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Àííîòàöèÿ

Ïðîäîëæåíî èçó÷åíèå ïî÷òè òîæäåñòâåííûõ ôîðìàëüíûõ ïðåîáðàçîâàíèé äâóìåð-
íûõ àâòîíîìíûõ ñèñòåì ÎÄÓ, íåâîçìóùåííóþ ÷àñòü êîòîðûõ îáðàçóåò ïðîèçâîëüíûé
íåâûðîæäåííûé êâàçèîäíîðîäíûé ìíîãî÷ëåí ïåðâîãî ïîðÿäêà ñ âåñîì (1, 2).

Äëÿ ñèñòåì ñ îäíîé èç êàíîíè÷åñêèõ ôîðì òàêîãî ìíîãî÷ëåíà â íåâîçìóùåííîé
÷àñòè â ÿâíîì âèäå ïîëó÷åíû ðåçîíàíñíûå óðàâíåíèÿ, íà îñíîâàíèè êîòîðûõ äîêà-
çàíû òåîðåìû î ôîðìàëüíîé ýêâèâàëåíòíîñòè ñèñòåì è óñòàíîâëåíû âñå âîçìîæíûå
ñòðóêòóðû îáîáùåííîé íîðìàëüíîé ôîðìû, ê êîòîðîé ëþáàÿ èñõîäíàÿ ñèñòåìà ìîæåò
áûòü ñâåäåíà ïðè ïîìîùè ïî÷òè òîæäåñòâåííîé çàìåíû ïåðåìåííûõ.

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíò � 09�01�00734-a)
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1 Ââåäåíèå

10. Â ðàáîòå áóäåò ðàññìàòðèâàòüñÿ âåùåñòâåííàÿ äâóìåðíàÿ àâòîíîìíàÿ ñèñòåìà

ẋ1 = αx2
1 + x2 +X1(x1, x2), ẋ2 = x1x2 +X2(x1, x2) (α 6= 0), (1)

â êîòîðîé íåâîçìóùåííóþ ÷àñòü îáðàçóåò âåêòîðíûé íåâûðîæäåííûé êâàçèîäíîðîäíûé
ìíîãî÷ëåí (ÍÊÎÌ) P = (αx2

1 + x2, x1x2) ñòåïåíè κ = 1 ñ âåñîì γ = (1, 2), ò. å. P = P
[1]
(1,2),

à âîçìóùåíèå X = (X1, X2) ðàçëîæåíî â ñóììó êâàçèîäíîðîäíûõ ìíîãî÷ëåíîâ (ÊÎÌ),

ò. å. Xi =
∑∞

k=2X
[k]
i (x1, x2) (i = 1, 2), ãäå X

[k]
i =

∑
q1+2q2−i=kX

[q1,2q2]
i xq11 x

q2
2 � ÊÎÌ ñòåïåíè

k ñ òåì æå âåñîì γ = (1, 2), êîòîðûé çäåñü â äàëüíåéøåì â îáîçíà÷åíèÿõ áóäåì îïóñêàòü.

Â ñëó÷àå íåîáõîäèìîñòè âñå îïðåäåëåíèÿ, êàñàþùèåñÿ êâàçèîäíîðîäíûõ ìíîãî÷ëåíîâ,
ðåçîíàíñíûõ óðàâíåíèé, ðåçîíàíñíûõ íàáîðîâ è îáîáùåííûõ íîðìàëüíûõ ôîðì (ÎÍÔ),
ìîæíî íàéòè â êîíöå ñòàòüè â ðàçäåëå 6.

Ïóñòü ôîðìàëüíàÿ ïî÷òè òîæäåñòâåííàÿ çàìåíà

xi = yi + hi(y1, y2) (i = 1, 2), (2)

ãäå hi =
∑∞

k=2 h
[k−1]
i , à ÊÎÌ h

[k−1]
i =

∑
q1+2q2−i=k−1 h

[q1,2q2]
i yq11 y

q2
2 , ïåðåâîäèò ñèñòåìó (1)

â ôîðìàëüíî ýêâèâàëåíòíóþ åé ñèñòåìó

ẏ1 = αy2
1 + y2 + Y1(y1, y2), ẏ2 = y1y2 + Y2(y1, y2). (3)

â êîòîðîé Yi =
∑∞

k=2 Y
[k]
i (y1, y2).

20. Ðàáîòà ïðåñëåäóåò äâå öåëè, äîñòèæåíèå êîòîðûõ îñíîâàíî íà èñïîëüçîâàíèè
êîíñòðóêòèâíîãî ìåòîäà ðåçîíàíñíûõ óðàâíåíèé, îïèñàííîãî â [1, � 3] (ñì. òàêæå [2, � 2]).

1) Âûïèñàòü â ÿâíîì âèäå óñëîâèÿ íà êîýôôèöèåíòû ÊÎÌ Y
[k]
i ñèñòåìû (3), ïðè

êîòîðûõ îíà ôîðìàëüíî ýêâèâàëåíòíà èñõîäíîé ñèñòåìå (1).

2) Âûïèñàòü âñå âîçìîæíûå ñòðóêòóðû íàèáîëåå ïðîñòîé ñèñòåìû (3), íàçûâàåìîé
îáîáùåííîé íîðìàëüíîé ôîðìîé (ÎÍÔ), êîòîðàÿ ìîæåò áûòü ïîëó÷åíà èç ïðîèçâîëüíîé
ñèñòåìû (1) ïðè ïîìîùè ôîðìàëüíîãî ïî÷òè òîæäåñòâåííîãî ïðåîáðàçîâàíèÿ (2).

30. Íåâîçìóùåííàÿ ÷àñòü ñèñòåìû (1) � ÍÊÎÌ P
[1]
(1,2) = (αx2

1 + x2, x1x2) � ÿâëÿåòñÿ
îäíîé èç êàíîíè÷åñêèõ ôîðì, ê êîòîðîé çàìåíîé

u1 = τ1x1, u2 = τ2x2 − γτ 2
2x

2
1 (τ1, τ2 6= 0), (4)

ñîõðàíÿþùåé ñòðóêòóðó êâàçèîäíîðîäíûõ ìíîãî÷ëåíîâ, ñâîäèòñÿ âåùåñòâåííàÿ ñèñòåìà

u̇ = Q
[1]
(1,2)(u) +

∞∑
k=2

U [k](u) (u = (u1, u2)), (5)

èìåþùàÿ â íåâîçìóùåííîé ÷àñòè ÍÊÎÌ îáùåãî âèäà

Q
[1]
(1,2) = (a u2 + b u2

1, 2c u1u2 − d u3
1) (a2 + b2 6= 0, c2 + d2 6= 0). (6)

Êàíîíè÷åñêîé ôîðìîé (ÊÔ) â äàííîì ñëó÷àå íàçûâàåì òàêîé ÍÊÎÌ, ïîëó÷åííûé èç

Q
[1]
(1,2) çàìåíîé (4), â êîòîðîì ÷èñëî íåíóëåâûõ êîýôôèöèåíòîâ ìèíèìàëüíî è îíè äîëæíûì

îáðàçîì íîðìèðîâàíû.
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Ââåäåì ñëåäóþùèå êîíñòàíòû:

D = (b− c)2 − 2ad; η1 = (b+ c−D1/2)/2, η2 = (b+ c+D1/2)/2;

γ1 = (b− c−D1/2)/(2a), γ2 = (b− c+D1/2)/(2a) (a 6= 0).

Íåòðóäíî óáåäèòüñÿ, ÷òî åñëè äëÿ êîýôôèöèåíòîâ Q
[1]
(1,2) èç (6) âûïîëíÿþòñÿ óñëîâèÿ

a 6= 0, D ≥ 0, η1, η2 6= 0,

òî ìîæíî äîñòèãíóòü ñëåäóþùèõ ðåçóëüòàòîâ:

1) åñëè b+c < 0, òî ñèñòåìà (5) çàìåíîé (4) ñ γ = γ1, τ1 = (2η1)−1, τ2 = (2aη1)−1 ñâîäèòñÿ

ê ñèñòåìå (1), ó êîòîðîé â ÊÔ P
[1]
(1,2) ïàðàìåòð α = η2/(2η1), à çíà÷èò, 0 < |α| ≤ 1/2;

2) åñëè b+c > 0, òî ñèñòåìà (5) çàìåíîé (4) ñ γ = γ2, τ1 = (2η2)−1, τ2 = (2aη2)−1 ñâîäèòñÿ

ê ñèñòåìå (1), ó êîòîðîé â ÊÔ P
[1]
(1,2) ïàðàìåòð α = η1/(2η2), à çíà÷èò, 0 < |α| ≤ 1/2;

3) åñëè b + c = 0 è D > 0 (ïðè D = 0 ïîëó÷èòñÿ âûðîæäåííàÿ ÊÔ), òî −η1 = η2 =

D1/2/2 > 0 è ñèñòåìà (5) çàìåíîé (4) èç ï. 2) ñâîäèòñÿ ê ñèñòåìå (1), ó êîòîðîé â ÊÔ P
[1]
(1,2)

ïàðàìåòð α = −1/2.

Â ðåçóëüòàòå âñåãäà ìîæíî äîáèòüñÿ, ÷òîáû â (1) âûïîëíÿëîñü óñëîâèå 0 < |α| ≤ 1/2.

40. Ñèñòåìà (5) ñ íåêîòîðûìè ÊÔ, ïîìèìî ÍÊÎÌ (αx2
1 + x2, x1x2) èç ñèñòåìû (1),

áûëà èçó÷åíà ðàíåå ïî òîé æå ñõåìå, ÷òî áóäåò îñóùåñòâëåíà çäåñü äëÿ ñèñòåìû (1).

Â [1, ÷àñòü 2] èññëåäîâàíà ôîðìàëüíàÿ ýêâèâàëåíòíîñòü è êîíñòðóêòèâíî îïèñàíû
ñòðóêòóðû âñåõ ÎÍÔ äëÿ ñèñòåì, â íåâîçìóùåííîé ÷àñòè êîòîðûõ ñòîèò ÊÔ (x2,−x3

1),
ïîëó÷åííàÿ ïðè îïðåäåëåííûõ óñëîâèÿõ íà êîýôôèöèåíòû ÍÊÎÌ (6) èç ñèñòåìû (5).

Àíàëîãè÷íûå èññëåäîâàíèÿ ïðîâåäåíû â [2, � 4] äëÿ ñèñòåì ñ ÊÔ (x2, x1x2), â [2, � 6]
äëÿ ñèñòåì ñ ÊÔ (x2

1, x
3
1), â [3, � 5] äëÿ ñèñòåì ñ ÊÔ (αx2

1, x1x2), ïðàâäà, â ýòîì ñëó÷àå ÊÔ
â íåâîçìóùåííîé ÷àñòè áûëî óäîáíî òðàêòîâàòü íå êàê ÍÊÎÌ ïåðâîé ñòåïåíè ñ âåñîì
(1, 2), à êàê îäíîðîäíûé ïîëèíîì âòîðîé ñòåïåíè.

Íàêîíåö, â [4, ðàçä. 6] äëÿ ñèñòåì ñ íåâîçìóùåííîé ÷àñòüþ (x2, α x1x2 +β x3
1) ïîñòðîåí

ïðèìåð ÎÍÔ, íî ïðè óñëîâèè, ÷òî îòíîøåíèå d2/b
2
2 íå ÿâëÿåòñÿ àëãåáðàè÷åñêèì ÷èñëîì.

2 Ëèíåéíàÿ ñèñòåìà äëÿ êîýôôèöèåíòîâ çàìåíû

10. Äèôôåðåíöèðóÿ ïî t çàìåíó (2) â ñèëó ñèñòåì (1) è (3), ïîëó÷àåì òîæäåñòâà

α(y1 +h1)2 +y2 +h2 +X1(y1 +h1, y2 +h2) = αy2
1 +y2 +Y1 +

∂h1

∂y1

(αy2
1 +y2 +Y1)+

∂h1

∂y2

(y1y2 +Y2),

(y1 + h1)(y2 + h2) +X2(y1 + h1, y2 + h2) = y1y2 + Y2 +
∂h2

∂y1

(αy2
1 + y2 + Y1) +

∂h2

∂y2

(y1y2 + Y2).

Âûäåëÿÿ â íèõ äëÿ âñÿêîãî k ≥ 2 ÊÎÌ ñòåïåíè k, ïîëó÷àåì ñèñòåìó

∂h
[k−1]
1

∂y1

(αy2
1 + y2) + y1y2

∂h
[k−1]
1

∂y2

− 2αy1h
[k−1]
1 (y)− h[k−1]

2 (y) = Ỹ
[k]

1 (y)− Y [k]
1 (y),

∂h
[k−1]
2

∂y1

(αy2
1 + y2) + y1y2

∂h
[k−1]
2

∂y2

− y1h
[k−1]
2 (y)− y2h

[k−1]
1 (y) = Ỹ

[k]
2 (y)− Y [k]

2 (y),

(7)
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ãäå Ỹ
[k]

1 = {X1(y1+h1, y2+h2)+αh2
1−Y1∂h1/∂y1−Y2∂h1/∂y2}[k], Ỹ

[k]
2 = {X2(y1+h1, y2+h2)+

h1h2 − Y1∂h2/∂y1 − Y2∂h2/∂y2}[k], ò. å. êâàçèîäíîðîäíûé ìíîãî÷ëåí Ỹ [k] = (Ỹ
[k]

1 , Ỹ
[k]

2 ) óæå
èçâåñòåí, òàê êàê ñîäåðæèò òîëüêî ïðåäøåñòâóþùèå ÊÎÌ Y [s] è h[s−κ] (κ+ 1 ≤ s ≤ k−1).

Ïðèðàâíèâàÿ â ñèñòåìå (7) êîýôôèöèåíòû ïðè yq11 y
q2
2 , ãäå q1, q2 ∈ Z+, q1 + 2q2 = k + i,

k ≥ 2, à i ∈ {1, 2} � íîìåð òîæäåñòâà, ïîëó÷àåì ëèíåéíóþ ñèñòåìó

(q1 + 1)h
[q1+1,2q2−2]
1 + (αq1 + q2 − 3α)h

[q1−1,2q2]
1 − h[q1,2q2]

2 = Ỹ
[q1,2q2]

1 − Y [q1,2q2]
1 ,

(q1 + 1)h
[q1+1,2q2−2]
2 + (αq1 + q2 − α− 1)h

[q1−1,2q2]
2 − h[q1,2q2−2]

1 = Ỹ
[q1,2q2]

2 − Y [q1,2q2]
2 .

Âûðàæàÿ q1, q2 ÷åðåç k è òåêóùèé ïàðàìåòð τ, ââåäåì ñëåäóþùèå ðàçëîæåíèÿ

k = 2r + ν (r ∈ N, ν = 0, 1); q1 = 2τ + ν + i− 2, q2 = r − τ + 1.

Òîãäà ñèñòåìà ïðèìåò âèä:

(2τ + ν)h
[2τ+ν,2(r−τ)]
1 + (2ατ + αν + r − τ − 4α + 1)h

[2τ+ν−2,2(r−τ+1)]
1 −

−h[2τ+ν−1,2(r−τ+1)]
2 = Ŷ

[2τ+ν−1,2(r−τ+1)]
1 (1− ν ≤ τ ≤ r + 1),

(2τ + ν + 1)h
[2τ+ν+1,2(r−τ)]
2 + (2ατ + αν + r − τ − α)h

[2τ+ν−1,2(r−τ+1)]
2 −

−h[2τ+ν,2(r−τ)]
1 = Ŷ

[2τ+ν,2(r−τ+1)]
2 (0 ≤ τ ≤ r + 1),

(8)

ãäå Ŷ
[2τ+ν+i−2,2(r−τ+1)]
i = Ỹ

[2τ+ν+i−2,2(r−τ+1)]
i − Y

[2τ+ν+i−2,2(r−τ+1)]
i (i = 1, 2). Ïðè ýòîì âñå

êîýôôèöèåíòû Ỹ
[2τ+ν+i−2,2(r−τ+1)]
i ÊÎÌ Ỹ [2r+ν] óæå èçâåñòíû ñîãëàñíî (7).

