
dx
dt6

�-

?

ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÅ ÓÐÀÂÍÅÍÈß
È

ÏÐÎÖÅÑÑÛ ÓÏÐÀÂËÅÍÈß
N. 3, 2022

Ýëåêòðîííûé æóðíàë,
ðåã. Ýë. N ÔÑ77-39410 îò 15.04.2010

ISSN 1817-2172

http://di�journal.spbu.ru/
e-mail: jodi�@mail.ru

Òåîðèÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

Ïðèìåð ðåøåíèÿ ñèíãóëÿðíî âîçìóùåííîé çàäà÷è Êîøè äëÿ
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Àííîòàöèÿ. Â ñòàòüå íà îñíîâå ìåòîäà ðåãóëÿðèçàöèè Ñ.À.Ëîìîâà ïîñòðîå-
íî àñèìïòîòè÷åñêîå ðåøåíèå ñèíãóëÿðíî âîçìóùåííîé çàäà÷è Êîøè äëÿ ïà-
ðàáîëè÷åñêîãî óðàâíåíèÿ ïðè íàëè÷èè ñèëüíîé òî÷êè ïîâîðîòà. Ìåòîä ðå-
ãóëÿðèçàöèè ïîçâîëÿåò ïîñòðîèòü ðàâíîìåðíîå íà âñåé âåùåñòâåííîé îñè
àñèìïòîòè÷åñêîå ðåøåíèå çàäà÷è. Èäåÿ äàííîé ðàáîòû âîñõîäèò ê ðàáîòå, â
êîòîðîé ðàçðàáîòàíû ìåòîäû ðåøåíèÿ ñèíãóëÿðíî âîçìóùåííîé çàäà÷è Êî-
øè â ñëó÷àå ¾ïðîñòîé¿ òî÷êè ïîâîðîòà ïðåäåëüíîãî îïåðàòîðà ñ íàòóðàëüíûì
ïîêàçàòåëåì.

Êëþ÷åâûå ñëîâà: cèíãóëÿðíî âîçìóùåííàÿ çàäà÷à Êîøè, ïàðàáîëè÷åñêîå
óðàâíåíèå, àñèìïòîòè÷åñêîå ðåøåíèå, ìåòîä ðåãóëÿðèçàöèè, ¾ñèëüíàÿ¿ òî÷êà
ïîâîðîòà.

1. Ââåäåíèå.

Ñ ïîìîùüþ ìåòîäà ðåãóëÿðèçàöèè àêòèâíî ðàçâèâàåòñÿ îáùàÿ òåîðèÿ
ñèíãóëÿðíûõ âîçìóùåíèé â óñëîâèÿõ ñòàáèëüíîñòè ñïåêòðà ïðåäåëüíîãî îïå-
ðàòîðà [1]. Óñëîâèÿ ñòàáèëüíîñòè ñïåêòðà ïåðåìåííîãî îïåðàòîðà, åñëè ãîâî-
ðèòü êðàòêî, îáåñïå÷èâàþò òàêîå æå ïîâåäåíèå ñïåêòðàëüíûõ õàðàêòåðèñòèê
îïåðàòîðà (ðàâíîìåðíîå ïî íåçàâèñèìîé ïåðåìåííîé), êàê è ïðè ïîñòîÿííîì
ñïåêòðå. Çàäà÷è ñ íåñòàáèëüíûì ñïåêòðîì ñ îáùåìàòåìàòè÷åñêèõ ïîçèöèé íà-
÷àëè èçó÷àòü ïîðÿäêà 50 ëåò íàçàä, íî äëÿ íèõ çàêîí÷åííîé ìàòåìàòè÷åñêîé
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òåîðèè íå ïîëó÷àëîñü. Õîòÿ áûëè ïîëó÷åíû (ñ îïðåäåëåííîé äîëåé èñêóñ-
ñòâåííûõ ïðèåìîâ) àñèìïòîòè÷åñêèå ðåøåíèÿ íåîäíîðîäíûõ çàäà÷ ñ òî÷êàìè
ïîâîðîòà è äðóãèõ çàäà÷ ñ íàðóøåíèåì óñëîâèé ñòàáèëüíîñòè ñïåêòðà [3, 4].
Â ðåçóëüòàòå ñòàëî ÿñíî, ÷òî â óñëîâèÿõ íåñòàáèëüíîãî ñïåêòðà ñóùåñòâåííî
îñîáûå ñèíãóëÿðíîñòè â íåîäíîðîäíûõ çàäà÷àõ îïðåäåëÿþòñÿ íå òîëüêî îá-
ùèì ÷èñëîì òî÷åê ñïåêòðà ïðåäåëüíîãî îïåðàòîðà, êàê ýòî èìååò ìåñòî ïðè
ñòàáèëüíîì ñïåêòðå, íî è ÷èñëîì íóëåé ó îòäåëüíûõ òî÷åê ñïåêòðà ïåðåìåí-
íîãî îïåðàòîðà. Òùàòåëüíûé àíàëèç èìåþùèõñÿ ðåçóëüòàòîâ ïðèâåë ê ðàçðà-
áîòêå îáùåé òåîðèè àñèìïòîòè÷åñêîãî èíòåãðèðîâàíèÿ äëÿ çàäà÷, â êîòîðûõ
ïåðåìåííûé ïðåäåëüíûé îïåðàòîð äèñêðåòíî íåîáðàòèì (ò.å. íåîáðàòèì â íó-
ëÿõ òî÷åê ñïåêòðà). Ìåòîä ðåãóëÿðèçàöèè êëàññèôèöèðóåò òðè ãðóïïû òî÷åê
ïîâîðîòà:

