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Abstract

Real two-dimensional autonomous systems of ordinary differential equations whose
unperturbed parts are vector homogeneous polynomials of the second order are considered.
As to perturbations, they are formal vector power series whose expansions don’t contain
members of order less than three.

A normalization of the unperturbed part of the system is presented. Namely, nine-
teen classes of equivalence of vector homogeneous polynomials with respect to any linear
invertible transformations have been founded. Each class is represented by a canonical
form, i.e. by a polynomial of the special representation having the maximal number of zero
coefficients.

Generalized normal forms for five types of systems whose unperturbed parts are
degenerate canonical forms are explicitly given. These normal forms can be obtained
by almost identical formal transformations.
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Part 1
The set of the problem

1 Introduction

This work continues the series of papers ([1] — [6]) devoted to a constructive normalization of
real two-dimensional autonomous systems

7= P(2) + Xi(z)  (i=12), (1)

where © = (21,23), P = a;x}+2b;x129+¢;x3 is the unperturbed part, X; = Do Xi(p“)(x)

a perturbation of the system and X7 = 37_ X" *)z527=5 — a form of order r (P = P®),
In [1,p.1] and [8, §3] a method of resonance equation is stated. That makes it possible
for any system with the fixed unperturbed part to obtain all possible formally equivalent to it

generalized normal forms (GNF) in explicit form, on condition that we can overcome some
technical computational problems.

is

As opposed to common definition for resonance normal forms (Poincare normal forms,
or formerly normal forms) there are a lot of definitions for GNF. Their concise description is
given, for example, in [7], [8].

Sufficiently complete and containing all the proofs the theory of resonance normal forms
(i.e. the forms where the matrix of the linear part has nonzero eigenvalues) is given in [9], and
in a reduced variant in [10], [11].

This paper pursues two objects.

1) The first goal is to decompose the set of systems
&1 = a10% + 2byw1 39 + 172, Ty = ayx? + 209115 + Cox2 (2)

unperturbed according to (1) into equivalence classes with respect to linear invertible changes
of variables, i.e. to select a finite set of most simple systems: canonical forms (CF) which are
mutually linear non-equivalent, and such systems that a system (2) may be reduced to one
of CF by a linear invertible change of variables. Here ”simplicity” of a CF means that such
a form is the most appropriate variant to be the unperturbed part of (1) that later on will be
normalized by means of almost identical changes. In fact, reduction to a canonical form means
a normalization of quadratic polynomials (P;, P») in (1) or (2).

It is proved in part IT that a unperturbed system (2) has 19 canonical forms, being all
of them are constructively obtained, i.e. for every CF conditions on coefficients of (2) are given
in explicit form and the linear singular change of variables reducing this system to the selected
CF is given. It should be noted that 5 CF of 19 have two representations: main and degenerate,
being degenerate representation differs from the main one such that one of polynomials in CF,
for example P, is equal to zero identically.

A similar classification of quadratic canonical forms, including degenerate ones, was pre-
viously realized in [2, §2]. On basis of this classification in [2] — [6] investigations of formal
equivalence of system (1) with 11 CF, each taken as the unperturbed part, were carried out
and then all the GNF were constructed.
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However, as it turned out that given classification was not complete and had some short-
comings, because at that time the conditions (that have to be in a definition of CF) both
on the location of nonzero coefficients in P;, P, and polynomial normalizing were not clearly
formulated.

These conditions are formulated below in p. 3.3, part II. They do not effect essentially on
the following normalization of the system (1), but allows us to extract uniquely so called 'main
CF’ and linearly equivalent to it additional canonical forms that either have the same number
of nonzero elements which may not be located on optimal places or are normalized by other
way.

Indicated differences in definition CF led to the situation when in the process of investiga-
tion of GNF in some initial systems additional (according to the classification given in [2, §2]),
but not main CF were taken.

In part IT all mentioned shortcomings of the previous classification are eliminated, and
the classificationf is based on other principles, which allowed one to prove the pairwise linear
nonequivalence for obtained CF and to state in explicit form the conditions on the initial system
(1) wherein it may be reduced to a definite CF.

2) The second goal of the paper is to normalize all the systems (1) in which every of 5
degenerate CF is sequentially taken as the unperturbed part.

Generally speaking, such a normalization is less effective as compared with normaliza-
tion the system (1) whose unperturbed part is given by a main canonical form equivalent to
a degenerate one. But inasmuch as main canonical forms turn out to be more complex than
degenerate ones, up to now due to considerable computational difficulties there is no complete
normalization for some of them.

In part III for a system (1) with the unperturbed part selected from 5 degenerate CF and
an arbitrary perturbation all GNF that may be obtained by almost identical transformation
are written. Examples of normal forms with special structures are also given.

For completeness it should be noted that there is one more method to normalize (1) with
a degenerate CF in the unperturbed part. For this purpose we should take some term (or
terms) from the perturbation X, of (1) that has order greater than two and put it on the place
of the absent quadratic polynomial P;, so that we can justify orders by assigning a weight to
each variable.

The above method is described in [1, p. 1] and implemented in [8, §6]. It is clear that in
GNF the new (not quadratic) polynomial P, does not change (do not annul even partially),
but using the polynomial we can annul some additional terms of the perturbation.

At last, part IV contains results concerning the problem of obtaining all GNF (in explicit
form) of systems having one of 19 CF as the unperturbed part.

2 Formal system equivalence

So, consider a two-dimensional real autonomous system (1)

;= Pi(x)+ X;(z) (i=1,2),

where P; = a;a? + 2b;x110 + c;23, X; = D e Xl-(pﬂ)(:v), XZ-(pH) = gié Xl-(s’p_sﬂ):vfxg_sﬂ.

Electronic Journal. http://www.math.spbu.ru/diffjournal 51



Differential Equations and Control Processes, N 4, 2010

Assume that a formal almost identical change of variables
z; = yi + hi(y) (1=1,2), (3)
where y = (y1,42), hi = ", hﬁp) (y), transforms (1) in the system
gi=Fy)+Yi(y)  (=12) (4)

where Y'Z Z Yp+1)(y) P+1 ZP-‘rl SP S+1)yisy120 s+1

By differentiating the change of variables (3) with respect to ¢ along the trajectories
of systems (1) and (4), we obtain

2

oh. P, ~ Oh

j=1

Then for any p > 2 forms hﬁp ), Yi(p ) satisfy equations

2 2 h(P) 2 9 ah(p)
(a1yy + 211y + c1y3) 83;1 + (a2yi + 2bay1y2 + c2y3) 83;2 — 5)

—2(agr + biya) b = 2(biys + ciyo)h =V (i =1,2),

2

)

and depend on only A" and YD with 2<r <p—1.
Hence when in (5) forms hEp and Y;(p ) are sequentially defined for each p = 2,3,...,

where V@1 _ Y(pH)(y) Y(p+1)(y)7 37(p+1 (y) = {Xi(y + h) + P(h) — 2321 Y; 8hi/8yj}(p+1)

forms Y*™" are already known.
Equating coefficients in y{y5t' ™ (s = 0,1,...,p + 1), in equations (5) we obtain

the system of 2(p 4+ 2) equations with 2(p + 1) unknown quantities:

az(p — s+ 2)h§5_2’p_8+2) + (a1(s — 3) + 2bs(p — s + 1))h§8_1’p_5+1)+
+(2b1(s — 1) + ca(p — $)RST™ + ey (s + DRI

_2b1h;s—l,p—s+1) _ 2clh25p s) _ }/vl(s,p—s-}-l)’

az(p — s+ 2)hS2P 7 4 (ay(s — 1) + 2ba(p — )RS 4

+(2b1s + ea(p — s — 2)hST ) + ex(s + DTN -
—2a2h§5_1’p_5+1) . 2b2h§5p s) _ }/2(571)_54_1).

In what follows we assume that in system (6) coefficients of series }/}Z and h; are equal
to zero, if one of upper indices less than zero.

For any p > 2 consistency conditions for (6) may be written in the form of n, linear

equations connecting coefficients of homogeneous polynomials Yi(p T

p+1
SV L Byt = (v=Tn,, n, >2), (7)

s=0

where in each equation ¢ = Y PFH(Z3yPmsHY 4 sy (spmetl)y

v
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Definition 1 We will call equations (7) resonant ones.

The main goal of the method of the same name that we describe here is to obtain resonant
equations in explicit form, i.e. to calculate factors .

However, solving the problem often faces considerable technical obstacles, being their com-
plexity depends on the number of nonzero coefficients in Py, P;.

Consequently, we have to simplify the quadratic unperturbed part of system (1) as much
as possible, reducing the system to so called canonical form (CF) by a linear invertible change
of variables.

In the special case that the system has the linear first approximation, the reducing it to
a CF means clearly the reducing the matrix of the linear part to a Jordan form. There is no
general accepted definition for CF in this case.

The principles of definition of canonical form will be formulated below, reasoning from
demands that arise when solving system (6) and alleviate the problem.

As was mentioned above it is the minimization of the number of nonzero coeflicients in P,
and P, that is the important criterion of simplifying system (6).

The question of considerable importance is which coefficients should be annulled in the
first place. So, for Py it is the best way (if that is possible) to put ¢; = 0, for P, — ay = 0.
It turns out that it is sufficient to eliminate 3 summands in left-side hands of system (6).

It is also clear that the more residual nonzero coefficients may be normalized by 1 the
simpler the solving (6) will be.

In specific cases one of polynomials in (1) (for example P,) may be transformed to
a polynomial that is equal to zero identically. Then consequent simplifications of P; lead to
arising degenerate CF which are linearly equivalent to main CF and, as mentioned above, have
advantages and disadvantages.

In conclusion we remind some definition from [1] that will be necessary later on.

Definition 2 The coefficients of homogeneous polynomials Yi(pﬂ) in (4), entering at least

in one of resonant equations (7) will be called resonant coefficients, and the other — nonresonant
ones. The coefficients of homogeneous polynomials hgp) which remain free when solving (6) will
be called resonant ones.

. n . .
We correlate the matrix TP = {oP. V"% where %, = &* with an arbitrary set
vkJv k=11 vk Vig
Sg,p+1—sg)
k

Y(P+1) Y(P-H)

of n, coefficients Y; of homogeneous polynomials Y, , Y, , where k = 1,n,,

2

Sk € {077p+1}a Uk 6{172}

Definition 3 We call a set of n, coefficients of homogeneous polynomials Yi(pH) resonant
if det TP £ 0.

Thus for any p > 2 resonant set is a minimal set of coefficients from Yl(p H), YQ(p H), such

that each of them is at least in one of equations (7), being resonant equations are uniquely decid-
able with respect to (7). In this case only different resonant coefficients may be in the resonant
set, otherwise in Y? there will be equal columns or a zero column.

Definition 4 We will call a system (4) generalized normal form (GNF), if for any p > 2

all the coefficients of homogeneous polynomaials Y;-(pH) are equal to zero, excepting perhaps
coefficients from a resonant set.

Electronic Journal. http://www.math.spbu.ru/diffjournal 53



Differential Equations and Control Processes, N 4, 2010

This definition of GNF corresponds to the concept of generalized normal form of the first
order that was entered in [12].

Part 11

Canonical form of a unperturbed
system

3 Linear equivalence of quadratic systems

3.1 Form and characteristic of quadratic systems

Consider a two-dimensional real unperturbed system (2)

i=P(z) or &= Aq¢¥(z) (P(z) 20, A#0),

2

xr

P 249 2 2b !
wmeP=<1u0=<“%+ wwﬁcﬂﬁ,A:<m 1(ﬂ,qW@: 217y

o2 + 2091119 + Cox3 as 2by o )
T
2

Definition 5 For polynomials P, and Py their common factor with mazimal nonzero
power | (I € {1,2}) will be called common factor Py of the polynomials. If there is no
common factor for Py, P, we will assume that | =0 .

For the polynomial P consider a function R called resultant:

aq 2b1 C1 0
0 aq 261 (&1 2

R= — 52— 45uy0pes 8
a9 2b2 Co 0 ac b7 ( )
0 (05} 2b2 Cy

where 5ab = Cllbg — (lgbl, 5ac = a1C2 — Q9Cq, 5bc = b102 — bgCl.

Assertion 1 The polynomials Pi, Py in (2) have the common factor iff R = 0
(see [13, p.59]).