20. Ðàññìîòðèì îòäåëüíî ñëó÷àé, êîãäà r = 1.

Ñèñòåìà (8) ïðè k = 2 (r = 1, ν = 0) èìååò âèä

2h
[2,0]
1 + (1− 2α)h

[0,2]
1 − h[1,2]

2 = Ŷ
[1,2]

1 , −h[3,0]
2 = Ŷ

[3,0]
1 , h

[1,2]
2 − h[0,2]

1 = Ŷ
[0,4]

2 ,

3h
[3,0]
2 + αh

[1,2]
2 − h[2,0]

1 = Ŷ
[2,2]

2 , (3α− 1)h
[3,0]
2 = Ŷ

[4,0]
2 .

Èç âòîðîãî è ïÿòîãî óðàâíåíèé ñèñòåìû ïîëó÷àåì ïåðâóþ ðåçîíàíñíóþ ñâÿçü:

(3α− 1)Ŷ
[3,0]

1 + Ŷ
[4,0]

2 = 0. (82
1)

Èç ïåðâûõ äâóõ óðàâíåíèé âûðàçèì h
[1,2]
2 è h

[3,0]
2 è, ïîäñòàâëÿÿ èõ â îñòàâøèåñÿ óðàâíåíèÿ,

ïåðåéäåì ê ñèñòåìå 2(h
[2,0]
1 −αh[0,2]

1 ) = Ŷ
[0,4]

2 + Ŷ
[1,2]

1 , (2α−1)(h
[2,0]
1 −αh[0,2]

1 ) = Ŷ
[2,2]

2 +3Ŷ
[3,0]

1 +

αŶ
[1,2]

1 , äàþùåé âòîðóþ ðåçîíàíñíóþ ñâÿçü ïðè íàëè÷èè ñâîáîäíîé êîìïîíåíòû h
[0,2]
1 :

Ŷ
[1,2]

1 + 6Ŷ
[3,0]

1 + (1− 2α)Ŷ
[0,4]

2 + 2Ŷ
[2,2]

2 = 0. (82
2)

Â ñâîþ î÷åðåäü, ñèñòåìà (8) ïðè k = 3 (r = 1, ν = 1) èìååò âèä

h
[1,2]
1 − h[0,4]

2 = Ŷ
[0,4]

1 , 3h
[3,0]
1 + (1− α)h

[1,2]
1 − h[2,2]

2 = Ŷ
[2,2]

1 , αh
[3,0]
1 − h[4,0]

2 = Ŷ
[4,0]

1 ,

2h
[2,2]
2 + h

[0,4]
2 − h[1,2]

1 = Ŷ
[1,4]

2 , 4h
[4,0]
2 + 2αh

[2,2]
2 − h[3,0]

1 = Ŷ
[3,2]

2 , (4α− 1)h
[4,0]
2 = Ŷ

[5,0]
2 .

Èç ïåðâûõ òðåõ óðàâíåíèé âûðàçèì êîýôôèöèåíòû h
[0,4]
2 , h

[2,2]
2 è h

[4,0]
2 è, ïîäñòàâëÿÿ èõ

â îñòàâøèåñÿ óðàâíåíèÿ, ïåðåéäåì ê ñèñòåìå 6h
[3,0]
1 + 2(1− α)h

[1,2]
1 = Ŷ

[1,4]
2 + 2Ŷ

[2,2]
1 + Ŷ

[0,4]
1 ,

Ýëåêòðîííûé æóðíàë. http://www.math.spbu.ru/di�journal 111



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ, � 4, 2010

(10α−1)h
[3,0]
1 +2α(1−α)h

[1,2]
1 = Ŷ

[3,2]
2 +4Ŷ

[4,0]
1 +2αŶ

[2,2]
1 , α(4α−1)h

[3,0]
1 = (4α−1)Ŷ

[4,0]
1 + Ŷ

[5,0]
2 ,

èç êîòîðîé ïîëó÷àåì ðåçîíàíñíóþ ñâÿçü :

α2Ŷ
[0,4]

1 − αŶ [4,0]
1 + α2Ŷ

[1,4]
2 − αŶ [3,2]

2 + Ŷ
[5,0]

2 = 0. (83
1)

À ïðè α = 1 èìååì äîïîëíèòåëüíóþ ðåçîíàíñíóþ ñâÿçü è ñâîáîäíóþ êîìïîíåíòó h
[3,0]
1 :

5Ŷ
[4,0]

1 − 2Ŷ
[2,2]

1 − Ŷ [3,2]
2 + 3Ŷ

[5,0]
2 = 0. (83

2)

30. Â äàëüíåéøåì áóäåì âñåãäà ïðåäïîëàãàòü, ÷òî r ≥ 2. Ýòî ïîçâîëèò èçáåæàòü
äîïîëíèòåëüíûõ òåõíè÷åñêèõ òðóäíîñòåé.

Ïåðåïèøåì ñèñòåìó (8) â íîâûõ áîëåå óäîáíûõ îáîçíà÷åíèÿõ:

(α(2τ + ν − 4) + r − τ + 1)hr1,τ−1 + (2τ + ν)hr1,τ − hr2,τ = Ŷ r
1,τ ,

(α(2τ + ν − 1) + r − τ)hr2,τ + (2τ + ν + 1)hr2,τ+1 − hr1,τ = Ŷ r
2,τ ,

(9)

ãäå hr1,τ = h
[2τ+ν,2(r−τ)]
1 (τ = 0, r), hr2,τ = h

[2τ+ν−1,2(r−τ+1)]
2 , Ŷ r

1,τ = Ŷ
[2τ+ν−1,2(r−τ+1)]

1

(τ = 1, r + 1), Ŷ r
2,τ = Ŷ

[2τ+ν,2(r−τ+1)]
2 (τ = 0, r + 1).

Ïîäñòàâëÿÿ hr2,τ èç ïåðâîãî óðàâíåíèÿ (9) âî âòîðîå, ïîëó÷àåì ñèñòåìó

cτh
r
1,τ−1 + aτh

r
1,τ + bτh

r
1,τ+1 = Y r

0,τ (τ = 0, r + 1),

ñ êîýôôèöèåíòàìè

aτ = 2α((2τ + ν)2 − 2τ − ν − 1) + (r − τ)(4τ + 2ν + 1)− 1, bτ = (2τ + ν + 1)(2τ + ν + 2),

cτ = (α(2τ + ν − 1) + r − τ)(α(2τ + ν − 4) + r − τ + 1),

Y r
0,τ = Ŷ r

2,τ + (α(2τ + ν − 1) + r − τ)Ŷ r
1,τ + (2τ + ν + 1)Ŷ r

1,τ+1

èëè â âåêòîðíîé çàïèñè ñèñòåìó
Θrhr1 = Y r

0 , (10)

ãäå Θr=



a0 b0 0 . . . 0

c1 a1 b1 . . .
...

...
. . . . . . . . .

...
...

... cr−1 ar−1 br−1

...
...

. . . cr ar
0 0 . . . 0 cr+1


� (r + 2) × (r + 1) ìàòðèöà, à êîìïîíåíòû âåêòîðîâ

hr1 = (hr1,0, . . . , h
r
1,r) è Y

r
0 = (Y r

0,0, . . . , Y
r

0,r+1) ââåäåíû â (9).

3 Óñëîâèÿ ñîâìåñòíîñòè ñèñòåìû â ñëó÷àå r ≥ 2, ν = 0

10. Â ðàññìàòðèâàåìîì ñëó÷àå êîýôôèöèåíòû ñèñòåìû (10) ïðèíèìàþò âèä

aτ = 2α(4τ 2 − 2τ − 1) + (r − τ)(4τ + 1)− 1, bτ = (2τ + 1)(2τ + 2),

cτ = (α(2τ − 1) + r − τ)(2α(τ − 2) + r − τ + 1),

Y r
0,τ = Ŷ r

2,τ + (α(2τ − 1) + r − τ)Ŷ r
1,τ + (2τ + 1)Ŷ r

1,τ+1.

(100)
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Ìåòîäîì Ãàóññà áóäåì àííóëèðîâàòü, ïîêà ýòî âîçìîæíî, ïîääèàãîíàëü (c1, . . . , cr+1)
ìàòðèöû Θr, äëÿ ÷åãî ââåäåì ðåêóððåíòíóþ ïîñëåäîâàòåëüíîñòü dτ :

d0 = a0, dτ = aτ − cτbτ−1/dτ−1, ïîêà dτ−1 6= 0 (1 ≤ τ ≤ r, r ≥ 2). (11)

Âîçìîæíû äâà ñëó÷àÿ: 1) ∃ τ̆ (1 ≤ τ̆ ≤ r) : d0, . . . , dτ̆−1 6= 0, dτ̆ = 0; 2) d0, . . . , dr 6= 0.
Â ñëó÷àå 2) ïîëîæèì dr+1 = 0 è τ̆ = r + 1.

Ëåììà 1. Äëÿ ýëåìåíòîâ dτ èç (11) ñïðàâåäëèâà ïðÿìàÿ ôîðìóëà

dτ = (2τ + 1)
(−2α + r − τ − 1)(2α(τ − 1) + r − τ)

−2α + r − τ
, (12)

ãäå τ = 0, τ̆ â ñëó÷àå 1) è τ = 0, r â ñëó÷àå 2).

Ä î ê à ç à ò å ë ü ñ ò â î . Ïðè τ = 0 â (11) è (12) ýëåìåíò d0 = −2α + r − 1.

Ïðåäïîëîæèì, ÷òî dτ−1 = (2τ − 1)(2α(τ − 2) + r− τ + 1)(−2α+ r− τ)/(−2α+ r− τ + 1)
ïðè τ ≥ 2. Òîãäà ñîãëàñíî (11) dτ = 2α(4τ 2−2τ−1)+(r−τ)(4τ+1)−1−(α(2τ−4)+r−τ+
1)(α(2τ −1)+r− τ)(2τ −1)2τ)/dτ−1 = 2α(4τ 2−2τ −1)+(r− τ)(4τ +1)−1− (α(2τ −1)+r−
τ)(−2α+r−τ+1)/(−2α+r−τ) = (2τ+1)(2α(τ−1)+r−τ)(−2α+r−τ−1)/(−2α+r−τ) = dτ .�

20. Ðàçîáüåì ìíîæåñòâî ïàð (α, r) (α 6= 0, r ≥ 2) íà ÷åòûðå íåïåðåñåêàþùèõñÿ
ñåìåéñòâà {α, r}dj è äëÿ êàæäîãî ââåäåì êîíñòàíòó τ dj (j = 0, 3) :

{α, r}d1 = {−1/2, 2n}n∈N, τ d1 = 2n;

{α, r}d2 = {k/2, n}k,n∈N, n≥k+1, τ d2 = n− k − 1;

{α, r}d3 = {−k/2l, n(k + l) + 1}k,l,n∈N, τ d3 = ln+ 1;

{α, r}d0 = {(α, r) 6∈ {α, r}d1 ∪ {α, r}d2 ∪ {α, r}d3}, τ d0 = r + 1.

Ëåììà 2. Åñëè ïàðà (α, r) ∈ {α, r}dj (j = 1, 3), òî äëÿ ýëåìåíòîâ dτ èç (12) ðåàëèçó-
åòñÿ ñëó÷àé 1) ñ τ̆ = τ dj ; åñëè (α, r) ∈ {α, r}d0, òî ðåàëèçóåòñÿ ñëó÷àé 2) c τ̆ = τ d0 = r + 1.

Ä î ê à ç à ò å ë ü ñ ò â î . Ðàññìîòðèì óðàâíåíèå dτ = 0 (0 ≤ τ ≤ r).

Ïóñòü −2α + r − τ − 1 = 0, òîãäà α = (r − τ − 1)/2 = k/2 6= 0, ò. å. k = −1 èëè k ∈ N.
Ïîýòîìó ëèáî α = −1/2, r = 2n, τ = 2n (n ∈ N), à çíà÷èò, ïàðà (α, r) ∈ {α, r}1

d è τ = τ d1 ,
ëèáî α = k/2, r = n, τ = n−k−1 (n, k ∈ N) è n ≥ k+ 1, ïîñêîëüêó τ ≥ 0 è r ≥ 2, à çíà÷èò,
ïàðà (α, r) ∈ {α, r}d2 è τ = τ d2 , ëèáî α = −1/2, r = τ = 2n + 1, íî ýòîò ñëó÷àé ðåàëèçóåòñÿ
â ìíîæåñòâå {α, r}d3 ïðè k, l = 1 è òàì τ d3 = n+ 1 < τ.

Ïóñòü 2α(τ − 1) + r − τ = 0, òîãäà τ 6= 1 (èíà÷å r = 1).

Åñëè 2 ≤ τ ≤ r, òî α = −(r − τ)/(2τ − 2) < 0, ïîýòîìó 2τ − 2 = 2ln, r − τ = kn,
(k, l, n ∈ N, k è l âçàèìíî-ïðîñòûå), çíà÷èò, α = −k/(2l), τ = ln + 1, r = n(k + l) + 1, ò. å.
(α, r) ∈ {α, r}d3 è τ = τ d3 .

Åñëè τ = 0, òî ìíîæèòåëü 2α(τ−1)+r−τ ñîêðàùàåòñÿ ñî çíàìåíàòåëåì dτ = −2α+r.

ßñíî, ÷òî çíàìåíàòåëü dτ ïðè τ = 1, r íå ðàâåí íóëþ. Îí íà åäèíèöó áîëüøå ïåðâîãî
ñîìíîæèòåëÿ ÷èñëèòåëÿ è óáûâàåò ñ ðîñòîì τ.

Ïóñòü, íàêîíåö, (α, r) ∈ {α, r}d0, òîãäà âñå âõîäÿùèå â dτ ñîìíîæèòåëè â íóëü íå
îáðàùàþòñÿ ïðè τ = 0, r, ò. å. ðåàëèçóåòñÿ ñëó÷àé 2). �
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Â ðåçóëüòàòå ñèñòåìà (10) ìîæåò áûòü ïðåîáðàçîâàíà â ñèñòåìó

Θr
dh

r
1 = Y r

d , (13)

ãäå Θr
d=



d0 b0 . . . 0 0 0 0 . . . 0 0

0 d1
. . . 0 0 0 0 . . . 0 0

...
...

. . . . . . . . .
...

...
. . .

...
...

0 0 . . . dτ̆−1 bτ̆−1 0 0 . . . 0 0

0 0 . . . 0 0 bτ̆ 0 . . . 0 0

0 0 . . . 0 cτ̆+1 aτ̆+1 bτ̆+1
. . .

... 0

0 0 . . . 0 0 cτ̆+2 aτ̆+2
. . . 0 0

...
...

. . .
...

...
...

. . . . . . . . .
...

0 0 . . . 0 0 0 0 cr−1 ar−1 br−1

0 0 . . . 0 0 0 0
. . . cr ar

0 0 . . . 0 0 0 0 . . . 0 cr+1



(r + 2)× (r + 1) ìàòðèöà,

Y r
d èìååò êîìïîíåíòû Y r

d,0 = Y r
0,0, Y

r
d,τ = Y r

0,τ − (cτ/dτ−1)Y r
d,τ−1 (τ = 1, τ̆), Y r

d,τ = Y r
0,τ

(τ = τ̆ + 1, r + 1); aτ , bτ , cτ îïèñàíû â (100), à dτ â (12).

