
. (17)

Òàê êàê äëÿ ëþáîé íåîòðèöàòåëüíîé èíòåãðèðóåìîé íà [0, T ] ôóíêöèè g(t)
ñïðàâåäëèâî íåðàâåíñòâî

D−2α
0t g(t) ≤ tαΓ(α)

Γ(2α)
D−α0t g(t), (18)
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òî èç (16) ñ ó÷åòîì (17) è (18) íàõîäèì àïðèîðíóþ îöåíêó

‖u‖2
W 1

2 (0,l) +D−α0t ‖ux‖2
0 ≤M

(
D−α0t

(
‖f‖2

0 + µ2(t)
)

+ ‖u0(x)‖2
W 1

2 (0,l)

)
, (19)

ãäå M = const > 0, çàâèñÿùàÿ îò âõîäíûõ äàííûõ çàäà÷è (1)-(4).

Òåîðåìà 1.

Åñëè k(x, t) ∈ C1,0(QT ), η(x) ∈ C1[0, l], r(x, t), q(x, t), f(x, t) ∈ C(QT ),
u(x, t) ∈ C2,0

(
QT

)
∩ C1,0

(
QT

)
, ∂α0tu(x, t) ∈ C(QT ) è âûïîëíåíû óñëîâèÿ (5),

òîãäà äëÿ ðåøåíèÿ çàäà÷è (1)-(4) ñïðàâåäëèâà àïðèîðíàÿ îöåíêà (19).

Èç àïðèîðíîé îöåíêè (19) ñëåäóþò åäèíñòâåííîñòü è íåïðåðûâíàÿ çàâè-
ñèìîñòü ðåøåíèÿ çàäà÷è (1)-(4) îò âõîäíûõ äàííûõ.

4 Óñòîé÷èâîñòü è ñõîäèìîñòü ðàçíîñòíîé ñõåìû

Íà ðàâíîìåðíîé ñåòêå ωhτ äèôôåðåíöèàëüíîé çàäà÷å (1)-(4) ïîñòàâèì â ñî-
îòâåòñòâèå ðàçíîñòíóþ ñõåìó ïîðÿäêà àïïðîêñèìàöèè O(h2 + τ 2) :

∆α
0tj+σ

y = κj
i

(
ajiy

(σ)
x̄

)
x,i

+ ∆α
0tj+σ

(
γiyx̄

)
x,i

+ b−ji a
j
iyx̄,i + b+j

i a
j
i+1y

(σ)
x,i−

−dji
(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
+ ϕji , (x, t) ∈ ωh,τ , (20)

y
(σ)
0 = 0, (21)

−
(
κNaNy(σ)

x̄,N + ∆α
0tj+σ

(
γNyx̄,N

))
=

= β

N∑
i=0

y
(σ)
i ~ + 0.5hdjN

(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
+ 0.5h∆α

0tj+σ
yN − µ̃, (22)

y(x, 0) = u0(x), (23)

ãäå ∆α
0tj+σ

y = τ1−α

Γ(2−α)

j∑
s=0

c
(α,σ)
j−s y

s
t - äèñêðåòíûé àíàëîã äðîáíîé ïðîèçâîäíîé Êà-

ïóòî ïîðÿäêà α, 0 < α < 1, îáåñïå÷èâàþùèé ïîðÿäîê òî÷íîñòè O(τ 3−α) [27].

ωτ = {tj = jτ, j = 0, 1, ...,m, mτ = T},

ωh = {xi = ih, i = 0, 1, ..., N, Nh = l},
ωhτ = ωh × ωτ = {(xi, tj), x ∈ ωh, t ∈ ωτ},
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a
(α,σ)
0 = σ1−α, a

(α,σ)
l =

(
l + σ

)1−α
−
(
l − 1 + σ

)1−α
, l ≥ 1,

b
(α,σ)
l =

1

2− α

[
(l+σ)2−α−(l−1+σ)2−α

]
− 1

2

[
(l+σ)1−α+(l−1+σ)1−α

]
, l ≥ 1,

ïðè j = 0, c
(α,σ)
0 = a

(α,σ)
0 ;

ïðè j > 0, c(α,σ)
s =


a

(α,σ)
0 + b

(α,σ)
1 , s = 0,

a
(α,σ)
s + b

(α,σ)
s+1 − b

(α,σ)
s , 1 ≤ s ≤ j − 1,

a
(α,σ)
j − b(α,σ)

j , s = j,

aji = k
(
xi−0.5, t

j+σ
)
, γi = η(xi−0.5), b

j
i =

r(x, tj+σ)

k(xi, tj+σ)
, ϕji = f(xi, t

j+σ), σ = 1−α
2
,

c(α,σ)
s >

1− α
2

(s+ σ)−α > 0, y(σ) = σyj+1 + (1− σ)yj, dji = d(xi, t
j+σ),

x−i0 =
xi0+1 − x0

h
, x+

i0
=
x0 − xi0

h
, xi0 ≤ x0 ≤ xi0+1,

~ =


h

2
, i = 0, i = N,

h, i 6= 0, i 6= N,
µ̃(tj+σ) = µ(tj+σ) + 0.5hϕN .

Àïðèîðíóþ îöåíêó íàéäåì ìåòîäîì ýíåðãåòè÷åñêèõ íåðàâåíñòâ, äëÿ ýòîãî
ââåäåì ñêàëÿðíûå ïðîèçâåäåíèÿ è íîðìó:

(
u, v
)

=
N−1∑
i=1

uivih,
(
u, v
]

=
N∑
i=1

uivih,
(
u, u
)

=
(
1, u2

)
= ‖u‖2

0,
(
1, u2

]
= ‖u]|20.

Óìíîæèì òåïåðü (20) ñêàëÿðíî íà y(σ) :(
∆α

0tj+σ
y, y(σ)

)
=
(
κ
(
ay

(σ)
x̄

)
x
, y(σ)

)
+
(

∆α
0tj+σ

(
γiyx̄

)
x
, y(σ)

)
+
(
b−ay

(σ)
x̄ , y(σ)

)
+

+
(
b+a(+1)y(σ)

x , y(σ)
)
−
(
d
(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
, y(σ)

)
+
(
ϕ, y(σ)

)
. (24)

Ïðåîáðàçóåì ñóììû, âõîäÿùèå â òîæäåñòâî (24), ñ ó÷åòîì (21), (22) è Ëåììû
3 (

∆α
0tj+σ

y, y(σ)
)
≥ 1

2

(
1,∆α

0tj+σ

(
y2
))

; (25)(
κ(ay

(σ)
x̄ )x, y

(σ)
)

= κay(σ)
x̄ y(σ)

∣∣∣N
0
−
(
ay

(σ)
x̄ , (κy(σ))x̄

]
=

= κNaNy(σ)
x̄,Ny

(σ)
N −

(
aκx̄, y(σ)

x̄ y(σ)
]
−
(
aκ(−1), (y

(σ)
x̄ )2

]
≤
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≤ κNaNy(σ)
x̄,Ny

(σ)
N −

(
aκx̄, y(σ)

x̄ y(σ)
]
− 1

(1 + hM1)

