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Àííîòàöèÿ. Ðåøàåòñÿ çàäà÷à óïðàâëåíèÿ ñïåêòðîì ëèíåéíîé ìàòðè÷íîé ñè-
ñòåìû âòîðîãî ïîðÿäêà ñ îäíèì âõîäîì è îáðàòíîé ñâÿçüþ ïî âåêòîðó âûõîäà
â âèäå äèíàìè÷åñêîãî êîìïåíñàòîðà ïåðâîãî ïîðÿäêà. Ðàññìàòðèâàþòñÿ íåîá-
õîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è è îïèñûâà-
åòñÿ àëãîðèòì ðàñ÷åòà ïàðàìåòðîâ îáðàòíîé ñâÿçè. Ïðèâîäèòñÿ ÷èñëåííûé
ïðèìåð. Îñîáåííîñòü ïðåäëàãàåìîãî ïîäõîäà çàêëþ÷àåòñÿ â òîì, ÷òî êîìïåí-
ñàòîð ñîäåðæèò òîëüêî îäíî óðàâíåíèå ïåðâîãî ïîðÿäêà, â îòëè÷èå îò êëàññè-
÷åñêèõ íàáëþäàòåëåé è äèíàìè÷åñêèõ êîìïåíñàòîðîâ ïîëíîãî è ïîíèæåííîãî
ïîðÿäêà.

Êëþ÷åâûå ñëîâà: óïðàâëåíèå ñïåêòðîì, ñèñòåìà âòîðîãî ïîðÿäêà, äèíàìè-
÷åñêèé êîìïåíñàòîð.

1 Ââåäåíèå

Çàäà÷à óïðàâëåíèÿ ñïåêòðîì ëèíåéíîé äèíàìè÷åñêîé ñèñòåìû ÿâëÿåòñÿ êëàñ-
ñè÷åñêîé çàäà÷åé ìàòåìàòè÷åñêîé òåîðèè óïðàâëåíèÿ. Â ñëó÷àå ñòàòè÷åñêîé
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îáðàòíîé ñâÿçè ïî âûõîäó äàííàÿ çàäà÷à îòíîñèòñÿ ê êëàññó òðóäíî ðåøàå-
ìûõ çàäà÷ [1], [2], ïîñêîëüêó ñâîäèòñÿ ê ðåøåíèþ ñèñòåìû ïîëèíîìèàëüíûõ
óðàâíåíèé.

Äèíàìè÷åñêàÿ îáðàòíàÿ ñâÿçü ïî âûõîäó [3, c. 315] â âèäå íàáëþäàòåëåé
ñîñòîÿíèÿ è äèíàìè÷åñêèõ êîìïåíñàòîðîâ ïîçâîëÿåò ñâåñòè çàäà÷ó ñèíòåçà
îáðàòíîé ñâÿçè ê ðåøåíèþ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, ëè-
íåéíûõ ìàòðè÷íûõ óðàâíåíèé èëè íåðàâåíñòâ.

Â äàííîé ðàáîòå ðåøàåòñÿ çàäà÷à óïðàâëåíèÿ ñïåêòðîì ìàòðè÷íîé ñèñòå-
ìû âòîðîãî ïîðÿäêà. Òàêîãî ðîäà ñèñòåìû âñòðå÷àþòñÿ â ìåõàíèêå, ýëåêòðî-
òåõíèêå, ðîáîòîòåõíèêå. Â îñíîâíîì èçâåñòíû ðåøåíèÿ äëÿ ñèñòåì ñ ïîëíîé
îáðàòíîé ñâÿçüþ ïî âåêòîðó ïîëîæåíèÿ è âåêòîðó ñêîðîñòè [4]-[8]. Ïðè íåïîë-
íîé îáðàòíîé ñâÿçè ðåøåíèå çàäà÷è óñëîæíÿåòñÿ. Â ñàìîì ïðîñòîì ñëó÷àå,
äëÿ ñèñòåìû ñ äâóìÿ âõîäàìè äâóìÿ âûõîäàìè, ðåøåíèå çàäà÷è óïðàâëåíèÿ
ñïåêòðîì ïðè ñòàòè÷åñêîé îáðàòíîé ñâÿçè ïî âûõîäó ñâîäèòñÿ ê ïîñëåäî-
âàòåëüíîìó ðåøåíèþ êâàäðàòíîãî óðàâíåíèÿ è ñèñòåìû ëèíåéíûõ àëãåáðà-
è÷åñêèõ óðàâíåíèé [9], [10]. Â áîëåå ñëîæíûõ ñëó÷àÿõ íåîáõîäèìî ðåøàòü
ñèñòåìû ïîëèíîìèàëüíûõ óðàâíåíèé.