3.2 Linear transformations of quadratic systems
Simplify a system (2) by a linear invertible change of variables

T1 =T1Y1 + S1Y2, Lo =Toy; + Says or x = Ly, 9)

where y:<y1>, L:<T1 81), 0 =0, =det L #0.
Y2 LPRED)
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Let (9) transform system (2) in the system

j=P(y) or §=Aqdy), (10)

- (P a2+ 2b a2\ ~ (@ 26 ©
where P — (1] — gﬂ/; + 01Y1Y2 + f}y; A= gl 01 21 .
Py azyy + 2bay1y2 + 2y ay 2by

For (10) analogously to (2) we enter the resultant R by the formula (8).

Q

By differentiating equations (9) along the trajectories of systems (2) and (10), we obtain
P(Ly) = LP(y) or

P(y) = L7'P(Ly) = L™ A¢®)(Ly), (11)

where Lil = (571 52 —S1 , LflA — 571 6&3 26bs (568 '
—re T g —20h —Or

Hence we have in (11) :

a b c Ty + s1y2)?
(alyf + 2§1y1y2 —l—cly%) _ 51 ( Oas 20 Ods ) ( 191 1 2)

~ ~ (r1yn + s1y2) (ray1 + S2y2)
azyy + 20ay1y + Coyh ~0ar 2000 —0cr )
(ray1 + S212)

Equating coefficients of y{y3 * (s =0,2), we have

day = soPi(r1,1r9) — $1Ps(11,72), —das = roPy(r1,72) — 11 Pa(r1,7r2),
by = So(a1m181 + b10s + c17282) — S1(agr181 + bady + carass),
—8by = ra(aim181 + b1y + c11282) — r1(agrisy + bady + corass),

d¢1 = s9Pi(s1,82) — s1Pa(s1,82), —0Cy = raPi(s1,52) — r1Pa(s1, $2).

where 0, = r1S89 + 1951.

Assertion 2 In the systems (2) and (10) either R,R =0, or RR >0, i.e. the sign of R
is invariant with respect to any linear invertible change of variables (9).

Actually it is easy to verify that R = §2R.

Remark 1 For brevity in what follows we will identify system (2) (and other systems
obtained from it) with the matrix A or polynomial P. The equations (9) will be identified
with the matrix L.

We set off two standard changes of variables from the changes (9) transforming (2) in
the system (10) :

0 ~ 2b 2rt
" — normalizing, A = a127"1_1 152 G152 ; (13)
0 s asriSy "~ 2bory €989

1 ~ 2
; — renumbering, A = ¢ 2b G . (14)
10 ca 2br a
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3.3 How to define a canonical form

Proposition 1 Without loss of generality we will further assume that in (2) the polynomial
Pi(z) #0, otherwise Py(x) # 0 and we can perform (14).

In system (2) we assign to any element of A or a coefficient of P; or P, an index equal
to the number that is on the place of the element in the matrix

1 2 3
32 1)

Definition 6 For the matrizx A of system (2) the sum of indices of its nonzero elements
15 said to be matriz index.

Definition 7 The system (2) is referred to as a canonical form (CF') or, that is the same,
main CF', if a linear invertible change of variables (9) does not transform (2) to a system that
18 more preferable than the initial one according to the following principles of hierarchy:

1) The system is nondegenerate, i.e. Py, Py Z 0, and, if possible, P, = P,.
2) The matriz A has the minimal number of nonzero elements.
3) The index of A is minimal.
4) The number of elements of A with module equal to 1 is mazximal.
5) The arrangement of nonzero coefficients of Py is the following:
5a) The order of the first nonzero coefficient in Py is minimal.
5b) The order of the last nonzero coefficient in Py is mazimal.
6) Normalizing nonzero coefficients of the system:
6a) In P, left nonzero element equals 1.

6b) In P the module of the right nonzero coefficient equals 1.

Remark 2 When defining CF' the principles 1 — 4 are basic. The principles 5 and 6
allows us to select so called main CF! among existing linear equivalent canonical forms, though
other such forms may be also selected as a first approximation in an arbitrary perturbed system
when reducing it to GNF.

Such reasonings lead to the concept of additional CF'.

Definition 8 The system (2) is said to be additional canonical form (ACF') if it is
linearly equivalent to a main CF', but the principle 5 and maybe principle 6 do not hold.
In this case ACF' obtained from any nonsymmetrical CF! by (14) will be denoted as CF'".

4 Canonical forms of system (2) for 1 =0
P 2 19 2
Consider the system (2) Ll = alx; + 2011172 + 0137;
Py asxy + 2091119 + Cox5

Py, P, # 0 and do not have a common factor.

Then by definition 5 we have [ = 0, and by the statement 1 the resultant entered in (8)
R =82, — 40,405 # 0. Hence in particular a? + a3 # 0 and ¢? + 3 # 0.

> , where homogeneous polynomials
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To write all the canonical forms to which system (2) may be transformed by a linear change
of variables (9), we have to formulate some conditions.

Consider two cubic polynomials
Qi(t) =t> —ut? + vt — 1, Qu(t) =3 + (v* — 2u)t* + (u® — 20)t + 1, (15)
where parameters u, v have the following restrictions:

w #0;1, u#v, uW+v#0, utv?#£0. (16)
Assertion 3 The roots of ()1, Q2 satisfy one of two conditions:

EHtlERI Ql(tl):(), ViaeR: QQ(tz):O = tg#tl (tl,tg#O,u).

Proof Suppose that conditions (17) are not fulfilled.

It means that @Q;(t) has the unique real root ¢t; = —7 and this root is a root for Qs(t)
as well. Then the polynomials (15) have the form

Qit)=t+7) P +bit+¢) ="+ (T+b)t> + (70, + )t + 7, (i=1,2).

by =—u—r7 by =02 —7 —2u
So, {¢g=—7"" and { ¢p =771 . From the second system we obtain
b1+ ¢ =0 Thy + ¢ = u? — 2v
(u+7)*=7(v+771)% Hence 7 > 0, otherwise u = —7, v = —7"', that contradicts (16).

Uniqueness condition for the real root of @; implies the inequality b? — 4¢; < 0, that is
equivalent to the impossible inequality (u +7)*+ 477! <0, as 7>0. O

The list of canonical forms of the system (2) for [ =0:

1 1 1 1
crr— (1w O) g (10 0) o (00 1) (00w 1)
0 0 1 0 0 1 1 00 1 00
1 1
Cng u 0 7 Cng u 0 o ’ CFg: u 0 7
0 01 01 0 1 00
1 1/2 -1
cr = (10} epo— (v 0 ) o, = (V2 ,
01 w 01 v 0 1 0
where u,v # 0, 0 ==*1; in CF; w>1, in CF} u>1/4, in CFY wu# +1/2 for R >0,

in CFy u#1/2 for R<0, in CF), 0<u<2Y2

Remark 3 In CF), CF), CF}, CF§ and in CF? R =1, in CF] R = u?, in CF}
R =uo, in CF§ R =u%*? —wv, in CFy R =u*v?+uo, in CF), R=—1/2.

Theorem 1 In case of | = 0 the canonical forms CF) — CF, are pairwise linearly
nonequivalent and system (2) is reduced to one of them by a linear invertible change of vari-

ables (9).
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Proof
1) R = (526 — 40,0p. > 0.
We demonstrate at first that there is a change (9) that reduces (2) to a system (10) of the

form
(31 0 ) | (3)
(05} 0 Co

1a) 0 # 0. Then for ry = tit*, 51 = t5t*, 79,50 = t*, when t§ = (—0ue + RY?)(26,4) 7",
th = (=04 — RY?)(20)7", t* = RY?(045)"" (6 = t**), we obtain the system (18) in which
a; = (=1)'(t5_; (17, 1) — P87, 1)), &= (=1)'(t5_(8,1) — Ai(t5,1)) (0= 1,2).

1b) dup =0, 0pe #0 (04 = 0).

1bl) ay # 0. Then for 1 =1, s; = —by, 79 =0, sy = ay we obtain the system (18),
where 51 =ai + bg, El = alb% — 2b1d2b2 + Cl%Cl — bg + &2[)262, 52 = 1, 52 = A9Cy — b%

1b2) a; = 0 (by = 0, a1,¢o # 0). Then for 7 = a;', s, = —(a1c2)"'by, 75 = 0,
sy = ¢y we obtain (18) with @, =1, ¢ = (a1c; — b? + bica)cy?, Gy =0, G = 1.

1c) b1,b0 =0 (64c #0). Then in the system (18) @; = a;, ¢; =¢; (i =1,2).

Now a change of variables (9) reduces (18) to a system with coefficients

551,1 = 32(517“% —FEN”%) — 81(527‘% + EQT%), —’SCVLQ = 7“2(617“% —{—517”%) — 7”1(527”% —FEQT’%),
dby = so(a17151 + C1r282) — 51(Gr151 + Carasa), (19)

—bby = ro(@im181 + EV17“2S2)~— r1(dgris1 + Carasa),

6¢) = sa(a183 +C183) — s1(Aes? + Cas2), —0 = ro(a1s? + ¢153) — r1(a28? + C253).
For brevity we will further omit the symbol ~ over coefficients of the system (18).

11) ajc; = 0. Then asey # 0.

1}) a1,cy = 0. Then (19) for ry = (a2c))™ V3, 51,70 =0, sy = apr? is CFy.

12) a; =0, ¢ # 0. Then (19) for r; =0, s, = 172, 19 = (azc?) ™3, sy = 0 is CF}
with u = cy(apc?)™V/3 £ 0. 13) a3 # 0, ¢ = 0. Then (19) for r; = (a2c;)™V3, 51,79 = 0,
Ty = apr? is CFY with u = a;(ac;)~'/3 # 0.

15) ajce #0.

11) ay,c; = 0. Then (19) for r; = a;', s1,7, =0, sy =c;' is CF).

12) a; =0, ¢ #0.

12a) 0 # ajcicy? < 1/4. Then (19) for r = a;t, s1 = (2a1)7 (1 + (1 — dajc165H)Y?),
Ty =0, sy =cy' is CFY with u =1+ (1 —4ajeic52)V? > 1.

12b) ajcic;® > 1/4. Then (19) for r, = cic;?, s1,72 = 0, s = ¢;' is CF} with
u=ajcic;? > 1/4.

1%) (05} 7£ 0, C1 = 0.

13a) 0 # ascoa;? < 1/4. Then system (19) for 7, = 0, s, = a;', 7, = ¢3°, 83 =
(2¢2) Y (1 4 (1 — dagcra;®)V?) is CFY with u = 1+ (1 — 4ascoa;?)V/? > 1.

13b) ascpa;? > 1/4. Then (19) for 1, =0, s, =a;’, 19 = aza;?, s =0 is CF{ with
u = ascoar > 1/4.

1‘21) a9C1 7é 0.
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1%3a) ac)? = aé/SCQ. Then the system (19) for r; = a1(2a3 — 2a2¢2)7Y, 81 = ay]2a] —

2a2c2| 7V %sign (agey), 1o = a2(2a2cy —2ayc2) !, sy = —acy ! |2at — 2a3c3| 7/ ?sign (apcy) — CFY
with u = (a2 + a2c2)(2a3 — 2asce) ™! # 0;£1/2, 0 = signu. At the same time a} + asey # 0,
else in (2) P, =aj'ayP, and [ = 3.
14b) a? + asc; = 0. Then (19) for 7, = ai(ad + a2ey) %3, s = (a3 + adey)™V/3, s =0,
ry = ag(ad + adcy) 3 — CFY with u = 2a,(a? + a?c;)™/3 #0, being a? + alc; = —asd,. # 0.
13c) ¢ +ajc; = 0. Then (19) for 71 = c1(c3 + 2ay) ™23, 51 =0, ry = co(c3 + 2ay) /7,
sy = (c3 + 2ay)™ Y — CFY with u = 2cy(c3 + ay)™V/3 # 0, being ¢ + c2ay = —¢10qe # 0.

14d) a1/’ # ay°co, a3 + ases # 0, &+ arer # 0. Then (19) for r = (ader) %,
51,72 = 0, 83 = (asc?)™'/? has the form

u 0 1
F) =
(1 0 v)

with u = a;(a2c;) ™3, v = cy(agc?) ™13 satisfying (16) and R = (uv — 1)2 > 0.

Thus, it is proved that under above mentioned conditions for u and v F{ with R > 0
and index 8 cannot be reduced to the system having more than two zeroes. Reduce F{ to CFy
with index 6, and if we will not succeed, then to CFg with index 7.