(
aκ, (y(σ)

x̄ )2
]
; (26)(

∆α
0tj+σ

(
γyx̄
)
x
, y(σ)

)
= y(σ)∆α

0tj+σ

(
γyx̄
)
|N0 −

(
γ, y

(σ)
x̄ ∆α

0tj+σ
(yx̄)

]
≤

≤ y
(σ)
N ∆α

0tj+σ

(
γNyx̄,N

)
−
(γi

2
,∆α

0tj+σ
(yx̄)

2
]
≤

≤ y
(σ)
N ∆α

0tj+σ

(
γNyx̄,N

)
− c0

2
∆α

0tj+σ
‖yx̄]|20; (27)

Ïðèíèìàÿ âî âíèìàíèå ïðåîáðàçîâàíèÿ (25)-(27), èç (24) íàõîäèì(1

2
,∆α

0tj+σ
(y2)

)
+

1

(1 + hM1)

(
aκ, (y(σ)

x̄ )2
]

+
c0

2
∆α

0tj+σ
‖yx̄]|20 ≤

≤ y
(σ)
N

(
κNaNy(σ)

x̄,N + ∆α
0tj+σ

(
γNyx̄,N

))
−
(
aκx̄, y(σ)

x̄ y(σ)
]

+
(
b−ay

(σ)
x̄ , y(σ)

)
+
(
b+a(+1)y(σ)

x , y(σ)
)
−
(
d
(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
, y(σ)

)
+

+
(
ϕ, y(σ)

)
≤ y

(σ)
N

(
µ̃−β

N∑
i=0

y
(σ)
i ~−0.5hdN

(
y

(σ)
i0
x−i0+y

(σ)
i0+1x

+
i0

)
−0.5h∆α

0tj+σ
yN

)
−

−
(
aκx̄, y(σ)

x̄ y(σ)
]

+
(
b−ay

(σ)
x̄ , y(σ)

)
+
(
b+a(+1)y(σ)

x , y(σ)
)
−

−
(
d
(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
, y(σ)

)
+
(
ϕ, y(σ)

)
. (28)

Ïðåîáðàçóåì âòîðîå, òðåòüå è ÷åòâåðòîå ñëàãàåìûå â ïðàâîé ÷àñòè (28). Òîãäà
ïîëó÷èì

−
(
aκx̄, y(σ)

x̄ y(σ)
]

+
(
b−a, y

(σ)
x̄ y(σ)

)
+
(
b+a(+1)y(σ)

x , y(σ)
)
≤

≤M2

(
‖y(σ)]|20 + ‖y(σ)

x̄ ]|20
)
. (29)

Ó÷èòûâàÿ (29), èç (28) ïîëó÷àåì(1

2
,∆α

0tj+σ
(y2)

]
+

1

(1 + hM1)

(
aκ, (y(σ)

x̄ )2
]

+
c0

2
∆α

0tj+σ
‖yx̄]|20 ≤

≤M2

(
‖y(σ)]|20 + ‖y(σ)

x̄ ]|20
)

+ y
(σ)
N

(
µ− β

N∑
i=0

y
(σ)
i ~
)
−

−
(
d
(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
, y(σ)

]
+
(
ϕ, y(σ)

]
. (30)
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Ïðåîáðàçóÿ âòîðîå, òðåòüå è ÷åòâåðòîå ñëàãàåìûå â ïðàâîé ÷àñòè (30), íàõî-
äèì

y
(σ)
N

(
µ− β

N∑
i=0

y
(σ)
i ~
)
−
(
d
(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
, y(σ)

]
+
(
ϕ, y(σ)

]
≤

≤ 1

2
µ2 +M3

(
y

(σ)
N

)2

+
1

2

( N∑
i=0

y
(σ)
i ~
)2

+
1

2

(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)2

+
1

2

(
d, y(σ)

]2

+

+M4‖y(σ)]|20 +
1

2
‖ϕ]|20 ≤M5

(
‖y(σ)]|20 + ‖y(σ)

x̄ ]|20
)

+
1

2

(
‖ϕ]|20 + µ2

)
. (31)

Ó÷èòûâàÿ (31), èç (30) ïîëó÷àåì

∆α
0tj+σ
‖y]|2W 1

2 (0,l) + ‖yσx ]|20 ≤M6‖yσ]|2W 1
2 (0,l) +M7

(
‖ϕ]|20 + µ2

)
. (32)

ãäå ‖y]|2
W 1

2 (0,l)
= ‖y]|20 + ‖yx̄]|20.

Ïåðåïèøåì (32) â äðóãîé ôîðìå

∆α
0tj+σ
‖y]|2W 1

2 (0,l) ≤Mσ
8 ‖yj+1]|2W 1

2 (0,l) +Mσ
9 ‖yj]|2W 1

2 (0,l) +M10

(
‖ϕ]|20 + µ2

)
. (33)

Íà îñíîâàíèè Ëåììû 4 èç (33) ïîëó÷àåì

‖yj+1]|2W 1
2 (0,l) ≤M

(
‖y0]|2W 1

2 (0,l) + max
0≤j′≤j

(
‖ϕj ′]|20 + µ2

))
. (34)

ãäå M = const > 0, íå çàâèñÿùàÿ îò h è τ .

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ (5), òîãäà ñóùåñòâóåò òàêîå τ0,

÷òî åñëè τ ≤ τ0, òî äëÿ ðåøåíèÿ ðàçíîñòíîé çàäà÷è (20)-(23) ñïðàâåäëèâà
àïðèîðíàÿ îöåíêà (34).

Èç àïðèîðíîé îöåíêè (34) ñëåäóþò åäèíñòâåííîñòü è óñòîé÷èâîñòü ðåøå-
íèÿ ðàçíîñòíîé ñõåìû (20)-(23) ïî íà÷àëüíûì äàííûì è ïðàâîé ÷àñòè.

Ïóñòü u(x, t)− ðåøåíèå çàäà÷è (1)−(4), y(xi, tj) = yji -ðåøåíèå ðàçíîñòíîé
çàäà÷è (20) − (23). Äëÿ îöåíêè òî÷íîñòè ðàçíîñòíîé ñõåìû (20) − (23) ðàñ-
ñìîòðèì ðàçíîñòü zji = yji −u

j
i , ãäå u

j
i = u(xi, tj). Òîãäà, ïîäñòàâëÿÿ y = z+u

â ñîîòíîøåíèÿ (20)− (23), ïîëó÷àåì çàäà÷ó äëÿ ôóíêöèè z

∆α
0tj+σ

z = κj
i

(
ajiz

(σ)
x̄

)
x,i

+ ∆α
0tj+σ

(
γizx̄

)
x,i

+ b−ji a
j
izx̄,i + b+j

i a
j
i+1z

(σ)
x,i−

−dji
(
z

(σ)
i0
x−i0 + z

(σ)
i0+1x

+
i0

)
+ Ψj

i , (x, t) ∈ ωh,τ , (35)
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z
(σ)
0 = 0, (36)

−
(
κNaNz(σ)

x̄,N + ∆α
0tj+σ

(
γNzx̄,N

))
=

= β
N∑
i=0

z
(σ)
i ~ + 0.5hdN

(
z

(σ)
i0
x−i0 + z

(σ)
i0+1x

+
i0

)
+ 0.5h∆α

0tj+σ
zN − ν̃, (37)

z(x, 0) = 0, (38)

ãäå Ψ = O
(
h2 + τ 2

)
, ν̃ = O

(
h2 + τ 2

)
- ïîãðåøíîñòè àïïðîêñèìàöèè äèôôå-

ðåíöèàëüíîé çàäà÷è (1)− (4) ðàçíîñòíîé ñõåìîé (20)− (23) â êëàññå ðåøåíèè
u = u(x, t) çàäà÷è (1)− (4).

