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Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à ñ ñèììåòðè÷íûìè
ãðàíè÷íûìè óñëîâèÿìè äëÿ îäíîãî íåëèíåéíîãî îáûêíîâåííîãî äèôôåðåíöè-
àëüíîãî óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà íà îòðåçêå [0, 1], îïèñûâàþùàÿ äåôîð-
ìàöèþ óïðóãîé áàëêè. Ñ ïîìîùüþ ñïåöèàëüíûõ òîïîëîãè÷åñêèõ ñðåäñòâ â
ïîëóóïîðÿäî÷åííûõ ïðîñòðàíñòâàõ ñ êîíóñîì, îñíîâàííûõ íà ïðèíöèïå íåïî-
äâèæíîé òî÷êè, óñòàíîâëåíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ è åäèí-
ñòâåííîñòè ïîëîæèòåëüíîãî ðåøåíèÿ èññëåäóåìîé çàäà÷è. Äîêàçàòåëüñòâî
ñóùåñòâîâàíèÿ ïî êðàéíåé ìåðå îäíîãî ïîëîæèòåëüíîãî ðåøåíèÿ êðàåâîé
çàäà÷è ïðîâîäèëîñü ñ ïðèìåíåíèåì èíäåêñà íåïîäâèæíîé òî÷êè îïåðàòîðà.
Äëÿ äîêàçàòåëüñòâà åäèíñòâåííîñòè ðåøåíèÿ ñîîòâåòñòâåííî áûëà ïðèâëå÷å-
íà òåîðåìà î íåïîäâèæíûõ òî÷êàõ α � âîãíóòûõ îïåðàòîðîâ.

Êëþ÷åâûå ñëîâà: êðàåâàÿ çàäà÷à, ïîëîæèòåëüíîå ðåøåíèå, ôóíêöèÿ Ãðè-
íà, êîíóñ, èíäåêñ íåïîäâèæíîé òî÷êè îïåðàòîðà.

1 Ââåäåíèå

Â ðàáîòå íà îñíîâå ìåòîäîâ ôóíöèîíàëüíîãî àíàëèçà ñ ïîìîùüþ ñïåöèàëü-
íûõ òîïîëîãè÷åñêèõ ñðåäñòâ ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ
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è åäèíñòâåííîñòè ïîëîæèòåëüíîãî ðåøåíèÿ êðàåâîé çàäà÷è äëÿ îäíîãî íåëè-
íåéíîãî îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (ÎÄÓ) ÷åòâåðòîãî ïî-
ðÿäêà, îïèñûâàþùóþ äåôîðìàöèþ óïðóãîé áàëêè ñ çàêðåïëåííûìè êîíöàìè.