1. ¾Ïðîñòàÿ¿ òî÷êà ïîâîðîòà � ñîáñòâåííûå çíà÷åíèÿ ïðåäåëüíîãî îïå-
ðàòîðà èçîëèðîâàíû äðóã îò äðóãà, îäíî ñîáñòâåííîå çíà÷åíèå â îòäåëüíûõ
òî÷êàõ t îáðàùàåòñÿ â íóëü [2], [5].

2. ¾Ñëàáàÿ¿ òî÷êà ïîâîðîòà � õîòÿ áû îäíà ïàðà ñîáñòâåííûõ çíà÷å-
íèé ïåðåñåêàþòñÿ â îòäåëüíûõ òî÷êàõ t, íî ïðè ýòîì ïðåäåëüíûé îïåðàòîð
ñîõðàíÿåò äèàãîíàëüíóþ ñòðóêòóðó âïëîòü äî òî÷åê ïåðåñå÷åíèÿ. Áàçèñ èç
ñîáñòâåííûõ âåêòîðîâ îñòàåòñÿ ãëàäêèì ïî t [6, 7].

3. ¾Ñèëüíàÿ¿ òî÷êà ïîâîðîòà � õîòÿ áû ïàðà ñîáñòâåííûõ çíà÷åíèé ïå-
ðåñåêàþòñÿ â îòäåëüíûõ òî÷êàõ t, íî ïðè ýòîì ïðåäåëüíûé îïåðàòîð ìåíÿåò
äèàãîíàëüíóþ ñòðóêòóðó íà æîðäàíîâó â òî÷êàõ ïåðåñå÷åíèÿ. Áàçèñ â òî÷êàõ
ïåðåñå÷åíèÿ òåðÿåò ãëàäêîñòü ïî t [8].

Êëàññè÷åñêèå òî÷êè ïîâîðîòà, êîòîðûå
èçó÷àëè Ã.Âåíòöåëü, Õ.À.Êðàìåðñ è Ë.Áðèëëþýí, îòíîñÿòñÿ ê ¾cèëüíûì¿
òî÷êàì ïîâîðîòà.

Äàííàÿ ðàáîòà ïîñâÿùåíà ðàçâèòèþ ìåòîäà ðåãóëÿðèçàöèè íà ñèíãóëÿð-
íî âîçìóùåííóþ çàäà÷ó Êîøè äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ ¾ñèëüíîé¿
òî÷êîé ïîâîðîòà ïåðâîãî ïîðÿäêà ó ïðåäåëüíîãî îïåðàòîðà.

2. Ïîñòàíîâêà çàäà÷è.

Ðàññìîòðèì çàäà÷ó Êîøè{
ε∂u∂t = ε2 ∂

2u
∂x2 − x

2u+ h(x, t),

u(x, 0) = f(x), −∞ < x < +∞
(1)

Óñëîâèå 1 ∃M > 0 |h(x, t)| < M,h(x, t) ∈ C∞(−∞,+∞)× [0, T ].
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Óñëîâèå 2 ∃M > 0 |f(x)| < M, f(x) ∈ C∞(−∞,+∞).

Óñëîâèå 3 ε− ìàëûé ïàðàìåòð. Çàäà÷à èçó÷àåòñÿ ïðè ε→ 0.