An arbitrary change (9) brings F{ to the system with R > 0 and coefficients

a; = —((s1 — uso)r? + (vsy — s9)r2)d7 1, Gy = (r? —urfryg +vrri —r3)é 1,
by = —((s1 — us)r181 + (vs1 — 82)1282)0 L, by = ((ry — urg)risy + (vry — 19)resy)d 1,
¢ = —(8% —ustsy +vsys5 —s3)071, Gy = ((r1 —ury)s? + (vry — ry)s3)d L.

Coefficients aq, ¢; in this system may be taken as zeros, if Q;(t) from (15) has two different
real roots, i.e. the condition (17;) holds.

In this case, assuming in (9) r; = t]re, s; = t]ss, being the change remains invertible,
we have a; = 0 and ¢; = 0, so there remains to fulfill a normalization.

Thus, F) with u = w,, v = v,, satisfying (16) and (17,), for selected ri,s; and
re = () — )27 + vt] —wtit! — 1))7, so = (B — #)(2(01817 — wtyt] + vat] — 1))
may be reduced to CFy with u = (u.t? — t2t7 — vt + 1)(2(L2t) + vat) — wtit! — 1))
v = (ut]? — Ut — vt) + )28 — w, i) + vat] — 1)) at that uv # 0, else R = 0.

Let the condition (17,) fulfill instead of (17;). Then @3 + ¢% # 0.

Taking in (9) ry = (tv — 1)(u — t) "'t ry, s1 = tsy, we obtain the system

< (tv — 1)ty 0 t(t — u)r215%>

Qa()t72(t —u)2r2syt 2(uv — 1)(t —w)"'ry  (tu+v)sy

at that the change has to be invertible, i.e. (1 —tv)(t —u) %! #£ ¢t or Qy(t) # 0.

In accordance with (17;) we have Qi(ty) # 0. Hence Gy = 0 for t = ¢y, i.e. FY with
u = uy, v = v, under conditions (16), (172), by the change (9) with t = t5 for selected
71, 81 and 7y = (ux — o) (2uv, — 2)7 sy = |2t (uev, — 1)|71/2 is reduced to CF) with o =
—sign (ta(usv, — 1)), u = (us —t2)(t2v, — 1) (2t (usv, — 1)) 7Y, v = (tau, +v,)| 2t (usv, — 1) 72
In this case uv # 0, otherwise, if tov,—1 = 0, then Qo(t2) = to(t—u)? # 0, and if tyu,+v, =0,
then Qo(—u;tv,) = (1 — u,v,)(1 —u3v3) # 0.
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2) R = 526 — 404505 < 0. Then 0,30, > 0.
At first we will prove that there is a change (9) that brings (2) to a system (10) of the form

(51 2hy 51) (G15a £ 0). (20)

0 2by G
2a) ay # 0. Then for r; = r,, s1 =1, r9 = —1, s, = 0, where r, is a real root
of the polynomial agr$ + (2by — ay)r? + (co — 2by)r; — ¢1, we obtain system (20), where a; =
aﬂ“f + 2bory + C2, b1 = —agr, — bo, 1 =g, by =0by+ ayr, — bory — agrf, Cl = QaTs — Q.

2b) Ao — 0. Then in (20) Ei, = ay, gz = bi, va@ =G (Z = 1,2)
An arbitrary change (9) with ro = 0 brings system (20) to the system

(am 2 ~o)ss + sy (@ — )5t + (B~ Bsass + By ) 1)

0 2[?27“1 2b251 —+ 5282

We further omit ~ over the coefficients in (20) and mark coefficients in (21) by . 2)
(a1 — by)cy — 2b1by = 0 (i.e. we may take by, & = 0). Then (21) for r = (2bo)7 !, s =
—lay|2co(—2|bo| R) " 2sign by, 1o =0, sy = |2a1by|/?(—R)™Y/? is a CF} with ¢ = —signu,
u = ax (262)_1 7& 0.

22) (CLl — b2>02 — lebg 7& 0. Let d* = <2b1 — 02)2 + 461(2b2 — al).

21) d. > 0, i.e. we may take ¢ = 0. In this case b, = 2ci(a; — by) + bi(ca — 20y +
di/Qsign (ca—2b1)) #0, else for ry =a;’, s1=2c;, r9 =0, 59 = (02—261—|—di/251gn (co—2by))

O

in system (21) R = ¢ > 0, that is impossible. Therefore for ry = (2b)71, s; = ¢1b; 1,

e =0, s9 = (2b,) (cg — 2b; + di*sign (co — 2b1)) (21) is a CFy with u = a1(2by)7!, v =

(2b,) 1 (4eyby + 3 —2b102+02di/281gn (cg—2b1)) and 0 < uv < 1, because R = uv(uv—1) < 0.
23) d.<0.

22a) a; # by. Then ¢, = 2by((a1 —bo)(ascy+bicy —c1by) —arb?) # 0, else for ry = (2by) 71,
s1="by, 19 =0, s9=by—ay in system (21) ¢ = 0, that is impossible for d, < 0.

For v = (2by)7%, 51 = bile| V2, 1 = 0, sy = (by — a1)|c|~V/? system (21) is CF}
with u = a1(2by)™" # 0;1/2, v = (2b1by — (a1 — by)ca)|cs|™V/? # 0, o = signe,. At that
R = u(w?® + o) = R(ay — by)?5%4c,|™' < 0, hence |u[v? < —sign (uc,). It means that
o = —signu and |u|v? < 1.

22b) a; = by (by # 0). Then (21) for r; = (2a1)™", 51 = —co(—2R)2sign (a1by), 5 = 0,
sy = 2Y2a;(—R)~?sign (a1by) is a CFY, with u = 2%/2|a;b|(—R)~"/?, at that 0 < u < /2,
because u? — 2 = —2a3(4b3 — 4bicy + 3 + daje) R = —2ad, R < 0. O

Remark 4 CF) with u = u, < 1 by the change (9) with 7, =1, s, = 1 —u,, 75 = 0,

so = 1 is also may be reduced to a CFg, with v =2 —u, > 1.

CF{ with u = u, < 1/4 is not a canonical one according to principle 3. Using (9) with
o= urt, sy = (14 (1 —4u)Y?)(2u,)™Y, 7y = 0, s, = 1 we reduce it to a CFJ with
u=1+(1—4u,)"?>1.

CF? with |u| = 1/2, ¢ =signu (R = 1/2) is not a canonical form in accordance with
principle 2. In case of u = 1/2 CF? is reduced to a CF| by the change (9) with r,s; = 1,
Ty =272 55 = —2712 For u = —1/2 CF} is reduced to a CF) by the change (9) with
r,81 = —1, —89,19 = 2-1/2,
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CFy with v =wu, =1/2, 0 = -1 (R = (v*—2)/4 < 0) is not a canonical one according
to principle 2. Applying (9) with r; =1, s, = —220(2—0v?)"1/2, ry =0, s5 = 21/2(2—0?)"1/2
we reduce it to a CFS with u=1/2, 0 = -1 (R=—-1/2).

CFY, with v = u, ¢ (0,2'/?) is not a canonical form because of principles 2 or 3.
For |u,| = 2'/2 by the change (9) with r = 1, s, = 0, ry = 27Y2signu,, s, = signu,
CF{, may be reduced to a CF§ with v = 1, ¢ = -1, v = 272 (R = —1/2).

For |u.] > 2Y2 using (9) with r = (u, + (u2 — )Y, 51 = (ue — (U2 — 2)Y2)u;?,
9,59 = uy' CFY, is reduced to a CFY with u = (u? — 2 4+ u2(u? — 2)V/?)u; (u? — 2)"1/2 £ 0,
v=(—u?+2+u2(u? - 2)"u; (u? —2)"2 £ 0, being uv = 2u;? < 1. For —2"/2 < u, <0
CFY, by (9) with 7; =1, s1,75 =0, sy = —1 is also brought to a CFY,, but with u = —u,,
e 0<u<2V2

Remark 5 Forms Fg — (" with w,v, # 0, R =1, and Fg — ("
1 0 0 0 0 1

with w,v, # 0, R = u? which are not given in the list are noncanonical ones according to
principle 2 or 3.

Form FO for v3 — 4u,v, — 8 =0, vi+ 32v, < 0 by change (9) with 7’1 =4v2, s =0,
= —2u;!, sy = 207! is brought to a CF} with u = —8v;® > 1/4; for v? — 4u,v, —8 =0,
v* + 320, > 0 by the change (9) with r; = —v,/2, s = 4v; (v2 £ (v} + 320,)Y/2)(16 + 03 £
v, (V2 + 320,)Y2) 7L ry = w2/4, sy = 32071 (16 + v3 £ v, (v} + 320,)Y/2)7! is reduced to a CF}
with u = 16v;2(F (v} +321J*)1/2—v )(16 +v3 £ v, (v +320,)2) 7L #£ 0. For v3 —4u,v, —8 # 0,
if 4u, = v2, then Fg is reduced to a CFJ by the change (9) with 71 =0, s, =1, 7 = 1,
Sy = —u,/2 with u = v*/2 # 0; if 4u, 7£ v2 then by the change (9) with r; =0, s, =
4(v3 — du,v, — 8)72/3, = —2(v — du,v, — 8)7V3 sy = —20,(v? — du,v, — 8)723 FY is
reduced to a FY Wlth u= —v*( — 4u,v, — 8)7V3 v = (4u, — v*)(v — 4u,v, — 8)72/3 being
uv # 05 1.

Form F3 for v? — 2v, — 4u, +1 < 0 by the change (9) with r, = (2v, —v? + 4u,)(4u, )"},
§1 = (2u*) v, T2 =0, sy = 1 is brought to a CF} with u = (2v, — v2 + 4u,)/4 > 1/4.
But for v? — 2v, —4u, +1 > 0, if v? — 2v, — 4u, # 0, by the change (9) with r; = u;!,
s1= (1 —v, + (v2 - 2v, — 4u, + 1)V?)(2u,)™, 7, =0, s, =1 FJ is reduced to a CF3 with
u=1+?—2v, —4u, +1)"2 > 1; if v2 — 2v, —4u, =0 (v, # 2), then by the change (9)

with . = uZ!, s = —0,(2u,)™", 72 =0, s5 =1 F3 is reduced to a CFY.
. 1 . 1
Remark 6 Forms FY = U 0 with w,v, #0, R=1+wu,? and F) = 0 u
1 v, O 1 v O

with wv # 0, R =1 —wv # 0 are noncanonical in accordance with principles 2, 3.

Form F with w, = u, v. = —2u for R > 0 by the change (9) with r, = (R +
RY%)(2u?)~1s2, (1 + Rl/Q)(2u )" sg, 1o = (R+ RY2)(1+ RY?)(4u*)"'s? is brought to
the system with coefﬁ(nents a1, b1, b, G = 0, @y = —R32(RY? + 1 4 2u®)(2uf) 153 £ 0, else
P, =0, that is impossible. For sy = —2Y/3u2R~Y2(RY2 4 1 4 243)~/3 the obtained system is
a CF).

Form F) with u, = u, v, = v # —2u for R > 0 by the change (9) with r, = 2(R +
RY%)(uv?) 712, 51 = (1+ RY?)(uv)"lsy, 19 = (R+ RY?)(1+ RY?)(uv)~2s% is brought to the
system having @ = s,(uv) 353, where s, = R((uv?—2u2v+4)(RY2+1)+2uv?), by, & = 0, be-
ing s, # 0, else P = 0, that is impossible. For sy = uvs, /3 the obtained system is a F9 with
w, = u(2u + v)(R+ RY2)s. " £ 0, v, = 2u+v)(1+ RY2)s; "/ £ 0.
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Form F} with w, = u, v, = —2u for R < 0 by the change (9) with s; = |[2(u? —
ut? + )72, o= (u+ )W —ut? + )7 re = (1 — 2tw)(2u? — ut? + )7L, sy =
t]2(u? — ut? +1)|71/2, where t is a real root of the cubic polynomial #* + 6u?t? — 3ut + 2u® +1,
is reduced to a F§ with u = —1/2, o = sign(u® —ut? +1t) = 1.