Ïðèìåíÿÿ àïðèîðíóþ îöåíêó (34) ê ðåøåíèþ çàäà÷è (35)−(38), ïîëó÷àåì
íåðàâåíñòâî

‖zj+1]|2W 1
2 (0,l) ≤M max

0≤j′≤j

(
‖Ψj ′]|20 + ν2

)
, (39)

ãäå M = const > 0, íå çàâèñÿùàÿ îò h è τ .

Èç àïðèîðíîé îöåíêè (39) ñëåäóåò ñõîäèìîñòü ðåøåíèÿ ðàçíîñòíîé çàäà÷è
(20) − (23) ê ðåøåíèþ äèôôåðåíöèàëüíîé çàäà÷è (1) − (4) â ñìûñëå íîðìû
‖zj+1]|2

W 1
2 (0,l)

íà êàæäîì ñëîå òàê, ÷òî ñóùåñòâóåò òàêîå τ0, ÷òî ïðè τ ≤ τ0

ñïðàâåäëèâà îöåíêà

‖yj+1 − uj+1]|W 1
2 (0,l) ≤M

(
h2 + τ 2

)
.

5 Ïîñòàíîâêà íåëîêàëüíîé êðàåâîé çàäà÷è Á è àïðèîð-

íàÿ îöåíêà â äèôôåðåíöèàëüíîé ôîðìå

Ðàññìîòðèì òåïåðü ñëåäóþùóþ íåëîêàëüíóþ êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ
(1) 

Π(0, t) = β1(t)u(0, t)− µ1(t),

−Π(l, t) = β2(t)
l∫

0

u(x, t)dx− µ2(t),
(40)

ãäå
0 < c0 ≤ k, η ≤ c1, |β1, β2, r, q, rx, kx| ≤ c2. (41)

Óìíîæèì óðàâíåíèå (1) ñêàëÿðíî íà u:(
∂α0tu, u

)
=
((
kux
)
x
, u
)

+
(
∂α0t
(
ηux
)
x
, u
)

+
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+
(
rux, u

)
−
(
qu(x0, t), u

)
+
(
f, u
)
. (42)

Ó÷èòûâàÿ ïðåîáðàçîâàíèÿ (7)-(12) èç (42) íàõîäèì

1

2
∂α0t‖u‖2

0 +
1

2

∫ l

0

η(x)∂α0t(ux)
2dx+ c0‖ux‖2

0 ≤

≤ uΠ(x, t)
∣∣l
0

+M1

(
‖u‖2

0 + ‖ux‖2
0

)
+M2‖f‖2

0. (43)

Îöåíèì ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (43)

uΠ(x, t)
∣∣l
0

= Π(l, t)u(l, t)− Π(0, t)u(0, t) =

= u(l, t)

(
µ2(t)− β2(t)

∫ l

0

u(x, t)dx

)
+ u(0, t)

(
µ1(t)− β1(t)u(0, t)

)
=

= µ2(t)u(l, t)− β2(t)u(l, t)

∫ l

0

u(x, t)dx− β1(t)u
2(0, t)+

+µ1(t)u(0, t) ≤M3

(
u2(0, t) + u2(l, t)

)
+

1

2

(
µ2

1(t) + µ2
2(t)
)

+

+
1

2

(∫ l

0

u(x, t)dx

)2

≤M4

(
‖u‖2

0 + ‖ux‖2
0

)
+

1

2

(
µ2

1(t) + µ2
2(t)
)
. (44)

Ó÷èòûâàÿ (44), èç (43) ïîëó÷èì

∂α0t‖u‖2
0 +

∫ l

0

η(x)∂α0t(ux)
2dx2 + ‖ux‖2

0 ≤

≤M5‖u‖2
W 1

2 (0,l) +M6

(
‖f‖2

0 + µ2
1(t) + µ2

2(t)
)
. (45)

Ïðèìåíÿÿ ê îáåèì ÷àñòÿì íåðàâåíñòâà (45) îïåðàòîð äðîáíîãî èíòåãðè-
ðîâàíèÿ D−α0t , è ïîâòîðÿÿ ðàññóæäåíèÿ (16)-(19) èç (45) íàõîäèì àïðèîðíóþ
îöåíêó

‖u‖2
W 1

2 (0,l) +D−α0t ‖ux‖2
0 ≤M

(
D−α0t

(
‖f‖2

0 +µ2
1(t)+µ2

2(t)
)

+‖u0(x)‖2
W 1

2 (0,l)

)
, (46)

ãäå M = const > 0, çàâèñÿùàÿ îò âõîäíûõ äàííûõ çàäà÷è (1),(40),(4).

Òåîðåìà 3.

Åñëè k(x, t) ∈ C1,0(QT ), η(x) ∈ C1[0, l], r(x, t), q(x, t), f(x, t) ∈ C(QT ),
u(x, t) ∈ C2,0

(
QT

)
∩ C1,0

(
QT

)
, ∂α0tu(x, t) ∈ C(QT ) è âûïîëíåíû óñëîâèÿ (5),

(41), òîãäà äëÿ ðåøåíèÿ çàäà÷è (1), (40), (4) ñïðàâåäëèâà àïðèîðíàÿ îöåíêà
(46).

Èç àïðèîðíîé îöåíêè (46) ñëåäóþò åäèíñòâåííîñòü è óñòîé÷èâîñòü ðåøå-
íèÿ ïî ïðàâîé ÷àñòè è íà÷àëüíûì äàííûì.
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6 Óñòîé÷èâîñòü è ñõîäèìîñòü ðàçíîñòíîé ñõåìû

Íà ðàâíîìåðíîé ñåòêå ωhτ äèôôåðåíöèàëüíîé çàäà÷å (1), (40), (4) ïîñòàâèì
â ñîîòâåòñòâèå ðàçíîñòíóþ ñõåìó ïîðÿäêà àïïðîêñèìàöèè O(h2 + τ 2)

∆α
0tj+σ

y = κj
i

(
ajiy

(σ)
x̄

)
x,i

+ ∆α
0tj+σ

(
γiyx̄

)
x,i

+ b−ji a
j
iyx̄,i + b+j

i a
j
i+1y

(σ)
x,i−

−dji
(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
+ ϕji , (x, t) ∈ ωh,τ , (47)

κ0a1y
(σ)
x,0 + ∆α

0tj+σ

(
γ1yx̄,0

)
=

= β1y
(σ)
0 + 0.5hdj0

(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
+ 0.5h∆α

0tj+σ
y0 − µ̃1, x = 0, (48)

−
(
κNaNy(σ)

x̄,N + ∆α
0tj+σ

(
γNyx̄,N

))
=

= β2

N∑
i=0

y
(σ)
i ~ + 0.5hdjN

(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
+ 0.5h∆α

0tj+σ
yN − µ̃2, (49)

y(x, 0) = u0(x), (50)

ãäå
µ̃1(tj+σ) = µ1(tj+σ) + 0.5hϕ0, µ̃2(tj+σ) = µ2(tj+σ) + 0.5hϕN .