Çàäà÷à (1)îòíîñèòñÿ ê êëàññè÷åñêîé çàäà÷å ñ ñèëüíîé òî÷êîé ïîâîðîòà.

Äåéñòâèòåëüíî, åñëè ïåðåâåñòè óðàâíåíèå â ñèñòåìó, ïðåäâàðèòåëüíî ñäå-
ëàâ çàìåíó {

ε∂u∂x = v,

ε∂v∂x = x2u+ ε∂u∂t − h(x, t).
òî èìååì

ε
∂

∂x

(
u

v

)
=

(
0 1

x2 0

)(
u

v

)
+ ε

(
0 0
∂
∂t 0

)(
u

v

)
+

(
0

h

)

Ìàòðèöà ïðåäåëüíîãî îïåðàòîðà èìååò âèä(
0 1

x2 0

)
Ìîæíî çàìåòèòü, ÷òî ïðè x 6= 0 ìàòðèöà äèàãîíàëèçèðóåìàÿ è ñîáñòâåí-
íûé áàçèñ åñòü e1(x) =

(
1
x

)
, e2(x) =

(
1
−x
)
. À ïðè x = 0 ìàòðèöà ïðèíèìàåò

æîðäàíîâó ôîðìó è áàçèñ åñòü e1(0) =
(
1
0

)
, e1(0) =

(
0
1

)
. Áàçèñ ðàçðûâåí â

òî÷êå x = 0. Â îáùåì ñëó÷àå ðåãóëÿðèçèðóþùèå ôóíêöèè íåîáõîäèìî ñòðî-
èòü, èñïîëüçóÿ êàíîíè÷åñêóþ ôîðìó îïåðàòîðà,çàâèñÿùåãî îò ïåðåìåííîé x,
ê êîòîðîé ìîæíî ïðèâåñòè ñ ïîìîùþ ãëàäêèõ ïðåîáðàçîâàíèé [8]. Â äàí-
íîì ñëó÷àå ïðåäåëüíûé îïåðàòîð óæå èìååò êàíîíè÷åñêóþ ôîðìó. Ïîýòîìó
â ïîñòðîåíèè áàçèñà è êàíîíè÷åñêîé ôîðìû íåò íåîáõîäèìîñòè. Êðîìå òîãî
îïåðàòîð â òî÷êå x = 0íåîáðàòèì. Ïîýòîìó âîçíèêàåò ïðîáëåìà ðåãóëÿðèçà-
öèè ïðàâîé ÷àñòè h(x, t).

3. Ôîðìàëèçì ìåòîäà ðåãóëÿðèçàöèè

Â ñëó÷àå çàäà÷è (1) ðåãóëÿðèçèðóþùóþ ôóíêöèþ áóäåì èñêàòü â âèäå
e−

1
εϕ(x,t). Ñäåëàåì çàìåíó u(x, t) = e−

1
εϕ(x,t)v(x, t) Ïîäñòàâèâ â îäíîðîäíîå

óðàâíåíèå çàäà÷è (1), ïîëó÷èì

−(∂ϕ∂t + (∂ϕ∂x)
2 − x2)v(x, t) + ε(∂v(x,t)∂t + ∂2ϕ

∂x2 v(x, t) + 2∂ϕ∂x
∂v(x,t)
∂x )− ε2 ∂

2v(x,t)
∂x2 = 0.
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Âûáåðåì ðåãóëÿðèçèðóþùóþ ôóíêöèþ êàê ðåøåíèå çàäà÷è{
∂ϕ
∂t + (∂ϕ∂x)

2 − x2 = 0,

ϕ(x, 0) = 0.

Ââåäåì îáîçíà÷åíèå p = ∂ϕ
∂t , q =

∂ϕ
∂x . Òîãäà ïîëó÷èì ñèñòåìó óðàâíåíèé:

p+ q2 = x2,
∂p
∂t + 2q ∂p∂x = 0,
∂q
∂t + 2q ∂q∂x = 2x,

ϕ(x, 0) = 0, q(x, 0) = 0.

Çàïèøåì óðàâíåíèÿ õàðàêòåðèñòèê

dt =
dx

2q
=
dp

0
=
dq

2x
=

dϕ

p+ 2q2
.

Ïàðàìåòðèçóåì îñü 0x, x = s. Òîãäà p = s2, q2 = x2−s2. Ïîñëåäîâàòåëüíî
ïîëó÷àåì ñåðèþ ðåøåíèé

2t = ln
x+
√
x2 − s2
s

, ϕ =
x
√
x2 − s2
2

.

