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Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ îäíîìåðíîå ëèíåéíîå äèôôåðåíöèàëüíîå
óðàâíåíèå âòîðîãî ïîðÿäêà è ðåøåíèå âíóòðåííåé çàäà÷è Äèðèõëå ýòîãî óðàâ-
íåíèé íà íåêîòîðîì èíòåðâàëå çíà÷åíèé íåèçâåñòíîé ôóíêöèè. Ñ êàæäîé
âíóòðåííåé òî÷êîé èíòåðâàëà ñâÿçàíû äâà ÷àñòíûõ ðåøåíèÿ ýòîé çàäà÷è íà
ìàëîé ñèììåòðè÷íîé îêðåñòíîñòè ýòîé òî÷êè. Ïåðâàÿ çàäà÷à � ñî çíà÷åíèÿ-
ìè íåèçâåñòíîé ôóíêöèè: 1 íà ëåâîì êîíöå è 0 íà ïðàâîì. Âòîðàÿ çàäà÷à �
ñ ñîîòâåòñòâóþùèìè çíà÷åíèÿìè: 0 íà ëåâîì êîíöå è 1 íà ïðàâîì. Äîêàçàíî,
÷òî ïðè ñòðåìëåíèè äëèíû îêðåñòíîñòè ê íóëþ ðåøåíèå êàæäîé èç ýòèõ äâóõ
çàäà÷ (ëîêàëüíîå ñâîéñòâî) õàðàêòåðèçóþò èñõîäíîå óðàâíåíèå â öåëîì. À
èìåííî, ïåðâûå äâà êîýôôèöèåíòà ðàçëîæåíèÿ çíà÷åíèé íåèçâåñòíîé ôóíê-
öèè ïî ñòåïåíÿì äëèíû îêðåñòíîñòè ïðîïîðöèîíàëüíû ñîîòâåòñòâóþùèì êî-
ýôôèöèåíòàì èñõîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Äëÿ äîêàçàòåëüñòâà
èñïîëüçóåòñÿ îáîáù¼ííàÿ ôîðìóëà Ãðèíà è îáîáù¼ííîå ïîëóãðóïïîâîå ñâîé-
ñòâî ñåìåéñòâà ðåøåíèé çàäà÷è Äèðèõëå.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíîå óðàâíåíèå, çàäà÷à Äèðèõëå, èíòå-
ãðàëüíîå óðàâíåíèå, ÿäðî, èòåðàöèÿ, îáîáù¼ííàÿ ôîðìóëà Ãðèíà, äèôôóçè-
îííûé ïðîöåññ.
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Ââåäåíèå è îñíîâíîé ðåçóëüòàò

Ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå

f ′′ + A(x)f ′ −B(x)f = 0, (1)

íà èíòåðâàëå (a, b), ãäå a < b, A(x) � íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíê-
öèÿ è B(x) � íåïðåðûâíàÿ ïîëîæèòåëüíàÿ ôóíêöèÿ. Ïóñòü f(a) = f1, f(b) =
f2, ãäå f1, f2 ∈ R è F(a,b)(x) � ðåøåíèå çàäà÷è Äèðèõëå ýòîãî óðàâíåíèÿ íà
èíòåðâàëå (a, b) ñ çàäàííûìè êðàåâûìè çíà÷åíèÿìè.

Äëÿ òàêîãî óðàâíåíèÿ èíòåðåñ ïðåäñòàâëÿþò äâà ôóíäàìåíòàëüíûõ ðå-
øåíèÿ êðàåâîé çàäà÷è: ïåðâîå � ñî çíà÷åíèÿìè f1 = 1, f2 = 0, îáîçíà÷àåìîå
êàê gr(x), è âòîðîå ñî çíà÷åíèÿìè f1 = 0, f2 = 1, îáîçíà÷àåìîå êàê hr(x),
ãäå r = (b − a)/2 . Áóäåì èñêàòü ðåøåíèÿ ýòèõ çàäà÷ â âèäå ðÿäîâ ïî ñòåïå-
íÿì r â òî÷êå x = (a+ b)/2. Îñíîâíûì ñîäåðæàíèåì äàííîé ñòàòüè ÿâëÿåòñÿ
äîêàçàòåëüñòâî òåîðåìû:

Òåîðåìà 1 Ôóíêöèÿ F ÿâëÿåòñÿ ðåøåíèåì âíóòðåííåé çàäà÷è Äèðèõëå

äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ

f ′′ + A(x)f ′ −B(x)f = 0

íà íåêîòîðîì èíòåðâàëå ∆, òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîé òî÷êè

x è r > 0 òàêèõ, ÷òî (x− r, x+ r) ⊂ ∆, ñïðàâåäëèâû ðàçëîæåíèÿ

gr(x) =
1

2
− 1

4
A(x)r − 1

4
B(x)r2 + o(r2),

hr(x) =
1

2
+

1

4
A(x)r − 1

4
B(x)r2 + o(r2)

ïðè r → 0.