Î÷åâèäíî, ÷òî

Y r
d,τ =

τ∑
j=0

(−1)τ−jY r
0,j

τ∏
ν=j+1

cν/dν−1 (τ = 0, τ̆)

è ïåðâûå τ̆ óðàâíåíèé ñèñòåìû (13) îäíîçíà÷íî ðàçðåøèìû îòíîñèòåëüíî hr1,0, . . . , h
r
1, τ̆−1,

à óðàâíåíèå ñ íîìåðîì τ̆ èìååò âèä

0 · hr1,τ̆−1 + 0 · hr1,τ̆ + bτ̆h
r
1,τ̆+1 = Y r

d,τ̆ (hr1, r+1, h
r
1, r+2 = 0). (14)

Â ÷àñòíîñòè, â ñëó÷àå 2) τ̆ = r+1, ïîýòîìó Θr
d � äâóõäèàãîíàëüíàÿ ìàòðèöà ñ íóëåâîé

íèæíåé ñòðîêîé è óðàâíåíèå (14) èìååò âèä 0 · hr1, r = Y r
d,r+1.

30. Ðàçîáüåì ìíîæåñòâî ïàð (α, r) (α 6= 0, r ≥ 2) äðóãèì ñïîñîáîì íà ïÿòü íåïåðåñå-
êàþùèõñÿ ñåìåéñòâ ñ ñîîòâåòñòâóþùèìè êîíñòàíòàìè τ cj (j = 0, 4) :

{α, r}c1 = {−k/(2l − 1), (k + l)(2n− 1)− n+ 1}k,l,n∈N, τ c1 = l(2n− 1)− n+ 1;

{α, r}c2 = {1/(2l + 1), l}l≥2, τ
c
2 = l + 1;

{α, r}c3 = {−k/2l, (k + l)n+ 1}k,l,n∈N, τ c3 = ln+ 2;

{α, r}c4 = {k/2, k}k≥2, τ
c
4 = 1;

{α, r}c0 = {(α, r) 6∈ ∪4
j=1{α, r}cj}.

Î÷åâèäíî, ÷òî

{α, r}c3 = {α, r}d3, τ c3 = τ d3 + 1; {α, r}cj ⊂ {α, r}d0 (j = 1, 2, 4). (15)
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Ýëåìåíòû cτ èç (100) è dτ èç (12) óäîáíî çàïèñàòü â ñëåäóþùåì âèäå:

cτ = c′τc
′′
τ (τ = 1, r + 1), dτ = (2τ + 1)c′′τ+1d

′
τ+1d

′
τ
−1

(τ = 0, τ̆), (16)

ãäå c′τ = α(2τ − 1) + r − τ, c′′τ = 2α(τ − 2) + r − (τ − 1), d′τ = −2α + r − τ.

Ëåììà 3. Äëÿ ýëåìåíòîâ cτ èç (100) ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

à) c′τ = 0 ⇔ (α, r) ∈ {α, r}cj è τ = τ cj (j = 1, 2),

á) c′′τ = 0 ⇔ (α, r) ∈ {α, r}cj è τ = τ cj (j = 3, 4),

â) c1, . . . , cr+1 6= 0 ⇔ (α, r) ∈ {α, r}c0.
Ä î ê à ç à ò å ë ü ñ ò â î . à) Ïóñòü c′τ = 0. Òîãäà τ 6= r (èíà÷å α = 0).

Åñëè 1 ≤ τ ≤ r − 1, òî α = −(r − τ)/(2τ − 1) < 0, ïîýòîìó 2τ − 1 = (2l − 1)(2n − 1),
r − τ = k(2n − 1) (k, l, n ∈ N), à çíà÷èò, α = −k/(2l − 1), τ = l(2n − 1) − n + 1, r =
(k + l)(2n− 1)− n+ 1, ò. å. (α, r) ∈ {α, r}c1 è τ = τ c1 .

Åñëè τ = r + 1, òî α = 1/(2r + 1) > 0, ò. å. (α, r) ∈ {α, r}c2 è τ = τ c2 .

Åñëè (α, r) ∈ {α, r}cj (j = 1, 2), òî, ïîäñòàâëÿÿ íóæíûå α, r â c′τ , ïîëó÷èì c′τ = 0.

á) Ïóñòü c′′τ = 0. Òîãäà τ 6= 2 (èíà÷å r = 1).

Åñëè 3 ≤ τ ≤ r+1, òî α = −(r−τ+1)/(2τ−4) < 0, ïîýòîìó 2τ−4 = 2ln, r−τ+1 = kn,
(k, l, n ∈ N, k è l âçàèìíî-ïðîñòûå), à çíà÷èò, α = −k/(2l), τ = ln+ 2, r = n(k + l) + 1, ò. å.
(α, r) ∈ {α, r}c3 è τ = τ c3 .

Åñëè τ = 1, òî α = r/2 > 0, ò.å. (α, r) ∈ {α, r}c4 è τ = τ c4 . Åñëè (α, r) ∈ {α, r}cj (j = 3, 4),
òî, ïîäñòàâëÿÿ ñîîòâåòñòâóþùèå α, r â c′′τ , ïîëó÷èì c′′τ = 0.

Â ðåçóëüòàòå, óòâåðæäåíèå â) ñòàëî î÷åâèäíûì. �

Â ÷àñòíîñòè, èç ëåììû 3 è (15) âûòåêàåò, ÷òî {α, r}d1 ∪ {α, r}d2 ⊂ {α, r}c0.

40. Â ñëó÷àå 1) âûäåëèì ïîñëåäíèå r − τ̆ + 1 ≥ 1 óðàâíåíèé (13) â ñèñòåìó

Θr+
d hr+1 = Y r+

d , (17)

ãäå Θr+
d =



cτ̆+1 aτ̆+1 bτ̆+1 . . . . . . 0

0 cτ̆+2 aτ̆+2
. . . . . . 0

...
...

. . . . . . . . .
...

0 0 . . . cr−1 ar−1 br−1

0 0 . . .
. . . cr ar

0 0 . . . . . . 0 cr+1


� (r− τ̆ +1)× (r− τ̆ +1) ìàòðèöà, à âåêòîðû

hr+1 = (hr1,τ̆ , . . . , h
r
1,r), Y

r+
d = (Y r

d,τ̆+1, . . . , Y
r
d,r+1).

Ïî ëåììå 3 âñå äèàãîíàëüíûå ýëåìåíòû cτ̆+1, . . . , cr+1 ìàòðèöû Θr+
d îòëè÷íû îò íóëÿ,

êðîìå cτ̆+1 = 0 â ñëó÷àå, êîãäà (α, r) ∈ {α, r}c3. Ïîýòîìó (17) ìîæíî äèàãîíàëèçîâàòü.

Äëÿ ýòîãî â ñëó÷àå 1) óäîáíî ââåñòè ìàòðèöó G = {gτj}rτ,j=τ̆+1 :

∀ τ = τ̆ + 1, r + 1 : gτj = 0 (τ̆ + 1 ≤ j ≤ τ − 1) (gτ̆+1 τ̆ = 0),

gττ = 1, gτj = −(gτj−1aj−1 + gτj−2bj−2)/cj (τ + 1 ≤ j ≤ r + 1).
(18)

Òîãäà GΘr+
d = {gτj−2bj−2 + gτj−1aj−1 + gτjcj}rτ,j=τ̆+1 = diag {cτ̆+1, . . . , cr+1}.
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Êðîìå òîãî, äëÿ îöåíêè ýëåìåíòîâ ìàòðèöû G, êîòîðàÿ â äàëüíåéøåì íåîäíîêðàòíî
ïîòðåáóåòñÿ, óäîáíî ââåñòè ðåêóððåíòíóþ ïîñëåäîâàòåëüíîñòü ÷èñåë fτj :

∀ τ = τ̆ + 1, r : fττ = −aτ , fτj = −aj−bj−1cj/fτ j−1 (τ+1 ≤ j ≤ r), ïîêà fτ j−1 6= 0. (19)

Óòâåðæäåíèå 1. Äëÿ ýëåìåíòîâ gτ j èç (18) èìååò ìåñòî ôîðìóëà:

gττ = 1, gτ j = gτ j−1fτ j−1/cj (j = τ + 1, r + 1). (20)

Äîêàçàòåëüñòâî. Äîêàæåì ôîðìóëó (20) èíäóêöèåé ïî j. Ïðè j = τ + 1 ñîãëàñíî (18) è
ôîðìóëå (19) gτ τ+1 = −(gττaτ + gτ τ−1bτ−1)/cτ+1 = gττfττ/cτ+1, ÷òî äàåò áàçó èíäóêöèè.

Ïðåäïîëîæèì, ÷òî (20) ñïðàâåäëèâà, òîãäà gτ j+1 = −(gτjaj + gτ j−1bj−1)/cj+1 =
−gτj(aj + cjbj−1/fτ j−1)/cj+1 = gτjfτj/cj+1 ñîãëàñíî (19). �

Èòàê, ñèñòåìà (17), ïîìíîæåííàÿ ñëåâà íà ìàòðèöó G, ðàâíîñèëüíà ñèñòåìå

cτh
r
1,τ−1 =

∑r+1

j=τ
gτjY

r
0,j (τ = τ̆ + 1, r + 1). (21)

Ïîëó÷åííàÿ ñèñòåìà îäíîçíà÷íî ðàçðåøèìà, åñëè (α, r) ∈ {α, r}d1 ∪ {α, r}d2, à åñëè
(α, r) ∈ {α, r}d3 = {α, r}c3, òî ïåðâîå óðàâíåíèå ñèñòåìû (21) ñ τ = τ̆ + 1 = τ d3 + 1 èìååò âèä

0 · hr1,τd3 =
∑r+1

j=τd3 +1
gτjY

r
0,j, (22)

çàäàâàÿ ðåçîíàíñíóþ ñâÿçü, ïðè÷åì êîýôôèöèåíò hr
1,τd3

íå èìååò îãðàíè÷åíèé.

50. Âåðíåìñÿ ê óðàâíåíèþ (14). Ïîäñòàâëÿÿ â íåãî ïðÿìóþ ôîðìóëó äëÿ Y r
d,τ̆ èç (13),

à â ñëó÷àå 1), êîãäà (α, r) ∈ {α, r}d2 ∪ {α, r}d3 è τ̆ ≤ r − 1, òàêæå hr1,τ̆+1 èç óðàâíåíèÿ (21)
(cτ̆+2 6= 0), ïîëó÷àåì ðåçîíàíñíóþ ñâÿçü

0 · hr1,τ̆+1 =
τ̆∑
j=0

(−1)τ̆−j
τ̆∏

ν=j+1

cν
dν−1

Y r
0,j −

bτ̆
cτ̆+2

r+1∑
j=τ̆+2

gτ̆+2 jY
r

0,j. (23)

60. Âûðàçèì òåïåðü â óíèâåðñàëüíîé ñâÿçè (23) è â äîïîëíèòåëüíîé � (22) êîìïîíåíòû

Y r
0,j ÷åðåç Ŷ

r
i,j (i = 1, 2) ñ ó÷åòîì (100), (12) è (16), äëÿ ÷åãî ââåäåì êîíñòàíòû:

v0
j = (−1)τ̆−j

d′j
d′τ̆

τ̆∏
ν=j+1

c′ν
2ν − 1

(j = 0, τ̆), u0
0 = 0, u0

j = −
c′j
d′j
v0
j (j = 1, τ̆);

v0
τ̆+1 = 0, u0

τ̆+1 = 2τ̆ + 1;

v0
j = −bτ̆gτ̆+2 j

cτ̆+2

, u0
j = −

bτ̆ (c
′
jgτ̆+2 j + (2j − 1)gτ̆+2 j−1)

cτ̆+2

(j = τ̆ + 2, r + 1);

v03
j = gτd3 +1 j, u03

j = c′jgτd3 +1 j + (2j − 1)gτd3 +1 j−1 (j = τ d3 + 1, r + 1).

(24)

Òîãäà ïðè j = 1, τ̆ â (24) èìååì:

v0
j = −

(2j − 1)d′j
c′jd
′
j−1

v0
j−1, u0

j = c′j

(
1−

d′j + 1

d′j

)
v0
j = c′jv

0
j − c′j

d′j−1

d′j
v0
j = c′jv

0
j + (2j − 1)v0

j−1.
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Òåïåðü ñîãëàñíî (16), (23) è (100) (−1)τ̆−j
∏τ̆

ν=j+1 cν/dν−1 = v0
j (j = 0, τ̆),∑τ̆

j=0 v
0
jY

r
0,j =

∑τ̆
j=0 v

0
j (2j + 1)Ŷ r

1,j+1 +
∑τ̆

j=0 v
0
j (α(2j − 1) + r − j)Ŷ r

1,j +
∑τ̆

j=0 v
0
j Ŷ

r
2,j =∑τ̆

j=1(v0
j (α(2j − 1) + r − j) + v0

j−1(2j − 1))Ŷ r
1,j + v0

τ̆ (2τ̆ + 1)Ŷ1,τ̆+1 +
∑τ̆

j=0 v
0
j Ŷ

r
2,j =∑τ̆

j=1(v0
j c

′
j + v0

j−1(2j − 1))Ŷ r
1,j + v0

τ̆ (2τ̆ + 1)Ŷ1,τ̆+1 +
∑τ̆

j=0 v
0
j Ŷ

r
2,j =∑τ̆

j=1 u
0
j Ŷ

r
1,j + u0

τ̆+1Ŷ1,τ̆+1 +
∑τ̆

j=0 v
0
j Ŷ

r
2,j, à ñîãëàñíî (18) è (23)∑r+1

j=τ̆+2 gτ̆+2 jY
r

0,j =
∑r+1

j=τ̆+2 gτ̆+2 j(c
′
jŶ

r
1,j + Ŷ r

2,j) +
∑r+2

j=τ̆+3 gτ̆+2 j−1(2j − 1)Ŷ r
1,j.

Â ðåçóëüòàòå óíèâåðñàëüíàÿ ñâÿçü (23) ïðèíèìàåò âèä

v0
0Ŷ

r
2,0 +

τ̆∑
j=1

(u0
j Ŷ

r
1,j + v0

j Ŷ
r

2,j) + u0
τ̆+1Ŷ

r
1,τ̆+1 +

r+1∑
j=τ̆+2

(u0
j Ŷ

r
1,j + v0

j Ŷ
r

2,j) = 0, (25)

à äîïîëíèòåëüíàÿ ñâÿçü (22) ïðè ñâîáîäíîé êîìïîíåíòå hr
1,τd3

èìååò âèä

r+1∑
j=τd3 +1

(u03
j Ŷ

r
1,j + v03

j Ŷ
r

2,j) = 0, (α, r) ∈ {α, r}d3. (26)

Îòìåòèì, ÷òî ñëó÷àå 1), êîãäà (α, r) ∈ {α, r}d1 ñ τ̆ = r, è â ñëó÷àå 2), êîãäà τ̆ = r + 1,
âòîðàÿ ñóììà â ïðàâîé ÷àñòè (25) îòñóòñòâóåò.

70. Òåïåðü ïðåäñòîèò ðàçîáðàòüñÿ, êàêèå êîýôôèöèåíòû Ŷ r
i,j ðåàëüíî ïðèñóòñòâóþò

â ñâÿçÿõ (25) è (26), ò. å. îïðåäåëèòü, êàêèå ìíîæèòåëè u, v ðàâíû íóëþ, à êàêèå íåò.

Ïîïóòíî, ðåçîíàíñíûå ñâÿçè íàäî áóäåò çàïèñàòü â âèäå ðåçîíàíñíûõ óðàâíåíèé.