Èç ïåðâîãî âûðàæåíèÿ íàéäåì ïàðàìåòð s = x
ch(2t) . Ïîäñòàâèâ âî âòîðîå

âûðàæåíèå , ïîëó÷èì âûðàæåíèå äëÿ ϕ.

ϕ(x, t) =
x2th(2t)

2
Îòñþäà ïîëó÷àåì ðåãóëÿðèçèðóþùóþ ôóíêöèþ â âèäå:

e−
x2th(2t)

2ε .

Äîïîëíèòåëüíûå ðåãóëÿðèçèðóþùèå ñèíãóëÿðíûå îïåðàòîðû, ñâÿçàííûå ñ òî-
÷å÷íîé íåîáðàòèìîñòüþ ïðåäåëüíîãî îïåðàòîðà, ñòðîÿòñÿ ñ ïîìîùüþ ôóíäà-
ìåíòàëüíîãî ðåøåíèÿ [9]. Çàäà÷à èõ âëîæèòü ïðàâóþ ÷àñòü óðàâíåíèÿ â îáðàç
ïðåäåëüíîãî îïåðàòîðà. Ïðåäåëüíûé îïåðàòîð ïîëó÷àåòñÿ, åñëè ïîëîæèòü â
óðàâíåíèè çàäà÷è (1) ε = 0. Ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ (1)ñîãëàñíî
ðàáîòå [9] èìååò âèä:

K(x, ξ, t) =
1√

2πsh(2t)
exp[−(cth(2t)x

2 + ξ2

2ε
+

xξ

εsh(2t)
)]
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ßäðî Ìåëåðà îáëàäàåò ñâîéñòâîì K(x, ξ, 0) = δ(x− ξ).
Äîïîëíèòåëüíûå ñèíãóëÿðíûå èíòåãðàëüíûå îïåðàòîðû, åñëè ïðîèíòå-

ãðèðîâàòü ÿäðî Ìåëåðà ïî ïåðåìåííîé ξ èìåþò âèä:

σ0(x, t, ε)(·) =
t∫
0

(·)dτ
+∞∫
−∞

K(x, ξ, t− τ)dξ =
t∫
0

(·) dτ√
ch 2(t−τ)

e−
x2th2(t−τ)

2ε ,

σ1(x, t, ε)(·) =
t∫
0

(·)dτ
+∞∫
−∞

ξK(x, ξ, t− τ)dξ = x
t∫
0

(·) dτ√
ch 2(t−τ)

3e−
x2th2(t−τ)

2ε .

Ôàêòè÷åñêè ñèíãóëÿðíûå îïåðàòîðû σ0(x, t, ε)(·), σ1(x, t, ε)(·) ñóòü ðåøåíèÿ
óðàâíåíèÿ òåïëîïðîâîäíîñòè íà ïðàâûå ÷àñòè ε, εx. Äåéñòâèÿ îïåðàòîðîâ íà
ôóíêöèþ çàïèøåòñÿ êàê:

σ0(f(t)) =
t∫
0

f(τ)√
ch 2(t−τ)

e−
x2th2(t−τ)

2ε dτ,

σ1(f(t)) = x
t∫
0

f(τ)√
ch 2(t−τ)

3e−
x2th2(t−τ)

2ε dτ.

Îáîçíà÷èì îïåðàòîð Tε = ε ∂∂t − ε
2 ∂2

∂x2 + x2.Òîãäà

Tε(σ0(f(t))) = εf(t) + σ0(Tεf(t)) = εf(t),

Tε(σ1(f(t))) = εxf(t) + σ1(Tεf(t)) = εxf(t).

Ðåãóëÿðèçîâàííîå ðåøåíèå çàäà÷è (1) èùåì â âèäå

u(x, t, ε) = v(x, t, ε)e−
x2th(2t)

2ε + σ0(y(t, ε)) + σ1(z(t, ε)) + w(x, t, ε). (2)

Ïîäñòàâèâ (2) â (1) è âûäåëèâ ñëàãàåìûå ïðè ðåãóëÿðèçèðóþùèõ ôóíêöèÿõ,
ïîëó÷èì ñèñòåìó:

∂v
∂t + 2xth(2t)∂v∂x + th(2t)v = ε∂

2v
∂x2 ,

σ0(Tεy(t, ε) = 0,

σ1(Tεz(t, ε) = 0,

x2w = h(x, t)− ε∂w∂t + ε2 ∂
2w
∂x2 − εy(t, ε)− εxz(t, ε).