Ïåðåïèøåì (47)-(50) â îïåðàòîðíîé ôîðìå{
∆α

0tj+σ
y = Λ(tj+σ)y(σ) + ∆α

0tj+σ
δ(t)y + Φ,

y(x, 0) = u0(x), x ∈ ωh,
(51)

ãäå
Λ(tj+σ)y(σ) =

=



Λ̃y
(σ)
i = κ

(
ay

(σ)
x̄

)
x

+ b−ay
(σ)
x̄ + b+a(+1)y

(σ)
x − d

(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
,

Λ−y
(σ)
0 =

κ0a1y
(σ)
x,0 − β1y

(σ)
0 − 0.5hdj0

(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
0.5h

, i = 0,

Λ+y
(σ)
N =

−κNaNy(σ)
x,N − β2

N∑
i=0

y
(σ)
i ~− 0.5hdjN

(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
0.5h

, i = N,

δy =


δyi =

(
γiyx̄

)
x
, i = 1, N − 1,

δ−y0 = 2
h

(
γ1yx,0

)
t
, i = 0,

δ+yN = − 2
h

(
γNyx̄,N

)
i = N,

Φ =


ϕ = ϕi, i = 1, N − 1,

ϕ− = 2
hµ̃1, i = 0,

ϕ+ = 2
hµ̃2, i = N,

Ýëåêòðîííûé æóðíàë. http://di�journal.spbu.ru/ 13



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 4, 2020

κ∗ =


κ = 1

1+ 0.5h|r|
k

,

κ0 = 1

1+
0.5h|r0|
k0.5

, r0 ≤ 0,

κN = 1

1+
0.5h|rN |
kN−0.5

, rN ≥ 0,

t∗ = tj+1/2.

Óìíîæèì (51) òåïåðü ñêàëÿðíî íà y(σ) :[
∆α

0tj+σ
y, y(σ)

]
=
[
Λ(tj+σ)y(σ), y(σ)

]
+
[
∆α

0tj+σ
δy, y(σ)

]
+
[
Φ, y(σ)

]
, (52)

ãäå
[
u, v
]

=
N∑
i=0

uivi~, ~ =

{
0.5h, i = 0, N,

h, i 6= 0, N,
[u, u] = [1, u2] = |[u]|20, (u, v] =

N∑
i=1

uivih.

Îöåíèì ñóììû, âõîäÿùèå â (52)[
∆α

0tj+σ
y, y(σ)

]
≥ 1

2

[
1,∆α

0tj+σ
(y2)

]
, (53)[

Λ(tj+σ)y(σ), y(σ)
]

=
(

Λ̃(tj+σ)y(σ), y(σ)
)

+ 0.5hy
(σ)
0 Λ−y

(σ)
0 + 0.5hy

(σ)
N Λ+y

(σ)
N =

=
(
κ
(
ay

(σ)
x̄

)
x
, y(σ)

)
+
(
b−ay

(σ)
x̄ , y(σ)

)
+
(
b+a(+1)y(σ)

x , y(σ)
)
−

−
(
d
(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
, y(σ)

)
+ κ0a1y

(σ)
x,0y

(σ)
0 − β1

(
y

(σ)
0

)2−

−0.5hdj0y
(σ)
0

(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
− κNaNy(σ)

x̄,Ny
(σ)
N − β2y

(σ)
N

N∑
i=0

y
(σ)
i ~−

−0.5hdNy
(σ)
N

(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
= −

(
ay

(σ)
x̄ , (κy(σ))x̄

]
+

+
(
b−a, y

(σ)
x̄ y(σ)

)
+
(
b+a(+1), y(σ)

x y(σ)
)
−

−
[
d
(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
, y(σ)

]
− β1(y

(σ)
0 )2 − β2y

(σ)
N

N∑
i=0

y
(σ)
i ~. (54)

Ïðåîáðàçóåì ñëàãàåìûå â ïðàâîé ÷àñòè (54)

−
(
ay

(σ)
x̄ ,
(
κy(σ)

)
x̄

]
+
(
b−a, y

(σ)
x̄ y(σ)

)
+
(
b+a(+1), y(σ)

x y(σ)
)

=

= −
(
aκ(−1), (y

(σ)
x̄ )2

]
−
(
aκx̄, y(σ)

x̄ y(σ)
]

+
(
b−a, y

(σ)
x̄ y(σ)

)
+
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+
(
b+a(+1), y(σ)

x y(σ)
)
≤ −

( κa
1 + hM1

, (yσx̄)2
]

+M1

(
|[y(σ)]|20 + ‖y(σ)

x̄ ]|20
)
, (55)

−
[
d
(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
, y(σ)

]
− β1(y

(σ)
0 )2 − β2y

(σ)
N

N∑
i=0

y
(σ)
i ~ ≤

≤ 1

2

(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)2

+
1

2

[
d, y(σ)

]2

+

+M2

((
y

(σ)
0

)2
+
(
y

(σ)
N

)2
)

+
1

2

( N∑
i=0

y
(σ)
i ~
)2

≤M3

(
|[y(σ)]|20 + ‖y(σ)

x̄ ]|20
)
. (56)

Ó÷èòûâàÿ (55),(56), èç (54) íàõîäèì[
Λ(tj+σ)y(σ), y(σ)

]
≤ −M4‖y(σ)

x̄ ]|20 +M5

(
|[y(σ)]|20 + ‖y(σ)

x̄ ]|20
)
. (57)[

∆α
0tj+σ

δy, y(σ)
]

=
(

∆α
0tj+σ

δy, y(σ)
)

+ 0.5hy
(σ)
0 ∆α

0tj+σ
δ−y0 + 0.5hy

(σ)
N ∆α

0tj+σ
δ+yN =

= −
(
y

(σ)
x̄ ,∆α

0tj+σ
(γiyx̄)

]
≤ −

(γ
2
,∆α

0tj+σ
(yx̄)

2
]
≤ −c0

2
∆α

0tj+σ
‖yx̄]|20. (58)[

Φ, y(σ)
]

= (ϕ, y(σ)) + 0.5hy
(σ)
0 ϕ− + 0.5hy

(σ)
N ϕ+ = [ϕ, y(σ)] + µ1y

(σ)
0 + µ2y

(σ)
N ≤

≤M6

(
|[y(σ)]|20 + ‖y(σ)

x̄ ]|20
)

+M7

(
|[ϕ]|20 + µj21 + µj22

)
. (59)

Ïðèíèìàÿ âî âíèìàíèå ïðåîáðàçîâàíèÿ (53)-(59), èç (52) íàõîäèì

∆α
0tj+σ
|[y]|2W 1

2 (0,l) +M3‖y(σ)
x̄ ]|20 ≤M8|[y(σ)]|2W 1

2 (0,l) +M7

(
|[ϕ]|20 + µ2

1 + µ2
2

)
. (60)

ãäå |[y]|2
W 1

2 (0,l)
= |[y]|20 + ‖yx̄]|20.