Â äàííîé ðàáîòå çàäà÷à óïðàâëåíèÿ ñïåêòðîì ðåøàåòñÿ äëÿ ìàòðè÷íîé
ñèñòåìû âòîðîãî ïîðÿäêà ñ îäíèì âõîäîì è îáðàòíîé ñâÿçüþ ïî âûõîäó â
âèäå äèíàìè÷åñêîãî êîìïåíñàòîðà ïåðâîãî ïîðÿäêà. Ïîëó÷åíû íåîáõîäèìûå
è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è è îïèñàí àëãîðèòì
ðàñ÷åòà ïàðàìåòðîâ îáðàòíîé ñâÿçè. Îñîáåííîñòü ïðåäëàãàåìîãî ïîäõîäà çà-
êëþ÷àåòñÿ â òîì, ÷òî êîìïåíñàòîð ñîäåðæèò òîëüêî îäíî óðàâíåíèå ïåðâîãî
ïîðÿäêà, â îòëè÷èå îò êëàññè÷åñêèõ íàáëþäàòåëåé è äèíàìè÷åñêèõ êîìïåí-
ñàòîðîâ ïîëíîãî è ïîíèæåííîãî ïîðÿäêà.

2 Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ëèíåéíóþ äèíàìè÷åñêóþ ñèñòåìó, ïîâåäåíèå êîòîðîé îïèñûâà-
åòñÿ óðàâíåíèåì

ÿ + A1ẏ + A2y = bu, (1)

ãäå u � ñêàëÿðíûé âõîä ñèñòåìû, y � n-ìåðíûé âûõîä ñèñòåìû, A1, A2 �
n× n-ìàòðèöû, b � n- âåêòîð-ñòîëáåö.

Óðàâíåíèå (1) äîïîëíèì óðàâíåíèÿìè äèíàìè÷åñêîé îáðàòíîé ñâÿçè ïî
âûõîäó

u = −fy − z, ż + pz = qy, (2)
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ãäå f , p, q � ïàðàìåòðû îáðàòíîé ñâÿçè, f è q � n-âåêòîð-ñòðîêè, p � ñêàëÿð.
Âñå ìàòðèöû, âåêòîðû è ñêàëÿð â óðàâíåíèÿõ (1), (2) âåùåñòâåííûå.

Ìàòðèöó

D(s) =

[
A(s) + bf b

−q s+ p

]
, (3)

ãäå A(s) = Ens
2 + A1s + A2, áóäåì íàçûâàòü ìàòðèöåé çàìêíóòîé ñèñòåìû.

Çäåñü è äàëåå En � åäèíè÷íàÿ ìàòðèöà ðàçìåðà n, s � êîìïëåêñíàÿ ïåðåìåí-
íàÿ.

Ïîä ñïåêòðîì ñèñòåìû (1), (2) áóäåì ïîíèìàòü êîðíè õàðàêòåðèñòè÷åñêî-
ãî ïîëèíîìà çàìêíóòîé ñèñòåìû d(s) = detD(s). Ñïåêòð ñîäåðæèò 2n + 1
çíà÷åíèå, ïîñêîëüêó deg d(s) = 2n+ 1.

Çàäà÷à óïðàâëåíèÿ ñïåêòðîì ñèñòåìû (1), (2) çàêëþ÷àåòñÿ â âûáîðå ïà-
ðàìåòðîâ îáðàòíîé ñâÿçè (ò.å. f , p, q), ïðè êîòîðûõ êîðíè ïîëèíîìà d(s) ñîâ-
ïàäàþò ñ çàäàííûì íàáîðîì çíà÷åíèé S = {s1; s2; . . . ; s2n+1}. Íàáîð S ìîæåò
ñîäåðæàòü êàê âåùåñòâåííûå, òàê è êîìïëåêñíûå ÷èñëà. Ïðè ýòîì, ïîñêîëü-
êó êîýôôèöèåíòû ïîëèíîìà d(s) âåùåñòâåííû, êîìïëåêñíûå ÷èñëà äîëæíû
âõîäèòü â S êîìïëåêñíî ñîïðÿæåííûìè ïàðàìè. ×èñëà â íàáîðå S íå îáÿçà-
òåëüíî ðàçëè÷íû. Äëÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ñèñòåìû (1), (2) òàêæå
òðåáóåòñÿ, ÷òîáû ñïåêòð ñèñòåìû íàõîäèëñÿ â ëåâîé ÷àñòè êîìïëåêñíîé ïëîñ-
êîñòè.