(3)

Ðàçëîæèâ (2)ïî ñòåïåíÿì ε,

u(x, t, ε) =
∞∑

k=−1

εk(vk(x, t)e
−ϕ(x,t)ε + σ0(yk(t)) + σ1(zk(t)) + wk(x, t)).
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ïîëó÷èì èç (3) ñåðèþ èòåðàöèîííûõ çàäà÷:

∂vk
∂t + 2xth(2t)∂vk∂x + th(2t)vk =

∂2vk−1
∂x2 ,

σ0(Tεyk(t) = 0,

σ1(Tεzk(t) = 0,

x2wk = h(x, t)δk0 −
∂wk−1
∂t + ∂2wk−2

∂x2 − yk−1(t)− xzk−1(t),
vk(x, 0) + wk(x, 0) = f(x)δ0k.

(4)

Çäåñü δ0k ñèìâîë Êðîíåêåðà. δ00 = 1, δ0k = 0, ïðè k 6= 0.

Ðåøåíèÿ íà èòåðàöèîííîì øàãå ε−1 áóäóò v−1(x, t) ≡ 0, w−1(x, t) ≡
0, y−1(t), z−1(t)− ïðîèçâîëüíûå ôóíêöèè. Äëÿ èõ îïðåäåëåíèÿ ðàññìîòðèì
èòåðàöèîííóþ çàäà÷ó íà íóëåâîì øàãå ε0.

∂v0
∂t + 2xth(2t)∂v0∂x + th(2t)v0 = 0,

σ0(Tεy0(t) = 0,

σ1(Tεz0(t) = 0,

x2w0 = h(x, t)− y−1(t)− xz−1(t),
v0(x, 0) + w0(x, 0) = f(x).

(5)

Ôóíêöèè y0(t), z0(t) íà äàííîì øàãå ïðîèçâîëüíû. Äëÿ ðàçðåøèìîñòè óðàâ-
íåíèÿ îòíîñèòåëüíî w0(x, t) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âûïîëíÿëèñü
ñîîòíîøåíèÿ y−1(t) = h(0, t), z−1(t) =

∂h
∂x(0, t). Îòñþäà

w0(x, t) =
h(x, t)− h(0, t)− x∂h∂x(0, t)

x2
= h0(x, t).

ãäå h0(x, t)-ãëàäêàÿ ôóíêöèÿ. Äëÿ ðåøåíèÿ óðàâíåíèÿ îòíîñèòåëüíîv0(x, t)

ñäåëàåì çàìåíó v0(x, t) =
α(x,t)√
ch(2t)

. Òîãäà ïîëó÷èì óðàâíåíèå

∂α

∂t
+ 2xth(2t)

∂α(x, t)

∂x
= 0.

Çàïèøåì óðàâíåíèå õàðàêòåðèñòèê:

dt =
dx

2xth(2t)
=
dα

0
.

Ïåðâûé èíòåãðàë ñîîòâåòñâåííî ðàâåí:

x

ch(2t)
= c1.
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Îòñþäà ïîëó÷èì îáùåå ðåøåíèå

α(x, t) = g0(
x

ch(2t)
).

ãäå ôóíêöèÿ g0 îïðåäåëÿåòñÿ èç íà÷àëüíûõ óñëîâèé. Òàêèì îáðàçîì îáùåå
ðåøåíèå v0(x, t) èìååò âèä:

v0(x, t) =
g0(

x
ch(2t))√
ch(2t)

.

Èç íà÷àëüíîãî óñëîâèÿ îïðåäåëèì ïðîèçâîëüíóþ ôóåêöèþ g0.Ïðè t = 0 èìå-
åì

g0(x) + h0(x, 0) = f(x).

Îòñþäà g0(x) = f(x)− h0(x, 0). Òåïåðü ìîæåì çàïèñàòü ðåøåíèå íà øàãå ε−1

u−1(x, t) =

t∫
0

h(0, τ)√
ch 2(t− τ)

e−
x2th2(t−τ)

2ε dτ + x

t∫
0

∂h(0,τ)
∂τ√

ch 2(t− τ)3
e−

x2th2(t−τ)
2ε dτ.

Äëÿ îïðåäåëåíèÿ ïðîèçâîëüíûõ ôóíêöèé y0(t), z0(t) ðàññìîòðèì çàäà÷ó íà
øàãå ε: 

∂v1
∂t + 2xth(2t)∂v1∂x + th(2t)v1 =

∂2v0
∂x2 ,

σ0(Tεy1(t) = 0,

σ1(Tεz1(t) = 0,

x2w1 = −∂h0
∂t (x, t)− y0(t)− xz0(t),

v1(x, 0) + w1(x, 0) = 0.