Form FY with u, = u, v, =v # —2u for R < 0 by (9) with r; = (u+12)(vt?>+2t —uv) ™!,
s1 = |vt? + 2t —uv|7V2 1y = (1+tv)(vt? + 2t —uv) ™Y, sy = tjvt? + 2t — uv| "2 where t is a
real root of the cubic polynomial * + (v —u)vt? + (u+ 2v)t — u*v + 1, is reduced to the system

(0* 1* 0> (22)

with u, = (ut? —t +u® + wo)(vt? + 2t —wv)™t < 0, v, = (2u + v)vt? + 2t — wv| Y2 £ 0,
o = sign (vt? + 2t — uv).

1) v2+40,(1 —u,) >0. If 40,u, — 20, — 0?2 — |v,|(v2 + 40,(1 —u,))"/? # 0 then system
(22) by (9) with 7, = 1, s; = 20,(40u, — 20, — V2 — |0, (V2 + 40.(1 — u, )AL, 1y = 0,
sy = (—v, — (V2 + 40, (1 — u,))Y?signv,)(do,u, — 20, — v2 — |v,| (V2 + 4o, (1 — u,))/?) 7! is
reduced to a CFg with u = u,, v = 20,(dou, — 20, — v2 — |v.|(v2 + 40.(1 — u*))1/2)*1. If
4o, — 20, —v2 — |v,](v2 + 40,.(1 — u,))? = 0 (for example o, = 1, u, = 1, v, = £1), then
system (22) by (9) with 71 =1, s = u;!, rp = (—v. — (V2 + 4o, (1 — u,))?signv,)(20,) 7,
7y = 0 is reduced to a CFJ with u = u;'.

2) v2 +40,(1 —u,) < 0. Using (9) with v = 1, s; = v,|u,v? — 0. (2u, — 1)?|7/2,
ry = 0, 55 = (1 —2u,)|uv? — o(2u, — 1)%|7"/? we bring (22) to a CFy with u = u,, o =
—sign (w02 — 0. (2u, — 1)?), v = v,|uv? — 0,(2u, — 1)%|7Y2, being u,v? # 0, (2u, — 1)2, else
v2+40,(1 —u,) > 0.

Form F? for u # v by (9) with r = v(v — u?)s; 7%, s1 = usy /*, 1y = u(u — v?)ss 2/,
sy = —vs. /*, where s, = (uv — 1)(v — w)(u2 + uv + v2) # 0, is reduced to a FY with
w, = wv(1 — uv)sy %, v, = (U3 — 2uv + v3)s;7?. In the case u = v =u, by (9) with ry,ry =

—1/2, s = [2u, — 2|7Y2, s; = —s; a form F} is brought to a CFy with u = —(u, + 1)/2,
o =sign (Cy — 1).
In Theorem 1 all the linear invertible changes of variables (9) are given in explicit form.

Therefore the conditions that guarantee the reducing system (2) to an appropriate CF! may
be written by using coefficients of (2). For R = 62, — 40,405 > 0 assume

Py(#5,1) — 5Py (#,1), if 8, # 0, EPy(E, 1) — Pr(t5,1), if00 £ 0,
| e i =08 £ 0y A0, L 6= 0, 6 £ 0, 0y £ 0,
1, if 6, =0, 6 £ 0, a0, 0, ifd, =0, by #£0, ay=0,
ay, if by, by =0, as, if by, by =0,
[ Py(t3,1) — t3P (83, 1), if 0ap # 0, (23)
a1b3 — 2biasby + a3cy — b3 + agbycy, tyPo(t5,1) — Py(t3,1), if 04 # 0,
. {00 =0, 0 20, a2 20, |1, 00 =0, 8 £0, a2 £0,
(arcr — b? + bicy)ey 2, 2 1, if =0, pe #0, as =0,
it 0 =0, Gpe £ 0, ay =0, ¢y, i by by = 0,
1, if by by =0,
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where ¥ = (—0ge + RY?)(200) ", 15 = (=0 — RY?)(204)7", for R < 0 we assume

GQTE -+ 2b27’* + Co, if a9 7& O,

a; = .
ai, if as =0,
7= —agr,f — by, ifay#0, B — by + qlr* — byt —agr?, ifay #0, (24)
bl, if ag = 0, bg, if ag = O,
~ as, lf a9 #0, ~ aoTy — aq, lf a9 #0,
G = . Co = .
c1, ifay =0, co, if as =0,

where r, is a real root of the cubic polynomial asr? + (205 — a;)r? + (ca — 2by)ry — 1.

Corollary 1 A system (2) in which R = 62, — 45a0pc # 0, by the linear invertible change
of variables (9) is reduced to CF) (i = 1,10), if the coefficients a;,b;,c; (i = 1,2) satisfy
conditions:

OF?I R >0, 51527&0, 5275120;

CFY: R>0, a,¢ =0;

CFy: 1) R>0, 07&5151’52 <1/4, a3 =0, then u =1+ (1 —4a,¢,¢,%)"? > 1;
2) R>0, 0%# aycaa,><1/4, ¢ =0, then u =1+ (1 — 4aycea,?)"/? > 1;

CF : 1) R > 0, a1616,% > 1/4, Gy = 0, then v = a1¢616,° > 1/4; 2) R > 0,
52526;2 > 1/4, 51 = O then u = 52525;2 > 1/4

CF.: 1) R >0, 6151/ = a§/3~ #0, then u = (a +a262)(2a1 — 2a3Cy) 71 # 0;+1/2,
o=signu; 2) R<0, (a; — b2)02 — 2b1b2 =0, then u= a1(2b2) #0; 0= —signu;

CF: 1) R>0, a1 =0, ¢ #0, then u=Cy(ayc?) /> #0; 2) R>0, a4, #0, ¢ =0,
then u = ay(a3c;)” 13 0

CF; : 1) R >0, &1CL20102 £ 0, a2+ aycy = 0, then u = 2a,(a + a2c,)~ '3 #£0;
2) R>0, a1as¢1Co #0, ¢+ ayc; =0, then u = 202(c2 + 2ay) 3 £ 0;

CF): 1) R > 0, Gascics # 0, @a)> # a6, @2+ Gata # 0, @+ a6y # 0,
daz # 0, the condition (171) is fulfilled for polynomials Q1(t), Q2(t) from (15), being u =
Uy = al('d%'cvl) 173, v =0, = Co(axc?)7V3, then in CFy u = (u.t? — t2t) — vt + 1)(2(25’225” +
vty —u it — 1)1 # 0, v = (wd(? = 77 — vty + 1) (20687 — wdit] + vt — 1)) # 05
2) R < 0 (al—b2)62—2blb2 7é 0 d, = (261—02) +401(2b2—(11) > 0 then u = a1(2b2) 7é 0
v = (401(al—b2)+2b1(02—2b1+d* sign (02—21)1))) (401b2+62 2, Gy +Cod *Sign (02—2b1)) +0;

CF): 1) R>0, Gagcica #0, acy'> # ay°C, @2 +ants £ 0, G+a1cy # 0, 0gz £ 0, the
condition (173) is fulfilled for polynomials Q1(t), Q2(t) from (15), with u = u, = 51(5351) 173
v o= v, = Co(a02) V3, then in CFy u = (ty — u,)(1 — tov,) (2t (usv, — 1)) # 0, v =
(Usty +0.) |2t (uv, — 1)|7Y2 £ 0, o = —sign (t2(usvs —1)); 2) R <0, (a1— by) Ty — 2byby # 0,
d, = (glil — C)? —|—4c1(2b2 —a) <0, a # bg, then u = a1(2b2) # 0;1/2, 0 = —signu,
V= (2b1b2 (al — b2)02>‘2b2((a1 — bg)(CLlCl + b162 — Clbg) — (Ilb2)| 1/2 7é O

OF?O . R < 0 ((11 — b2>02 — 2b1b2 7é 0, d* = (2b1 — CQ) + 401(2[)2 — 51) < 07 51 = gg,
then u = 23/2\5131|(4566556 — 02)712 at that 0 < u < V/2.

Here for R > 0 coefficients of the matriz (18) ai, ¢, a9, Co are defined in (23), and for
R <0 coefficients of the matriz (20) @y, by, ¢1,bo, ¢ are defined in (24).
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5 Canonical forms for system (2) in case 1 =1

5.1 Linear equivalence of systems for 1=1

A system (2) © = P(x) for | =1 may be written in the form

()= pio (B 00 < iy przo Gap0.

P, P21 + @22

P2 QG2

Hence eigenvalues of H are not equal to zero and have the form

i.e. in (25) a common factor Py = ax; + fry #0, matrix H = <p1 m) .

A= (p1+q £ \/5)/27 (26)

where D = (p1 + qQ)2 - 45pq = (p1 - Q2)2 + 4paqs.

Proposition 2 For the purpose of normalizing one of nonzero coefficients of Py in system
(25) may be taken 1. We assume that if o # 0, then a =1, and if a =0, then §=1.

Let the change (9) = = Ly (detL = ¢ # 0) bring a system (2) of the form (25) to
a system (10) ¢ = P(y). Let us take

@, f) = (a, B)L, H= (ﬁl ‘h) = L'HL (65 = det H = 6,,), (27)

52 q2

- ~ ~ Ops Ogs O O
i.e. a=ar;+ Pry, B =as;+ PBsa, H:5_1< T'10ps 1 T20q4 810y —I—qu>

_rlapr - TZ(Sqr _Slépr - 325111”

In addition, as matrix product is associative, we have:

<(a75)7 Ly> = <((I,B)L, y> (28)

Theorem 2 The system (10) obtained form a system (2) of the form (25) by change (9)

has the form N
&\ _ 3 Pyt Qe . ~ ~
(152) - <ﬁ2yl + %m) - <(a’ﬁ)7 y> Hy (R#0) (29)

where coefficients of the polynomial 130 = ay; + EyQ and matriz H are introduced in (27).
So, the case | =1 is invariant with respect to change (9).

Proof The formula (29) follows from equalities:

(1 (25

Py) Y 1 P(Ly) E L (0,8), Lyy HLy Z (0, B)L,y) L HLy 2 (@, ), y) Hy.

Note that the condition &2 + 32 = 0 is equivalent to o + 32 = 0, because 6,5 # 0. O
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5.2 Construction of canonical forms when 1=1

Without loss of generality we suppose that in (25) « # 0, as if @ = 0 then by renumbering
P
(14) we have a system (29) of the form [ =" | = B Q@Y1+ Pab .
Py QY1 + P1y2
Now, following to Proposition 2 we take o« = 1, i.e. the common factor in (25) is always
PO =T + 51’2.
To simplify (25) we take at first such a change (9) that reduces matrix H to a Jordan
form H in (29).
It is evidently that the form of the change depends on the sign of the discriminant
D = (p1 + ¢2)* — 40,, from the formula (26) for eigenvalues of matrix H A;q # 0.

Then in (29) with Jordan matrix H we will perform an arbitrary change (9) choosing
its coefficients such that the obtained system be the simplest in the sense of definition 7 —
a canonical form (CF?).

We will mark all the elements of obtained system by the symbol “. Similarly to (27)
coeflicients of P, have the form

d:&’r1+§r2, ,5’:6281—1—582. (30)

The list of canonical forms of (2) in case of [ =1

CF% _[wu 00 | CF; _ 0 o 0 |
010 1 00
1 1 -1
CF% _[u 0 7 CF}l _ 0 0 ’ CF% _ (v 0 7
010 1 10 1 0 0

where in CF; u#0, in CFy o =41, in CF} 0<|u/<1loru=1, in CF§ 0<u<2.
Theorem 3 For | =1 system (2) of the form (25) by a linear invertible change of variables
(9) is brought to one of 5 linearly nonequivalent CF".
Proof
1) D >0, i.e. in (26) A, Ay # 0, are real and different. More exactly,

M= (p1+q@+ 0*\/5)/2, A= (p1+q — U*\/E)/Z A=D1 — @+ O-*\/57

where o, = {sign (p; — q2) for p; # qo; 1 for py = g2 }, then A, # 0.
)\* QQ1

The change (9) with L =
2]92 _)\*

) reduces (25) to a system (29) of the form

0 Ao

ax BN 0
0 @\ Bl

) with & = 28ps + A, B = 2q1 — B\, ﬁfr:(Al O). (31)

Further an arbitrary change (9) brings (31) to the system

51 G182 — Aaras1)  A(M — Aa)sis2 + B(Mris2 — Aarast)  B(A1 — Aa)sisa (32)
5((/\2 — /\1)7’17”2 56(/\27’182 — )\17"281) -+ ,8()\2 — )\1)7‘17‘2 6()\27’182 — /\17“281)
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with (&, B) from (30) and =51 ()\17”182 — Xaras1 (A — A2)s189 ) '

—(A1 = A)riry Aarisy — Aimesy
1;) @a=0 (8#£0). Then #=0 for s3 =0 and system (32) has the form
— )\Q)BT1T28I1 )\157‘2 0
with uw = A\[* Ay # 0, 1.
1) 3=0 (@#0). Then 3 =0 for s; =0 and the system (32) has the form

<(}\ X272 0 0) CFor 11 =0, s; =1, r5 = (\)"!3 this system is a CF!
1

— )\1)T1T28§1 Oé)\QT'l 0
with u = A At #0, 1.