Ýêâèâàëåíòíàÿ ïîñòàíîâêà çàäà÷è çàêëþ÷àåòñÿ â âûáîðå ïàðàìåòðîâ îá-
ðàòíîé ñâÿçè, ïðè êîòîðûõ ïîëèíîì d(s) ñîâïàäàåò ñ çàäàííûì ïîëèíîìîì
d̄(s), êîðíè êîòîðîãî åñòü ÷èñëà èç íàáîðà S.

3 Àëãîðèòì ñèíòåçà îáðàòíîé ñâÿçè

Ðàññìîòðèì ïîëèíîì a(s) = detA(s). Çàìåòèì, ÷òî deg a(s) = 2n. Çàïèøåì
a(s) â âèäå

a(s) = s2n + a1s
2n−1 + · · ·+ a2n.

Îáîçíà÷èì ÷åðåç A∗(s) ïðèñîåäèíåííóþ ê A(s) ìàòðèöó, êîòîðóþ çàïè-
øåì â âèäå ìàòðè÷íîãî ïîëèíîìà

A∗(s) = Ens
2n−2 +B1s

2n−3 + · · ·+B2n−2,

ãäå Bi, i = 1, 2n− 2 � n× n-ìàòðèöû.
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Èç ðàâåíñòâà A(s)A∗(s) = a(s)E ñëåäóåò, ÷òî êîýôôèöèåíòû ïîëèíîìà
a(s) è ìàòðèöû Bi ñâÿçàíû ñîîòíîøåíèÿìè

B1 + A1 = a1En,

B2 + A1B1 + A2 = a2En,

B3 + A1B2 + A2B1 = a3En,

. . .

B2n−2 + A1B2n−3 + A2B2n−4 = a2n−2En.

(4)

Åñëè èçâåñòíû êîýôôèöèåíòû ïîëèíîìà a(s), òî ìàòðèöû Bi ìîãóò áûòü
íàéäåíû ïîñëåäîâàòåëüíî èç ñîîòíîøåíèé (4).

Çàìåòèì, ÷òî êîýôôèöèåíòû ïîëèíîìà a(s) ìîæíî íàéòè êàê êîýôôèöè-
åíòû õàðàêòåðèñòè÷åñêîãî ïîëèíîìà ìàòðèöû

Ā =

[
0 En

−A2 −A1

]
,

ïîñêîëüêó

det(sE2n − Ā) = det

[
sEn −En

A2 sEn + A1

]
= detA(s).

Óòâåðæäåíèå 1 Õàðàêòåðèñòè÷åñêèé ïîëèíîì çàìêíóòîé ñèñòåìû ðàâåí

d(s) = (s+ p)a(s) + (f(s+ p) + q)A∗(s)b. (5)

Äîêàçàòåëüñòâî. Ñïðàâåäëèâû ñëåäóþùèå ïðåîáðàçîâàíèÿ îïðåäåëèòåëÿ
ìàòðèöû çàìêíóòîé ñèñòåìû (3)

detD(s) = det

[
A(s) + bf b

−q s+ p

]
=

= det

[
A(s) + b(f + (s+ p)−1q) b

0 s+ p

]
=

= (s+ p) det
(
A(s) + b(f + (s+ p)−1q)

)
=

= (s+ p)
(
detA(s) + (f + (s+ p)−1q)A∗(s)b

)
=

= (s+ p)a(s) + (f(s+ p) + q)A∗(s)b.

Çäåñü ìû ïðèìåíèëè ðàâåíñòâî det(A+ bc) = detA+ cA∗b, ãäå b � âåêòîð-
ñòîëáåö, c � âåêòîð-ñòðîêà [11, c. 133]. Óòâåðæäåíèå äîêàçàíî.
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Ñîñòàâèì 2n× 2n-ìàòðèöó

C =

[
b B1b B2b . . . B2n−2b 0

0 b B1b . . . B2n−3b B2n−2b

]
.

Ñëåäóþùåå óòâåðæäåíèå ôîðìóëèðóåò íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå
ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è óïðàâëåíèÿ ñïåêòðîì ñèñòåìû (1), (2) è îä-
íîâðåìåííî îïèñûâàåò àëãîðèòì ðåøåíèÿ ýòîé çàäà÷è.