(6)

Äëÿ îïðåäåëåíèÿ w1(x, t) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

y0(t) = −∂h0
∂t (0, t), z0(t) = −

∂2h0
∂x∂t(0, t).

Èëè
y0(t) = −∂h0

∂t (0, t),

z0(t) = −∂2h0
∂t∂x(0, t).

Òàêèì îáðàçîì íà äàííîì øàãå íàéäåíî ñëàãàåìîå íà íóëåâîì øàãå. Åãî ìîæ-
íî çàïèñàòü â âèäå:

u0(x, t) =
1√
ch(2t)

[f( x
ch(2t))− h0(

x
ch(2t) , 0)]e

−x
2th(2t)
2ε −

−
t∫
0

∂h0(0,τ)
∂τ√

ch 2(t−τ)
e−

x2th2(t−τ)
2ε dτ − x

t∫
0

∂2h0
∂τ∂x (0,τ))√
ch 2(t−τ)

3e−
x2th2(t−τ)

2ε dτ+

+
h(x,t)−h(0,t)−x∂h∂x (0,t)

x2 .
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Ãëàâíûé ÷ëåí àñèìïòîòèêè çàïèøåòñÿ êàê

ugl(x, t) =
1
ε [

t∫
0

h(0,τ)√
ch 2(t−τ)

e−
x2th2(t−τ)

2ε dτ + x
t∫
0

∂h(0,τ)
∂τ√

ch 2(t−τ)
3e−

x2th2(t−τ)
2ε dτ ]+

1√
ch(2t)

[f( x
ch(2t))− h0(

x
ch(2t) , 0)]e

−x
2th(2t)
2ε −

−
t∫
0

∂h0(0,τ)
∂τ√

ch 2(t−τ)
e−

x2th2(t−τ)
2ε dτ − x

t∫
0

∂2h0
∂τ∂x (0,τ))√
ch 2(t−τ)

3e−
x2th2(t−τ)

2ε dτ+

+
h(x,t)−h(0,t)−x∂h∂x (0,t)

x2 .

(7)

Òåïåðü ìîæíî íàïèñàòü ðåøåíèÿ ñèñòåìû (6). Ðåøåíèå îòíîñèòåëüíî
w1(x, t)áóäåò

w1(x, t) = −
∂h0
∂t (x, t)−

∂h0
∂t (0, t)− x

∂2h0
∂t∂x(0, t)

x2
= h1(x, t).

ãäå h1(x, t)-ãëàäêàÿ ôóíêöèÿ. Ðåøèì íåîäíîðîäíîå óðàâíåíèå îòíîñèòåëüíî
v1(x, t)

∂v1
∂t

+ 2xth(2t)
∂v1
∂x

+ th(2t)v1 =
∂2v0
∂x2

Äëÿ ðåøåíèÿ óðàâíåíèÿ îòíîñèòåëüíîv1(x, t) ñäåëàåì çàìåíó v1(x, t) =
α(x,t)√
ch(2t)

è âû÷èñëèì ∂2v0
∂x2 . Òîãäà ïîëó÷èì óðàâíåíèå

∂α

∂t
+ 2xth(2t)

∂α(x, t)

∂x
=
g
′′

0(
x

ch(2t))

ch2(2t)
.

Çàïèøåì óðàâíåíèå õàðàêòåðèñòèê:

dt =
dx

2xth(2t)
=
ch2(2t)dα

g
′′
0(

x
ch(2t))

.

Ïåðâûå èíòåãðàëû ñîîòâåòñâåííî ðàâíû:

x

ch(2t)
= c1, α(x, t)−

1

2
th(2t)g

′′

0(c1) = c2.

Îòñþäà ïîëó÷èì îáùåå ðåøåíèå

α(x, t) =
1

2
th(2t)g

′′

0(
x

ch(2t)
) + g1(

x

ch(2t)
).
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ãäå ôóíêöèÿ g1 îïðåäåëÿåòñÿ èç íà÷àëüíûõ óñëîâèé. Òàêèì îáðàçîì ðåøåíèå
v(x, t) èìååò âèä:

v1(x, t) =
1√
ch(2t)

[
th(2t)

2
g
′′

0(
x

ch(2t)
) + g1(

x

ch(2t)
)].