Êðàåâûå çàäà÷è äëÿ îáûêíîâåííûõ íåëèíåéíûõ îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé ÷åòâåðòîãî ïîðÿäêà ÷àñòî âñòðå÷àþòñÿ â ìåõàíè-
êå òâåðäûõ ìàòåðèàëîâ. Ïîëó÷åíû óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííî-
ñòè ïîëîæèòåëüíûõ ðåøåíèé óðàâíåíèÿ óïðóãîé áàëêè. Áîëüøàÿ ÷àñòü ýòèõ
ðåçóëüòàòîâ ïîëó÷åíà ïóòåì ïîíèæåíèÿ ïîðÿäêà ðàññìàòðèâàåìûõ çàäà÷ äî
êðàåâûõ çàäà÷ äëÿ ÎÄÓ âòîðîãî ïîðÿäêà è ïîñëåäóþùåå ðåäóöèðîâàíèå ê
èíòåãðàëüíûì óðàâíåíèÿì, èññëåäîâàíèå êîòîðûõ ïðîâîäèòñÿ ðàçëè÷íûìè
òîïîëîãè÷åñêèìè ïðèåìàìè, îñíîâàííûìè, â îñíîâíîì, íà ïðèíöèïå íåïî-
äâèæíîé òî÷êè îïåðàòîðà â ïðîñòðàñòâàõ ñ êîíóñîì. Â ýòîì êîíòåêñòå òàêæå
÷àñòî ïðèìåíÿåòñÿ ìåòîä âåðõíåãî è íèæíåãî ðåøåíèé. Â äàííîì ñëó÷àå íå
ïðåäñòàâëÿåò âîçìîæíûì ñâåäåíèå êðàåâîé çàäà÷è ê çàäà÷å ñ ÎÄÓ âòîðîãî
ïîðÿäêà è ñîîòâåòñòâåííî ïðèìåíåíèå óïîìÿíóòûõ âûøå ìåòîäîâ ðåøåíèÿ
êðàåâûõ çàäà÷.Ïóáëèêàöèé, ïîñâÿùåííûì êðàåâûì çàäà÷àì äëÿ íåëèíåéíûõ
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ÷åòâåðòîãî ïîðÿäêà ñ ñèììåò-
ðè÷íûìè ãðàíè÷íûìè óñëîâèÿìè îòíîñèòåëüíî ìàëî, â ÷àñòíîñòè, îòìåòèì
ñðåäè ïîñëåäíèõ ïóáëèêàöèé [1, 2, 3, 4, 5, 6]. Â áëèçêîé ê íàñòîÿùåé ñòà-
òüå ïîñòàíîâêå çàäà÷è ñîîòâåòñòâóùèå ðåçóëüòàòû áûëè ïîëó÷åíû â ðàáîòàõ
[7, 8, 9, 10, 11, 12, 13]. Çàìåòèì, ÷òî äîñòàòî÷íî ýôôåêòèâíûì èíñòðóìåíòîì
èññëåäîâàíèÿ âîïðîñîâ ñóùåñòâîâàíèÿ ïîëîæèòåëüíûõ ðåøåíèé êðàåâûõ çà-
äà÷ äëÿ íåëèíåéíûõ ÎÄÓ ÿâëÿåòñÿ òåîðåìà Êðàñíîñåëüñêîãî î íåïîäâèæíîé
òî÷êå êîíóñíîãî ðàñøèðåíèÿ (ñæàòèÿ).

Â ïðåäëîæåííîé ñòàòüå äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ïî êðàéíåé
ìåðå îäíîãî ïîëîæèòåëüíîãî ðåøåíèÿ êðàåâîé çàäà÷è ìû âîñïîëüçîâàëèñü
èíäåêñîì íåïîäâèæíîé òî÷êè. Äëÿ äîêàçàòåëüñòâà åäèíñòâåííîñòè ðåøåíèÿ
ñîîòâåòñòâåííî áûëà ïðèâëå÷åíà òåîðåìà î íåïîäâèæíûõ òî÷êàõ α � âîãíó-
òûõ îïåðàòîðîâ. Ïîëó÷åííûå ðåçóëüòàòû äîïîëíÿþò èññëåäîâàíèÿ àâòîðà ïî
óêàçàííîé òåìàòèêå.

2 Ïðåäâàðèòåëüíûå ñâåäåíèÿ è îáîçíà÷åíèÿ

Â äàëüíåéøåì íàì ïîíàäîáÿòñÿ ñëåäóþùèå óòâåðæäåíèÿ.

Ëåììà 1 [14, 15] Ïóñòü P � êîíóñ â áàíàõîâîì ïðîñòðàíñòâå E. Äëÿ q > 0
îïðåäåëèì Ωq = {x ∈ P : ∥x∥ < q}. Ïðåäïîëîæèì, ÷òî T : Ωq → P �
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êîìïàêòíîå îòîáðàæåíèå òàêîå ÷òî äëÿ u ∈ ∂Ωq

(i) åñëè ∥u∥ ≤ ∥Au∥, u ∈ ∂Ωq, òî ind(T,Ωq, P ) = 0;

(ii) åñëè ∥u∥ ≥ ∥Au∥, u ∈ ∂Ωq, òî ind(T,Ωq, P ) = 1.

Äàëåå, äëÿ âñåõ u, v ∈ E îáîçíà÷åíèå u ∼ v îçíà÷àåò, ÷òî ñóùåñòâóþò
ïîëîæèòåëüíûå ÷èñëà λ è µ òàêèå, ÷òî λu ≤ u ≤ µv. Î÷åâèäíî, ñèìâîë ∼
ÿâëÿåòñÿ îòíîøåíèåì ýêâèâàëåíòíîñòè. Âûáðàâ h > θ (θ îáîçíà÷àåò íóëåâîé
ýëåìåíò E), îáîçíà÷èì ÷åðåç Ph ìíîæåñòâî Ph = {x ∈ E : x ∼ h}. Ëåãêî
âèäåòü, ÷òî Ph ⊂ P âûïóêëî è λPh = Ph äëÿ âñåõ λ > 0.