Óòâåðæäåíèå 2 Ñïåêòð ñèñòåìû (1), (2) ìîæíî ïðîèçâîëüíî çàäàòü, âû-

áèðàÿ ïàðàìåòðû îáðàòíîé ñâÿçè f , p è q, òîãäà è òîëüêî òîãäà, êîãäà

ìàòðèöà C íåâûðîæäåíà.

Äîêàçàòåëüñòâî. Îáîçíà÷èì

πk =
[
sk sk−1 . . . 1

]T
, â =

[
a2 . . . a2n

]
,

B =
[
b B1b . . . B2n−2b

]
.

Òîãäà

a(s) = s2n +
[
a1 â

]
π2n−1(s),

sa(s) = s2n+1 + a1s
2n +

[
â 0

]
π2n−1(s),

A∗(s)b =
[
0 B

]
π2n−1(s), sA∗(s)b =

[
B 0

]
π2n−1(s).

Çäåñü 0 ýòî ñêàëÿð èëè íóëåâîé âåêòîð-ñòîëáåö.

Õàðàêòåðèñòè÷åñêèé ïîëèíîì çàìêíóòîé ñèñòåìû (5) ìîæíî çàïèñàòü â
ñëåäóþùåì âèäå

d(s) = s2n+1 + (p+ a1)s
2n+

+
(
p
[
a1 â

]
+
[
â 0

]
+ f

[
B 0

]
+ (fp+ q)

[
0 B

])
π2n−1(s).

Ïîñòðîèì ïîëèíîì

d̄(s) =
2n+1∏
i=1

(s− si) = s2n+1 + d̄1s
2n + · · ·+ d̄2n+1,

êîðíÿìè êîòîðîãî ÿâëÿþòñÿ ÷èñëà èç íàáîðà S. Ýòîò ïîëèíîì çàïèøåì â âèäå

d̄(s) = s2n+1 + d̄1s
2n + d̂π2n−1(s),
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ãäå

d̂ =
[
d̄2 d̄3 . . . d̄2n+1

]
.

Ïîëèíîìû d(s) è d̄(s) ñîâïàäàþò òîãäà è òîëüêî òîãäà, êîãäà ñîâïàäàþò
èõ êîýôôèöèåíòû. Ñëåäîâàòåëüíî, d(s) = d̄(s) òîãäà è òîëüêî òîãäà êîãäà

p+ a1 = d̄1, (6)

p
[
a1 â

]
+
[
â 0

]
+ f

[
B 0

]
+ (fp+ q)

[
0 B

]
= d̂. (7)

Çíà÷åíèå ïàðàìåòðà p îäíîçíà÷íî îïðåäåëÿåòñÿ èç ðàâåíñòâà (6). Îáîçíà-
÷èì r = fp + q. Ðàâåíñòâî (7) çàïèøåì â âèäå ñèñòåìû ëèíåéíûõ àëãåáðàè-
÷åñêèõ óðàâíåíèé [

f r
]
C = d̂− p

[
a1 â

]
−
[
â 0

]
. (8)

Ñèñòåìà óðàâíåíèé (8) èìååò ðåøåíèå îòíîñèòåëüíî âåêòîðîâ f è r ïðè ëþ-
áîì âåêòîðå d̂ òîãäà è òîëüêî òîãäà, êîãäà detC 6= 0. Ýòî ðåøåíèå ÿâëÿåòñÿ
åäèíñòâåííûì è ìîæåò áûòü çàïèñàíî â âèäå[

f r
]

=
(
d̂− p

[
a1 â

]
−
[
â 0

])
C−1.

Åñëè âåêòîðû f è r íàéäåíû, òî q = r − fp.
Òàêèì îáðàçîì, ìû äîêàçàëè, ÷òî ñïåêòð ñèñòåìû (1), (2) ìîæíî ïðîèç-

âîëüíî çàäàòü, âûáèðàÿ ïàðàìåòðû îáðàòíîé ñâÿçè f , p, q, òîãäà è òîëüêî
òîãäà, êîãäà ìàòðèöà C íåâûðîæäåíà. Óòâåðæäåíèå äîêàçàíî.

Àëãîðèòì ðàñ÷åòà ïàðàìåòðîâ îáðàòíîé ñâÿçè çàêëþ÷àåòñÿ â ñëåäóþùåì.
Çàäàåì æåëàåìûé ñïåêòð ñèñòåìû ñ îáðàòíîé ñâÿçüþ. Íàõîäèì êîýôôèöèåí-
òû ïîëèíîìà d̄(s). Ïîëàãàåì p = d̄1 − a1. Ðåøàåì ñèñòåìó óðàâíåíèé (8).
Íàõîäèì q = r − fp.