Òàêèì îáðàçîì ïðè ñòðåìëåíèè ê íóëþ äëèíû îêðåñòíîñòè êàæäîé âíóò-
ðåííåé òî÷êè x èíòåðâàëà ∆ ôóíêöèè gr(x) è hr(x) õàðàêòåðèçóþò èñõîä-
íîå óðàâíåíèå â öåëîì. À èìåííî � ïåðâûå äâà êîýôôèöèåíòà ðàçëîæåíèÿ
ôóíêöèé gr(x) è hr(x) ïî ñòåïåíÿì r (ëîêàëüíîå ñâîéñòâî) ïðîïîðöèîíàëüíû
ñîîòâåòñòâóþùèì êîýôôèöèåíòàì èñõîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ
(ãëîáàëüíîå ñâîéñòâî).

Àêòóàëüíîñòü ïîëó÷åííûõ ðåçóëüòàòîâ âûòåêàåò èç ïðèìåíåíèé â ðàç-
ëè÷íûõ îáëàñòÿõ. Â ôèçèêå è õèìèè èçâåñòíî áîëüøîå ÷èñëî ïðèìåðîâ ïðåä-
ñòàâëåíèÿ ðåàëüíûõ ìèêðî è ìàêðî ïðîöåññîâ ñ ïîìîùüþ èõ ìàòåìàòè÷åñêèõ
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ìîäåëåé � ìàðêîâñêèõ äèôôóçèîííûõ ïðîöåññîâ (ñì., íàïðèìåð, [1], [2], [3],
[4], [5]). Â ïîñëåäíåå âðåìÿ ýòà ìàòåìàòè÷åñêàÿ ìîäåëü èñïîëüçóåòñÿ â áèî-
ëîãèè: [6], ãåîëîãèè: [7], [8], ñîöèîëîãèè: [9] è äðóãèõ ïðèêëàäíûõ íàóêàõ, ãäå
î ïðîöåññå â öåëîì òðåáóåòñÿ ñóäèòü ïî åãî ëîêàëüíûì ñâîéñòâàì. Â ñâîþ
î÷åðåäü ìàòåìàòè÷åñêèì àïïàðàòîì ýòîé ìîäåëè ñëóæèò òåîðèÿ äèôôåðåí-
öèàëüíûõ óðàâíåíèé. Ýòîò æå àïïàðàò èñïîëüçóåòñÿ â òåîðèè îäíîìåðíûõ
ïîëóìàðêîâñêèõ äèôôóçèîííûõ ïðîöåññîâ ñ îñòàíîâêîé (ñì., íàïðèìåð, [10],
ñòð. 157), êîòîðûå â ðÿäå ñëó÷àåâ ó÷èòûâàþò áîëüøåå ÷èñëî ñâîéñòâ ðåàëü-
íîãî ïðîöåññà, ÷åì òðàäèöèîííàÿ ìàðêîâñêàÿ ìîäåëü.

Â ÷àñòíîñòè, ïîëóìàðêîâñêàÿ ìîäåëü ñ îñòàíîâêîé îáîñíîâûâàåò ñòàòè-
ñòè÷åñêóþ îöåíêó êîýôôèöèåíòîâ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïî ðåçóëü-
òàòàì ïåðâîãî âûõîäà ðåàëüíîãî ïðîöåññà èç ìàëîé ñèììåòðè÷íîé îêðåñòíî-
ñòè åãî íà÷àëüíîé òî÷êè.

Äîêàçàòåëüñòâî òåîðåìû

1. Íåîáõîäèìîñòü

Èçâåñòíî (ñì., íàïðèìåð, Ñîáîëåâ [11], ñ.296), ÷òî ðåøåíèå çàäà÷è Äèðèõëå
óðàâíåíèÿ u′′ = q(x) íà èíòåðâàëå (a, b) ìîæíî ïðåäñòàâèòü â âèäå

u(x) = u1
b− x
b− a

+u2
x− a
b− a

− b− x
b− a

∫ x

a

q(t)(t−a) dt−x− a
b− a

∫ b

x

q(t)(b−t) dt, (2)

ãäå q � íåïðåðûâíàÿ ôóíêöèÿ, u1 = u(a), u2 = u(b). Â êíèãå [11] ýòî ïðåä-
ñòàâëåíèå íàçâàíî îáîáù¼ííîé ôîðìóëîé Ãðèíà.

Ïåðåïèøåì óðàâíåíèå (1) â âèäå u′′ = −A(x)u′ + B(x)u è ïîäñòàâèì â
ôîðìóëó (2) ôóíêöèþ

q(x) ≡ −A(x)u′(x) +B(x)u(x).