Äëÿ ýòîãî, âî-ïåðâûõ, íåîáõîäèìî çàìåíèòü êîìïîíåíòû Ŷ r
i,j, âõîäÿùèå â (25) è (26)

íà êîýôôèöèåíòû ñèñòåìû (3) ñîãëàñíî îáîçíà÷åíèÿì, ââåäåííûì äëÿ ñèñòåì (9) è (8):

Ŷ r
i,τ = Ŷ

[2τ+ν+i−2,2(r−τ+1)]
i = Ỹ

[2τ+ν+i−2,2(r−τ+1)]
i − Y [2τ+ν+i−2,2(r−τ+1)]

i (i = 1, 2),

âî-âòîðûõ, âñå èçâåñòíûå ñëàãàåìûå, ñîäåðæàùèå êîýôôèöèåíòû ïðåäøåñòâóþùèõ ôîðì
(îíè îòìå÷åíû ñâåðõó âîëíîé), íàäî ïåðåíåñòè â ïðàâûå ÷àñòè óðàâíåíèé è åäèíîîáðàçíî
îáîçíà÷èòü êîíñòàíòîé c̃ (ñì. òàêæå îïðåäåëåíèÿ ðàçäåëà 6).

Èç ëèíåéíîñòè c′j â (16) è èç ôîðìóë (24) âûòåêàþò îöåíêè:

c′j = 0 (1 ≤ j ≤ τ̆) ⇒ v0
0, ..., v

0
j−1, u

0
0, ..., u

0
j = 0, v0

j , ..., v
0
τ̆ 6= 0, u0

j+1, ..., u
0
τ̆ 6= 0;

c′1, ..., c
′
τ̆ 6= 0 ⇒ v0

0, ..., v
0
τ̆ 6= 0, u0

1, ..., u
0
τ̆+1 6= 0.

(27)

Óòâåðæäåíèå 2. Èìåþò ìåñòî ñëåäóþùèå îöåíêè ìíîæèòåëåé:

01) (α, r) ∈ {α, r}c1, òîãäà v0
τc1
, . . . , v0

r+1 6= 0 è u0
τc1+1, . . . , u

0
r+1 6= 0.

02) (α, r) ∈ {α, r}c2, òîãäà v0
0, . . . , v

0
r = 0 è u0

1, . . . , u
0
r+1 = 0, à v0

r+1 = 1.

0∗) (α, r) ∈ {α, r}d0 \ ({α, r}c1 ∪ {α, r}c2), òîãäà v0
0, . . . , v

0
r+1 6= 0 è u0

1, . . . , u
0
r+1 6= 0.

1) (α, r) ∈ {α, r}d1, òîãäà v0
0, . . . , v

0
r 6= 0 è u0

1, . . . , u
0
r+1 6= 0.

2) (α, r) ∈ {α, r}d2, òîãäà v0
0, . . . , v

0
τd2
6= 0 è u0

1, . . . , u
0
τd2 +1
6= 0.

3) (α, r) ∈ {α, r}d3, òîãäà v0
0, . . . , v

0
τd3
6= 0 è u0

1, . . . , u
0
τd3 +1
6= 0.
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Äîêàçàòåëüñòâî. Ïóíêòû óòâåðæäåíèÿ âûòåêàþò èç ñëåäóþùèõ ñîîáðàæåíèé.

01) τ c1 = l(2n− 1)− n+ 1 (1 ≤ τ c1 ≤ r + 1), c′τc1 = 0 è âûïîëíåíî (27).

02) τ c2 = r + 1, c′r+1 = 0 è âûïîëíåíî (27).

0∗) τ̆ = r + 1, ïî ëåììå 3 c′1, . . . , c
′
r+1 6= 0 è âûïîëíåíî (27).

i) c′1, . . . , c
′
r+1 6= 0 âûòåêàåò èç (15), èíà÷å (α, r) ∈ {α, r}d0; τ̆ = τ di (i = 1, 2) è

âûïîëíåíî (27).

3) c′1, . . . , c
′
r+1 6= 0 ïî ëåììå 3, òàê êàê (α, r) ∈ {α, r}d3 = {α, r}c3; τ̆ = τ d3 è � (27). �

Ðàññìîòðèì ðåçîíàíñíóþ ñâÿçü (25).

0) (α, r) ∈ {α, r}d0, òîãäà ðåàëèçóåòñÿ ñëó÷àé 2) è τ̆ = r + 1.

01) Åñëè (α, r) ∈ {α, r}c1, òî τ c1 = l(2n − 1) − n + 1 (1 ≤ τ c1 ≤ r + 1) è (25) ïðèíèìàåò
âèä

v0
τc1
Y

[2τc1 ,2(r−τc1+1)]
2 +

r+1∑
j=τc1+1

(
u0
jY

[2j−1,2(r−j+1)]
1 + v0

jY
[2j,2(r−j+1)]

2

)
= c̃, (25c1)

ãäå v0
τc1
, . . . , v0

r+1 6= 0 è u0
τc1+1, . . . , u

0
r+1 6= 0 ñîãëàñíî óòâåðæäåíèþ 2.

02) Åñëè (α, r) ∈ {α, r}c2, òî τ c2 = r + 1 è (25) ïðèíèìàåò âèä

Y
[2(r+1),0]

2 = c̃, (25c2)

òàê êàê òîëüêî v0
r+1 = 1 ñîãëàñíî óòâåðæäåíèþ 2.

0∗) Åñëè (α, r) ∈ {α, r}d0 \ ({α, r}c1 ∪ {α, r}c2), òî τ̆ = r + 1 è (25) ïðèíèìàåò âèä

v0
0Y

[0,2(r+1)]
2 +

r+1∑
j=1

(
u0
jY

[2j−1,2(r−j+1)]
1 + v0

jY
[2j,2(r−j+1)]

2

)
= c̃, (25c∗)

ãäå âñå âõîäÿùèå â íåãî ìíîæèòåëè u, v îòëè÷íû îò íóëÿ ñîãëàñíî óòâåðæäåíèþ 2.

Èòàê, åñëè (α, r) ∈ {α, r}d0, òî äîëæíî âûïîëíÿòüñÿ îäíî èç ðåçîíàíñíûõ óðàâíåíèé
(25c1), (25c2) èëè (25c∗).

1) Åñëè (α, r) ∈ {α, r}d1, òî τ̆ = τ d1 = r = 2n è (25) ïðèíèìàåò âèä

v0
0Y

[0,2(r+1)]
2 +

r∑
j=1

(
u0
jY

[2j−1,2(r−j+1)]
1 + v0

jY
[2j,2(r−j+1)]

2

)
+ u0

r+1Y
[2r+1,0]

1 = c̃, (25d1)

ãäå âñå âõîäÿùèå â íåãî ìíîæèòåëè u, v îòëè÷íû îò íóëÿ ñîãëàñíî óòâåðæäåíèþ 2.

2) (α, r) ∈ {α, r}d2, òîãäà τ̆ = τ d2 = n− k − 1 (n ≥ k + 1).

Îöåíèì u0
j , v

0
j èç (25) ïðè τ

d
2 + 2 ≤ j ≤ r + 1.

Ïðè k = 1 èìååì: τ d2 = n − 2, r = n, α = 1/2, â (16) cj = (n − 1/2)(n − 1) > 0. Òîãäà
v0
n = −bn−2gnn/cn < 0, u0

n = −bn−2gnn(n − 1/2)/cn < 0, v0
n+1 = bn−2angnn/(cncn+1) > 0,

u0
n+1 = bn−2gnn(c′n+1an − 2n− 1)/(cncn+1) > 0.

Ïóñòü òåïåðü k ≥ 2. Ïîñêîëüêó (α, r) ∈ {α, r}d2, òî α = k/2, r = n. Ïîýòîìó â (100)

aτ = (n− τ)(4τ + 1) + k(4τ 2 − 2τ − 1)− 1, cτ = ((k − 1)τ + n− k/2)((k − 1)τ + n− 2k + 1).

Ïðè ýòîì cτ = 0 ïðè τ = (k/2 − n)/(k − 1) çà ñ÷åò c′τ è ïðè τ = (2k − n − 1)/(k − 1)
çà ñ÷åò c′′τ . Ïîýòîìó cτ > 0 ïðè τ ≥ 1.
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Ëåììà 42. Ïðè τ = τ d2 + 2, j = τ + 1, r + 1 â (18) sign gτj = −sign gτ j−1, à gττ = 1.

Äîêàçàòåëüñòâî. Ñîãëàñíî (20) gτd2 +2 j = gτd2 +2 j−1fτd2 +2 j−1/cj äëÿ òåõ j = τ d2 + 3, r + 1,
ïðè êîòîðûõ fτd2 +2 j−1 6= 0.

Äëÿ îöåíêè ñâåðõó ÷èñåë fτj ââåäåì ôóíêöèþ

ξj = −(2j + 2)(α(2j − 2) + r − j) = −(2j + 2)(k(j − 1) + n− j) (j = τ d2 + 2, r).

Èìååì: ξj < 0 ïðè j ≥ 0, ïîñêîëüêó ξj = 0 ïðè j = −1, −(n− k)(k − 1).

Ïîêàæåì ìåòîäîì èíäóêöèè ïî j, ÷òî

fτj < ξj (τ = τ d2 + 2, j = τ, r).

Ïðè j = τ d2 + 2 ñîãëàñíî (19) fττ − ξτ = −2k(n − k + 1)2 + 2(n − k + 1) < 0, ÷òî äàåò
áàçó èíäóêöèè.

Ïðåäïîëîæèì, ÷òî fτ j−1 < ξj−1. Òîãäà fτj = −aj−bj−1cj/fτ j−1 < −aj−bj−1cj/ξj−1 < ξj,
òàê êàê bj−1cj > 0 è −aj − bj−1cj/ξj−1 − ξj = 1− α = 1− k/2 ≤ 0 ïðè k ≥ 2.

Òàêèì îáðàçîì, èíäóêöèîííûé ïåðåõîä äîêàçàí, à çíà÷èò, âñå fτj < 0 è â ôîðìóëå
(20) gτj è gτ j−1 èìåþò ðàçíûå çíàêè. �

Ñîãëàñíî ëåììå 42 è (24) ïðè j = τ d2 + 2, r + 1 ìíîæèòåëè v0
j < 0, åñëè j − τ d2 ÷åòíî è

v0
j > 0, åñëè j − τ d2 íå÷åòíî (τ̆ = τ d2 ).

Ïîñêîëüêó c′j = (k− 1)τ +n− k/2 > 0 ïðè j ≥ 0, èìååò ìåñòî ñëåäóþùàÿ îöåíêà: åñëè
gτj−1 > 0, òî âõîäÿùåå â u0

j èç (24) âûðàæåíèå c′jgτj + (2j − 1)gτj−1 = gτj−1(c′jfτj−1/cj +
2j − 1) < gτj−1(c′jξτj−1/cj + 2j − 1) = −gτj−1 < 0, åñëè gτj−1 < 0, òî c′jgτj + (2j − 1)gτj−1 >

−gτj−1 > 0 ïðè (j = τ d2 + 2, r + 1). Òàêèì îáðàçîì, v0
j 6= 0, u0

j 6= 0 (j = τ d2 + 2, r + 1) è
çíàêî÷åðåäóþùèåñÿ.

Â ðåçóëüòàòå, åñëè (α, r) ∈ {α, r}d2, òî τ d2 = n− k − 1 è (25) ïðèíèìàåò âèä

v0
0Y

[0,2(r+1)]
2 +

τd2∑
j=1

(
u0
jY

[2j−1,2(r−j+1)]
1 + v0

jY
[2j,2(r−j+1)]

2

)
+ u0

τd2 +1Y
[2τd2 +1,2(r−τd2 )]

1 +

+
r+1∑

j=τd2 +2

(
u0
jY

[2j−1,2(r−j+1)]
1 + v0

jY
[2j,2(r−j+1)]

2

)
= c̃,

(25d2)

ãäå âñå âõîäÿùèå â íåãî ìíîæèòåëè v, u îòëè÷íû îò íóëÿ ñîãëàñíî óòâåðæäåíèþ 2.

3) (α, r) ∈ {α, r}d3 = {α, r}c3, òîãäà τ̆ = τ d3 = ln+ 1.

Îöåíèì u0
j , v

0
j ïðè τ

d
3 + 2 ≤ j ≤ r + 1 â (25) è u03

j , v
03
j ïðè τ d3 + 1 ≤ j ≤ r + 1 â (26).

Ïîñêîëüêó (α, r) ∈ {α, r}d3, òî α = −k/2l, r = (k + l)n+ 1, τ d3 = ln+ 1 è â (100)

aτ = (((k + l)n+ 1− τ)l(4τ + 1)− k(4τ 2 − 2τ − 1)− l)/l,
cτ = ((((k + l)n+ 1)2l − k(2τ − 1)− 2lτ)/2l)((((k + l)n+ 2)l − lτ − k(τ − 2))/l).

Ïðè ýòîì cτ = 0 ïðè τ = ln + (2l + k)/(2l + 2k) çà ñ÷åò c′τ è ïðè τ = ln + 2 çà ñ÷åò
c′′τ = 0. Ïîýòîìó cτ > 0 ïðè τ ≥ ln+ 3 = τ d3 + 2.
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Ëåììà 43. Ïðè τ = τ d3 + 1, τ d3 + 2, j = τ, r + 1 â (18) gτj > 0.

Äîêàçàòåëüñòâî. Ñîãëàñíî (20) gτj = gτ j−1fτ j−1/cj äëÿ τ = τ d3 + 1, τ d3 + 2 è òåõ

j = τ d3 + 1, r + 1, ïðè êîòîðûõ fτ j−1 6= 0.

Äëÿ îöåíêè ñíèçó ÷èñåë fτj ââåäåì ôóíêöèþ

ξj = −2(j + 1)(α(2j − 2) + r − j) = 2(j + 1)(k(j − 1)/l − (k + l)n− 1 + j) (j = τ d3 + 1, r).

Èìååì: ξj > 0 ïðè j ≥ ln+ 2 = τ d3 + 1, ïîñêîëüêó ξj = 0 ïðè j = −1, ln+ 1.

Ïîêàæåì ìåòîäîì èíäóêöèè ïî j, ÷òî

fτj > ξj (τ = τ d3 + 1, τ d3 + 2, j = τ, r).

Ïðè τ = τ d3 +1 = ln+2 ñîãëàñíî (19) fττ = −aτ = (5k+4l)n+10+11k/l > (2k+2l)n+6+
6k/l = ξτ è ïðè τ = τ d3 +2 = ln+3 fττ = (9k+8l)n+27+29k/l > (4k+4l)n+16+16k/l = ξτ ,
÷òî äàåò áàçó èíäóêöèè.

Ïðåäïîëîæèì, ÷òî fτ j−1 > ξj−1. Òîãäà fτj = −aj−bj−1cj/fτ j−1 > −aj−bj−1cj/ξj−1 > ξj,
òàê êàê bj−1cj > 0 è −aj − bj−1cj/ξj−1 − ξj = 1− α = 1 + k/2l > 0.

Òàêèì îáðàçîì, èíäóêöèîííûé ïåðåõîä äîêàçàí, à çíà÷èò, âñå fτj > 0 è â ôîðìóëå
(20) gττ = 1, gτj > 0 (j = τ + 1, r + 1). �

Ïî ëåììå 43 è (24) ïîëó÷àåì, ÷òî v0
j < 0 (j = τ d3 + 2, r + 1), v03

j > 0 (j = τ d3 + 1, r + 1).

Ïîñêîëüêó c′j = α(2j − 1) + r − j < 0 ïðè j ≥ ln+ 1 = τ d3 , òî âõîäÿùåå â u
0
j è â u03

j èç (24)
âûðàæåíèå c′jgτj + (2j − 1)gτ j−1 < gτ j−1(c′jξj−1/cj + 2j − 1) = −gτ j−1 < 0, à çíà÷èò, u0

j > 0

ïðè τ d3 + 2 ≤ j ≤ r + 1 è u03
j < 0 ïðè τ d3 + 1 ≤ j ≤ r + 1.