Òåîðåìà 1 [16] Ïóñòü E � âåùåñòâåííîå áàíàõîâî ïðîñòðàíñòâî, h > θ.
Ïðåäïîëîæèì, ÷òî êîíóñ P � íîðìàëüíûé [17, c. 17] è îïåðàòîð T óäîâëå-
òâîðÿåò ñëåäóþùèì óñëîâèÿì:

(A1) : T : Ph → Ph ìîíîòîíåí;

(A2) : äëÿ x ∈ Ph è t ∈ (0, 1) ñóùåñòâóåò α(t) ∈ (0, 1) òàêîå ÷òî T (tx) ≥
tα(t)Tx;

(A3) : ñóùåñòâóåò ïîñòîÿííàÿ l ≥ 0 òàêàÿ ÷òî x0 ∈ [θ, lh].

Òîãäà îïåðàòîðíîå óðàâíåíèå x = Tx+ x0 èìååò åäèíñòâåííîå ðåøåíèå
â Ph.

3 Îñíîâíûå ðåçóëüòàòû

Ðàññìîòðèì êðàåâóþ çàäà÷ó

x(4)(t) + f(t, x(t)) = 0, 0 < t < 1, (3.1)

x(0) = x′(0) = 0, (3.2)

x(1) = x′(1) = 0, (3.3)

ãäå f(t, u) � íåîòðèöàòåëüíàÿ, íåïðåðûâíàÿ è ìîíîòîííî âîçðàñòàþùàÿ ïî u
íà [0, 1]× [0,∞) ôóíêöèÿ, ïðè÷åì f(·, 0) ≡ 0.

Îïðåäåëåíèå 1 Ïîä ïîëîæèòåëüíûì ðåøåíèåì çàäà÷è (3.1)�(3.3) áóäåì
ïîíèìàòü ôóíêöèþ x ∈ C4

[0,1] ïîëîæèòåëüíóþ â èíòåðâàëå (0, 1), óäîâëå-
òâîðÿþùóþ âñþäó íà óêàçàííîì èíòåðâàëå óðàâíåíèþ (3.1) è ãðàíè÷íûì
óñëîâèÿì (3.2), (3.3).
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Ðàññìîòðèì ýêâèâàëåíòíîå çàäà÷å (3.1)�(3.3) èíòåãðàëüíîå óðàâíåíèå

x(t) =

∫ 1

0

G(t, s)f(s, x(s)) ds, 0 ≤ t ≤ 1, (3.4)

ãäåG(t, s) � ôóíêöèÿ Ãðèíà îïåðàòîðà− d4

dt4 ñ êðàåâûìè óñëîâèÿìè (3.2), (3.3):

G(t, s) =
1

6

{
s2(1− t)2[(t− s) + 2(1− s)t], åñëè 0 ≤ s ≤ t,

t2(1− s)2[(s− t) + 2(1− t)s], åñëè t ≤ s ≤ 1.

Â [18] ïîêàçàíî, ÷òî èìåþò ìåñòî ñëåäóþùèå ñâîéñòâà:

1. G(t, s) ≥ 0, t, s ∈ [0, 1];

2. max0≤t≤1G(t, s) = G(τ(s), s), s ∈ [0, 1],

ãäå τ(s) =

{
1

3−2s , åñëè 0 ≤ s ≤ 1
2 ,

2s
1+2s , åñëè 1

2 ≤ s ≤ 1
;

3. φ(t)G(τ(s), s) ≤ G(t, s) ≤ G(τ(s), s), t, s ∈ [0, 1],
ãäå φ(t) = min{t2, (1− t)2}.