13) a, E;é 0. Then B =0 for sy = —&5_131 and (32) has the form

a\ 0 0 ~
<~(/\ QAT N . For 71 = (@\o)™!, 7, = 0, sy = 1 this system is a CF]
2

)\1&7‘1 +~)\257”2 ()\1 — Ag)&fl 0 (33)
()\1 — )\g)ﬁrlrgsfl )\2627"1 -+ >\1ﬁ7’2 0 ’
13) A = —Ag, then in system (33) a; = —52/2 = \(ar; — 57‘2), hence for ry,s, =

(2Ma)7Y, ro = (20 B)7! it is a CF) with o = 1.

13) A1 # —Ag, then system (33) for 71 = (A2@) ™", s1= (M = A)@)"!, 7 =0 isa CFy
with w = M\t # 0,41, For r; =0, 51 = (AL — A)a)™!, rp = (M B)7! it is a CFj with
u=A"Ay #0,%1.

Hence, choosing a required change one can always obtain 0 < |u| < 1.

2
2) D=0, i.e in(26) A =X2=(p1+¢)/2#0. 21) ¢ #0. The change (g : )
q2 — P

brings (25) to a system (29)of the form

(Q )\a—i-ﬁ A%) with a =24, 525%—5101‘1‘2(117 ﬁz(i\ 2) (34)

) B=0 (a#0). Then the normalizing (13) with 7, = (&)™}, sy = & 'A~2 brings
(34) to a CF1

22) 3 #0. Then an arbitrary change (9) brings (34) to a system
51 (d()\5 —7181) ﬂ:()\é —r181) — (s — 52 > (35)
a

ar? (N0 +7181) + BT% B()\é +7r151)
_ 2
where (&, 3) are from (30), and H = §! ()\6 T%T181 25 +S;181> .
In the system (35) assume that B =0, for which purpose we take sy = —aﬂ s1, then (35)
has the form (a)\+5)7;1 iﬁ)\ﬁ _ ~ﬁ$1 ~ X CForry =0, 8 =4 (ﬁ)\)
—pris; (@A = B)r1 + BArg 0

this is a CF} with u = 1.
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23) ¢ =0. Thenin (26) A =p; = ¢ #0.

pi O

0 > . An arbitrary change (9) reduces (25) to
b1

21) pp = 0, ie. in (25) H = (
the system aP1 g P ~0
0 api By

s1=—83, ro=0, s, =1 thisisa CF] with u = 1.

) with a = r; + Ora, 5281%—582, H = H. For T =p1_17

0
22) py £ 0, ie. in (25) H = (}2 ”

reduces (25) to the system (34) from 2;), being @ =1, f = fpy and A = py.

) . The normalizing (13) with 7 = 1, s3 = py

3) D <0, i.e. eigenvalues A\, \y of H are complex conjugate and pyq; < 0.

V=D p—q
0

The change
2py

) reduces (25) to a system (29) of the form

0P A0t IPe B0} i G — VD £0, B=pi—mt28p, B[P ), (30
—Qgx ap. — PBq. Pps
where p, = (p1 + ¢)/2(=Re 1), ¢ =—/—D/2(=—Im \;) < 0.
After that a change (9) brings (36) to the system

51 a(psd + q«0g)  QGsso + B(p*(S + 51*50) y Bq*so
—aqiro Qb — ¢.00) — Bairo B(ped — qudo) |

P+0 + .0 dxSo

where (&, ) is from (30), matrix H = 6~}
—(gx«To p*5 - Q*(SO

) with (5[) = T151 +T282,

2 2 2 2
ro=1]+75, So= S|+ S5

In 1zhord3w) 3 =0 for s; = —a~'fs; and (37) has the form

(aps — EQ*)Tl + (g + gp*)m &:1(&2 + EZ)Q*SQN 0
_&(T% + Tg)q*SQ_I (aps + Bg.)r1 — (@g. — Bps)ra 0
31) p. # 0. Then for 1y — (fq* —Bp)signp, (fép* + Bg)signp.
B (0 + B%)(p + ¢2)'/? (0 + 82)(p + ¢2)'/?
%, SS9 = —+, this is a CF% with v = Q‘p*Kpi +q3)_1/2 (O <u < 2),
q.(a? + 5?) G(0? + 5?)

—1.
32) p. = 0. Then by the same change we obtain a CFj with o = —1. [

o

Remark 7 CF% for w = —1 is not a canonical form according to principle 2. By the
change (9) with 1,795,580 = 1, s; = 0 it may be reduced to a CF; with ¢ = 1. As is proved
in theorem, for |u| > 1 the system is also reduced to a CF3, but with 0 < |u| < 1.

Remark 8 CF; for |u| > 2 is not a canonical form according to principle 3. For u = u,

and |u,| = 2 by change (9) with r; = u_!, 51 =0, 79 =1—u;!, sy = —1 it is reduced to
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a CF3 with u =wu;'. And for |u,| > 2 by change (9) with r; = 2(u, £ (u? —4)"/2)7!, 5, =0,

ry =1, 85 = —1 it is reduced to a CF} with u = (u, F (u? — 4))(u, £ (u? — 4)V/?)71, being
0 < |u| < 1. The form CF} with u = u, for —2 < u, < 0 by change (13) with r, = —1,

s = 1 is also reduced to a CF% with v = —u,.
0 u, O . 10 .
Remark 9 Forms F] = ) l; O) and F} = (ul 0 0) with the structure of CFj§,

which are not listed, are not canonical forms according to principle 3.

The form F} for u, > —1/4 by change (9) with r; = (1 — (4u, + 1)) (1 + 2u, — (du, +
DYH™L s =0, ro = 2((4ue + D2 — 1 — 2u,)7Y, sy = uy! is reduced to a CF} with
u = 2u,((dus + 1)Y2 — 1 —2u,)7! # 0; for u, < —1/4 by change (9) with r; = —(—u,)""/?,
s1=0, 1y = (—u,)"%? sy =—u;' is reduced to a system CFi with u = —(—u,)""/2, being
—2<u<0.

The form Fj with u = u, by change (9) with r; = ((u24+4)"2 —w,)/2, s; =0, ry = —1,
sy = 1 is brought to a system CFj with u = u,((u? +4)/? —u,)/2 -1 < 0.

1 10

not a canonical form according to principle 2. By change (9) with 7,89 = 1, s = 0,
ry = (u—1)"' F3 is reduced to a CF].

Remark 11 Every CF! (i =1,5) by renumbering (14) is brought to CF;¥ in accordance
with definition 8.

Remark 10 The form Fj = (u 0 0) is a CFy for w = 1, and for u # 1 it is

In theorem (3) all the linear invertible changes (9) are given in explicit form. Therefore
the conditions assuring the reduction of system (2) to a corresponding CF;, may be written
using coefficients of (25).

Corollary 2 The system (25) in which p1qa — paqi # 0 by a linear invertible change (9)
is brought to a CF' (i = 1,5), if the following parameters: the coefficient B of Py (o = 1)
and elements p1,qi,p2,q2 of matriz H satisfy conditions:

CFl: 1) D >0, 26ps+p1 — @+ 0,VD =0, then u= M)y #0,1; 2) D > 0,
2¢1 — B(pr — o + 0.,V/D) =0, then u=MM\1#0,1; 8) D=0, ¢ =0, po =0, then u=1;

CFy: 1) D >0, pi+q =0, 28ps+2p1 + 0.VD, 2q1 — B(2p1 + 0.V D) # 0, then
0'21; 2) D<O, p1+q2:0, then 0'2—1;

CFy: 1) D>0, p1+q #0, 26pa2 + p1 — g2 + 0.V D # 0, 2611—5(171—Q2+0*\/5)7é0,
then u = A "Ny for [M| > |Ao|, uw = MA" for [ M| < [Nof, de. 0<|ul<1; 2) D=0,
q17é07 2@1_ﬁp1+BQ27£0a thenu:17 3) D:O’ q1207 p27é07 6%07 then u:17

CFy: 1) D=0, i #0, 2¢1 = fp1 +Bg2=0; 2) D=0, 1 =0, pa #0, 5=0;

CFy: D <0, p1+q#0, then u=|p1 + @|(prgo — o) /2, 0<u <2

Here D= (p1—q)*+4paqi, M = (i +@+0.VD)/2#0, o= (p1+g—0.VD)/2 #0,
0. = {sign(p1 — g2) for p1 # q2; 1 for p1 =@ }.
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6 Canonical forms of system (2) in case of 1 =2

6.1 Linear equivalency of systems for 1= 2

Assertion 4 For system (2) the following conditions are equivalent:

1) l:27 2) E”C:PQEkPl (agzkal, bQZkb17 ngkcl), 3) 5ab,5ac,(5bc:O.

Proof 1) < 2) by definition 5 and proposition 1 .

It is evidently that 2) = 3). Inversely, let 3) hold. Then, for instance, a; # 0. Let
k = ay/ay. Because of aiby — agby =0, by = kby. In much the same way ¢y = ke;. O

Assertion 5 For system (2) the condition Py(x) = 0 is invariant with respect to any
change (9) with ry = 0.

Proof Perform in the system (2)with P, = 0 a change (9). According to (12) in obtained
system we have (10)

~ ( 82P1<T1,7"2) 82(&17'181 + blé* + 017'282) 82P1<81, 82)) (38)

A=¢6"1
—roPy(r1, 1) —ra(a1r1$1 + b1y + c1rase)  —raPi(s1, s2)

B If ﬁz = 0, then ry = 0, because otherwise common factors of ﬁl and ﬁg vanish, i.e.
P, =0. If 5, =0, thenin (38) P, =0. O

Assertion 6 Any change (9) with ro = —sy # 0 transforms system (2) with Py(x) = 0
into the system (10) with P, = Ps.

The assertion 6 immediately follows from (38).

In accordance with assertion 4 for [ = 2 there is such k, that in (2) P, = kP,. Hence
system (2) has one of two forms:

P 2 2
Db >aer: | 0] = (amy + fay) [ PH00T 02 CEOFEON (39
Py kpixy + kqiro pi+qi #0

Y Z )]
kpr kg
from the case [ =1, with ps = kp1, ¢ = kqo and det H = ¢,, = 0.

ie. H= has eigenvalues A; = p; + kg1, Ao = 0. Thus, (39) is the system (25)

By following to proposition 2, we assume that in system (39), if a # 0, then a = 1
and Py =z + fzo, and if a =0, then =1 and Py = z».

P

[I) b% < aicy <P2

1
) = (ale -+ 2[)13311'2 -+ Cllg) (k) . (40)

Remark 12 The system (39) may be written in the form (40), but the form (39) is more
preferable as it allows us to use results obtained for (25).

Proposition 3 To eliminate an ambiguity appearing when factoring out the linear common
factor Py from P in system (39) , we arrange for (if it is possible) to factor out such a linear
common factor that in matriz H the eigenvalue \y = py + kg1 # 0.
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6.2 Construction of degenerate canonical forms for 1 =2

Simplify system (39), following to the scheme of contraction for (25).

By theorem 2 a change (9) brings both system (25) and system (39) to (29) P =
{(a, B), y) Hy, where vector (@, ) and matrix H are defined in (27), but dz7 = det H = 0.

Take a change (9) such that in system (29) matrix H become Jordan matrix, which is
possible due to formula (27,).

q1

1
So, if Ay = p1 + kg1 # 0, then change (9) with L; = (k:
—h

) , and if A\ = 0, then

1
¢1 # 0 and change (9) with L, = (k 01> transforms system (39) in systems (29) of two
a4y

following forms:

- ~ ~ k ~ a 8
a=a+pk, p=aqp—Pp, H= Pt o O) or A= ha Af 0) ;
0 0 0 0 O
01 0 a 8 (41
Q Oé—i—ﬁ ) ﬁ BQI ) O O> or 0 0 0>

By this means the existence of zero eigenvalue A\ of H resulted in P, =0 in systems (41).