Îïðåäåëèì ôóíêöèþ g1(
x

ch(2t)).Âîñïîëüçóåìñÿ íà÷àëüíûì óñëîâèåì

g1(x) = −h1(x, 0). Ñëåäîâàòåëüíî,

v1(x, t) =
1√
ch(2t)

[
th(2t)

2
g
′′

0(
x

ch(2t)
)− h1(

x

ch(2t)
, 0)]

Ôóíêöèè y1(t), z1(t) íàõîäÿòñÿ íà ñëåäóþùåì èòåðàöèîííîì øàãå. Îíè
íàõîäÿòñÿ èç óñëîâèÿ ðàçðåøèìîñòè óðàâíåíèÿ îòíîñèòåëüíî w2(x, t):

y1(t) = −∂h1
∂t (0, t) +

∂2h0
∂x2 (0, t),

z1(t) = −∂2h1
∂t∂x(0, t) +

∂3h0
∂x3 (0, t).

Òàêèì îáðàçîì íà äàííîì øàãå íàéäåíî ñëàãàåìîå íà øàãå ε.Åãî ìîæíî çà-
ïèñàòü:

u1(x, t) =
1√
ch(2t)

[ th(2t)2 g
′′

0(
x

ch(2t)) + g1(
x

ch(2t))]e
−x

2th(2t)
2ε −

−
t∫
0

∂h1
∂τ (0,τ)−∂

2h0
∂x2

(0,τ)√
ch 2(t−τ)

e−
x2th2(t−τ)

2ε dτ−

−x
t∫
0

∂2h1
∂τ∂x (0,τ)−

∂3h0
∂x3

(0,τ)√
ch 2(t−τ)

3 e−
x2th2(t−τ)

2ε dτ−

−
∂h0
∂t (x,t)−

∂h0
∂t (0,t)−x

∂2h0
∂t∂x (0,t)

x2 .

Ïî ýòîé ñõåìå ïî èíäóêöèè íàõîäÿòñÿ ñëåäóþùèå ñëàãàåìûå àñèìïòîòè÷åñêî-
ãî ðÿäà.

4. Îöåíêà îñòàòî÷íîãî ÷ëåíà

Ïóñòü ðåøåíû (N +1) èòåðàöèîííûõ çàäà÷. Òîãäà ðåøåíèå çàäà÷è Êîøè
ìîæíî ïðåäñòàâèòü â âèäå

u(x, t, ε) =
N∑

k=−1

εkuk(x, t) + εN+1RN(x, t, ε), (8)

ãäå RN(x, t, ε) � îñòàòîê è ñëàãàåìûå
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uk = vk(x, t)e
−ϕ(x,t)ε + σ0(yk(t)) + σ1(zk(t)) + wk(x, t).

Ïîäñòàâèâ (8) â (1), ïîëó÷èì

N∑
k=−1

εk+1(
∂vk(x, t)

∂t
e−

ϕ(x,t)
ε +

∂σ0
∂t

(yk(t)) +
∂σ1
∂t

(zk(t)) +
∂wk(x, t)

∂t
+

+yk(t)+xzk(t))+
N∑

k=−1

εk((x2vk(x, t)−
∂ϕ(x, t)

∂t
vk(x, t))e

−ϕ(x,t)ε +x2σ0(yk(t))+x
2σ1(zk(t))+

+ x2wk(x, t)) + εN+2∂RN(x, t)

∂t
+ εN+1x2Rn(x, t) =

=
N∑
k=0

εk(
∂ϕ(x, t)

∂x
)2vk(x, t)e

−ϕ(t)ε −
N∑

k=−1

εk+1[
∂2ϕ(x, t)

∂x2
vk(x, t)+2

∂ϕ(x, t)

∂x

∂vk(x, t)

∂x
]e−

ϕ(t)
ε +

+
N∑

k=−1

εk+2[
∂2vk(x, t)

∂x2
e−

ϕ(x,t)
ε +

∂2σ0
∂x2

(yk(t)) +
∂2σ1
∂x2

(zk(t))+

+
∂2wk(x, t)

∂x2
] + εN+3∂

2RN(x, t)

∂x2
+ h(x, t).