Ïîâòîðÿÿ ðàññóæäåíèÿ (32)-(34), èç (60) íà îñíîâàíèè Ëåììû 4 íàõîäèì
àïðèîðíóþ îöåíêó

|[yj+1]|2W 1
2 (0,l) ≤M

(
|[y0]|2W 1

2 (0,l) + max
0≤j′≤j

(
|[ϕj ′]|20 + µ2

1 + µ2
2

))
, (61)

ãäå M = const > 0, íå çàâèñÿùàÿ îò h è τ .

Òåîðåìà 4. Ïóñòü âûïîëíåíû óñëîâèÿ (5), (41), òîãäà ñóùåñòâóåò òà-
êîå τ , ÷òî åñëè τ ≤ τ0 òî äëÿ ðåøåíèÿ ðàçíîñòíîé çàäà÷è (47)-(50) ñïðà-
âåäëèâà àïðèîðíàÿ îöåíêà (61).

Èç àïðèîðíîé îöåíêè (61) ñëåäóþò åäèíñòâåííîñòü è óñòîé÷èâîñòü ðåøå-
íèÿ ïî íà÷àëüíûì äàííûì è ïðàâîé ÷àñòè.
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Ïóñòü u(x, t)− ðåøåíèå çàäà÷è (1), (40), (4), y(xi, tj) = yji -ðåøåíèå ðàç-
íîñòíîé çàäà÷è (47)−(50). Äëÿ îöåíêè òî÷íîñòè ðàçíîñòíîé ñõåìû (47)−(50)
ðàññìîòðèì ðàçíîñòü zji = yji − uji , ãäå u

j
i = u(xi, tj). Òîãäà, ïîäñòàâëÿÿ

y = z + u â ñîîòíîøåíèÿ (47)− (50), ïîëó÷àåì çàäà÷ó äëÿ ôóíêöèè z

∆α
0tj+σ

z = κj
i

(
ajiz

(σ)
x̄

)
x,i

+ ∆α
0tj+σ

(
γizx̄

)
x,i

+ b−ji a
j
izx̄,i + b+j

i a
j
i+1z

(σ)
x,i−

−dji
(
z

(σ)
i0
x−i0 + z

(σ)
i0+1x

+
i0

)
+ Ψj

i , (x, t) ∈ ωh,τ , (62)

κ0a1z
(σ)
x,0 + ∆α

0tj+σ

(
γ1zx̄,0

)
=

= β1z
(σ)
0 + 0.5hdj0

(
z

(σ)
i0
x−i0 + z

(σ)
i0+1x

+
i0

)
+ 0.5h∆α

0tj+σ
z0 − ν̃1, x = 0, (63)

−
(
κNaNz(σ)

x̄,N + ∆α
0tj+σ

(
γNzx̄,N

))
=

= β2

N∑
i=0

z
(σ)
i ~ + 0.5hdjN

(
z

(σ)
i0
x−i0 + z

(σ)
i0+1x

+
i0

)
+ 0.5h∆α

0tj+σ
zN − ν̃2, (64)

z(x, 0) = 0, (65)

ãäå Ψ = O
(
h2+τ 2

)
, ν̃1 = O

(
h2+τ 2

)
, ν̃2 = O

(
h2+τ 2

)
- ïîãðåøíîñòè àïïðîêñè-

ìàöèè äèôôåðåíöèàëüíîé çàäà÷è (1), (40), (4) ðàçíîñòíîé ñõåìîé (47)− (50)
â êëàññå ðåøåíèè u = u(x, t) çàäà÷è (1), (40), (4).

Ïðèìåíÿÿ àïðèîðíóþ îöåíêó (61) ê ðåøåíèþ çàäà÷è (62)−(65), ïîëó÷àåì
íåðàâåíñòâî

|[zj+1]|2W 1
2 (0,l) ≤M max

0≤j′≤j

(
|[Ψj′]|20 + νj

′2
1 + νj

′2
2

)
, (66)

ãäå M = const > 0, íå çàâèñÿùàÿ îò h è τ .

Èç àïðèîðíîé îöåíêè (66) ñëåäóåò ñõîäèìîñòü ðåøåíèÿ ðàçíîñòíîé çàäà÷è
(47)−(50) ê ðåøåíèþ äèôôåðåíöèàëüíîé çàäà÷è (1), (40), (4) â ñìûñëå íîðìû
|[zj+1]|2

W 1
2 (0,l)

íà êàæäîì ñëîå òàê, ÷òî ñóùåñòâóåò òàêîå τ0, ÷òî ïðè τ ≤ τ0

ñïðàâåäëèâà îöåíêà

|[yj+1 − uj+1]|W 1
2 (0,l) ≤M

(
h2 + τ 2

)
.
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7 Ïîñòàíîâêà íåëîêàëüíîé êðàåâîé çàäà÷è Â è àïðèîð-

íàÿ îöåíêà â äèôôåðåíöèàëüíîé ôîðìå

Ðàññìîòðèì òåïåðü ñëåäóþùóþ íåëîêàëüíóþ êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ
(1) 

Π(0, t) = β1(t)u(0, t)− µ1(t),

−Π(l, t) = β2(t)u(0, t) +
t∫

0

ρ(t, τ)u(0, τ)dτ − µ2(t),
(67)

ãäå
0 < c0 ≤ k, η ≤ c1, |β1, β2, ρ, r, q, rx, kx| ≤ c2. (68)

Óìíîæèì óðàâíåíèå (1) ñêàëÿðíî íà u:(
∂α0tu, u

)
=
((
kux
)
x
, u
)

+
(
∂α0t
(
ηux
)
x
, u
)

+

+
(
rux, u

)
−
(
qu(x0, t), u

)
+
(
f, u
)
. (69)

Ó÷èòûâàÿ ïðåîáðàçîâàíèÿ (7)-(12) èç (69) íàõîäèì

1

2
∂α0t‖u‖2

0 +
1

2

∫ l

0

η(x)∂α0t(ux)
2dx+ c0‖ux‖2

0 ≤

≤ uΠ(x, t)
∣∣l
0

+M1

(
‖u‖2

0 + ‖ux‖2
0

)
+M2‖f‖2

0. (70)