Îáîçíà÷èì ÷åðåç K̃ êîíóñ íåîòðèöàòåëüíûõ ôóíêöèé ïðîñòðàíñòâà C[0,1],
óäîâëåòâîðÿþùèõ óñëîâèþ

x(t) ≥ φ(t)∥x∥, t ∈ [0, 1], (3.5)

ãäå ∥x∥ = maxt∈[0,1] |x(t)|.
Â îïåðàòîðíîé ôîðìå óðàâíåíèå (3.4) ìîæíî ïåðåïèñàòü â âèäå

x = Ax,

ãäå A, îïðåäåëåííûé ðàâåíñòâîì

(Ax)(t) =

∫ 1

0

G(t, s)f(s, x(s)) ds, 0 ≤ t ≤ 1.

Íåñëîæíî ïîêàçàòü, ÷òî èç òåîðåìû Àðöåëà - Àñêîëè ñëåäóåò ïîëíàÿ
íåïðåðûâíîñòü îïåðàòîðà A.

Ñïðàâåäëèâà

Ëåììà 2 Îïåðàòîð A èíâàðèàíòåí îòíîñèòåëüíî êîíóñà K̃.

https://doi.org/10.21638/11701/spbu35.2024.107 Ýëåêòðîííûé æóðíàë: http://di�journal.spbu.ru/ 81



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 1, 2024

Äîêàçàòåëüñòâî. Â ñèëó ïðèâåäåííûõ âûøå ñâîéñòâ ôóíêöèè Ãðèíà äëÿ
ëþáîãî x ∈ K̃ èìååì

(Ax)(t) =

∫ 1

0

G(t, s)f(s, x(s)) ds ≥ φ(t)

∫ 1

0

G(τ(s), s)f(s, x(s)) ds

= φ(t) max
0≤t≤1

∫ 1

0

G(t, s)f(s, x(s)) ds = φ(t)∥Ax∥.

Ñëåäîâàòåëüíî, A(K̃) ⊂ K̃.
Ëåììà äîêàçàíà.

Ââåäåì äëÿ óäîáñòâà ñëåäóþùèå îáîçíà÷åíèÿ

f 0min = lim
u→0+

min
0≤t≤1

f(t, u)

u
, f∞min = lim

u→+∞
min
0≤t≤1

f(t, u)

u
,

f 0max = lim
u→0+

max
0≤t≤1

f(t, u)

u
, f∞max = lim

u→+∞
max
0≤t≤1

f(t, u)

u
,

Ωr = {x ∈ K̃ : ∥x∥ < r}, ∂Ωr = {x ∈ K̃ : ∥x∥ = r},

ΩR = {x ∈ K̃ : ∥x∥ < R}, ∂ΩR = {x ∈ K̃ : ∥x∥ = R},
ãäå 0 < r < R.

Òåîðåìà 2 Ïðåäïîëîæèì, ÷òî f 0min = ∞ è f∞min = 0.

Òîãäà êðàåâàÿ çàäà÷à (3.1)�(3.3) èìååò ïî êðàéíåé ìåðå îäíî ïîëîæè-
òåëüíîå ðåøåíèå.

Äîêàçàòåëüñòâî. Èç óñëîâèÿ f 0min = ∞ ñëåäóåò, ÷òî íàéäåòñÿ ÷èñëî α > 0
òàêîå, ÷òî

f(t, u) ≥ δu, t ∈ [0, 1], 0 < u ≤ L,

ãäå δ >

(∫ 1

0

G(1/2, s)φ(s) ds

)−1

.

Âçÿâ r = L, äëÿ ëþáîãî x ∈ ∂Ωr èìååì

A(x)(1/2) =

∫ 1

0

G(1/2, s)f(s, x(s)) ds ≥ δ

∫ 1

0

G(1/2, s)x(s) ds

≥ δ

∫ 1

0

G(1/2, s)φ(s)∥x∥ ds = δ

∫ 1

0

G(1/2, s)φ(s) ds · ∥x∥ > ∥x∥.
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Îòêóäà ñëåäóåò ∥Ax∥ > ∥x∥.
Òàêèì îáðàçîì, â ñèëó ëåììû 1

ind(A,Ωr, K̃) = 0. (3.6)

Äàëåå, ïîñêîëüêó f∞min = 0 ñóùåñòâóåò ÷èñëî H > 0 òàêîå, ÷òî

f(t, u) ≤ µu, t ∈ [0, 1], u ≥ H,

ãäå 0 < µ <

(∫ 1

0

G(τ(s), s)φ(s) ds

)−1

.