Â ðåçóëüòàòå ïîëó÷àåì èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå

u(x) = u1
b− x
b− a

+ u2
x− a
b− a

− b− x
b− a

∫ x

a

(−A(t)u′(t) +B(t)u(t))(t− a) dt−

−x− a
b− a

∫ b

x

(−A(t)u′(t) +B(t)u(t))(b− t) dt,
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Ïðèìåíÿÿ â èíòåãðàëàõ
∫ x

a (−A(t)u′(t))(t − a) dt è
∫ b

x (−A(t)u′(t))(b − t) dt
èíòåãðèðîâàíèå ïî ÷àñòÿì, ïîëó÷àåì èíòåãðàëüíîå óðàâíåíèå

u(x) = u1
b− x
b− a

+ u2
x− a
b− a

+

∫ b

a

K(x, t)u(t)dt,

ãäå

K(x, t) ≡



K1(x, t) ≡ b−x
b−a(−A(t)− (B(t) + A′(t))(t− a)), t < x (âòîðîé

àðãóìåíò ìåíüøå ïåðâîãî)

K2(x, t) ≡ x−a
b−a (A(t)− (B(t) + A′(t))(b− t)), t > x (âòîðîé

àðãóìåíò áîëüøå ïåðâîãî)

Ðàññìîòðèì ñëó÷àé u1 = 1, u2 = 0, îáîçíà÷àÿ â ýòîì ñëó÷àå u(x) ≡ g(x).
Áóäåì èññëåäîâàòü èíòåãðàëüíîå óðàâíåíèå

g(x) =
b− x
b− a

+

∫ b

a

K(x, t)g(t) dt. (3)

1.1. Ïåðâàÿ èòåðàöèÿ äëÿ ôóíêöèè g

Ðàññìîòðèì ïåðâóþ èòåðàöèþ ýòîãî óðàâíåíèÿ äëÿ ôóíêöèè g:

g(x) =
b− x
b− a

+

∫ b

a

K(x, t)
b− t
b− a

dt+

∫ b

a

K(2)(x, t)g(t) dt,

ãäå

K(2)(x, t) ≡
∫ b

a

K(x, z)K(z, t) dz.

Èìååì∫ b

a

K(x, t)
b− t
b− a

dt =

∫ x

a

K1(x, t)
b− t
b− a

dt+

∫ b

x

K2(x, t)
b− t
b− a

dt =

=

∫ x

a

b− x
b− a

(−A(t)− (B(t) + A′(t))(t− a))
b− t
b− a

dt+

+

∫ b

x

x− a
b− a

(A(t)− (B(t) + A′(t))(b− t)) b− t
b− a

dt.

Ïîäñòàâëÿÿ ïîä çíàê èíòåãðàëà çíà÷åíèÿ A(t) = A(x)+A′(x)(t−x)+o(t−x),
A′(t) = A′(x) + O(t − x), B(t) = B(x) + O(t − x), ïîëó÷àåì ïðè (t − x) → 0
äëÿ ïîñëåäíåãî âûðàæåíèÿ çíà÷åíèå∫ x

a

b− x
b− a

(−A(x)−A′(x)(t−x)+o(t−x)−(B(x)+A′(x)+O(t−x))(t−a))
b− t
b− a

dt+
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+

∫ b

x

x− a
b− a

(A(x)+A′(x)(t−x)+o(t−x)−(B(x)+A′(x)+O(t−x))(b−t)) b− t
b− a

dt.

Êîýôôèöèåíò ïðè A(x) ðàâåí

−b− x
b− a

∫ x

a

b− t
b− a

dt+
x− a
b− a

∫ b

x

b− t
b− a

dt =

=
b− x

2(b− a)2
((b− x)2 − (b− a)2) +

(x− a)(b− x)2

2(b− a)2
.

Îòñþäà ñëåäóåò, ÷òî ïðè x − a = b − x = r ýòîò êîýôôèöèåíò ðàâåí
(−r/4).

Êîýôôèöèåíò ïðè B(x) ðàâåí∫ x

a

b− x
b− a

(−1)
(t− a)(b− t)

b− a
dt+

∫ b

x

x− a
b− a

(−1)
(b− t)2

b− a
dt =

=
b− x

(b− a)2
(−1)

∫ x

a

(t− a)(b− t) dt+
x− a

(b− a)2
(−1)

∫ b

x

(b− t)2 dt =

=
b− x

(b− a)2
(−1)

(
(b− a)(x− a)2

2
− (x− a)3

3

)
+

x− a
(b− a)2

(−1)
(x− a)3

3
.

Ïðè x− a = b− x = r ýòîò êîýôôèöèåíò ðàâåí (−r2/4).

Êîýôôèöèåíò ïðè A′(x) ðàâåí

b− x
(b− a)2

∫ x

a

(x− t− (t− a))(b− t) dt+
x− a

(b− a)2

∫ b

x

(t− x− (b− t))(b− t) dt =

=
b− x

(b− a)2

(
−1

2
(x− a)3 +

2

3
(x− a)3

)
+

x− a
(b− a)2

(
1

2
(b− x)3 − 2

3
(b− x)3

)
.