Further by change (9) we will simplify as much as possible and normalize systems (41;)
and (415), such that the condition P, = 0 holds. Thereby we reduce the systems to the
canonical forms for which principle 1 is not satisfied.

Taking into account assertion 5 we note that an arbitrary change (9) with ro = 0 brings
systems (41;) and (415) to systems

N ar, 2as; + Bss (asy + 582)317’1_1 and 0 asy (as;+ §32)52r1—1 ‘ (42)
0 0 0 0 0 0

For [ = 2 the concept of degenerate CF naturally comes into existence.

Definition 9 For [ = 2 system (2) is said to be degenerate canonical form (DCF?), is it
is a CF® with respect to definition 7, where principle 1 is substituted for the condition Py = 0.

Remark 13 A generalized normal form of a system, where DCF? is the unperturbed part,
is a generalization of the Belitski normal form (see [7],[14]) for the case when the unperturbed
part is degenerate but is not linear.

The LIST of degenerate canonical forms of system (2) in case of | =2 :
1 00 010 001
DCF? = , DCF2 = , DCF; = 7
000 000 000
11 1 1
DCF} = 0 , DCF: = 0
000 000

Theorem 4 For | =2 system (2) of the form (39), (40) by a linear invertible change (9)
is reduced to one of 5 linearly nonequivalent DCF®.
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Proof I) System (2) has the form (39).

1) A\ =pi1+kq #0. System (41;) is obtained from (39), and system (42;) is obtained
from (414 )

1) B=0 (@#0). Then (42;) for r; = (\a)™!, 1 =0, s, =1 isa DCF3.

1,) a=0 (8#£0). Then (42,) for r1 =1, s, =0, sy = (A\f3)"! is a DCF2.

13) @, 8#0. Then (42;) for ri = (M@)™, s1 =0, s5=(M\J3)"! is a DCF2.

2) Mi=p1+kap =0 (¢1 #0). Systems (415) and (42;) are obtained from (39).

2,) @=0 (3+#0). Then (42;) for 11 =, s =0, sy =1 is a DCF2.

22) =0 (a#0). Then in system (415) P, = az,29. By proposition 3 the case 29) is
impossible. Such a situation applies to the case 1).

23) &,B # 0. Then in (41,) P = (axy + gxg)xg. By proposition 3 the case 23) is
impossible. Such a situation applies to the case 1).

IT) System (2) has the form (40).

In accordance with (12) any change (9) brings (2) with P, = kP, to a system with
coefficients

ay = (s — ks1)Pi(ry,m)07 Y, Gy = (kry — ro) Py(ry,m9)0 1,
= (89 — ksy)(a1r181 + bi(r189 + 1981) + €17952)0 7,
= (kry — ro)(a1r181 + b1(r189 + 1r981) + ¢17r282)0 ™ 1,
= (59 — ks1)Pi(s1,80)07 Y, ¢y = (kry — 1) Pi(sy,82)0 L.

For ro = kr; (6§ =r1(s2 — ks1) # 0) the obtained system has the form

((a1 + lekf + Cle)Tl 2(@181 + kblsl + b152 + k’Clsg) Pl(Sl, SQ)T’l_l)
0 0 0 .

For r, = (a1 + 2b1k + Clk‘Q)il, S1 = —(bl + k:cl)(al + 2b1k + cle)*l(alcl — b%)ilﬂ,
sy = (a1 + kby)(ay + 201k + c1k?) " (are; — b2)7V/? it is a DCF:. O

11 1 -1
Remark 14 Forms DF? = y and DF; = 0 with the structure
000 00 O

of DCFZ, which are not in the list, are not canonical ones according to principles 2 and 3.

A form DF? by change (9) with r; =1, sy = —1, 7, =0, sy = 1 is reduced to a DCF3. A

form DF3 by change (9) with r, =1, s, =1/2, r, =0, sy = —1/2 is reduced to a DCF?.
Corollary 3 I) A system (39) by a linear invertible change (9) may be brought to a DCF?

(i = 1,4), if the following parameters: coefficients «, 3 of the common factor P,, elements
p1,q1 of H and the proportionality coefficient k satisfy the conditions:

DOF{: 1) a=1, q=0p1, ko # —p1, 2) a=0, =1, p =0, ka1 # 0;

DCF3: )a=1, Bk=—1, ka1 # —p1, 2) a=0, B=1, pt #0, k=0,

DCFs: 1)a=1, pk=—1, ks = —p1, 2) a=0, =1, py =0, k=0;

DCFy: 1) a=1, Bk # =1, kg # —p1, 1 # Bp1, 2) =10, =1, p1 #0, k #0, k1 # —p1.
II)System (40) by a linear invertible change (9) is brought to a DCF%.
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6.3 The construction of main and additional CF for 1 =2

Generally speaking, with a view to further normalization of perturbed systems it is unsufficiently
to bring systems (41) and together with them systems (39) or (40) to a DCF?. Principle 1 has
to be hold for a total normalization. Hence we will transform every DCF? in a nondegenerate
CF? by change(9).

Remark 15 A CF? obtained from a DCF? has as a rule more nonzero elements, which

is a reasonable "pay” for greater opportunities on the further normalization of perturbations.

Remark 16 A specifics of the case | = 2 is such that due to a proportionality
of coefficients in polynomials P, P, in systems (39) or (40) principle 1 in the definition
of canonical form is fully applied, i.e. namely for [ =2 the requirement P, =P, (k=1) is
actual. But principle 3 loses its value completely.

The LIST of canonical forms of system (2) in case of [ =2

1 1 1 -2 1
crz— (P09 oo (P Y 7)) poq), cm2= ,
100 10 o 1 —2 1
0 1 1 -1
CF; = 0 ; ACF; = 0
010 1 —1 0

Theorem 5 Every DCF? (i =1,5) by a linear invertible change (9) is reduced to a CF”.

Proof By using the assertion 6 we will sequentially perform (9) for DCF? ... DCF?
with 7, = —sy # 0 and select the remaining coefficients such that to obtain a CF?. Let
51 = (7"1 + 81)71.

A DCF? is brought to a system with a; = r26;, by = 115101, ¢ = s26; that for r; = 1,
s1=0, 1o =—1, s, =1 isa CF2.

A DCF% is bI‘OUght to a system with a; = —7’18251, 2b1 = 82(7’1 — 51)(51, C1 = 5182(51 that

for ry =1, s =1, 1, =2, sy =—2isa CF; with 0 = —1, and for 1, =1, 5, =0, 15 =1,
sy = —1lis a ACF5.

A DCF; is reduced to a system with a; = s26;, by = —s20;, ¢ = s30; that for r; = 1,
s1=1, rg=—2Y2 5, =212 i34 CF%.

A DCF? is reduced to a system with a; = ri(r; — s2)61, 2b1 = (2r151 + 1182 — 518)01,
c1 = 51(s1 + 83)0; which for 71 =1, 51 =0, ry=—1, s, =1 is a CF?3.

A DCF? is reduced to a system with a; = (r? +s2)d;, by = (ris1—52)d01, 1 = (s?+53)8
which for r1 =1, 51=1, m=—-1 s, =1 isa CF% with o =1. O

Remark 17 As was proved, DCF; are reduced to CF; for i = 1,3,4. Forms DCF3 and
DCF: are reduced to a CF; with 0 = —1 and ¢ = 1 respectively.

0

1
Remark 18 The form F] = 1 0 (not in the list) is not a canonical one in accordance

1

1
with principle 2. By the change (9) with r; =0, s; =1/2, ro =1, so = —1/2 it is reduced to
a DCF3.

Remark 19 Forms ACF; and CF; in which ¢ = —1 are connected by the change (9)
with 71,51 = —2, 75 = —4, s, = 0, not a renumbering. At that a CF3 is the main one
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in accordance with principle 5b.

The COMPLETE LIST of the forms having 3,4 and 6 nonzero elements

CF?: 1 0 0 ’ CF%: u 0 0 7 CF%: 1 0 0 ’
- 0 0 1 ) 010 5 1 0 0 A
cpre_ (010 cpr_ (0010 cpl_ (070
1_00u3’ —4_0104’ 2_1005’
0 0 1 0 0 1 0 0 1
CF{ = , CF," = : CFj = :
0 0 1 0 o O 1 00
4 5 6
1 1 1
CFg: u 0 ’ CFéz U 0 7 CFé: U 0 ’
0 0 1 A 010 ; 1 0 0 .
1 1
CFo — u 0 , CF? — u 0 o 7 CF? — u 0 ’
0 01 s 01 0 . 1 00 -
CFl = 011 | Pl 011 | O — 0 u 1 7
0 01 . 0 w 0 - 1 0 0 .
1 1 1
crgr = (10 Y) cr= (1 0) 0 opr o (00F :
0 o 1 01 u 0 -1 u
4 5 6
1 1 1
crr = (100 cro = (010 ere = (V0 :
1 0 w . c 0 u . 1 0 w -
1 00 0 0 0 01
CF} = , F} = ; CF) = :
1 1 0 1 1 0 1 v O
6 7 8
u 1 0 . v 1 0 1 -1 0
—Fg:(o 1 w) CF5:<aou ’ ACF%:(l -1 0)’
6 7 8
ACFS— u 0 o ’ ng 1 0 o 7 ng u 0 1 ’
01 v - - 1 0 o . 1 v 0 o
ACF2 0 -1 1 por _ 0 v 1 RO _ 0 w1
2_0—118’ 4_10u9’ —5_1u010’
u v 1 1/2 u -1 u v 1
F) = , CFY% = / , F) = ,
0 0 1 - 0O 1 0 . 1 0 0 o
1 0 0 0O 1 0 0 0 1
Fr = , CFy = : Fyr = :
1 v u . -1 wu 1/2 . 1 v u o

here each matrix is marked by a subscript and symmetric forms are underlined.
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Part 111

GNF of systems with degenerate CF
in unperturbed part

7 Normalization of systems with DCF?

Let in system (1) the unperturbed part P(z) by a linear invertible change be reduced to
1 00
the DCF? = 00 0l We assume at once that system (1) has the form

iifl = l’% -+ Xl(l'l, 1’2), l"g = X2($1,$2). (43)

Then system (6) may be written as

(S - S)hgs—l,p—kl—s) _ 2(5,1)—}—1—5)7 (S . 1)hgs—1,p+1—s) _ %(s,p—f—l—s) (S —0pt L p> 2) (44)

For solvability of system (44) it is necessary and sufficient the following relations were
fulfilled
}/}1(0,17""1) =0 }/}2(0717'1'1) =0 5}1(3:73—2) —0 }/}2(14’) =0

being there are no restrictions for coefficients th’p ) and hgo’p ) in change (9). By using denota-
tion introduced for equations (5) and (7) we rewrite obtained resonance relations via coefficients
of system (4):

Yl(oap""l) =z, }/1(3717—2) =z, Y'2(pr+1) =z, Y'Q(LP) -7z (45>

Theorem 6 The system (43) is formally equivalent to a system (4) with the unperturbed
part P = (y},0) uff for any p > 2 coefficients of homogeneous polynomials Y;(pﬂ) satisfy 4
resonance equations (45).

Uszrl) }/'1(3vp72) Y'2(07p+1) Y'2(17p)

Corollary 4 The set consisting of Yl( s the unique reso-

nant set.