Ïîëîæèâ R = H, èìååì

A(x)(t) =

∫ 1

0

G(t, s)f(s, x(s)) ds ≤
∫ 1

0

G(τ(s), s)f(s, x(s)) ds

≤ µ

∫ 1

0

G(τ(s), s)x(s) ds ≤ µ

∫ 1

0

G(τ(s), s) ds · ∥x∥ < ∥x∥.

Ñëåäîâàòåëüíî, äëÿ ëþáûõ x ∈ ∂ΩR ñïðàâåäëèâî ñîîòíîøåíèå ∥Ax∥ <

∥x∥.
Ïî ëåììå 1

ind(A,ΩR, K̃) = 1. (3.7)

Âûáðàâ 0 < r < R, èç àääèòèâíîñòè èíäåêñà íåïîäâèæíîé òî÷êè è (3.6),
(3.7) ñîîòâåòñòâåííî èìååì

ind(A,ΩR\Ωr, K̃) = ind(A,ΩR, K̃)− ind(A,Ωr, K̃) = 1.

Ñëåäîâàòåëüíî, îïåðàòîð A èìååò íåïîäâèæíóþ òî÷êó â ΩR\Ωr, ÷òî â
ñâîþ î÷åðåäü ðàâíîñèëüíî ñóùåñòâîâàíèþ ïî êðàéíåé ìåðå îäíîãî ïîëîæè-
òåëüíîãî ðåøåíèÿ êðàåâîé çàäà÷è (3.1)�(3.3) â óêàçàííîé îáëàñòè. Òåîðåìà
äîêàçàíà.

Çàìå÷àíèå 1. Ïðè âûïîëíåíèè óñëîâèé f 0max = ∞ è f∞max = 0 ïî ïðèâå-

äåííîé â òåîðåìå 2 ñõåìå íåñëîæíî ïîêàçàòü íàëè÷èå ïî êðàéíåé ìåðå îäíîãî

ïîëîæèòåëüíîãî ðåøåíèÿ çàäà÷è (3.1)�(3.3).

Äëÿ äîêàçàòåëüñòâà åäèíñòâåííîñòè ïîëîæèòåëüíîãî ðåøåíèÿ çàäà÷è
(3.1)�(3.3) âîñïîëüçåìñÿ òåîðåìîé 1.

Íåñëîæíî ïîêàçàòü, ÷òî ôóíêöèÿ Ãðèíà çàäà÷è (3.1)�(3.3) îáëàäàåò ñâîé-
ñòâîì

ψ(t)G(τ(s), s) ≤ G(t, s) ≤ 1

2
ψ(t)s, t, s ∈ [0, 1], (3.8)

ãäå ψ(t) = t2(1− t)2.

https://doi.org/10.21638/11701/spbu35.2024.107 Ýëåêòðîííûé æóðíàë: http://di�journal.spbu.ru/ 83



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ,N. 1, 2024

Òåîðåìà 3 Ïðåäïîëîæèì, ÷òî

(H1) :

∫ 1

0

G(τ(s), s)f(s, ψ(s)) ds > 0;

(H2) : äëÿ ëþáîãî λ ∈ (0, 1) è u ≥ 0 ñóùåñòâóåò ÷èñëî σ ∈ (0, 1) òàêîå ÷òî

f(t, λu) ≥ λσf(t, u), t ∈ [0, 1].

Òîãäà êðàåâàÿ çàäà÷à (3.1)�(3.3) èìååò åäèíñòâåííîå ïîëîæèòåëüíîå ðåøå-
íèå.

Äîêàçàòåëüñòâî. Âî ïåðâûõ, ëåãêî âèäåòü, ÷òî êîíóñ K̃ íîðìàëüíûé. Ââèäó
òîãî, ÷òî f(t, u) ìîíîòîííî âîçðàñòàåò ïî âòîðîìó àðãóìåíòó îïåðàòîð A :
K̃ → K̃ ìîíîòîíåí.