Ïðè x− a = b− x = r ýòîò êîýôôèöèåíò ðàâåí íóëþ.

Î÷åâèäíî, ÷òî ïåðâûé èíòåãðàë îò îñòàòî÷íîãî ÷ëåíà â ïîäûíòåãðàëüíîì
âûðàæåíèè ïðåäñòàâëÿåò ñîáîé âåëè÷èíó ïîðÿäêà o(r2) ïðè r → 0.

1.2. Âòîðàÿ èòåðàöèÿ äëÿ ôóíêöèè g

Íàøà öåëü � ïðîâåðèòü, ÷òî âòîðàÿ èòåðàöèÿ íå ñîäåðæèò êâàäðàòè÷íîãî
÷ëåíà âäîáàâîê ê íàéäåííîìó â ïåðâîé èòåðàöèè. Ñóùåñòâóåò àïðèîðíàÿ âîç-
ìîæíîñòü òàêîãî äîáàâî÷íîãî ÷ëåíà áëàãîäàðÿ òîìó, ÷òî â ïåðâîé èòåðàöèè
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ïîÿâëÿåòñÿ ÷ëåí ïîðÿäêà −1
4A(x)r. Ïîêàæåì, ÷òî ôàêòè÷åñêè òàêîãî ÷ëåíà

íå ñóùåñòâóåò.

Ðàññìîòðèì âòîðóþ èòåðàöèþ èíòåãðàëüíîãî óðàâíåíèÿ (3).

g(x) =
b− x
b− a

+

∫ b

a

K(x, t)
b− t
b− a

dt+

∫ b

a

K(2)(x, t)
b− t
b− a

dt+

∫ b

a

K(3)(x, t)g(t) dt,

ãäå ñîãëàñíî îïðåäåëåíèþ ∫ b

a

K(2)(x, t)
b− t
b− a

dt =

=

∫ x

a

b− t
b− a

[∫ t

a

K1(x, z)K2(z, t) dz +

∫ x

t

K1(x, z)K1(z, t) dz+

+

∫ b

x

K2(x, z)K1(z, t) dz

]
dt+

∫ b

x

b− t
b− a

[∫ x

a

K1(x, z)K2(z, t) dz+

+

∫ t

x

K2(x, z)K2(z, t) dz +

∫ b

t

K2(x, z)K1(z, t) dz

]
dt =

=

∫ x

a

b− t
b− a

∫ t

a

b− x
b− a

(−A(z)−D(z)(z − a))
z − a
b− a

(A(t)−D(t)(b− t)) dz dt+

+

∫ x

a

b− t
b− a

∫ x

t

b− x
b− a

(−A(z)−D(z)(z − a))
b− z
b− a

(−A(t)−D(t)(t− a)) dz dt+

+

∫ x

a

b− t
b− a

∫ b

x

x− a
b− a

(A(z)−D(z)(b− z))
b− z
b− a

(−A(t)−D(t)(t− a)) dz dt+

+

∫ b

x

b− t
b− a

∫ x

a

b− x
b− a

(−A(z)−D(z)(z − a))
z − a
b− a

(A(t)−D(t)(b− t)) dz dt+

+

∫ b

x

b− t
b− a

∫ t

x

x− a
b− a

(A(z)−D(z)(b− z))
z − a
b− a

(A(t)−D(t)(b− t)) dz dt+

+

∫ b

x

b− t
b− a

∫ b

t

x− a
b− a

(A(z)−D(z)(b− z))
b− z
b− a

(−A(t)−D(t)(t− a)) dz dt,

ãäå D(x) ≡ B(x) + A′(x).

Ñëàãàåìîå ñóììû ñ ïðîèçâåäåíèåì A(z)A(t) ïîä çíàêîì èíòåãðàëà ðàâíî∫ x

a

b− t
b− a

∫ t

a

b− x
b− a

(−A(z))
z − a
b− a

(A(t)) dz dt+

+

∫ x

a

b− t
b− a

∫ x

t

b− x
b− a

(−A(z))
b− z
b− a

(−A(t)) dz dt+
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+

∫ x

a

b− t
b− a

∫ b

x

x− a
b− a

(A(z))
b− z
b− a

(−A(t)) dz dt+

+

∫ b

x

b− t
b− a

∫ x

a

b− x
b− a

(−A(z))
z − a
b− a

(A(t)) dz dt+

+

∫ b

x

b− t
b− a

∫ t

x

x− a
b− a

(A(z))
z − a
b− a

(A(t)) dz dt+

+

∫ b

x

b− t
b− a

∫ b

t

x− a
b− a

(A(z))
b− z
b− a

(−A(t)) dz dt,

Ðàçëîæèì ôóíêöèè A(z) è A(t) ïî ôîðìóëå Òåéëîðà â îêðåñòíîñòè òî÷êè x
è âûíåñåì çà çíàê èíòåãðàëà ïåðâûå ÷ëåíû ýòîãî ðàçëîæåíèÿ. Î÷åâèäíî, ÷òî
äðóãèå ÷ëåíû ðàçëîæåíèÿ äàþò â ñîâîêóïíîñòè ïîðÿäîê ìàëîñòè o(r2) ïðè
r → 0. Êîýôôèöèåíò ñòåïåíè A2(x) ðàâåí