Theorem 7 A system (43) by a formal change (9) may be reduced to a GNF (4), where
for any p > 2 all the coefficients Y;(m—l) (1 = 1,2) are equal to zero, except possibly four

coefficients from a resonance set, i. e. any GNF' has the form:

. 0,p+1 3,p—2 — . 0,p+1 1,
1=y + > (VOP T By gy = N (0Pt vy 8).
p=2 p=2

Remark 20 Any GNF of system (43) has a rigid structure of orders of resonant terms,
which is a distinctive feature of resonant normal forms and as a rule is not fulfilled for generalized
ones.
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8 Normalization of systems with DCF;

Let in system (1) the unperturbed part P(z) by a linear invertible change be reduced to
0 0

the DCF3 = 0 o) We assume at once that system (1) has the form

1
0
T = 2120 + X1 (21, 22), o = Xo(21,22). (46)

Then system (6) is written as the following

(S . 1)h§s,pfs) . hgsfl,pfs+1) _ S}l(s,erlfs)’ Shgs,pfs) _ i}Q(s,erlfs) (8 _ ij T 1; P > 2) (47>

In the subsystem (47;) for s =0,p+ 1 we have

}?2(0,13+1) —0 3’}2(p+170) =0,

Y

being h\"” is free, and for s = 1,p we have h{P %) = g1y, 57~+1),

In the subsystem (47;) for s =1 we obtain 0-A{"*™Y — 0P = Y7 This equation
is uniquely decidable by using A{” ). and hﬁ“’ Y remains free. For s = 0,2, p system (47;)

S,p—S)

is decidable by using coefficients hg . For s =p+1 we have the relation

pi}l(erLO) + %(pvl) — O

By using denotations introduced for equations (5) and (7), we rewrite obtained resonant
relations via coefficients of system (4):

Y2(p+1,0) —Z YQ(o,p+1) e pyl(p—i-l,()) + Yz(m) -z (48)

Theorem 8 A system (46) is formally equivalent to a system (4) with the unperturbed

part P = (y1y2,0) iff for any p > 2 coefficients of homogeneous polynomials Yi(pH) satisfy
resonance equations (48).

Corollary 5 There are two resonance sets containing YQ(O’pH), YZ(pH’O) and either Yl(pH’O)
(p,1)
or Y,

Theorem 9 A system (46) by a formal change (9) may be brought to a GNF' (4), where for

any p > 2 all the coefficients Y;(pﬂ) (1 =1,2) are equal to zero, except possibly 3 coefficients
of one of two resonance sets, i.e. any GNF has one of two following structures:

. 1,0 . 0,p+1 1,0
=13+ Y VIR gy = N (Yt y Oy,
p=2 p=2
. . 0.p+1 1 1,0
=13 de= (VP L v Uyhy, 4y PO e,
p=2
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9 Normalization of systems with DCF;

Let in a system (1) the unperturbed part P(z) by a linear invertible change be reduced to
001

the DCF; =
000

) . We assume at once that system (1) has the form

i = 25+ X1 (21, 12), @9 = Xo(z1, 1) (49)
Then system (6) may be written in the form
(5 + DRCETIPD _gp(o=s) _ Plowti=s) (o | qyplerlo=s=t) _ Peatl=s) (o - 53T). (50)
In the subsystem (50;) for s =p,p+ 1 we have relations
peL _g  pEno g

and for s =0,p — 1 we obtain hy (shp=s=l) =(s+ 1)*1?2(8’”1_5), being hgﬂ’p) is free.
In the subsystem (50;) for s =p,p+ 1 there are relations

}/}1(174-1,0) — 0’ 5/\’1(11»1) + 2h§p’0) — 07

where h{"? = p=1V*""? i e. the second relation has the form pY"" +2v,71? =0,
Components hﬁo”’ ) and hg)’p ) are free because they are not contained in system (50).

By using denotations introduced for equations (5) and (7), we rewrite obtained resonance
relations via coefficients of system (4):

le(p+1,0) _ 5, YvQ(p,l) _ 5, Y'Q(PJrl,O) _ E, pY'l(p,l) + 2}/’2@*172) =z (51)

Theorem 10 A system (49) is formally equivalent to a system (4) with the unperturbed

part P = (y2,0) iff for any p > 2 coefficients of homogeneous polynomials Y;(pﬂ) satisfy 4
resonant equations (51).

Y(p+1 0)’ }/2(1;’1) Y'z(erl,O)

Corollary 6 There are two resonance sets containing and either

Yl(p,l) or YQ(p 12)‘

Theorem 11 A system (49) by a formal change (9) may be reduced to a GNF (4), where for

any p > 2 all the coefficients Yi(pﬂ) (1 =1,2) are equal to zero, except possibly 4 coefficients

from one of two resonance sets, i. e. any GNF has one of two structures:

Y

o0

g = y2 + Z y (p+1,0) p+1 + Y(I), )y/ny)’ o = Z(Y(p 1) yPys + Y(p+1 0) p+1)7
p=2

o0

. 1,0 . —1,2) p— 1 1,0
=3+ Y VPO gy <SP E + VPylys + v Ty,

p=2 p=2
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10 Normalization of systems with DCF?

Let in a system (1) the unperturbed part P(z) by a linear invertible change be reduced to
110

the DCF; =
000

) . We assume at once that system (1) has the form

.fl = .T% + x129 + Xl(l’l,l‘Q), .fg = XQ(ZL’l, l’g). (52)

Then system (6) is written in the form

(s — 3)h§5_1’p_s+1) +(s— 1)hgs,p—s) _ hés—l,p—s—kl) _ ?l(s,p-f—l—s)
> ’ 53
(S B 1)hgsfl,pfs+1) + Shgs,pfs) _ Y-Q(s,p+1fs) (S _ O,p - 1; » > 2). ( )

In subsystem (532) for s =0 we have the relation

being AP is free. For s = 1,p from (53,) coefficients AS? ™) = ¢! 2;1(_1)5_”’;—2@,“17]‘)
are uniquely determined.

The last equation in (53;) has the form: ph{"? = Y,

Substituting in the equation h;p ’ 0), we obtain the second relation

p+1 . ‘
Z(_l)JYQ(mH—J) —0.
j=1

Substituting hS?™ from (53,) in (531), we obtain the system
ashi ™ T b BT = VP (s =0, D), (54)

where a; = s —3, by=s— 1, Y"PH79) = yerti=s) 4 pls=lomstl)

Take last p — 1 equations of (54) and form a new subsystem

Oh, =Y,
0 b3 0 ... O 0
0 ag by ... 0 0
0 0 a5 ... O 0
where © = Door o : — bidiagonal (p — 1) - matrix, vectors
00 0 by 0
00 0 a b,
00 0 0 ap
)

Y]

he= (WEP72, PO, Y = (PP y o,

By the Gauss method this system may be transformed in the system

Gghl — ng, (55)
where O, = diag{0, a4,...,ap41}, vector Y, = (Y;](3,p—2)7 . ,Yg(pﬂ’o)) has components
,0 ) 1,0 S, —5 (s, -5 — s+1,p—s
Y;](p'*‘l ) _ Y'I(P'f‘ )’ Y'g( p+l-s) _ Y'l( ptl-s) asjlbsYg( +1,p )‘
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(=174 = YV (s =p+ L3).

For s = p+1,4 system (55) is uniquely decidable with respect to coefficients
p{PO RSB and its first equation (s = 3) has the form: 0. AP = Y327 and
the term h(2’p_2) is free.

It is clear that Y™™ = (s — 2)~1 o1

Substituting into this equations expressions for Y(Sp 2), Y(j L ), hgj’p - ), we obtain:
> S S
(—1)(j — DY 4 )’ 1)7 Ry B = g
j=2 =2 k=1
or the resonance relation
p p
» S(i+1,p—j +1—
NEIUIREL LIRS S ST~
j=2 j=1 k=j—1

First 3 equations of (54) have the form:

0, O-(0,p+1 0, o (1, 0, 1p—1 2p-2) _ (241 1p—1
_hgp)zyl(p )’ —2h§p):Y1( p)_i_hgp)’ _hgp )+h§p ):Y1(p )+hép )

We uniquely find A\*” ) from the first equation and using free héo’p ) tniquely decide the
second equation. In the third equation either hﬁl”’ D or h§2’p 2 s free. Using introduced

denotations for (5) and (7) we rewrite obtained resonance relations via coefficients of (4):

p+1
Y'Q(O,P-H) _ E, Z(_l)j}/Q(],P—H—j) _ E,
=1
p ]p p—1 k (56>
—1) Y(J+Lp 94 )/ yurtl=i) _ =
2V 20 2

Theorem 12 A system (52) is formally equivalent to (4) with the unperturbed part P =

(v + y1y2,0) iff for any p > 2 coefficients of homogeneous polynomials Yi(pH) (1 =1,2)
satisfy 3 resonance equations (56).

Corollary 7 Any resonance set contains 3 coefficients:
1) the coefficient YQ(O’pH), 2) any coefficient of YQ(S’pH_S) (1<s<p+1),

3) any coefficient of Yl(s’pﬂ_s) (3 <s<p+1) orany coefficient of YQ(S’I’H_S) (1<s<p+1)
which is differ from the coefficient selected in 2), except Y;Lp) and Y2(2’p_1) which can not be
in a resonance set simultaneously , because for them det TP = 0.

Theorem 13 A system (52) by a formal change (9) may be transformed in GNF (4),
Y(P+1)

)

where for any p > 2 all the coefficients
coefficients from a resonance set.

(1 = 1,2) are equal to zero, except possibly 3

Example 1 A system (52) by a formal change (9) may be reduced to GNF (4), where in
the first equation there is no perturbation term:

o0

. ; 0,p+1 1, 3,p—2 -
D= Yi e, Y2 = Z(Yz( - )Z/gH + Yz( p)ylyg + Yz( 8 )yi’yé’ 2)~
p=2

It should be noted that there is no GNF in which we could annul y3 (s < 3), because any
resonant set contains either Y,*7"'™% or V"7 with s > 3.
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11 Normalization of systems with DCF?

Let in a system (1) the unperturbed part P(z) by a linear invertible change be reduced to
1 01

the DCF: = <o 00

) . We assume at once that the system (1) has the form

.fil :SL’%—FI%—'—Xl(Jll,Jfg), ij :X2<I1,SUQ>. (57)

Then system (6) is written in the form

Depending on the parity of the index s system (58) decomposes in two independent
subsystems. Hence it is conveniently to consider following expansions:

p=2r+p (r>1, pe€{0,1}), s=2r+pu+v (—(v+p/2<7<r, ve{01}).
As a consequence of it, for any r > 1, p € {0,1} system (58) has the form:

(27_ + m +y— 3)h§27+,u+1/—1,2(r—’r)+1—1/) 4 (27_ + [ +ut 1)h527'+,u+l/+1,2(r—7)—1—u)_
o1, 2mHptrv2(r—1)—v) _ {2m+ptr2(r—1)+1-v)
oS _ v

(27_ ot — 1)h527'+u+u—1,2(r—’r)+1—u) + (27_ +utvt 1)hé27+u+u+1,2(7‘—7-)—1—u) _
_ }//\v2(27'+u+1/,2(r—’r)+1—1/).

(58)

Taking in (58}) v =1 and in (58,) v =0, and then vice versa, for any p = 2r+ p from
system (58*) we obtain two independent systems

(27 4 p1 — 2RI (97 4 gy Q) pPTHHRATDZY gy Rrtiid 2l
(27_ - 1)h§2‘r+u71,2(r77')+1) + (27_ o+ 1)h527+u+1,2(r77)71) _ Yv2(27+u,2(r77')+1)

0<71<r);

(59)

(27_ - 3)h§2‘r+u71,2(r77)+1) + (27_ +ou+ 1)h527'+,u+1,2(rf~r)71) . 2hg27+,u,2(rf'r)) _
_ }/}1(27—0—#,2(7“—7)—}-1) (0 <r<r :

(27_ + ,u/)hg%'—i-,u,Q(r—T)) + (27_ + m + 2)hg27'+,u+2,2(7'—7')—2) _ }/}2(27'-{-#4-1,2(7‘—7'))
U+ m2<r<n).

(60)

1) Investigation of system (59) for p =0 and system (60) for p = 1.
A system (59) for ;=0 and a system (60) for p =1 have the form

(27_ o 2)h527',2(7‘—7')+u) + (27_ + 2)h527'+2,2(7"—7')—2+,u,) B 2hg27+1,2(r—7)—1+p,) _ ?1(274—1,2(7’—7)4-;1,)

0<7<r),
g Q) —1,2(r—7) 41— ) (2(r+1)+1,2(r—7)—1—p) (61)
(2(7 +p) = 1)hy + (2(7 + ) + 1)hy

_ g (cp<r<r).
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For 7 = —pu,r — 1 coefficients

T+
1

Z(_1)T—j+u}/}2(2j72(7“_j)+1+ﬂ)

h(2(7+u)+1,2(7"—7')—1—u) _
2 201 +p) + 1 g

are uniquely determined from (615).
The last equation in (615) has the form: (2(r + p) — 1)aZCH =M — Y ROHm1=0),

By substituting AS" 71 into this equation we obtain the resonance relation

Z(_l)])@@]g(r—])*’l‘ﬂi) =0. (62)
=0

By substituting 28727 from (61,) into (611) we have the system

a BT g p(rE220rm) =24 (71,20 (r=0,7), (63)

where a, = 207 _ 2’ br — 9 + 2’ }‘}1(27'—&-1,2(7“—7')4—;1) _ }/}1(27-1—1,2&—7)-‘,-;1) + 2h527+1,2(7’—7)—1+u)‘

Select last r equations in system (63)and form a subsystem

Ohy, =
0 bp 0 ... 0 0
0 a9 b2 Ce 0 0
0 O as ... 0 0 . .
where © = [ . _ . — bidiagonal (r x r) - matrix, vectors h; =
00 0 ... ay by
0O 0 0 ... O a,
<h§2,2r72+u) o thT,,u)) }‘7 _ (}‘}1(3,27“72%»;1) o }‘}1(27"+1,,u)>.