4 Ïðèìåð

Ïóñòü

A1 =

 3, 8 −9, 3 −3, 1

−3, 6 1, 2 4, 2

5, 3 2, 7 −2, 6

 , A2 =

 −0, 2 4, 3 3, 5

2, 9 −3, 4 4, 2

1, 4 4, 7 4, 2

 , b =

 −3, 1

7, 4

−5, 2

 .
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Ïîëèíîì

a(s) = s6 + 2, 4s5 − 36, 23s4 − 110, 71s3 − 609, 743 + 119, 56 + 44, 079.

Ìàòðèöû

B1 =

 −1, 4 9, 3 3, 1

3, 6 1, 2 −4, 2

−5, 3 −2, 7 5

 , B2 =

 −13, 66 −36, 85 −38, 84

10 10, 55 −9

−17, 48 −64, 25 −32, 52

 ,
B3 =

 −17, 2 45, 12 −35, 74

50, 8 2, 27 −36, 71

7, 25 −7, 55 29, 29

 , B4 =

 −34, 02 −1, 61 29, 96

−6, 3 −5, 74 10, 99

18.39 6, 96 −11, 79

 .
Çàäàäèì æåëàåìûé ñïåêòð ñèñòåìû ñ îáðàòíîé ñâÿçüþ ðàâíûì

S = {−1, 5 + 3i; −1, 5− 3i; −0, 3 + 7i; −0, 3− 7i; −0, 5; −0, 6; −0, 7}.

Òîãäà

d̄(s) = s7 + 5, 4s6 + 69, 69s5 + 269, 934s4 + 896, 7443s3+

+ 1171, 9233s2 + 623, 2651s+ 115, 9751.

Ïàðàìåòð îáðàòíîé ñâÿçè p = d̄1 − a1 = 3.

Ìàòðèöà

C =


−3, 1 57, 04 −28, 376 573, 056 −62, 244 0

7, 4 19, 56 93, 87 50, 21 −80, 094 0

−5, 2 −29, 55 −252, 158 −230, 653 55, 803 0

0 −3, 1 57, 04 −28, 376 573, 056 −62, 244

0 −5, 2 −29, 55 −252, 158 −230, 653 55, 803


íåâûðîæäåííàÿ. Ñèñòåìà óðàâíåíèé (8) èìååò åäèíñòâåííîå ðåøåíèå

f =
[
3, 3171 13, 1419 −2, 2602

]
, r =

[
2, 8515 −2, 2718 −0, 3715

]
.

Âåêòîð

q =
[
−7, 0999 −41, 6976 6, 409

]
.

Ïðîâåðêà ïîêàçûâàåò, ÷òî ñïåêòð ñèñòåìû ñ îáðàòíîé ñâÿçüþ ñîâïàäàåò ñ
çàäàííûì. Âñå âû÷èñëåíèÿ âûïîëíÿëèñü ñ ïîìîùüþ ñèñòåìû êîìïüþòåðíîé
ìàòåìàòèêè Scilab.
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5 Çàêëþ÷åíèå

Ðåøåíà çàäà÷à óïðàâëåíèÿ ñïåêòðîì äëÿ ìàòðè÷íîé ñèñòåìû âòîðîãî ïîðÿä-
êà ñ îáðàòíîé ñâÿçüþ ïî âûõîäó â âèäå äèíàìè÷åñêîãî êîìïåíñàòîðà ïåðâîãî
ïîðÿäêà. Ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ðå-
øåíèÿ çàäà÷è. Îïèñàí àëãîðèòì ðàñ÷åòà ïàðàìåòðîâ êîìïåíñàòîðà, êîòîðûé
ñâîäèòñÿ ê ðåøåíèþ ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé. Ðàññìîò-
ðåí ÷èñëåííûé ïðèìåð.
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Control of spectrum of second-order matrix system with dynamic

output feedback

Perepelkin E.A.

Saint-Petersburg State University of Aerospace Instrumentation
eap@list.ru

Abstract. The control problem of the spectrum of a linear matrix second-
order system with one-input and multi-output feedback in the form of a �rst-
order dynamic compensator is solved. Necessary and su�cient conditions for
the existence of a solution to the problem are considered and an algorithm for
calculating the feedback parameters is described. A numerical example is given.
A feature of the proposed approach is that the compensator contains only one
�rst-order equation, in contrast to classical observers and full- and reduced-order
dynamic compensators.

Key words: control of spectrum, second-order system, dynamic compensator.
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