b− x
(b− a)3

[
−
∫ x

a

(b− t)
∫ t

a

(z − a) dz dt

]
+

+
b− x

(b− a)3

[∫ x

a

(b− t)
∫ x

t

(b− z) dz dt

]
+

+
x− a

(b− a)3

[
−
∫ x

a

(b− t)
∫ b

x

(b− z) dz dt

]
+

+
b− x

(b− a)3

[
−
∫ b

x

(b− t)
∫ x

a

(z − a) dz dt

]
+

+
x− a

(b− a)3

[∫ b

x

(b− t)
∫ t

x

(z − a) dz dt

]
+

+
x− a

(b− a)3

[
−
∫ b

x

(b− t)
∫ b

t

(b− z) dz dt

]
=

=
b− x

2(b− a)3

[
−(b− a)(x− a)3

3
+

(x− a)4

4
− (b− x)2(b− a)(x− a)+

+
(b− x)2(x− a)2

2
− (b− x)4

4
+

(b− a)4

4
− (x− a)2(b− x)2

2

]
+

+
x− a

2(b− a)3

[
(b− x)4

2
− 2(b− a)(b− x)3

3
− (x− a)2(b− x)2

2

]
.
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Î÷åâèäíî, ÷òî ïðè óñëîâèè x − a = b − x = r, b − a = 2r ýòà ñóììà ðàâíà
íóëþ. Îáîçíà÷èì gr(x) çíà÷åíèå ôóíêöèè g(x) ïðè ýòîì óñëîâèè. Èòàê, âòî-
ðàÿ èòåðàöèÿ íå äîáàâëÿåò êâàäðàòè÷íûõ ÷ëåíîâ, è îñòà¼òñÿ ïî ïðåæíåìó
(ðåçóëüòàò ïåðâîé èòåðàöèè) íà èíòåðâàëå (x− r, x+ r)

gr(x) =
1

2
− 1

4
A(x)r − 1

4
B(x)r2 + o(r2) (r → 0).

1.3. Ïåðâàÿ èòåðàöèÿ äëÿ ôóíêöèè h

Ðàññìîòðèì ñëó÷àé u1 = 0, u2 = 1, îáîçíà÷àÿ â ýòîì ñëó÷àå u(x) ≡ h(x).
Áóäåì èññëåäîâàòü èíòåãðàëüíîå óðàâíåíèå

h(x) =
x− a
b− a

+

∫ b

a

K(x, t)h(t) dt.

Ïåðâàÿ èòåðàöèÿ ýòîãî óðàâíåíèÿ äëÿ ôóíêöèè h:

h(x) =
x− a
b− a

+

∫ b

a

K(x, t)
t− a
b− a

dt+

∫ b

a

K(2)(x, t)h(t) dt,

îïðåäåëÿåò ïåðâûé è (ïðåäïîëîæèòåëüíî) âòîðîé ÷ëåíû å¼ àñèìïòîòèêè íà
ìàëîì ñèììåòðè÷íîì èíòåðâàëå, êàê è â ñëó÷àå g.

Èìååì∫ b

a

K(x, t)
t− a
b− a

dt =

∫ x

a

K1(x, t)
t− a
b− a

dt+

∫ b

x

K2(x, t)
t− a
b− a

dt =

=

∫ x

a

b− x
b− a

(−A(t)− (B(t) + A′(t))(t− a))
t− a
b− a

dt+

+

∫ b

x

x− a
b− a

(A(t)− (B(t) + A′(t))(b− t)) t− a
b− a

dt.

Ïîäñòàâëÿÿ ïîä çíàê èíòåãðàëà çíà÷åíèÿ A(t) = A(x)+A′(x)(t−x)+o(t−x),
A′(t) = A′(x) + O(t − x), B(t) = B(x) + O(t − x), ïîëó÷àåì ïðè (t − x) → 0
äëÿ ïîñëåäíåãî âûðàæåíèÿ çíà÷åíèå∫ x

a

b− x
b− a

(−A(x)−A′(x)(t−x)+o(t−x)−(B(x)+A′(x)+O(t−x))(t−a))
t− a
b− a

dt+

+

∫ b

x

x− a
b− a

(A(x)+A′(x)(t−x)+o(t−x)−(B(x)+A′(x)+O(t−x))(b−t)) t− a
b− a

dt.
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Êîýôôèöèåíò ïðè A(x) ðàâåí

−b− x
b− a

∫ x

a

t− a
b− a

dt+
x− a
b− a

∫ b

x

t− a
b− a

dt =

= − b− x
2(b− a)2

(x− a)2 +
x− a

2(b− a)2
[(b− a)2 − (x− a)2].