Äàëåå, ïîêàæåì ÷òî îïåðàòîð A óäîâëåòâîðÿåò óñëîâèÿì (A1), (A2) òåî-
ðåìû 1. Èç (H2) ñëåäóåò, ÷òî äëÿ t ∈ [0, 1]

(Aλx)(t) =

∫ 1

0

G(t, s)f(s, λx(s)) ds ≥ λσ
∫ 1

0

G(t, s)f(s, x(s)) ds = λσ(Ax)(t).

Èòàê,
A(λx) ≥ λα(λ)Ax, λ ∈ (0, 1), x ∈ K̃, (3.9)

ãäå α(λ) = σ.

Ïîêàæåì òåïåðü, ÷òî îïåðàòîð A îòîáðàæàåò êîíóñ K̃ψ (êîíóñ K̃ψ îïðå-
äåëåí àíàëîãè÷íî Ph) â ñåáÿ. Â ñèëó (H1), (H2) è (8) èìååì

(Aψ)(t) =

∫ 1

0

G(t, s)f(s, ψ(s)) ds ≥
∫ 1

0

G(τ(s), s)f(s, ψ(s)) ds · ψ(t),

(Aψ)(t) =

∫ 1

0

G(t, s)f(s, ψ(s)) ds ≤ 1

2

∫ 1

0

sf(s, ψ(s)) ds · ψ(t).

Ïóñòü

ξ1 =

∫ 1

0

G(τ(s), s)f(s, ψ(s)) ds, ξ2 =
1

2

∫ 1

0

sf(s, ψ(s)) ds.

Â ñèëó (H1), 0 < ξ1 ≤ ξ2. Îêîí÷àòåëüíî èìååì

ξ1ψ(t) ≤ (Aψ)(t) ≤ ξ2ψ(t), t ∈ [0, 1].
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Ñëåäîâàòåëüíî, Aψ ∈ K̃ψ. Äëÿ ëþáîãî x ∈ K̃ψ ìîæíî óêàçàòü äîñòàòî÷íî
ìàëîå ÷èñëî t0 ∈ (0, 1) òàêîå, ÷òî

t0ψ ≤ x ≤ 1

t0
ψ.

Èç (3.9) ñîîòâåòñòâåííî ïîëó÷èì

A

(
1

λ
x

)
≤ 1

λα(λ)
Ax, ∀λ ∈ (0, 1), x ∈ K̃. (3.10)

Â ñèëó (3.9) è (3.10) èìååì

Ax ≥ A(t0ψ) ≥ t
α(t0)
0 Aψ, Ax ≤ A

(
1

t0
ψ

)
≤ 1

t
α(t0)
0

Aψ.

Òàêèì îáðàçîì Ax ∈ K̃ψ. Ïîýòîìó A : K̃ψ → K̃ψ. Ýòî âìåñòå ñ (3.9)
ñâèäåòåëüñòâóåò î òîì, ÷òî îïåðàòîð A óäîâëåòâîðÿåò óñëîâèÿì (A1) è (A2)
òåîðåìû 1.

Íàêîíåö, âçÿâ x0(t) ≡ 0, íà îñíîâàíèè òåîðåìû 1 çàêëþ÷àåì, ÷òî óðàâ-
íåíèå x = Ax èìååò åäèíñòâåííîå ðåøåíèå x∗ ∈ K̃. Ïîñëåäíåå ðàâíîñèëü-
íî ñóùåñòâîâàíèþ åäèíñòâåííîãî ïîëîæèòåëüíîãî ðåøåíèÿ êðàåâîé çàäà÷è
(3.1)�(3.3).
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On the existence and uniqueness of a positive solution to a boundary

value problem with symmetric boundary conditions for one nonlinear

fourth-order ordinary di�erential equation

G. E. Abduragimov
Dagestan State University
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Abstract. The paper considers a boundary value problem with symmetric
boundary conditions for one nonlinear fourth-order ordinary di�erential equation
on the segment [0, 1], which describes the deformation of an elastic beam. Using
special topological means in semi-ordered spaces with a cone, based on the �xed
point principle, su�cient conditions for the existence and uniqueness of a positive
solution to the problem under study are established. The proof of the existence of
at least one positive solution to the boundary value problem was carried out using
the index of the operator's �xed point. To prove the uniqueness of the solution,
the theorem on �xed points of α - concave operators - was accordingly used.

Keywords: boundary value problem, positive solution, Green's function, cone,
operator �xed point index.
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