Â ðåçóëüòàòå, åñëè (α, r) ∈ {α, r}d3, òî τ d3 = ln+ 1 è (25) ïðèíèìàåò âèä

v0
0Y

[0,2(r+1)]
2 +

τd3∑
j=1

(
u0
jY

[2j−1,2(r−j+1)]
1 + v0

jY
[2j,2(r−j+1)]

2

)
+ u0

τd3 +1Y
[2τd3 +1,2(r−τd3 )]

1 +

+
r+1∑

j=τd3 +2

(
u0
jY

[2j−1,2(r−j+1)]
1 + v0

jY
[2j,2(r−j+1)]

2

)
= c̃,

(25d3)

ãäå âñå ìíîæèòåëè v, u îòëè÷íû îò íóëÿ ñîãëàñíî óòâåðæäåíèþ 2, ïðè÷åì v0
j < 0, u0

j > 0
ïðè τ d3 + 2 ≤ j ≤ r + 1. Â ñâîþ î÷åðåäü, ðåçîíàíñíàÿ ñâÿçü (26) ïðèíèìàåò âèä

r+1∑
j=τd3 +1

(
u03
j Y

[2j−1,2(r−j+1)]
1 + v03

j Y
[2j,2(r−j+1)]

2

)
= c̃, (26d3)

ãäå âñå ìíîæèòåëè v, u îòëè÷íû îò íóëÿ, ïðè÷åì v03
j > 0, u03

j < 0 ïðè τ d3 + 1 ≤ j ≤ r + 1.
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4 Óñëîâèÿ ñîâìåñòíîñòè ñèñòåìû â ñëó÷àå r ≥ 2, ν = 1

10. Â ðàññìàòðèâàåìîì ñëó÷àå êîýôôèöèåíòû ñèñòåìû (10) ïðèíèìàþò âèä

aτ = 2α(4τ 2 + 2τ − 1) + (r − τ)(4τ + 3)− 1,

bτ = (2τ + 2)(2τ + 3),

cτ = (α(2τ − 3) + r − τ + 1)(2ατ + r − τ),

Y r
0,τ = Ŷ r

2,τ + (2ατ + r − τ)Ŷ r
1,τ + (2τ + 2)Ŷ r

1,τ+1.

(101)

Ðàçîáüåì ìíîæåñòâî ïàð (α, r) (α 6= 0, r ≥ 2) íà òðè íåïåðåñåêàþùèõñÿ ñåìåéñòâà
(ñì. ëåììó 5) ñ ñîîòâåòñòâóþùèìè êîíñòàíòàìè τ cj (j = 0, 2) :

{α, r}c1 = {−k/(2l − 1), (k + l)(2n− 1)− n+ 1}(k,l,n)∈M0∪M1 , τ c1 = 2ln− l − n+ 2;

{α, r}c2 = {−k/2l, n(k + l)}(k,l,n)∈M0∪M2 , τ c2 = ln;

{α, r}c0 = {(α, r) 6∈ {α, r}c1 ∪ {α, r}c2}, τ c0 = 0,

ãäå M0 = {k, l, n ∈ N}, M1 = {k ≥ 2, l = 0, n = 1}, M2 = {k = −1, l ≥ 3, n = 1}.

Çàïèøåì ýëåìåíòû cτ íèæíåé äèàãîíàëè ìàòðèöû Θr â âèäå:

cτ = c′τc
′′
τ (τ = 1, r + 1), (28)

ãäå c′τ = α(2τ − 3) + r − τ + 1, c′′τ = 2ατ + r − τ.

Ëåììà 5. Äëÿ ýëåìåíòîâ cτ èç (101) ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

à) c′τ = 0⇔ (α, r) ∈ {α, r}c1 è τ = τ c1 ,

á) c′′τ = 0⇔ (α, r) ∈ {α, r}c2 è τ = τ c2 ,

â) c1, . . . , cr+1 6= 0⇔ (α, r) ∈ {α, r}c0,
ã) {α, r}c1

⋂
{α, r}c2 = ∅.

Ä î ê à ç à ò å ë ü ñ ò â î . à) Ïóñòü c′τ = 0. Òîãäà τ 6= r+1 (èíà÷å α = 0). Åñëè 2 ≤ τ ≤ r,
òî α = −(r − τ + 1)/(2τ − 3) < 0, ïîýòîìó 2τ − 3 = (2l − 1)(2n− 1), r − τ + 1 = k(2n− 1),
(k, l, n ∈ N), à çíà÷èò, α = −k/(2l − 1), τ = l(2n − 1) − n + 2, r = (k + l)(2n − 1) − n + 1,
ò. å. (α, r) ∈ {α, r}c1, τ = τ c1 ïðè (k, l, n) ∈ M0. Åñëè τ = 1, òî α = r ≥ 2, τ = τ c1 , ò. å.
(α, r) ∈ {α, r}c1 ïðè (k, l, n) ∈ M1. Åñëè (α, r) ∈ {α, r}c1, òî, ïîäñòàâëÿÿ ñîîòâåòñòâóþùèå
α, r â c′τ , ïîëó÷èì c′τ = 0.

á) Ïóñòü c′′τ = 0. Òîãäà τ 6= r (èíà÷å α = 0). Åñëè 1 ≤ τ ≤ r−1, òî α = −(r−τ)/2τ < 0,
ïîýòîìó 2τ = 2ln, r − τ = kn, (k, l, n ∈ N, k è l âçàèìíî-ïðîñòûå), à çíà÷èò, α = −k/(2l),
τ = ln, r = n(k + l), ò. å. (α, r) ∈ {α, r}c2, τ = τ c2 ïðè (k, l, n) ∈ M0. Åñëè τ = r + 1, òî
α = 1/(2r + 2) > 0, τ = τ c2 , ò. å. (α, r) ∈ {α, r}c2 ïðè (k, l, n) ∈ M2. Åñëè (α, r) ∈ {α, r}c2, òî,
ïîäñòàâëÿÿ ñîîòâåòñòâóþùèå α, r â c′′τ , ïîëó÷èì c′′τ = 0.

â) Èñõîäÿ èç óòâåðæäåíèé à) è á) óòâåðæäåíèå â) î÷åâèäíî.

ã) Åñëè íàéäåòñÿ ïàðà (α, r), äëÿ êîòîðîé c′τ1 , c
′′
τ2

= 0, ò. å. α(2τ1 − 3) + r − τ1 + 1 = 0
è 2ατ2 + r − τ2 = 0, òî, èçáàâëÿÿñü îò α, ïîëó÷àåì óðàâíåíèå : r(2(τ1 − τ2) − 3) + τ2 = 0,
÷òî âîçìîæíî òîëüêî, åñëè τ1 − τ2 = 1, à çíà÷èò r = τ2. Òîãäà α = 0 â ðàâåíñòâå c′′τ2 = 0.
Ñëåäîâàòåëüíî {α, r}c1 ∩ {α, r}c2 = ∅. �
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Ñëåäñòâèå 1. a) Åñëè (α, r) ∈ {α, r}c1 è (k, l, n) ∈ M0, òî cτ > 0 (1 ≤ τ ≤ τ c1 − 2),
à cτc1−1 < 0. b) Åñëè (α, r) ∈ {α, r}c2, òî cτ > 0 (1 ≤ τ < τ c2).

Ä î ê à ç à ò å ë ü ñ ò â î . Åñëè (α, r) ∈ {α, r}c1, òî, ïîäñòàâëÿÿ ýòó ïàðó â (28),
ïîëó÷àåì cτ = (τ c1 − τ)(τ c1 − 1 − k/(2k + 2l − 1) − τ) è âåðíî à). Åñëè (α, r) ∈ {α, r}c2, òî
cτ = ((k + l)(ln− τ) + 3k/2 + l)(k + l)(ln− τ)/l2. Ïîýòîìó cτ > 0 ïðè τ < τ c2 è âåðíî b). �

20. Âûäåëèì ïîñëåäíèå r − τ cµ + 2 óðàâíåíèé ñèñòåìû (10) â îòäåëüíóþ ñèñòåìó

Θr+
µ hr+1 = Y r+

µ (µ = 0, 1, 2), (29)

ãäå Θr+
µ =



cτcµ aτcµ bτcµ . . . . . . 0

0 cτcµ+1 aτcµ+1 bτcµ+1 . . . 0
...

...
. . . . . . . . . 0

0 0 . . . cr−1 ar−1 br−1

0 0 . . .
. . . cr ar

0 0 . . . . . . 0 cr+1


� (r − τ cµ + 2)× (r − τ cµ + 2) ìàòðèöà,

à âåêòîðû hr+1 = (hr1,τcµ−1, . . . , h
r
1,r), Y

r+
0 = (Y r

0,τcµ
, . . . , Y r

0,r+1).

Ïðè µ = 0 ñèñòåìà (29) ñîâïàäàåò ñ ñèñòåìîé (10) ñ òîé ðàçíèöåé, ÷òî ìàòðèöà Θr+
0

èìååò äîïîëíèòåëüíûé íóëåâîé ïåðâûé ñòîëáåö, ïîðîæäàþùèé ýëåìåíò c0 = 0, êîòîðîìó
îòâå÷àåò τ c0 = 0, è êîìïîíåíòó hr1,−1.

Äîìíîæàÿ ëåâóþ è ïðàâóþ ÷àñòè ñèñòåìû (29) ñëåâà íà ìàòðèöó G, îïðåäåëåííóþ
â (18), â êîòîðîé τ̆ = τ cµ, ïîëó÷àåì ñèñòåìó cτh

r
1,τ−1 =

∑r+1
j=τ gτjY

r
0,j (τ = τ cµ, r + 1).

Âûðàæàÿ â íåé êîìïîíåíòû Y r
0,j èç (101) ÷åðåç Ŷ r

i,j, èìååì

cτh
r
1,τ−1 =

∑r+1

j=τ
(((2αj + r − j)gτj + 2jgτ j−1)Ŷ r

1,j + gτjŶ
r

2,j). (30)

Ïî ëåììå 5 â (30) òîëüêî cτcµ = 0, ïîýòîìó ïåðâîå óðàâíåíèå ñèñòåìû (30) (τ = τ cµ)
äàåò ðåçîíàíñíóþ ñâÿçü∑r+1

j=τcµ
(uµj Ŷ

r
1,j + vµj Ŷ

r
2,j) = 0 (µ = 0, 1, 2), (31)

ãäå uµj = (2αj + r − j)gτcµ j + 2jgτcµ j−1, v
µ
j = gτcµ j. Ïðè ýòîì hr1,τcµ−1 (µ = 1, 2) ñâîáîäíà, à

êîìïîíåíòà hr1,−1 îòñóòñòâóåò, òàê êàê áûëà ââåäåíà èñêóññòâåííî.

30. Ïóñòü òåïåðü µ = 1, 2. Äîêàæåì ðàçðåøèìîñòü îñòàâøèõñÿ â ñèñòåìå (10) ïåðâûõ
τ cµ óðàâíåíèé ñ τ

c
µ íåèçâåñòíûìè h

r
1,0, . . . , h

r
1,τcµ−1, â ïîñëåäíåì èç êîòîðûõ ñëàãàåìîå ïåðåíå-

ñåíî â ïðàâóþ ÷àñòü, òàê ÷òî îíî èìååò âèä cτcµ−1h
r
1,τcµ−2 +aτcµ−1h

r
1,τcµ−1 = Y r

0,τcµ−1− bτcµ−1h
r
1,τcµ

.

Äëÿ ýòîãî äîñòàòî÷íî ïîêàçàòü, ÷òî detΘr−
µ 6= 0,

ãäå Θr−
µ =



a0 b0 0 . . . . . . 0

c1 a1 b1 0 . . . 0
...

...
. . . . . . . . . 0

0 . . . cτcµ−3 aτcµ−3 bτcµ−3 0

0 0 . . . cτcµ−2 aτcµ−2 bτcµ−2

0 0 . . .
. . . cτcµ−1 aτcµ−1


� τ cµ × τ cµ ìàòðèöà.
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Äîêàæåì ìåòîäîì Ãàóññà, ÷òî ìàòðèöà Θr−
µ ìîæåò áûòü ïðåîáðàçîâàíà â äâóõäèàãî-

íàëüíóþ ìàòðèöó Θ̆r−
µ ñ ãëàâíîé äèàãîíàëüþ (d0, ..., dτcµ−1) è ñîõðàíåííîé íàääèàãîíàëüþ

(b0, ..., bτcµ−2) ïî ðåêóððåíòíûì ôîðìóëàì

d0 = a0, dτ = aτ − cτbτ−1/dτ−1 (1 ≤ τ ≤ τ cµ − 1). (32)

Ëåììà 6. Â ìàòðèöå Θ̆r−
µ (µ = 1, 2) îïðåäåëÿåìûå ïî ôîðìóëàì (32) äèàãîíàëüíûå

ýëåìåíòû d0, ..., dτcµ−1 îòëè÷íû îò íóëÿ.

Ä î ê à ç à ò å ë ü ñ ò â î . Ïóñòü (α, r) ∈ {α, r}c1 è (k, l, n) ∈ M1. Òîãäà α = k, r = k,
τ c1 = 1, Θ̆r−

µ = a0. Ïîýòîìó â (32) d0 = a0 = k − 1 6= 0, ïîñêîëüêó k ≥ 2.

Ïóñòü (α, r) ∈ {α, r}c1, è (k, l, n) ∈M0. Òîãäà α = −k/(2l−1), r = (k+ l)(2n−1)−n+1.

Ââåäåì ôóíêöèþ

ξτ = (2τ + 2)(α(2τ − 1) + r − τ)(r − τ − α− 1)/(r − τ − α).

Ïîñêîëüêó ξτ = 0 ïðè τ = −1, τ c1 −1, τ ∗1 , ãäå τ
∗
1 = τ c1 −2 + 2kn−k+k/(2l−1) > τ c1 −2,

òî ξτ > 0 ïðè 0 ≤ τ ≤ τ c1 − 2, òàê êàê ξ0 > 0.

Ïîêàæåì ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè, ÷òî dτ > ξτ ïðè τ = 0, τ c1 − 2.

Ñîãëàñíî (32) d0 = −2α + 3r − 1 > 2(r − α− 1) = ξ0, ÷òî ÿâëÿåòñÿ áàçîé èíäóêöèè.

Ïðåäïîëîæèì, ÷òî dτ−1 > ξτ−1 = 2τ(α(2τ−3)+r−τ+1)(r−τ−α)/(r−τ−α+1). Òîãäà
dτ = aτ − cτbτ−1/dτ−1 > aτ − cτbτ−1/ξτ−1, òàê êàê cτbτ−1 > 0 (τ = 0, τ c1 − 2) ïî ñëåäñòâèþ 1.
Íî aτ − cτbτ−1/ξτ−1 > ξτ ⇔ (8τ 2 + 4τ − 2)α+ (r− τ)(4τ + 3)− 1− ((2τ + 1)(2ατ + r− τ)(r−
τ −α+ 1) + (2τ + 2)(α(2τ − 1) + r− τ)(r− τ −α− 1))/(r− τ −α) > 0⇔ −α/(r− τ −α) > 0,
÷òî âåðíî, òàê êàê α < 0. Ïîýòîìó dτ > ξτ > 0 ïðè 0 ≤ τ ≤ τ c1 − 2.

Ïîñêîëüêó cτc1−1bτc1−2 < 0, òî dτc1−1 = aτc1−1−cτc1−1bτc1−2/dτc1−2 < aτc1−1−cτc1−1bτc1−2/ξτc1−2 =
2α(4(τ c1 − 1)2 + 2(τ c1 − 1)− 1) + (r− τ c1 + 1)(4τ c1 − 1)− 1− (2τ c1 − 1)(2α(τ c1 − 1) + r− τ c1 + 1)(r−
τ c1 − α + 2)/(r − τ c1 − α + 1) = 2α(2τ c1

2 − 3τ c1) + 2τ c1(r − τ c1) − α(2τ c1 − 1)/(r − τ c1 − α + 1) =
−4nl + 2n+ 2l − 3 + 2/(4nl − 2n− 2l + 1) = (3− (4nl − 2n− 2l)2)/(4nl − 2n− 2l + 1) < 0.