Ïðè x− a = b− x = r ýòîò êîýôôèöèåíò ðàâåí r/4.

Êîýôôèöèåíò ïðè B(x) ðàâåí

− b− x
(b− a)2

∫ x

a

(t− a)2 dt− x− a
(b− a)2

∫ b

x

(b− t)(t− a) dt =

= − b− x
(b− a)2

(x− a)3

3
− x− a

(b− a)2

[
(b− a)

(b− x)2

2
− (b− x)3

3

]
.

Ïðè x− a = b− x = r ýòîò êîýôôèöèåíò ðàâåí (−r2/4).

Êîýôôèöèåíò ïðè A′(x) ðàâåí

b− x
(b− a)2

∫ x

a

[−(t− x)(t− a)− (t− a)2] dt+

+
x− a

(b− a)2

∫ b

x

[(t− x)(t− a)− (b− t)(t− a)] dt =

=
b− x

(b− a)2

[
−2(x− a)3

3
+

(x− a)3

2

]
+

+
x− a

(b− a)2

[
(b− a)3

3
− (x− a)3

3
− (x− a)

(b− a)2

2
+

+
(x− a)3

2
− (b− a)

(b− x)2

2
+

(b− x)3

3

]
.

Ïðè x− a = b− x = r ýòîò êîýôôèöèåíò ðàâåí íóëþ.

Î÷åâèäíî, ÷òî ïåðâûé èíòåãðàë îò îñòàòî÷íîãî ÷ëåíà â ïîäûíòåãðàëüíîì
âûðàæåíèè ïðåäñòàâëÿåò ñîáîé âåëè÷èíó ïîðÿäêà o(r2) ïðè r → 0.

1.4. Âòîðàÿ èòåðàöèÿ äëÿ ôóíêöèè h

Èìååì ∫ b

a

K(2)(x, t)
t− a
b− a

dt =
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=

∫ x

a

t− a
b− a

[∫ t

a

K1(x, z)K2(z, t) dz +

∫ x

t

K1(x, z)K1(z, t) dz+

+

∫ b

x

K2(x, z)K1(z, t) dz

]
dt+

∫ b

x

t− a
b− a

[∫ x

a

K1(x, z)K2(z, t) dz+

+

∫ t

x

K2(x, z)K2(z, t) dz +

∫ b

t

K2(x, z)K1(z, t) dz

]
dt =

=

∫ x

a

t− a
b− a

∫ t

a

b− x
b− a

(−A(z)−D(z)(z − a))
z − a
b− a

(A(t)−D(t)(b− t)) dz dt+

+

∫ x

a

t− a
b− a

∫ x

t

b− x
b− a

(−A(z)−D(z)(z − a))
b− z
b− a

(−A(t)−D(t)(t− a)) dz dt+

+

∫ x

a

t− a
b− a

∫ b

x

x− a
b− a

(A(z)−D(z)(b− z))
b− z
b− a

(−A(t)−D(t)(t− a)) dz dt+

+

∫ b

x

t− a
b− a

∫ x

a

b− x
b− a

(−A(z)−D(z)(z − a))
z − a
b− a

(A(t)−D(t)(b− t)) dz dt+

+

∫ b

x

t− a
b− a

∫ t

x

x− a
b− a

(A(z)−D(z)(b− z))
z − a
b− a

(A(t)−D(t)(b− t)) dz dt+

+

∫ b

x

t− a
b− a

∫ b

t

x− a
b− a

(A(z)−D(z)(b− z))
b− z
b− a

(−A(t)−D(t)(t− a)) dz dt.

Ñëàãàåìîå ñóììû ñ ïðîèçâåäåíèåì A(z)A(t) ïîä çíàêîì èíòåãðàëà:∫ x

a

t− a
b− a

∫ t

a

b− x
b− a

(−A(z))
z − a
b− a

(A(t)) dz dt+

+

∫ x

a

t− a
b− a

∫ x

t

b− x
b− a

(−A(z))
b− z
b− a

(−A(t)) dz dt+

+

∫ x

a

t− a
b− a

∫ b

x

x− a
b− a

(A(z))
b− z
b− a

(−A(t)) dz dt+

+

∫ b

x

t− a
b− a

∫ x

a

b− x
b− a

(−A(z))
z − a
b− a

(A(t)) dz dt+

+

∫ b

x

t− a
b− a

∫ t

x

x− a
b− a

(A(z))
z − a
b− a

(A(t)) dz dt+

+

∫ b

x

t− a
b− a

∫ b

t

x− a
b− a

(A(z))
b− z
b− a

(−A(t)) dz dt,
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Ðàçëîæèì ôóíêöèè A(z) è A(t) ïî ôîðìóëå Òåéëîðà â îêðåñòíîñòè òî÷êè x
è âûíåñåì çà çíàê èíòåãðàëà ïåðâûå ÷ëåíû ýòîãî ðàçëîæåíèÿ. Î÷åâèäíî, ÷òî
äðóãèå ÷ëåíû ðàçëîæåíèÿ äàþò â ñîâîêóïíîñòè ïîðÿäîê ìàëîñòè o(r2) ïðè
r → 0. Êîýôôèöèåíò ÷ëåíà A2(x) ðàâåí

b− x
(b− a)3

[
−
∫ x

a

(t− a)