Îöåíèì ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (70)

uΠ(x, t)
∣∣l
0

= Π(l, t)u(l, t)− Π(0, t)u(0, t) =

= u(l, t)

(
µ2(t)−β2(t)u(0, t)−

t∫
0

ρ(t, τ)u(0, τ)dτ

)
+u(0, t)

(
µ1(t)−β1(t)u(0, t)

)
=

= µ2(t)u(l, t)− β2(t)u(l, t)u(0, t)− u(l, t)

t∫
0

ρ(t, τ)u(0, τ)dτ−

−β1(t)u
2(0, t) + µ1(t)u(0, t) ≤M3

(
u2(0, t) + u2(l, t)

)
+

1

2

(
µ2

1(t) + µ2
2(t)
)

+

+
1

2

( t∫
0

ρ(t, τ)u(0, τ)dτ

)2

≤M4

(
‖u‖2

0 + ‖ux‖2
0

)
+M5

t∫
0

(
‖u‖2

0 + ‖ux‖2
0

)
dτ+
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+
1

2

(
µ2

1(t) + µ2
2(t)
)
. (71)

Ó÷èòûâàÿ (71), èç (70) ïîëó÷èì

∂α0t‖u‖2
0 +

∫ l

0

η(x)∂α0t(ux)
2dx+ ‖ux‖2

0 ≤

≤M6‖u‖2
W 1

2 (0,l) +M7

t∫
0

‖u‖2
W 1

2 (0,l)dτ +M8

(
‖f‖2

0 + µ2
1(t) + µ2

2(t)
)
. (72)

Ïðèìåíÿÿ ê îáåèì ÷àñòÿì (72) îïåðàòîð äðîáíîãî èíòåãðèðîâàíèÿ D−α0t , èç
(72) íàõîäèì

‖u‖2
W 1

2 (0,l) +D−α0t ‖ux‖2
0 ≤M9D

−α
0t ‖u‖2

W 1
2 (0,l) +M10D

−α
0t

∫ t

0

‖u‖2
W 1

2 (0,l)dτ+

+M11

(
D−α0t

(
‖f‖2

0 + µ2
1(t) + µ2

2(t)
)

+ ‖u0(x)‖2
W 1

2 (0,l)

)
. (73)

Ïðåîáðàçóåì âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè (73) ñëåäóþùèì îáðàçîì

D−α0t

∫ t

0

‖u‖2
W 1

2 (0,l)dτ =
1

Γ(α)

∫ t

0

dτ

(t− τ)1−α

∫ τ

0

‖u‖2
W 1

2 (0,l)ds =

=
1

Γ(α)

∫ t

0

‖u‖2
W 1

2 (0,l)

∫ t

s

dτ

(t− τ)1−α =

=
1

Γ(α)

∫ t

0

‖u‖2
W 1

2 (0,l)

(
− (t− τ)α

α

∣∣∣t
s

)
ds =

1

αΓ(α)

∫ t

0

(t− s)α‖u‖2
W 1

2 (0,l)ds =

=
1

Γ(α + 1)

∫ t

0

(t− τ)α‖u‖2
W 1

2 (0,l)dτ ≤
1

αΓ(α)

∫ t

0

(t− τ)‖u‖2
W 1

2 (0,l)
dτ

(t− τ)1−α ≤

≤ T

α
D−α0t ‖u‖2

W 1
2 (0,l).

Èòàê, ïîëó÷àåì

D−α0t

∫ t

0

‖u‖2
W 1

2 (0,l)dτ ≤
T

α
D−α0t ‖u‖2

W 1
2 (0,l). (74)

Ñ ïîìîùüþ (74) èç (73) íàõîäèì

‖u‖2
W 1

2 (0,l) +D−α0t ‖ux‖2
0 ≤M12D

−α
0t ‖u‖2

W 1
2 (0,l)+
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+M11

(
D−α0t

(
‖f‖2

0 + µ2
1(t) + µ2

2(t)
)

+ ‖u0(x)‖2
W 1

2 (0,l)

)
. (75)

Ïîâòîðÿÿ ðàññóæäåíèÿ (16)-(19), èç (75) íàõîäèì àïðèîðíóþ îöåíêó

‖u‖2
W 1

2 (0,l) +D−α0t ‖ux‖2
0 ≤M

(
D−α0t

(
‖f‖2

0 +µ2
1(t)+µ2

2(t)
)

+‖u0(x)‖2
W 1

2 (0,l)

)
, (76)

ãäå M = const > 0, çàâèñÿùàÿ îò âõîäíûõ äàííûõ çàäà÷è (1), (67), (4).

Òåîðåìà 5.

Åñëè k(x, t) ∈ C1,0(QT ), η(x) ∈ C1[0, l], r(x, t), q(x, t), f(x, t) ∈ C(QT ),
u(x, t) ∈ C2,0

(
QT

)
∩ C1,0

(
QT

)
, ∂α0tu(x, t) ∈ C(QT ) è âûïîëíåíû óñëîâèÿ (5),

(68), òîãäà äëÿ ðåøåíèÿ çàäà÷è (1), (67), (4) ñïðàâåäëèâà àïðèîðíàÿ îöåíêà
(76).

Èç àïðèîðíîé îöåíêè (76) ñëåäóþò åäèíñòâåííîñòü è óñòîé÷èâîñòü ðåøå-
íèÿ ïî ïðàâîé ÷àñòè è íà÷àëüíûì äàííûì.

8 Óñòîé÷èâîñòü è ñõîäèìîñòü ðàçíîñòíîé ñõåìû

Íà ðàâíîìåðíîé ñåòêå ωhτ äèôôåðåíöèàëüíîé çàäà÷å (1), (67), (4) ïîñòàâèì
â ñîîòâåòñòâèå ðàçíîñòíóþ ñõåìó ïîðÿäêà àïïðîêñèìàöèè O(h2 + τ 2)

∆α
0tj+σ

y = κj
i

(
ajiy

(σ)
x̄

)
x,i

+ ∆α
0tj+σ

(
γiyx̄

)
x,i

+ b−ji a
j
iyx̄,i + b+j

i a
j
i+1y

(σ)
x,i−

−dji
(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
+ ϕji , (x, t) ∈ ωh,τ , (77)

κ0a1y
(σ)
x,0 + ∆α

0tj+σ

(
γ1yx̄,0

)
=

= β1y
(σ)
0 + 0.5hdj0

(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
+ 0.5h∆α

0tj+σ
y0 − µ̃1, x = 0, (78)

−
(
κNaNy(σ)

x̄,N + ∆α
0tj+σ

(
γNyx̄,N

))
= β2y

(σ)
0 +

j∑
s=0

ρjsy
s
0τ̄+

+0.5hdN

(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
+ 0.5h∆α

0tj+σ
yN − µ̃2, x = N, (79)

y(x, 0) = u0(x), x ∈ ωh, (80)

ãäå
β̃1(tj+σ) = β1(tj+σ) + 0.5hdj0, µ̃1(tj+σ) = µ1(tj+σ) + 0.5hϕ0,

µ̃2(tj+σ) = µ2(tj+σ) + 0.5hϕN .
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Ïåðåïèøåì (77)-(80) â îïåðàòîðíîé ôîðìå{
∆α