Èòàê, äîêàçàíî, ÷òî åñëè (α, r) ∈ {α, r}c1, è (k, l, n) ∈M0, òî dτ 6= 0 (τ = 0, τ c1 − 2).

Ïóñòü (α, r) ∈ {α, r}c2, è (k, l, n) ∈M0. Òîãäà α = −k/2l, r = n(k + l).

Ââåäåì ôóíêöèþ ζτ = (2τ + 3)(α(2τ − 1) + r− τ). Èìååì ζτ < 0⇔ (2τ + 3)(α(2τ − 1) +
r − τ) < 0⇔ τ < (r − α)/(1− 2α) = nl + k/2(k + l), à çíà÷èò, ζτ < 0 ïðè τ ≤ τ c2 .

Ïîêàæåì ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè, ÷òî dτ < ζτ ïðè τ = 0, τ c2 − 1.

Ñîãëàñíî (32) d0 = −2α + 3r − 1 < 3r − 3α = ζ0, ÷òî ÿâëÿåòñÿ áàçîé èíäóêöèè.

Ïðåäïîëîæèì, ÷òî dτ−1 < ζτ−1 = (2τ + 1)(α(2τ − 3) + r − τ + 1). Òîãäà dτ = aτ −
cτbτ−1/dτ−1 < aτ − cτbτ−1/ζτ−1, òàê êàê bτ−1cτ > 0 (τ = 0, τ c2 − 1) ïî ñëåäñòâèþ 1.

Íî aτ − cτbτ−1/ζτ−1 < ζτ ⇔ aτ − ζτ < cτ−1bτ/ζτ−1 ⇔ (8τ 2 + 4τ − 2)α+ (r − τ)(4τ + 3)−
1− (2τ + 3)(α(2τ − 1) + r− τ) < 2τ(2τ + 1)((2τ − 3)α+ r− τ + 1)(2ατ + r− τ)/(2τ + 1)((2τ −
3)α + r − τ + 1) ⇔ (4τ 2 + 1)α + (r − τ)2τ − 1 < 4τ 2α + (r − τ)2τ ⇔ α − 1 < 0. Ïîýòîìó
dτ < ζτ < 0.

Ïóñòü (α, r) ∈ {α, r}c2, è (k, l, n) ∈M2. Òîãäà α = 1/2l, r = l − 1.

Ââåäåì ôóíêöèþ ξτ = (2τ+3)(α(2τ+2)+r−τ−1). Èìååì ξτ ≥ 0⇔ α(2τ+2)+r−τ−1 ≥
0⇔ τ ≤ (r + 2α− 1)/(1− 2α) = l − 1, à çíà÷èò, ξτ ≥ 0 ïðè τ ≤ τ c2 − 1.
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Ïîêàæåì ìåòîäîì èíäóêöèè, ÷òî dτ > ξτ ïðè τ = 0, τ c2 − 1.

Ñîãëàñíî (32) d0 = −2α + 3r − 1 > 3r + 6α − 3 > ξ0 ⇔ 1 − 4α > 0 ⇔ 1 − 2/l > 0, ÷òî
âåðíî, ïîñêîëüêó l ≥ 3, è äàåò áàçó èíäóêöèè.

Ïðåäïîëîæèì, ÷òî dτ−1 > ξτ−1 = (2τ + 1)(2ατ + r − τ). Òîãäà dτ = aτ − cτbτ−1/dτ−1 >
aτ − cτbτ−1/ξτ−1, òàê êàê bτ−1cτ > 0 (τ = 0, τ c1 − 1) ïî ñëåäñòâèþ 1.

Íî aτ − cτbτ−1/ξτ−1 > ξτ ⇔ (8τ 2 + 4τ − 2)α + (r − τ)(4τ + 3) − 1 − (2τ + 3)(α(2τ +
2) + r − τ − 1) > 2τ(2τ + 1)((2τ − 3)α + r − τ + 1)(2ατ + r − τ)/(2τ + 1)(2τα + r − τ) ⇔
(4τ 2 − 6τ − 8)α+ (r − τ)2τ + 2τ + 2 > (4τ 2 − 6τ)α+ (r − τ)2τ + 2τ ⇔ 2− 8α > 0. Ïîýòîìó
dτ > ξτ > 0. �

40. Âîçâðàùàÿñü ê åäèíñòâåííîé ðåçîíàíñíîé ñâÿçè (31), çàïèøåì åå â âèäå ðåçî-
íàíñíîãî óðàâíåíèÿ, ïðåäâàðèòåëüíî ðàçîáðàâøèñü, êàêèå ìíîæèòåëè v, u, âõîäÿùèå â
íåå, ðàâíû íóëþ. Áóäåì äåéñòâîâàòü òàê æå, êàê â â ï.70 ðàçäåëà 3.

0) (α, r) ∈ {α, r}c0, τ c0 = 0.

Òîãäà ïðè j = 0 â ñèëó (18) v0
0 = 1, u0

0 = r > 0. Îäíàêî, óæå ïðè j = 1 èìååì:
v0

1 = −a0/c1 = (−3r+ 2α+ 1)/((r−α)(r+ 2α− 1)), u0
1 = (1− r)/(r−α) è v0

1 = 0, íàïðèìåð,
ïðè (α, r) = (5/2, 2). Â ðåçóëüòàòå ðåçîíàíñíàÿ ñâÿçü (31) ïðèíèìàåò âèä

r+1∑
j=0

(
u0
jY

[2j,2(r−j+1)]
1 + v0

jY
[2j+1,2(r−j+1)]

2

)
= c̃, (310)

ãäå v0
0, u

0
0, u

0
1 6= 0, à îñòàëüíûå ìíîæèòåëè v0

j , u
0
j ìîãóò îáðàùàòüñÿ â íóëü ïðè îïðåäåëåí-

íûõ çíà÷åíèÿõ α, r.

1) (α, r) ∈ {α, r}c1.
Îöåíèì u1

j , v
1
j èç (31) ïðè τ

c
1 ≤ j ≤ r + 1.

10) (k, l, n) ∈M0.

Òîãäà α = −k/(2l − 1), r = (k + l)(2n− 1)− n+ 1, τ c1 = 2ln− l − n+ 2 è â (101)

aτ = ((k + l)(2n− 1)− n+ 1− τ)(4τ + 3)− 1− 2k(4τ 2 + 2τ − 1)/(2l − 1),

cτ =

(
(k + l)(2n− 1)− n+ 2− τ − k

2τ − 3

2l − 1

)(
(k + l)(2n− 1)− n+ 1− τ − 2k

τ

2l − 1

)
.

Ïðè ýòîì cτ = 0 ïðè τ = 2ln − l − n + (2l + k − 1)/(2l + 2k − 1) çà ñ÷åò c′′τ è ïðè
τ = 2ln− l − n+ 2 çà ñ÷åò c′τ . Ïîýòîìó cτ > 0 ïðè τ ≥ 2ln− l − n+ 3 = τ c1 + 1.

Ëåììà 70. Ïðè τ = τ̆ = τ c1 , j = τ, r + 1 â (18) gτj > 0.

Äîêàçàòåëüñòâî. Ñîãëàñíî (20) èìååì: gτc1 j = gτc1 j−1fτc1 j−1/cj äëÿ òåõ j = τ c1 , r + 1, ïðè
êîòîðûõ fτ j−1 6= 0.

Äëÿ îöåíêè ñíèçó ÷èñåë fτc1 j ââåäåì ôóíêöèþ

ξj = −2(j + 1)(α(2j − 1) + r − j) =

= 2(j + 1)(2k(1− j)/(2l − 1) + (k + l)(2n− 1)− n+ 1− j) (j = τ c1 , r).

Èìååì: ξj > 0 ïðè j ≥ 2ln− l−n+ 2 = τ c1 , ïîñêîëüêó ξj = 0 ïðè j = −1, 2ln− l−n+ 1.
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Ïîêàæåì ìåòîäîì èíäóêöèè, ÷òî

fτc1 j > ξj (j = τ c1 , r).

Ïðè τ = τ c1 = 2ln − l − n + 2 ñîãëàñíî (19) fττ = −aτ > ξτ , òàê êàê −aτ − ξτ =
(2(2ln− l − n+ 2) + 1)(k + (l + 1)/(2l − 1)) + 1 > 0, ÷òî äàåò áàçó èíäóêöèè.

Ïðåäïîëîæèì, ÷òî fτ j−1 > ξj−1. Òîãäà fτj = −aj−bj−1cj/fτ j−1 > −aj−bj−1cj/ξj−1 > ξj,
òàê êàê bj−1cj > 0 è −aj − bj−1cj/ξj−1 − ξj = 1 > 0.

Òàêèì îáðàçîì, èíäóêöèîííûé ïåðåõîä äîêàçàí, à çíà÷èò âñå fτj > 0 è â ôîðìóëå (18)
gτc1 j > 0 (j = τ c1 , r + 1). �

Ñîãëàñíî ëåììå 70 è (31) ïîëó÷àåì, ÷òî v1
j > 0. Ïîñêîëüêó 2αj + r− j < 0 ïðè j ≥ τ c1 ,

òî â (31) âûðàæåíèå (2αj + r − j)gτc1 j + 2jgτc1 j−1 < gτc1 j−1(ξj−1(2αj + r − j)/cj + 2j) = 0,
à çíà÷èò, u1

j < 0.

Â ðåçóëüòàòå, åñëè (α, r) ∈ {α, r}c1 è (k, l, n) ∈ M0, òî τ c1 = 2ln − l − n + 2 è (31)
ïðèíèìàåò âèä

r+1∑
j=τc1

(
u1
jY

[2j,2(r−j+1)]
1 + v1

jY
[2j+1,2(r−j+1)]

2

)
= c̃, (310

1)

ãäå âñå âõîäÿùèå â íåãî ìíîæèòåëè v1
j > 0, à u1

j < 0.

11) (k, l, n) ∈M1. Òîãäà α = k, r = k, τ c1 = 1 è â (101)

aτ = k(8τ 2 + 8τ + 1)− 4τ 2 − 3τ − 1, cτ = (k(2τ − 2)− τ + 1)(k(2τ + 1)− τ).

Ïðè ýòîì cτ = 0 ïðè τ = 1 çà ñ÷åò c′τ è ïðè τ = −k(2k − 1) çà ñ÷åò c′′τ . Ïîýòîìó cτ > 0
ïðè τ ≥ 2.

Ëåììà 71. Ïðè τ = τ̆ = τ c1 , j = τ, r + 1 â (18) gτj > 0.

Äîêàçàòåëüñòâî. Ñîãëàñíî (20) èìååì: gτc1 j = gτc1 j−1fτc1 j−1/cj äëÿ òåõ j = τ c1 , r + 1, ïðè
êîòîðûõ fτ j−1 6= 0.

Äëÿ îöåíêè ñíèçó ÷èñåë fτc1 j ââåäåì ôóíêöèþ

ξj = (2j + 3)(2kj − j) (j = τ c1 , r).

Èìååì: ξj > 0 ïðè j ≥ 1, ïîñêîëüêó ξj = 0 ïðè j = −3/2, 0.

Ïîêàæåì ìåòîäîì èíäóêöèè, ÷òî

fτc1 j > ξj (j = τ c1 , r).

Ïðè τ = τ c1 = 1 ñîãëàñíî (19) fττ = −aτ = 17k − 8 > 10k − 5 = ξτ , ÷òî äàåò áàçó.

Ïðåäïîëîæèì, ÷òî fτ j−1 > ξj−1. Òîãäà fτj = −aj−bj−1cj/fτ j−1 > −aj−bj−1cj/ξj−1 > ξj,
òàê êàê bj−1cj > 0 è −aj − bj−1cj/ξj−1 − ξj = k − 1 > 0.

Òàêèì îáðàçîì, èíäóêöèîííûé ïåðåõîä äîêàçàí, à çíà÷èò âñå fτj > 0 è â ôîðìóëå (18)
gτc1 j > 0 (j = τ c1 , r + 1). �

Ñîãëàñíî ëåììå 71 è (31) ïîëó÷àåì, ÷òî v1
j > 0. Ïîñêîëüêó 2αj + r − j > 0 ïðè j ≥ 0,

òî â (31) u1
j > 0.
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Â ðåçóëüòàòå, åñëè (α, r) ∈ {α, r}c1 è (k, l, n) ∈M1, òî τ
c
1 = 1 è (31) ïðèíèìàåò âèä

r+1∑
j=τc1

(
u1
jY

[2j,2(r−j+1)]
1 + v1

jY
[2j+1,2(r−j+1)]

2

)
= c̃, (311

1)

ãäå âñå âõîäÿùèå â íåãî ìíîæèòåëè v1
j > 0, u1

j > 0.

2) (α, r) ∈ {α, r}c2.
20) (k, l, n) ∈M0. Òîãäà α = −k/2l, r = n(k + l), τ c2 = ln è â (101)

aτ = −k(4τ 2 + 2τ − 1)/l − (nk + nl − τ)(4τ + 3)− 1,

cτ = (nk + nl + 3k/2l + 1− (k/l + 1)τ)(nk + nl − (k/l + 1)τ).

Ïðè ýòîì cτ = 0 ïðè τ = nl+1+k/(2k+2l) çà ñ÷åò c′τ è ïðè τ = nl çà ñ÷åò c′′τ . Ïîýòîìó
cτ > 0 ïðè τ ≥ ln+ 2 = τ c2 + 2.

Ëåììà 72. Ïðè τ = τ̆ = τ c2 , j = τ + 2, r + 1 â (18) gτj > 0.

Äîêàçàòåëüñòâî. Ñîãëàñíî (20) èìååì: gτc2 j = gτc2 j−1fτc2 j−1/cj äëÿ òåõ j = τ c2 , r + 1, ïðè
êîòîðûõ fτ j−1 6= 0.

Äëÿ îöåíêè ñíèçó ÷èñåë fτc2 j ââåäåì ôóíêöèþ

ξj = −(2j + 2)(α(2j − 1) + r − j) (j = τ c2 + 2, r).

Èìååì: ξj > 0 ïðè j ≥ τ c2 + 1, ïîñêîëüêó ξj = 0 ïðè j = −1, nl + k/2l.

Ïîêàæåì ìåòîäîì èíäóêöèè, ÷òî

fτc2 j > ξj (j = τ c2 + 2, r).

Ïðè τ = τ c2 + 2 = ln+ 2 ñîãëàñíî (19) fττ − ξτ = 1 > 0, ÷òî äàåò áàçó.

Ïðåäïîëîæèì, ÷òî fτ j−1 > ξj−1. Òîãäà fτj = −aj−bj−1cj/fτ j−1 > −aj−bj−1cj/ξj−1 > ξj,
òàê êàê bj−1cj > 0 (j = τ c2 + 2, r + 1) è −aj − bj−1cj/ξj−1 − ξj = 1 > 0.

Òàêèì îáðàçîì, èíäóêöèîííûé ïåðåõîä äîêàçàí, à çíà÷èò âñå fτj > 0 (j = τ c2 + 2, r) è
â ôîðìóëå (18) gτc2 j > 0 (j = τ c2 + 2, r + 1). �

Ðàññìîòðèì v2
j , u

2
j . Èìååì: v2

τc2
= 1, v2

τc2+1 = −aτc2/cτc2+1 = 2l(lnk + k − l)/(k2 + lk),

u2
τc2

= 0, u2
τc2+1 = 2l/k. Ñîãëàñíî ëåììå 71 è (31) ïîëó÷àåì, ÷òî v2

j > 0 (j = τ c2 + 2, r + 1).