∫ t

a

(z − a) dz dt

]
+

+
b− x

(b− a)3

[∫ x

a

(t− a)

∫ x

t

(b− z) dz dt

]
+

+
x− a

(b− a)3

[
−
∫ x

a

(t− a)

∫ b

x

(b− z) dz dt

]
+

+
b− x

(b− a)3

[
−
∫ b

x

(t− a)

∫ x

a

(z − a) dz dt

]
+

+
x− a

(b− a)3

[∫ b

x

(t− a)

∫ t

x

(z − a) dz dt

]
+

+
x− a

(b− a)3

[
−
∫ b

x

(t− a)

∫ b

t

(b− z) dz dt

]
=

=
b− x

2(b− a)3

[
−(x− a)4

4
− (x− a)(b− x)2(b− a)− (b− x)4

2
+

+
(b− x)2(b− a)2

2
− (b− a)(b− x)3

3
+

(b− a)4

3
+

(b− x)4

4
− (b− a)4

4
−

− (x− a)2(b− a)2

2
+

(x− a)4

2

]
+

+
x− a

2(b− a)3

[
−(x− a)2(b− x)2

2
+

(b− a)4

2
− (x− a)4

2
− (x− a)2(b− a)2

2
+

+
(x− a)4

2
− (x− a)3(b− a)

3
+

(b− x)4

4

]
.

Ïîäñòàâëÿÿ â ýòî âûðàæåíèå çíà÷åíèÿ x − a = b − x = r è b − a = 2r, ìû
ïîëó÷àåì íóëü. Îòñþäà ñëåäóåò, ÷òî êâàäðàòè÷íûé ÷ëåí ðàçëîæåíèÿ hr(x)
íå ñîäåðæèò ñëàãàåìîãî ñ ìíîæèòåëåì A2(x):

hr(x) =
1

2
+

1

4
A(x)r − 1

4
B(x)r2 + o(r2) (r → 0).
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2. Äîñòàòî÷íîñòü

Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå

f ′′ + α(x)f ′ − β(x)f = 0, (4)

ãäå α � íåïðåðûâíî äèôôåðåíöèðóåìàÿ è β � íåïðåðûâíàÿ ïîëîæèòåëüíàÿ
ôóíêöèè. Ïóñòü ∆1 è ∆2 � äâà èíòåðâàëà, ïðè÷¼ì ∆1 ⊂ ∆2. Îáîçíà÷èì
F∆i

(φ |x) ðåøåíèå çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ (4) íà èíòåðâàëå ∆i ≡
(ai, bi) (i = 1, 2), ãäå φ � íåïðåðûâíàÿ ôóíêöèÿ è φ(ai), φ(bi) � çíà÷åíèÿ
ôóíêöèè f íà êðàÿõ èíòåðâàëà ∆i. Èçâåñòíî (ñì., íàïðèìåð, [1], ñòð. 198),
÷òî äëÿ ðåøåíèé çàäà÷è Äèðèõëå ñïðàâåäëèâî óðàâíåíèå

F∆2
(φ |x) = F∆1

(F∆2
(φ |·) |x), (x ∈ ∆1).

Â îäíîìåðíîì ñëó÷àå ýòî óðàâíåíèå ðàâíîñèëüíî óðàâíåíèþ

F∆2
(φ |x) = g(1)(x)F∆2

(φ | a1) + h(1)(x)F∆2
(φ | b1),

ãäå g(1) è h(1) � ñîîòâåòñòâóþò óðàâíåíèþ (4) íà èíòåðâàëå ∆1. Ïóñòü x =
(a1 + b1)/2 è x− a1 = b1 − x = r ïðè íåêîòîðîì ïîëîæèòåëüíîì r > 0, è

g(1)
r (x) =

1

2
− 1

4
A(x)r − 1

4
B(x)r2 + o(r2),

h(1)
r (x) =

1

2
+

1

4
A(x)r − 1

4
B(x)r2 + o(r2)

ïðè r → 0 ðàâíîìåðíî ïî x ∈ ∆2. Òîãäà F ≡ F∆2
(φ | ·) óäîâëåòâîðÿåò óðàâ-

íåíèþ

F (x) =

(
1

2
− 1

4
A(x)r − 1

4
B(x)r2 + o

(
r2
))

F (x− r)+

+

(
1

2
+

1

4
A(x)r − 1

4
B(x)r2 + o

(
r2
))

F (x+ r).