0tj+σ
y = Λ(tj+σ)y(σ) + ∆α

0tj+σ
δ(t)y + Φ,

y(x, 0) = u0(x), x ∈ ωh,
(81)

ãäå
Λ(tj+σ)y(σ) =

=



Λ̃y
(σ)
i = κ

(
ay

(σ)
x̄

)
x

+ b−ay
(σ)
x̄ + b+a(+1)y

(σ)
x − d

(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
,

Λ−y
(σ)
0 =

κ0a1y
(σ)
x,0 − β1y

(σ)
0 − 0.5hdj0

(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
0.5h

,

Λ+y
(σ)
N =

−κNaNy(σ)
x,N − β2y

(σ)
0 −

j∑
s=0

ρjsy
s
0τ̄ − 0.5hdN

(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
0.5h

,

δy =


δyi =

(
γiyx̄

)
x
, i = 1, N − 1,

δ−y0 = 2
h

(
γ1yx,0

)
t
, i = 0,

δ+yN = − 2
h

(
γNyx̄,N

)
i = N,

Φ =


ϕ = ϕi, i = 1, N − 1,

ϕ− = 2
hµ̃1, i = 0,

ϕ+ = 2
hµ̃2, i = N,

κ∗ =


κ = 1

1+ 0.5h|r|
k

,

κ0 = 1

1+
0.5h|r0|
k0.5

, r0 ≤ 0,

κN = 1

1+
0.5h|rN |
kN−0.5

, rN ≥ 0,

t∗ = tj+1/2.

Óìíîæèì (81) òåïåðü ñêàëÿðíî íà y(σ) :[
∆α

0tj+σ
y, y(σ)

]
=
[
Λ(tj+σ)y(σ), y(σ)

]
+
[
∆α

0tj+σ
δy, y(σ)

]
+
[
Φ, y(σ)

]
, (82)

ãäå
[
u, v
]

=
N∑
i=0

uivi~, [u, u] = [1, u2] = |[u]|20, (u, v] =
N∑
i=1

uivih.

Îöåíèì ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (82)[
Λ(tj+σ)y(σ), y(σ)

]
=
(

Λ̃(tj+σ)y(σ), y(σ)
)

+ 0.5hy
(σ)
0 Λ−y

(σ)
0 + 0.5hy

(σ)
N Λ+y

(σ)
N =

=
(
κ
(
ay

(σ)
x̄

)
x
, y(σ)

)
+
(
b−ay

(σ)
x̄ , y(σ)

)
+
(
b+a(+1)y(σ)

x , y(σ)
)
−

−
(
d
(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
, y(σ)

)
+ κ0a1y

(σ)
x,0y

(σ)
0 − β1

(
y

(σ)
0

)2−

−0.5hdj0y
(σ)
0

(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
− κNaNy(σ)

x̄,Ny
(σ)
N − β2y

(σ)
N y

(σ)
0 − y

(σ)
N

j∑
s=0

ρjsy
s
0τ̄−
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−0.5hdNy
(σ)
N

(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
= −

(
ay

(σ)
x̄ , (κy(σ))x̄

]
+
(
b−a, y

(σ)
x̄ y(σ)

)
+

+
(
b+a(+1), y(σ)

x y(σ)
)
−
[
d
(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
, y(σ)

]
−

−β1(y
(σ)
0 )2 − β2y

(σ)
N y

(σ)
0 − y

(σ)
N

j∑
s=0

ρjsy
s
0τ̄ . (83)

Ïðåîáðàçóåì ñëàãàåìûå â ïðàâîé ÷àñòè (83)

−
[
d
(
y

(σ)
i0
x−i0 + y

(σ)
i0+1x

+
i0

)
, y(σ)

]
− β1(y

(σ)
0 )2 − β2y

(σ)
N y

(σ)
0 − y

(σ)
N

j∑
s=0

ρjsy
s
0τ̄ ≤

≤ 1

2

(
y

(σ)
i0
x−i0+y

(σ)
i0+1x

+
i0

)2

+
1

2

[
d, y(σ)

]2

+M1

((
y

(σ)
0

)2
+
(
y

(σ)
N

)2
)

+
1

2

( j∑
s=0

ρjsy
s
0τ̄

)2

≤

≤M2

(
|[y(σ)]|20 + ‖y(σ)

x̄ ]|20
)

+M3

j∑
s=0

(
|[y]|20 + ‖yx̄]|20

)
τ̄ . (84)

Ó÷èòûâàÿ (55),(84), èç (83) íàõîäèì[
Λ(tj+σ)y(σ), y(σ)

]
≤ −M4‖y(σ)

x̄ ]|20+

+M5

(
|[y(σ)]|20 + ‖y(σ)

x̄ ]|20
)

+M6

j∑
s=0

(
|[y]|20 + ‖yx̄]|20

)
τ̄ . (85)

Ïðèíèìàÿ âî âíèìàíèå ïðåîáðàçîâàíèÿ (53), (58), (59), (85), èç (82) íàõîäèì

∆α
0tj+σ
|[y]|2W 1

2 (0,l) +M4‖y(σ)
x̄ ]|20 ≤M7|[y(σ)]|2W 1

2 (0,l)+

+M8

j∑
s=0

|[y]|2W 1
2 (0,l)τ̄ +M9

(
|[ϕ]|20 + µ2

1 + µ2
2

)
. (86)

ãäå |[y]|2
W 1

2 (0,l)
= |[y]|20 + ‖yx̄]|20.

Îáîçíà÷àÿ ÷åðåç F = M8

j∑
s=0
|[y]|2

W 1
2 (0,l)

τ̄ +M9

(
|[ϕ]|20 +µ2

1 +µ2
2

)
è ïîâòîðÿÿ

ðàññóæäåíèÿ (32)-(34), èç (86) ïîëó÷èì

|[yj+1]|2W 1
2 (0,l) ≤

≤M10

(
|[y0]|2W 1

2 (0,l) + max
0≤j′≤j

( j∑
s=0

|[y]|2W 1
2 (0,l)τ̄ + |[ϕ]|20 + µ2

1 + µ2
2

))
. (87)
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Ââåäÿ îáîçíà÷åíèå gj = max
0≤j′≤j

|[y]|2
W 1

2 (0,l)
, ñ ó÷åòîì

|[y]|2W 1
2 (0,l) = |[y]|20 + ‖yx̄]|20,

max
0≤j′≤j

j ′∑
s=0

|[ys]|2W 1
2 (0,l)τ̄ ≤

j∑
j ′=0

max
0≤s≤j ′

|[ys]|2W 1
2 (0,l)τ̄ ≤

j∑
j ′=0

max
0≤s≤j ′

|[ys]|2W 1
2 (0,l)τ

èç (87) ïîëó÷èì

gj+1 ≤M11

j∑
s=0

gsτ +M12F
j
1 , (88)

ãäå

F j
1 = |[y0]|2W 1

2 (0,l) +
tαj

Γ(1 + α)
max

0≤j′≤j

(
|[ϕ]|20 + µ2

1 + µ2
2

)
.