Ïîñêîëüêó 2αj+ r− j < 0 ïðè j ≥ ln+ 1, òî â (31) âûðàæåíèå (2αj+ r− j)gτc2 j + 2jgτc2 j−1 <
gτc2 j−1(ξj−1(2αj + r − j)/cj + 2j) = 0, à çíà÷èò, u2

j < 0 (j = τ c2 + 2, r + 1).

Â ðåçóëüòàòå, åñëè (α, r) ∈ {α, r}c2 è (k, l, n) ∈M0, òî τ
c
2 = ln è (31) ïðèíèìàåò âèä

Y
[2τc2+1,2(r−τc2+1)]

2 +
r+1∑

j=τc2+1

(
u2
jY

[2j,2(r−j+1)]
1 + v2

jY
[2j+1,2(r−j+1)]

2

)
= c̃, (310

2)

ãäå âñå âõîäÿùèå â íåãî ìíîæèòåëè v2
j > 0, u2

j < 0, çà èñêëþ÷åíèåì u2
τc2+1 > 0.

22) (k, l, n) ∈M2. Òîãäà α = 1/2l, r = l−1, τ c2 = l. Òîãäà v2
τc2

= 1, u2
τc2

= 2ατ c2 +r−τ c2 = 0

è (31) ïðèíèìàåò âèä

Y
[2r+3,0]

2 = c̃. (312
2)
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5 Ïîëó÷åííûå ðåçóëüòàòû

10. Îáîçíà÷èì ÷åðåç Y {2r} è Y {2r+1} âåêòîðû êîýôôèöèåíòîâ ÊÎÌ Y [k] = (Y
[k]

1 , Y
[k]

2 )
ñîîòâåòñòâåííî ïðè k = 2r è k = 2r + 1 (r ≥ 1), ò. å.

Y {2r} = (Y
[1,2r]

1 , Y
[3,2r−2]

1 , . . . , Y
[2r+1,0]

1 , Y
[0,2r+2]

2 , Y
[2,2r]

2 , . . . , Y
[2r+2,0]

2 ),

Y {2r+1} = (Y
[0,2r+2]

1 , Y
[2,2r]

1 , . . . , Y
[2r+2,0]

1 , Y
[1,2r+2]

2 , Y
[3,2r]

2 , . . . , Y
[2r+3,0]

2 ).

Çàïèøåì ðåçîíàíñíûå ñâÿçè (82
1), (82

2), (83
1) è (83

2), ïîëó÷åííûå äëÿ êîìïîíåíò âåêòîðîâ
Y {2} è Y {3}, â âèäå ðåçîíàíñíûõ óðàâíåíèé, èñïîëüçóÿ îáîçíà÷åíèÿ äëÿ ñèñòåìû (8):

(3α− 1)Y
[3,0]

1 + Y
[4,0]

2 = c̃,

Y
[1,2]

1 + 6Y
[3,0]

1 + (1− 2α)Y
[0,4]

2 + 2Y
[2,2]

2 = c̃ (h
[0,2]
1 − ∀);

(332)

α2Y
[0,4]

1 − αY [4,0]
1 + α2Y

[1,4]
2 − αY [3,2]

2 + Y
[5,0]

2 = c̃,

α = 1 : 5Y
[4,0]

1 − 2Y
[2,2]

1 − Y [3,2]
2 + 3Y

[5,0]
2 = c̃ (h

[3,0]
1 − ∀).

(333)

Ïåðåéäåì íåïîñðåäñòâåííî ê ôîðìóëèðîâêå óòâåðæäåíèé, ôàêòè÷åñêè, äîêàçàííûõ
â ïðåäûäóùèõ ðàçäåëàõ. Ïðè íåîáõîäèìîñòè îïðåäåëåíèÿ ïîíÿòèé, êîòîðûå âñòðåòÿòñÿ
íèæå, ìîæíî íàéòè â ñëåäóþùåì ðàçäåëå.

Òåîðåìà 1. 1) Ñèñòåìà (1) ôîðìàëüíî ýêâèâàëåíòíà ñèñòåìå (3), åñëè ïîñëå ïðî-

èçâîëüíîãî âûáîðà ðåçîíàíñíûõ êîýôôèöèåíòîâ h
[0,2]
1 , h

[3,0]
1 ïðè α = 1 è h

[2τd3 ,2(r−τd3 )]
1 ïðè

(α, r) ∈ {α, r}d3 â çàìåíå (2), äëÿ ëþáîãî k ≥ 2 êîýôôèöèåíòû êâàçèîäíîðîäíîãî ìíîãî÷ëå-
íà Y [k] ñèñòåìû (3) óäîâëåòâîðÿþò ñëåäóþùèì ðåçîíàíñíûì óðàâíåíèÿì :

à) Ïðè k = 2 (r = 1, ν = 0) � (82
1) è (82

2).

á) Ïðè k = 3 (r = 1, ν = 1) � (83
1), à ïðè α = 1 äîïîëíèòåëüíî � (83

2).

â) Ïðè k = 2r (r ≥ 2, ν = 0) êîýôôèöèåíòû èç Y {2r} â çàâèñèìîñòè îò α
óäîâëåòâîðÿþò îäíîìó èç øåñòè óðàâíåíèé (25c1), (25c2), (25c∗), (25d1), (25d2), (25d3), à ïðè
(α, r) ∈ {α, r}d3 � òàêæå óðàâíåíèþ (26d3), è èìåþò â íèõ íåíóëåâûå ìíîæèòåëè.

ã) Ïðè k = 2r+1 (r ≥ 2, ν = 1) êîýôôèöèåíòû èç Y {2r+1} â çàâèñèìîñòè îò α óäîâëå-
òâîðÿþò îäíîìó èç ïÿòè óðàâíåíèé (310), (310

1), (311
1), (310

2), (312
2), ïðè÷åì â óðàâíåíèè

(310) ìíîæèòåëè ìîãóò îáðàùàòüñÿ â íóëü ïðè îïðåäåëåííûõ çíà÷åíèÿõ ïàð (α, r), à â
îñòàëüíûõ óðàâíåíèÿõ êîýôôèöèåíòû èìåþò íåíóëåâûå ìíîæèòåëè.

2) Äëÿ ëþáîãî k ≥ 2 êîýôôèöèåíòû ÊÎÌ Y [k], íå âõîäÿùèå â âûøå ïåðå÷èñëåííûå
ðåçîíàíñíûå óðàâíåíèÿ èëè èìåþùèå â íèõ òîëüêî íóëåâûå ìíîæèòåëè � íåðåçîíàíñíûå
è ìîãóò ïðèíèìàòü ëþáûå çíà÷åíèÿ.

Ïóñòü nk =

{
1, åñëè a) k = 3, α 6= 1, b) k = 2r, (α, r) /∈ {α, r}d3, c) k = 2r + 1;

2, åñëè a) k = 2, b) k = 3, α = 1, c) k = 2r, (α, r) ∈ {α, r}d3.

Ñëåäñòâèå 2. Â ñèñòåìå (3) nk ðàçëè÷íûõ ðåçîíàíñíûõ êîýôôèöèåíòîâ ÊÎÌ Y [k]

îáðàçóþò ðåçîíàíñíûé íàáîð, åñëè ýòî êîýôôèöèåíòû:

ïðè k = 2 � 1) Y
[3,0]

1 èëè Y
[4,0]

2 , 2) ëþáîé èç (82
2), êðîìå Y

[3,0]
1 , åñëè îí âûáðàí â 1);

ïðè k = 3 � 1) ëþáîé èç (83
1), 2) åñëè α = 1, òî ëþáîé èç (83

2), îòëè÷íûé îò âûáðàííîãî
â (83

1);
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ïðè k = 2r (r ≥ 2) � 1) ëþáîé êîýôôèöèåíò èç Y {2r}, âõîäÿùèé â ñîîòâåòñòâóþùåå
ðåçîíàíñíîå óðàâíåíèå (25c1), (25c2), (25c∗), (25d1), (25d2), (25d3), 2) åñëè (α, r) ∈ {α, r}d3, òî
ëþáîé êîýôôèöèåíò èç Y {2r}, âõîäÿùèé â ðåçîíàíñíîå óðàâíåíèå (26d3), îòëè÷íûé îò âû-
áðàííîãî â (25d3) è òàêîé, ÷òî îòíîñèòåëüíî âûáðàííûõ êîýôôèöèåíòîâ óðàâíåíèÿ (25d3)
è (26d3) îäíîçíà÷íî ðàçðåøèìû;

ïðè k = 2r + 1 (r ≥ 2) � ëþáîé êîýôôèöèåíò èç Y {2r+1}, âõîäÿùèé â ñîîòâåòñòâó-
þùåå ðåçîíàíñíîå óðàâíåíèå (310), (310

1), (311
1), (310

2), (312
2) ñ íåíóëåâûì ìíîæèòåëåì.

Òàêèì îáðàçîì, ñèñòåìà (3) ïî îïðåäåëåíèþ ÿâëÿåòñÿ îáîáùåííîé íîðìàëüíîé ôîð-
ìîé, åñëè äëÿ êàæäîãî k ≥ 2 âñå êîýôôèöèåíòû åå ÊÎÌ Y [k](y) ðàâíû íóëþ, êðîìå nk
øòóê, ò. å. îäíîãî èëè äâóõ, ïðèíàäëåæàùèõ ëþáîìó ðåçîíàíñíîìó íàáîðó, îïèñàííîìó â
ñëåäñòâèè 2, è èìåþùèõ ïðîèçâîëüíûå çíà÷åíèÿ.

Òåîðåìà 2. Çàôèêñèðóåì ïðîèçâîëüíûì îáðàçîì ñòðóêòóðó ÎÍÔ (3), ò. å. äëÿ âñÿ-
êîãî k ≥ 2 çàôèêñèðóåì îáîáùåííûå ïîðÿäêè òåõ nk ÊÎÌ Y [k], êîýôôèöèåíòû êîòîðûõ
âõîäÿò â âûáðàííûé äëÿ äàííîãî k ðåçîíàíñíûé íàáîð, çàôèêñèðóåì òàêæå â çàìåíå (2)

êîýôôèöèåíòû h
[0,2]
1 , h

[3,0]
1 ïðè α = 1 è h

[2τd3 ,2(r−τd3 )]
1 ïðè (α, r) ∈ {α, r}d3. Òîãäà ñóùåñòâó-

åò è åäèíñòâåííà ïî÷òè òîæäåñòâåííàÿ íîðìàëèçóþùàÿ çàìåíà (2), ïðåîáðàçóþùàÿ
ëþáóþ ñèñòåìó (1) â ÎÍÔ(3) ñ âûáðàííîé ñòðóêòóðîé, â êîòîðîé ïðè êàæäîì k ≥ 2
êîýôôèöèåíòû èç âûáðàííîãî ðåçîíàíñíîãî íàáîðà, îïèñàííîãî â ñëåäñòâèè 2, îäíîçíà÷íî
íàõîäÿòñÿ èç òåõ ðåçîíàíñíûõ óðàâíåíèé â êîòîðûå îíè âõîäÿò.

Ïðèìåð 1. Âûáåðåì ïàðàìåòð α èððàöèîíàëüíûì ÷èñëîì. Òîãäà ïðè ν = 0 ïàðà
(α, r) ∈ {α, r}d0 \ ({α, r}c1 ∪ {α, r}c2) è ïðè ν = 1 ïàðà (α, r) ∈ {α, r}c0, ãäå ñåìåéñòâî {α, r}d0
îïèñàíî â ðàçä. 3 ï.20, ñåìåéñòâà {α, r}c1, {α, r}c2 � â ðàçä. 3 ï.30, à {α, r}c0 � â ðàçä. 4 ï.10.

Ïîñêîëüêó (α, r) /∈ {α, r}d3, òî äëÿ êàæäîãî îáîáùåííîãî ïîðÿäêà k ≥ 4, (r ≥ 2) ðå-
çîíàíñíûé íàáîð ñîñòîèò èç îäíîãî êîýôôèöèåíòà. Ñèòóàöèÿ àíàëîãè÷íà ïðè k = 3, ÷òî
âèäíî èç óðàâíåíèé (333). Îäíàêî ïðè k = 2 ñèòóàöèÿ èíàÿ, ïîñêîëüêó èìåþòñÿ äâà ðåçî-

íàíñíûõ óðàâíåíèÿ (332), â ïåðâîå èç êîòîðûõ âõîäÿò òîëüêî êîýôôèöèåíòû Y
[3,0]

1 è Y
[4,0]

2 ,
à çíà÷èò, â ðåçîíàíñíûé íàáîð îáÿçàòåëüíî âõîäèò îäèí èç íèõ. Ïîýòîìó ñèñòåìà (1) ìîæåò
áûòü ôîðìàëüíî ýêâèâàëåíòíà îáîáùåííûì ÍÔ (3) ñî ñëåäóþùèìè äâóìÿ ñòðóêòóðàìè :

ẏ1 = αy2
1 + y2 + Y

[3,0]
1 y3

1 +
∞∑
r=1

Y
[1,2r]

1 y1y
r
2 +

∞∑
r=1

Y
[0,2(r+1)]

1 yr+1
2 , ẏ2 = y1y2;

ẏ1 = αy2
1 + y2 + Y

[3,0]
1 y3

1 +
∞∑
r=1

Y
[0,2(r+1)]

1 yr+1
2 , ẏ2 = y1y2 +

∞∑
r=1

Y
[0,2(r+1)]

2 yr+1
2 .

Ýòî äåéñòâèòåëüíî âîçìîæíî, ïîñêîëüêó âûáðàííûå â ñèñòåìàõ êîýôôèöèåíòû âõîäÿò â
ðåçîíàíñíûå óðàâíåíèÿ (25c∗) è (310) ñ íåíóëåâûìè ìíîæèòåëÿìè.

Ïðèâåäåííûå ïðèìåðû ÎÍÔ èíòåðåñíû òåì, ÷òî â ïåðâîì óðàâíåíèè ïåðâîé ÎÍÔ
âîçìóùåíèå íå ñîäåðæèò y1 âûøå, ÷åì â òðåòüåé ñòåïåíè, à âî âòîðîì � âîîáùå îòñóòñòâóåò.
Âî âòîðîé æå ÎÍÔ âîçìóùåíèå íå çàâèñèò îò y1, êðîìå åäèíñòâåííîãî ñëàãàåìîãî Y

[3,0]
1 y3

1.

Íåâîçìîæíîñòü èçáàâèòüñÿ îò ñëàãàåìîãî Y
[3,0]

1 y3
1 âî âòîðîé ÎÍÔ íàòàëêèâàåò íà ìûñëü

èçáàâèòüñÿ â âîçìóùåíèè îò y2. Ïîïûòêà íàïèñàòü ÎÍÔ, âîçìóùåíèå êîòîðîé íå çàâèñèò
îò y2 äëÿ ïðîèçâîëüíîãî èððàöèîíàëüíîãî α, íå óäàåòñÿ, òàê êàê â óðàâíåíèè (310) íå

óñòàíîâëåíî ðàâíû ëè íóëþ ìíîæèòåëè u0
r+1, v

0
r+1, ñòîÿùèå ïðè Y

[2(r+1),0]
1 , Y

[2(r+1)+1,0]
2 .
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20. Ïðèìåíèì ïîëó÷åííûå ðåçóëüòàòû äëÿ ñèñòåìû (1) ñ α = −1/2.

0) r = 1 (ν = 0). Òîãäà èìååòñÿ äâà ðåçîíàíñíûõ óðàâíåíèÿ (332)

(3α− 1)Y
[3,0]

1 + Y
[4,0]

2 = c̃, Y
[1,2]

1 + 6Y
[3,0]

1 + (1− 2α)Y
[0,4]

2 + 2Y
[2,2]

2 = c̃.

1) r = 1 (ν = 1). Òîãäà èìååòñÿ åäèíñòâåííîå ðåçîíàíñíîå óðàâíåíèå (333
1)

α2Y
[0,4]

1 − αY [4,0]
1 + α2Y

[1,4]
2 − αY [3,2]

2 + Y
[5,0]

2 = c̃.