By the Gauss method this system may be transformed in the system

O,h =, (64)
where O, = diag{0, as,...,a,}, vector Y, (Y 322ty Pty has compo-
nents Yg(2r+1,u) _ Y1(2r+1,#)’ }/9(27'4'1,2(7‘—7')4‘#) _ Yl(zT+1,2(r—r)+m o a;ileyg(szr:s,z(r—T)_ﬂu)
(r=7—1,0).

It is clear that Y, TH20—7H0) — p—1 > (1) ) AARR U O Ca o)

For 7 = 71,2 system (64) is uniquely decidable with respect to coefficients
pit2r=arm P and its first equation has the form 0 - p{2FTE) = y B2t g
ing h§2’2r_2+“) is free. Substituting in this equation formulas for Y;;(?”p_H“), }71(2]+1’2(T_j)+”),
pAFLA=DTI e obtain:

r r—1+pu .
Yo (—y YR g N 2]+1Z D .
j=1 j=1 k=
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or the resonance relation

T r—1+p r—1
o lo(r (25 2 k
Z(_l)J—lel(QJ—H,Q( D) Lo Z (_1)]+1Y'2(2372( J)-‘rH-M)Z ST —0. (65)
j=1 =0 iy Nt
The first equation in (63) has the form:
_2h50,27’+u) + 2]1(12,27"—2—&—;/,) _ }‘“/1(1,27’—&—;/,)'
It is evidently decidable and the coefficient A" ™ (or R* ") is free.
2) Investigation of system (59) for p =1 and system (60) for p = 0.
The system (60) for =0 and the system (59) for p =1 have the form
(2(7_ + ,u) . 3)h52(7+#)—172(T—T)+1—#) + (2(7_ + M) 4 1)h§2(T+”)+1’2(T_T)_1_“)—
_2h52(7+u),2(7“—T)—u) _ Y1(2(T+u),2(T—T)+1—u) (—p<7<7), (66)
27_hg27',2(7"—7')+u) + (27_ + 2)h527'+2,2(7‘—7')—2+u) _ }/}2(27'—}—1,2(7"—7')-4-11) (0 <7< 7").

For 7 = 0,r — 1 from the subsystem (665) coefficients hQZTH’Z(T_T)_H“) = (21 +2)7!x
> (=17 Y2(2j FLA=DH) are uniquely found and the coefficient héo’%“ ) is free.

The last equation in (665) has the form: 2raS™ = Y2
Substituting in it obtained hgzw ), we have the resonance relation

r

Z(_1>j}/}2(2j+1,2(r—j)+ﬂ) =0. (67)
=0
Further we substitute h§2T+2’2(T_T)_2+“ ) from (662) in (66;) and obtain the system
o BETHIT2 T ) | OO0l P eE e ) (= ()

where a, = 2(7 4+ p) — 3, by = 2(7 + p) + 1, YOm0

QBT+ 2=r)=4)

_ pleearnion |

Take last r 4+ p equations of system (68)and form the subsystem

Oh, =Y,
A1—p 61,“ 0 . 0 0
0 a/2_'u bg_'u 0 0
I 0 0 o . B
where © = — bidiagonal (r + p) - matrix, vectors h; =
0 O 0 Ar_1 bT—l
0 0 0 0 ay
(hgl,zr—uu) o h§2(r+u)—1,1—u)) }v/ _ <v1(2,2r—1+u) . }‘}1(2(7“+,u),17,u)).
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This system is uniquely decidable because the coefficients on principal diagonal satisfy
conditions a, =2(14+pu) =3#0 (t1=1—p,r).

The first equation in (68) (7 = —u) has the form: hgl’%_lﬂb) = }/}I(O’QTHJF“) + 2h§0’2r+“)

and is uniquely decidable by using the free coefficient th’QTJr“ ),

By using denotations introduced for equations (5) and (7), we rewrite obtained resonance
relations (65), (62), (67) for =0 and p =1 via coefficients of system (4):

r r—1 r—1
, A - , o k _
S (1)) 9 N (gyitly, B § =
7 ~ = (69)
DREHI =g Y (T = (u=0)
j=0 j=0

r . ‘ o r ' N r ]{3 N
Z(_Urljyl(%ﬂz( J)+1)_’_2Z(_1)]+1Y'2(2J72( J)+2) =z

— — — 2k +1

i - " - (70)
Z(_l)jY‘Q(?J,?(T—])-i‘Q) = Z(_l)jYQ@]HQ(r—])H) _z (n=1).

j=0 j=0

Theorem 14 A system (57) is formally equivalent to a system (4) with the unperturbed
part P(y? +y3,0) iff for any p = 2r +pu (r > 1, u € {0,1}) coefficients of homogeneous
polynomials Y;(pﬂ) (1 =1,2) satisfy 3 resonance relations, namely:

1) for p=2r (r>1,p=0) coefficients Y72 (1 < 7 < ),
<7 <) satisfy equations (691), (692), and coefficients T <7 <7r) satisfy
0<7< tisf tions (69,), (69 d coefficients Y220 (0 < 7 < tisf
equation (693);
2) for p=2r+1 (r>1, p=1) coefficients Y227 (1 < 7 <) YA
< 7 < r+1) satisfy equations (70,), 2), coefficients T <7t<r
0<7< 1) satisf ti 70,), (70 ficients Y22 (0 < 1 <
satisfy equation (703).

27' 2(r—7)+1)

Corollary 8 Any resonance set contains 3 coefficients.

For p=2r (r>1, pn=0) these coefficients are the following:
1) any one of Y @r2(r=r)+1) (0 <7<r); 2) any one of YQ(QTH’Q(T_T)) 0< 7<),
3) any one of Y12T+1 2r=) (1 <7 <r) orany one of YQ(%’Z(T_T)H) (0 <7 <r) which is
differ from the coefficient selected in 1), except the pair YQ(O’QTH) and Y2(2’2T_1) that can not be
in the resonance set simultaneously, because for them det TP = 0.

For p=2r+1 (r>1, p=1) the resonance set contains the following coefficients:
1) any one of Y(QT2 T+ (0<7<r+4+1); 2) any one of }/‘2(2T+1’2(1"*T)+1) 0<7<r);

3) any one of YIQTH’Q(T )+ (1 <7 <7r) orany one of Y2(27’2(T_T)+2) (0 <7 <r+1) which
is differ from the coefficient selected in 1), except the pair YQ(O’QTH) and YZ(Q’QT) that can not
be in the resonance set simultaneously, because for them det TP = 0.

Theorem 15 An arbitrary system (57) by a formal change (9) may be transformed in
a GNF (4), where for any p > 2 all the coefficients Y+ (1 = 1,2) equal zero, except

possibly 3 coefficients from a resonance set described in corollary 8.

Electronic Journal. http://www.math.spbu.ru/diffjournal 82



Differential Equations and Control Processes, N 4, 2010

Example 2 A system (57) by a formal change (9) may be reduced to a GNF (4) that is
linear in s :

U1 =Yy + yiye + Z(Ypﬂrl’o) + VB gyt

r=1
g = D (VO 4y B0y By Y Py
r=1
Part IV
Conclusion

As was mentioned in part I, normalization of a real system (1) &; = Pi(z) + X;(x), where

P, = a;2% + 2b;x 39 + ;w3 is the unperturbed part, X; = Z;; Xi(pﬂ)(x) — the perturbation,

Xi(r) is a homogeneous polynomial by the order r (i = 1,2), is naturally divides into 2 phase.

I) On the first phase by using linear invertible changes (9) we simplify the unperturbed
part of system (1), i.e. the vector of homogeneous quadratic polynomial P = (P, P,).

In part II the set of systems (2) is divided into 19 linearly nonequivalent classes. For
each class canonical form (see definition 7) is the simplest representative, being the form is an
analogue to a Jordan matrix for linear systems.

Depending on the order [ of the common factor of polynomials P; and P, (see definition
5) the set of canonical forms is divided into 3 subsets.

It is turned out that if P, and P, do not have a common factor (I = 0), (and
according to assertion 1 this is equivalent to the fact that corresponding them resultant
R # 0), then system (2) may be brought to one of 10 canonical forms: CF) - CFY,.
If P, and P, have a common factor of the first order, then system (2) is reduced to one
of 5 canonical forms: CF; — CFi. At last, if P, and P, are proportional (I = 2), then
system (2) is reduced to one of 4 canonical forms: CF; — CF3.

We consider two questions in detail.

1) The renumbering (14) brings any CF. (of course, if the form is not invariant with respect
to this change) to an additional canonical form CF/T (see definition 8) for which principle 5
from the definition of CF is not hold.

And for [ = 2 there exists another variant of additional CF: ACFj in accordance with re-
mark 19 is obtained from a CF3 with ¢ = —1 by a linear change differing from the renumbering
and has its own ACFJ".

2) In case of [ = 2 if we divide CF3 into two forms depending on the sign of ¢, then every
of 5 CF? is linearly equivalent to its degenerate CF (see definition 9). The advantage of DCF?
is that it has the index lesser than corresponding CF?. That easily allows us to investigate
GNF of systems (1) with DCF? in unperturbed part. But the absence of P, does not allow us
to annul some summands in the perturbation, which is possible for nondegenerate CF if there
are technical tools.
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IT) The second phase implies that for a system (1) with the unperturbed part CF' or
DCF? to obtain all the generalized normal forms ( see definition 4) in explicit form by almost
identical change of variables (3).

In part I1I this problem has been solved for systems with DCF?, ..., DCF? in unperturbed
part.

Since before this article the classification of canonical forms introduced in [2, §2],
where principles 5 and 6 of the definition of canonical forms were not clearly formulated,
we consider results for other CF} or their close analogs.

1
In case of [ = 0 systems (1) with the following 4 forms: with CF(I) = 0 8 (1)> -

0 0 1 1 0 wu, o
n [2, §6], with CF) = (1 0 0) —in [4, §11], with CF}* = (0 0 “1> differing
0 u 0 1 .. . , 0 u 0 o
from CF, = 00 1 by a normalization — in [2, §6], with CFy = 01 0l where

o= —signu (R<0), —in [5 §12] (unfortunately, CFy with R > 0 have not been revealed
yet) were investigated previously.

00
In case of I = 1 systems (1) with the following 4 forms: with CF% = (E}L 1 O) -

1
in (2,85, with CFL= (0 7 %) “in 3,58, with oFl = (Y 1 ) including u = —1,
100 010
0
0

10
—in [3, §7], with CF; = L1 —in [4, §9] were investigated previously.
Thus, on one of cases two sets of formally equivalent GNF have been obtained. In the first
set the unperturbed part is presented by a CF% with ¢ = 1, and in the second one — by a form
CF%, but with © = —1, and in accordance with remark 7 these CF are linearly equivalent.

1
In case of | = 2 systems (1) with the following 3 forms: with CF% = (1 8 8) -

-1 -1 1 -1
in [2, §4], with ACF3* = <1 ) 8) differing from ACF; = (1 . 8) by

010

In this situation in 3 cases two sets of formally equivalent GNF were obtained. By theorem 5
DCF; is linear equivalent to a CF? (i =1,3,4), DCF; is equivalent to a CF3 with o = —1
(and ACF3), and DCF? is equivalent CF3 with o = 1.

We also note that system (1) investigated in [4, § 10] is up to the present the unique system
in which the unperturbed part has 4 nonzero summands (ACF3*).

1
a normalization — in [4, § 10], with CF} = (O O) —in [2, §3].
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