Ñîãëàñíî óðàâíåíèþ (4), F � äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíê-
öèÿ, è ñïðàâåäëèâû ïðåäñòàâëåíèÿ

F (x+ r) = F (x) + F ′(x)r +
1

2
F ′′(x)r2 + o(r2),

F (x− r) = F (x)− F ′(x)r +
1

2
F ′′(x)r2 + o(r2),

Ïîäñòàâëÿÿ ýòè âûðàæåíèÿ â ïðåäûäóùåå óðàâíåíèå, ïîëó÷àåì óðàâíåíèå

1

2
r2F ′′(x) +

1

2
r2A(x)F ′(x)− 1

2
r2B(x)F (x) + o(r2) = 0.
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Ðàçäåëèâ íà 1
2r

2 è óñòðåìëÿÿ r ê íóëþ, ïîëó÷àåì óðàâíåíèå

F ′′(x) + A(x)F ′(x)−B(x)F (x) = 0,

êîòîðîå ñîâïàäàåò ñ óðàâíåíèåì (4) ïðè α = A è β = B. Ìû ïîëó÷èëè, ÷òî
óðàâíåíèå, êîòîðîìó ïîä÷èíÿåòñÿ ðåøåíèå çàäà÷è Äèðèõëå íà èíòåðâàëå ∆2,
îïðåäåëÿåòñÿ òðåìÿ ïåðâûìè êîýôôèöèåíòàìè ðàçëîæåíèÿ ðåøåíèé gr è hr
ïî ñòåïåíÿì r.

Òåîðåìà äîêàçàíà.

Ïîëó÷åííûé ðåçóëüòàò íàõîäèò ïðèìåíåíèå â òåîðèè îäíîìåðíûõ ïî-
ëóìàðêîâñêèõ äèôôóçèîííûõ ïðîöåññîâ ñ îñòàíîâêîé (ñì., íàïðèìåð, [1],
ñòð. 157). Ïóñòü íà÷àëüíàÿ òî÷êà x äèôôóçèîííîãî ïðîöåññà ñ îñòàíîâ-
êîé ïðèíàäëåæèò íåêîòîðîìó îòêðûòîìó èíòåðâàëó (a, b) è r òàêîâî, ÷òî
(x−r, x+r) ⊂ (a, b). Èç ìàðêîâñêîãî ñâîéñòâà ïðîöåññà îòíîñèòåëüíî ìîìåí-
òà ïåðâîãî âûõîäà èç èíòåðâàëà ñëåäóåò, ÷òî

F (x) = gr(x)F (x− r) + hr(x)F (x+ r),

ãäå
F (x) ≡ F(a,b)(φ |x) = g(x)φ(a) + h(x)φ(b),

g(x) è h(x) � âåðîÿòíîñòè ïåðâîãî âûõîäà ÷åðåç ëåâóþ è ïðàâóþ ãðàíèöû èí-
òåðâàëà ñîîòâåòñòâåííî, φ � ïðîèçâîëüíàÿ ôóíêöèÿ. Èçâåñòíî, ÷òî F ÿâëÿåò-
ñÿ ðåøåíèåì çàäà÷è Äèðèõëå äëÿ íåêîòîðîãî ëèíåéíîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ âòîðîãî ïîðÿäêà íà èíòåðâàëå (a, b). Ïåðâûå ÷ëåíû ðàçëîæåíèÿ
ôóíêöèé gr è hr ïî ñòåïåíÿì r ïîëíîñòüþ îïðåäåëÿþò êîýôôèöèåíòû ýòîãî
óðàâíåíèÿ. Ýòî îçíà÷àåò, ÷òî êîýôôèöèåíòû óðàâíåíèÿ ìîãóò áûòü ñòàòè-
ñòè÷åñêè îöåíåíû ïî íàáëþäåíèþ çà ïîâåäåíèåì ðåàëüíîãî ïðîöåññà â ìàëîé
ñèììåòðè÷íîé îêðåñòíîñòè åãî íà÷àëüíîé òî÷êè
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On a local property of one-dimensional linear di�erential
equation of the second order

B.P. Harlamov, S. S. Rasova.
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Abstract. We consider one-dimensional linear second order di�erential equation
and the solution of the Dirichlet problem of this equation on an interval of
the unknown function values. Two partial solutions of this problem on a small
symmetric neighborhood of an interior point of this interval are investigated.
The �rst solution has values 1 on the left edge, and 0 on the right edge of the
neighborhood. The second one has 0 and 1 correspondingly. It is shown that
properties of these partial solutions when the length of the neighborhood tends
to 0 characterize the initial equation completely. Namely, two initial coe�cients
of the decomposition of each partial solution with respect to the neighborhood
length are proportional to corresponding coe�cients of this equation. To prove
this theorem we use the generalized Green formula and the generalized semigroup
property of the family of the Dirichlet problem solutions.

Key words: di�erential equation, Dirichlet problem, integral equation, kernel,
iteration, generalized Green formula, di�usion process.
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