Ó÷èòûâàÿ ñîîòíîøåíÿ äëÿ ϕ(x, t) è óðàâíåíèÿ äëÿ σ0, σ1, ïîëó÷èì:

N∑
k=−1

εk+1(
∂vk(x, t)

∂t
e−

ϕ(x,t)
ε +

∂wk(x, t)

∂t
+ yk(t) + xzk(t)) +

N∑
k=−1

εk(x2wk(x, t))+

+ εN+2∂RN(x, t)

∂t
+ εN+1x2RN(x, t) =

−
N∑

k=−1

εk+1[
∂2ϕ(x, t)

∂x2
vk(x, t) + 2

∂ϕ(x, t)

∂x

∂vk(x, t)

∂x
]e−

ϕ(t)
ε +

+
N∑

k=−1

εk+2[
∂2vk(x, t)

∂x2
e−

ϕ(x,t)
ε +

∂2wk(x, t)

∂x2
] + εN+3∂

2RN(x, t)

∂x2
+ h(x, t).

Ñäåëàâ çàìåíó èíäåêñîâ è ïðèâåäÿ ïîäîáíûå, ïîëó÷èì çàäà÷ó:{
ε∂RN∂t − ε

2 ∂2RN
∂x2 + x2RN = H(x, t, ε),

RN(x, 0, ε) = 0.
(9)

ãäå H(x, t, ε) = x2wN+1(x, t) + ε(∂
2vN (x,t)
∂x2 e−

ϕ(x,t)
ε + ∂2wN (x,t)

∂x2 ). Çàìåòèì, ÷òî òàê
êàê èòåðàöèîííûå çàäà÷è ðåøåíû âïëîòü äî εN+1,òî ñëàãàåìîå x2wN+1(x, t) =
O(1).
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Êëàññè÷åñêèì ðåøåíèåì çàäà÷è (9) íàçûâàåòñÿ ôóíêöèÿ R(x, t, ε), íåïðå-

ðûâíàÿ â QT = (−∞,+∞)× [0, T ]× (0, ε0], èìåþùàÿ íåïðåðûâíûå
∂R

∂t
,
∂R

∂x
,

∂2R

∂x2
â QT è óäîâëåòâîðÿþùàÿ âî âñåõ òî÷êàõ QT óðàâíåíèþ (9) è íà÷àëüíûì

óñëîâèÿì ïðè t = 0.

Òåîðåìà 1 (îöåíêà îñòàòî÷íîãî ÷ëåíà) Ïóñòü âûïîëíåíû òðåáîâàíèÿ:

1) óñëîâèÿ 1)-2) äëÿ çàäà÷è Êîøè (1);

2) ∃M > 0 |H(x, t, ε)| ≤M ∀(x, t) ∈ (−∞,+∞)× [0, T ] ∀ε ∈ (0, ε0];

Òîãäà ∃C > 0 |RN(x, t, ε)| ≤ C ∀(x, t) ∈ (−∞,+∞)× [0, T ] ∀ε ∈ (0, ε0].

Èñïîëüçóÿ ôóíäàìåíòàëüíîå ðåøåíèå Ìåëåðà, çàïèøåì ðåøåíèå çàäà÷è
(9) â âèäå

RN(x, t) =
1

ε

t∫
0

dτ

+∞∫
−∞

H(ξ, τ)K(x, ξ, t− τ)dξ.

Îöåíèì îñòàòîê ïî ìîäóëþ. Òîãäà ïîëó÷èì

|RN(x, t)| ≤ 1
ε

t∫
0

dτ
+∞∫
−∞
|H(ξ, τ)|K(x, ξ, t− τ)dξ ≤

≤ M
ε

t∫
0

dτ
+∞∫
−∞

K(x, ξ, t− τ)dξ = M
ε

t∫
0

dτ√
ch 2(t−τ)

e−
x2th2(t−τ)

2ε ≤ M1

ε .

Çàïèøåì îñòàòî÷íûé ÷ëåí â âèäå

RN = uN+1 + εRN+1.

Òîãäà |RN | ≤ |uN+1|+ εM2

ε ≤ C, C > 0.
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Example of solution of a singularly perturbed Cauchy problem for a
parabolic equation in the presence of a ¾strong¿ turning point

A.G. Eliseev
National Research University ¾MPEI¿, Moscow, Russia

predicat@bk.ru; yeliseevag@mpei.ru

Abstract. In the article, on the basis of S.A. Lomov's regularization method, an
asymptotic solution of a singularly perturbed Cauchy problem for a parabolic
equation in the presence of a "strong turning point"is constructed. The
regularization method makes it possible to construct an asymptotic solution
uniform on the entire axis. The idea of this paper goes back to the paper where
methods for solving a singularly perturbed Cauchy problem in the case of a
¾simple¿ turning point of a limit operator with a natural exponent were developed.

Keywords: singularly perturbed Cauchy problem, parabolic equation,
asymptotic solution, regularization method, ¾strong¿ turning point.
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