Íà îñíîâàíèè ëåììû 4 (ñì.[30, ñòð.171]) èç (88) ïîëó÷àåì àïðèîðíóþ îöåíêó

|[yj+1]|2W 1
2 (0,l) ≤M

(
|[y0]|2W 1

2 (0,l) + max
0≤j′≤j

(
|[ϕj ′]|20 + µ2

1 + µ2
2

))
, (89)

ãäå M = const > 0, íå çàâèñÿùàÿ îò h è τ .

Òåîðåìà 6. Ïóñòü âûïîëíåíû óñëîâèÿ (5), (68), òîãäà ñóùåñòâóåò òà-
êîå τ , ÷òî åñëè τ ≤ τ0 òî äëÿ ðåøåíèÿ ðàçíîñòíîé çàäà÷è (77)-(80) ñïðà-
âåäëèâà àïðèîðíàÿ îöåíêà (89).

Èç àïðèîðíîé îöåíêè (89) ñëåäóþò åäèíñòâåííîñòü è óñòîé÷èâîñòü ðåøå-
íèÿ ïî íà÷àëüíûì äàííûì è ïðàâîé ÷àñòè.

Ïóñòü u(x, t)− ðåøåíèå çàäà÷è (1), (67), (4), y(xi, tj) = yji -ðåøåíèå ðàç-
íîñòíîé çàäà÷è (77)−(80). Äëÿ îöåíêè òî÷íîñòè ðàçíîñòíîé ñõåìû (77)−(80)
ðàññìîòðèì ðàçíîñòü zji = yji − uji , ãäå u

j
i = u(xi, tj). Òîãäà, ïîäñòàâëÿÿ

y = z + u â ñîîòíîøåíèÿ (77)− (80), ïîëó÷àåì çàäà÷ó äëÿ ôóíêöèè z

∆α
0tj+σ

z = κj
i

(
ajiz

(σ)
x̄

)
x,i

+ ∆α
0tj+σ

(
γizx̄

)
x,i

+ b−ji a
j
izx̄,i + b+j

i a
j
i+1z

(σ)
x,i−

−dji
(
z

(σ)
i0
x−i0 + z

(σ)
i0+1x

+
i0

)
+ Ψj

i , (x, t) ∈ ωh,τ , (90)

κ0a1z
(σ)
x,0 + ∆α

0tj+σ

(
γ1zx̄,0

)
=

= β1z
(σ)
0 + 0.5hdj0

(
z

(σ)
i0
x−i0 + z

(σ)
i0+1x

+
i0

)
+ 0.5h∆α

0tj+σ
z0 − ν̃1, x = 0, (91)
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−
(
κNaNz(σ)

x̄,N + ∆α
0tj+σ

(
γNzx̄,N

))
= β2z

(σ)
0 +

j∑
s=0

ρjsz
s
0τ̄+

+0.5hdN

(
z

(σ)
i0
x−i0 + z

(σ)
i0+1x

+
i0

)
+ 0.5h∆α

0tj+σ
zN − ν̃2, x = N, (92)

z(x, 0) = 0, (93)

ãäå Ψ = O
(
h2+τ 2

)
, ν̃1 = O

(
h2+τ 2

)
, ν̃2 = O

(
h2+τ 2

)
- ïîãðåøíîñòè àïïðîêñè-

ìàöèè äèôôåðåíöèàëüíîé çàäà÷è (1), (67), (4) ðàçíîñòíîé ñõåìîé (77)− (80)
â êëàññå ðåøåíèè u = u(x, t) çàäà÷è (1), (67), (4).

Ïðèìåíÿÿ àïðèîðíóþ îöåíêó (89) ê ðåøåíèþ çàäà÷è (90)−(93), ïîëó÷àåì
íåðàâåíñòâî

|[zj+1]|2W 1
2 (0,l) ≤M max

0≤j′≤j

(
|[Ψj′]|20 + νj

′2
1 + νj

′2
2

)
, (94)

ãäå M = const > 0, íå çàâèñÿùàÿ îò h è τ .

Èç àïðèîðíîé îöåíêè (94) ñëåäóåò ñõîäèìîñòü ðåøåíèÿ ðàçíîñòíîé çàäà÷è
(77)−(80) ê ðåøåíèþ äèôôåðåíöèàëüíîé çàäà÷è (1), (67), (4) â ñìûñëå íîðìû
|[zj+1]|2

W 1
2 (0,l)

íà êàæäîì ñëîå òàê, ÷òî ñóùåñòâóåò òàêîå τ0, ÷òî ïðè τ ≤ τ0

ñïðàâåäëèâà îöåíêà

|[yj+1 − uj+1]|W 1
2 (0,l) ≤M

(
h2 + τ 2

)
.

Çàìå÷àíèå. Ïîëó÷åííûå â äàííîé ðàáîòå ðåçóëüòàòû ñïðàâåäëèâû è â ñëó-
÷àå, êîãäà:
1) Óñëîâèå (3) çàìåíÿåòñÿ óñëîâèåì âèäà:

∂α0t

∫ l

0

u(x, t)dx = µ(t), 0 ≤ t ≤ T.

2) Óðàâíåíèå (1) èìååò âèä:

∂α0tu =
∂

∂x

(
k(x, t)

∂u

∂x

)
+∂α0t

∂

∂x

(
η(x)

∂u

∂x

)
+r(x, t)

∂u

∂x
−

p∑
s=1

qs(x, t)u(xs, t)+f(x, t),

0 < x < l, 0 < t ≤ T,

åñëè ïîòðåáîâàòü âûïîëíåíèÿ óñëîâèÿ |qs| ≤ c2.
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Nonlocal boundary value problems in di�erential and di�erence
interpretations for the generalized loaded moisture transfer equation

M.KH. Beshtokov

Department of Computational Methods, Institute of Applied Mathematics and
Automation, Kabardino-Balkaria Scienti�c Center of the Russian Academy of

Sciences

Abstract. We study boundary value problems for a spatially one-dimensional
loaded moisture transfer equation of fractional-order with nonlocal boundary
conditions. Using the method of energy inequalities, and assuming the existence of
a solution of the problem, we derive a priori estimates for the solutions of nonlocal
boundary value problems in di�erential form. Di�erence schemes are constructed
and analogues of a priori estimates in di�erence form are proved for them; error
estimates are given under the assumption of su�cient smoothness of the solutions
of the equation. From the obtained a priori estimates, the uniqueness and stability
of the solution with respect to the initial data and the right-hand side follow, as
well as the convergence of the solution of the di�erence problem to the solution
of the corresponding di�erential problem at the rate equal to the approximation
order of the di�erence problem.

Keywords: loaded equation, moisture transfer equation, Hallaire's equation,
nonlocal boundary value problems, a priori estimate, fractional di�erential
equation, Caputo fractional derivative.
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