2) k = 2r (r ≥ 2, ν = 0). Òîãäà ïàðàìåòð α = −1/2 âñòðå÷àåòñÿ â ñåìåéñòâàõ {α, r}d1
è {α, r}d3, ïðè÷åì â ñåìåéñòâå {α, r}d1, ïî-ïðåæíåìó, r = 2n è τ d1 = 2n, à â ñåìåéñòâå {α, r}d3
ïîëó÷àåì, ÷òî r = 2n+ 1 è τ d3 = n+ 1.

20) r = 2n (k = 4n). Òîãäà èìååòñÿ åäèíñòâåííîå ðåçîíàíñíîå óðàâíåíèå (25d1)

v0
0Y

[0,2(2n+1)]
2 +

2n∑
j=1

(
u0
jY

[2j−1,2(2n−j+1)]
1 + v0

jY
[2j,2(2n−j+1)]

2

)
+ u0

2n+1Y
[4n+1,0]

1 = c̃.

21) r = 2n+ 1 (k = 4n+ 2). Òîãäà ê ðåçîíàíñíîìó óðàâíåíèþ (25d3)

v0
0Y

[0,2(2n+2)]
2 +

n+1∑
j=1

(
u0
jY

[2j−1,2(2n−j+2)]
1 + v0

jY
[2j,2(2n−j+2)]

2

)
+ u0

n+2Y
[2n+3,2n]

1 +

+
2n+2∑
j=n+3

(
u0
jY

[2j−1,2(2n−j+2)]
1 + v0

jY
[2j,2(2n−j+2)]

2

)
= c̃,

äîáàâëÿåòñÿ äîïîëíèòåëüíîå ðåçîíàíñíîå óðàâíåíèå (26d3)

2n+2∑
j=n+2

(
u03
j Y

[2j−1,2(2n−j+2)]
1 + v03

j Y
[2j,2(2n−j+2)]

2

)
= c̃.

3) k = 2r + 1 (r ≥ 2, ν = 1). Òîãäà ïàðàìåòð α = −1/2 âñòðå÷àåòñÿ â ñåìåéñòâàõ
{α, r}c2 è {α, r}c0, ïðè÷åì â ñåìåéñòâå {α, r}c2 ïîëó÷àåì r = 2n è τ c2 = n, à â ñåìåéñòâå {α, r}c0
� r = 2n+ 1 è τ c0 = 0.

30) r = 2n (k = 4n+ 1). Òîãäà ðåçîíàíñíîå óðàâíåíèå (310
2) ïðèíèìàåò âèä

Y
[2n+1,2(n+1)]

2 +
2n+1∑
j=n+1

(
u2
jY

[2j,2(2n−j+1)]
1 + v2

jY
[2j+1,2(2n−j+1)]

2

)
= c̃.

31) r = 2n+ 1 (k = 4n+ 3). Òîãäà ðåçîíàíñíîå óðàâíåíèå (310) ïðèíèìàåò âèä

2n+2∑
j=0

(
u0
jY

[2j,2(2n−j+2)]
1 + v0

jY
[2j+1,2(2n−j+2)]

2

)
= c̃.

Ýëåêòðîííûé æóðíàë. http://www.math.spbu.ru/di�journal 129



Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ, � 4, 2010

Ïðèìåð 2. Âûïèøåì ÎÍÔ, â ïåðâîì óðàâíåíèè êîòîðîé îòñóòñòâóåò âîçìóùåíèå,
à â âîçìóùåíèè âòîðîãî óðàâíåíèÿ ñòåïåíü y1 ñäåëàíà ìèíèìàëüíî âîçìîæíîé.

Äëÿ ýòîãî â êàæäîì èç ñåìè âûïèñàííûõ ðåçîíàíñíûõ óðàâíåíèé äîëæíûì îáðàçîì
âûáåðåì ïî îäíîìó êîýôôèöèåíòó ÊÎÌ Y [k] = (Y

[k]
1 , Y

[k]
2 ) : ïðè k = 2 êîýôôèöèåíòû

Y
[4,0]

2 è Y
[0,4]

2 èç (332), ïðè k = 3 êîýôôèöèåíò Y
[1,4]

2 èç (333
1), ïðè k = 4n êîýôôèöèåíò

Y
[0,2(2n+1)]

2 èç (25d1), ïðè k = 4n + 1 êîýôôèöèåíò Y
[2n+1,2(n+1)]

2 èç (310
2), ïðè k = 4n + 2

êîýôôèöèåíò Y
[0,2(2n+2)]

2 èç (25d3) è êîýôôèöèåíò Y
[2(n+2),2n]

2 èç (26d3), ïðè k = 4n+ 3 êîýô-

ôèöèåíò Y
[1,2(2n+2)]

2 èç (310).

Âûáðàííûå êîýôôèöèåíòû âõîäÿò â ñîîòâåòñòâóþùèå ðåçîíàíñíûå óðàâíåíèÿ ñ íåíó-
ëåâûìè ìíîæèòåëÿìè è îáðàçóþò ðåçîíàíñíûå íàáîðû.

Èòàê, ñèñòåìà (1) ôîðìàëüíî ýêâèâàëåíòíà ÎÍÔ (3) ñî ñëåäóþùåé ñòðóêòóðîé:

ẏ1 = αy2
1 + y2, ẏ2 = y1y2 +

∞∑
n=1

(
Y

[0,4n+2]
2 y2n+1

2 + Y
[2n+1,2n+2]

2 y2n+1
1 yn+1

2

)
+

+
∞∑
n=0

(
Y

[1,4n+4]
2 y1y

2n+2
2 + Y

[0,4n+4]
2 y2n+2

2 + Y
[2n+4,2n]

2 y2n+4
1 yn2

)
.

30. Â ðàçä. 1 ï.30 áûëî óñòàíîâëåíî, ÷òî â ñèñòåìå (1) âñåãäà ìîæíî äîáèòüñÿ òîãî,
÷òîáû ïàðàìåòð α óäîâëåòâîðÿë íåðàâåíñòâó 0 < |α| ≤ 1/2.

Ïîñìîòðèì, êàê ïðè òàêîì îãðàíè÷åíèè íà ïàðàìåòð α èçìåíÿòñÿ ñåìåéñòâà {α, r},
ââåäåííûå â ðàçä. 3 ï.20, 30 è ðàçä. 4 ï.10 è âûïèøåì âñå âîçíèêøèå èçìåíåíèÿ.

1) Â ðàçä. 3 ï.20 ïðè 0 < |α| ≤ 1/2

{α, r}d2 = {1/2, n}n∈N, n≥2, τ d2 = n− 2;

{α, r}d3 = {−k/2l, n(k + l) + 1}k,l,n∈N, k≤l, τ d3 = ln+ 1;

2) Â ðàçä. 3 ï.30 ïðè 0 < |α| ≤ 1/2 îòñóòñòâóåò ñåìåéñòâî {α, r}c4 = {k/2, k}k≥2 è

{α, r}c1 = {−k/(2l − 1), (k + l)(2n− 1)− n+ 1}k,l,n∈N, k<l, τ c1 = l(2n− 1)− n+ 1;

{α, r}c3 = {−k/2l, (k + l)n+ 1}k,l,n∈N, k≤l, τ c3 = ln+ 2;

3) Â ðàçä. 4 ï. 10 ïðè 0 < |α| ≤ 1/2 îòñóòñòâóåò òà ÷àñòü ñåìåéñòâà {α, r}c1 =
{−k/(2l − 1), (k + l)(2n− 1)− n+ 1}(k,l,n)∈M0∪M1 , ó êîòîðîé (k, l, n) ∈M1, è

{α, r}c1 = {−k/(2l − 1), (k + l)(2n− 1)− n+ 1}(k,l,n)∈M0, k<l, τ c1 = 2ln− l − n+ 2;

{α, r}c2 = {−k/2l, n(k + l)}(k,l,n)∈M0, k≤l∪M2 , τ c2 = ln;

ãäå M0 = {k, l, n ∈ N}, M1 = {k ≥ 2, l = 0, n = 1}, M2 = {k = −1, l ≥ 3, n = 1}.
Óêàçàííûå èçìåíåíèÿ íå âíîñÿò ñóùåñòâåííûõ êîððåêòèâ â óæå íàéäåííûå ðåçîíàíñ-

íûå óðàâíåíèÿ, ïîýòîìó èõ ìîæíî íå ïðèíèìàòü âî âíèìàíèå.
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6 Èñïîëüçóåìûå â ðàáîòå îïðåäåëåíèÿ è ìåòîä

10. Ïóñòü z = (z1, . . . , zn) � âåêòîð ïåðåìåííûõ.

Âåêòîð γ = (γ1, . . . , γn) íàçîâåì âåñîì ïåðåìåííîé z, åñëè êîìïîíåíòû γi (i = 1, n) �
íàòóðàëüíûå è âçàèìíî ïðîñòûå â ñîâîêóïíîñòè.

Îáîáùåííûì ïîðÿäêîì ìîíîìà Z
(q)
i zq ñ q = (q1, . . . , qn), qi ∈ Z+, |q| = q1 + . . .+ qn ≥ 1,

zq = zq11 . . . zqnn , íàçîâåì ñêàëÿðíîå ïðîèçâåäåíèå (q − ei, γ) (ei = (0, . . . , 1(i), . . . , 0)).

Â ýòîì ñëó÷àå êîýôôèöèåíò Z
(q1,...,qn)
i áóäåì îáîçíà÷àòü Z

[q1γ1,...,qnγn]
i .

Â ÷àñòíîñòè, ëþáîé ìîíîì Z
(ej)
i zj (j = 1, n) ñ åñòåñòâåííûì âåñîì γ = (1, . . . , 1) èìååò

íóëåâîé îáîáùåííûé ïîðÿäîê òàê æå, êàê è ìîíîì Z
(ei)
i zi ñ ïðîèçâîëüíûì âåñîì.

Âåêòîðíûé ìíîãî÷ëåí Q(z) áóäåì íàçûâàòü êâàçèîäíîðîäíûì ìíîãî÷ëåíîì (ÊÎÌ)

ñòåïåíè k ñ âåñîì γ è îáîçíà÷àòü Q
[k]
γ (z), åñëè îí ñîäåðæèò òîëüêî ìîíîìû îáîáùåííîãî

ïîðÿäêà k, ò. å. êîìïîíåíòû ÊÎÌ Q
[k]
γ,i(z) =

∑
q: (q−ei,γ)=kQ

[q1γ1,...,qnγn]
i zq11 . . . zqnn (i = 1, n).

Êâàçèîäíîðîäíûé ìíîãî÷ëåí Q
[k]
γ (z) áóäåì íàçûâàòü íåâûðîæäåííûì (ÍÊÎÌ), åñëè

Q
[k]
γ,i(z) 6≡ 0 äëÿ âñÿêîãî i = 1, n.

Â ðåçóëüòàòå äëÿ ïðîèçâîëüíîãî âåñà γ âåêòîðíûé ñòåïåííîé ðÿä Z(z) =
∑

q: |q|≥1 Z
(q)zq

ìîæíî îäíîçíà÷íî ïåðåðàçëîæèòü íå òîëüêî â ñóììó îäíîðîäíûõ ìíîãî÷ëåíîâ Zi(z) =∑∞
k=1 Z

(k)
i (z), íî è â ñóììó ÊÎÌ: Zi(z) =

∑∞
k=k0i

Z
[k]
γ,i(z), ãäå k0

i = min {(q, γ)− γi} > −γi.

20. Ñëåäóÿ [2, � 2], èçëîæèì êðàòêî ìåòîä ðåçîíàíñíûõ óðàâíåíèé äëÿ äâóìåðíûõ
àâòîíîìíûõ âåùåñòâåííûõ ñèñòåì.

Èñõîäíóþ ôîðìàëüíóþ ñèñòåìó

ẋi = P
[κ]
γ,i (x) +

∞∑
k=κ+1

X
[k]
γ,i(x) (i = 1, 2), (A)

â êîòîðîé X
[k]
γ,i =

∑
(q,γ)−γi=kX

[q1γ1,q2γ2]
i xq11 x

q2
2 , ïðîèçâîëüíîé ïî÷òè òîæäåñòâåííîé çàìåíîé

xi = yi +
∞∑
k=1

h
[k]
γ,i(y) (B)

ïðåîáðàçóåì â ñèñòåìó òîãî æå âèäà

ẏi = P
[κ]
γ,i (y) +

∞∑
k=κ+1

Y
[k]
γ,i (y) (i = 1, 2). (C)

Äèôôåðåíöèðóÿ çàìåíó (B) â ñèëó ñèñòåì (A), (C) è âûäåëÿÿ â i-ì óðàâíåíèè ÷ëåíû
îáîáùåííîãî ïîðÿäêà k + γi, â êîòîðûõ îïóñêàåì èíäåêñ γ, ïîëó÷àåì ñèñòåìó

2∑
j=1

(
∂h

[k−κ]
i (y)

∂yj
P

[κ]
j (y)− ∂P

[κ]
i (y)

∂yj
h

[k−κ]
j (y)

)
= Ŷ

[k]
i (y) (k ≥ κ+ 1), (D)

ãäå Ŷ
[k]
i = Ỹ

[k]
i (y) − Y [k]

i (y), à ÊÎÌ Ỹ
[k]
i óæå èçâåñòåí, òàê êàê ñîäåðæèò òîëüêî ïðåäøå-

ñòâóþùèå êâàçèîäíîðîäíûå ìíîãî÷ëåíû Y [s] è h[s−κ] (κ+ 1 ≤ s ≤ k − 1).
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Ïóñòü kγi � ÷èñëî ðàçëè÷íûõ ðåøåíèé q(i) óðàâíåíèÿ (q, γ)− γi = k.

Ðàñïîëàãàÿ âåêòîðû q(i) â ëåêñèêîãðàôè÷åñêîì ïîðÿäêå, áóäåì ñòàâèòü âî âçàèìíî
îäíîçíà÷íîå ñîîòâåòñòâèå ëþáîìó ÊÎÌ Z [k] = Z

[k]
γ âåêòîð-ñòîëáåö åãî êîýôôèöèåíòîâ

Z{k} = (Z
{k}
1 , Z

{k}
2 ) ðàçìåðíîñòè |kγ| = kγ1 + kγ2 .

Òàêèì îáðàçîì, âåêòîð Z
{k}
i èìååò êîìïîíåíòû Z

{k}
ij (j = 1, kγi ).

Òåïåðü ëèíåéíóþ ñèñòåìó (D) óäîáíî ïåðåïèñàòü â ìàòðè÷íîì âèäå:

Ak(P [κ]
γ )h{k−κ} = Y {k} − Ỹ {k} (k ≥ κ+ 1), (Dm)

ãäå Ak = Ak(P
[κ]
γ ) � ïîñòîÿííàÿ |kγ| × |(k − κ)γ| ìàòðèöà.

Ïóñòü nk = |kγ| − rk, ãäå rk = |(k − κ)γ| − kγ0 � ýòî ðàíã ìàòðèöû Ak (kγ0 ≥ 0).

Î÷åâèäíî, ÷òî äëÿ âñÿêîãî k > κ ïîñëå ôèêñèðîâàíèÿ kγ0 ñâîáîäíûõ êîýôôèöèåí-
òîâ ÊÎÌ h[k−κ] óñëîâèÿ ñîâìåñòíîñòè ñèñòåìû (Dm) ìîæíî çàïèñàòü â âèäå nk ëèíåéíî

íåçàâèñèìûõ ëèíåéíûõ óðàâíåíèé, ñâÿçûâàþùèõ êîýôôèöèåíòû ÊÎÌ (Y
[k]

1 , Y
[k]

2 ) :

(ak,ν1 , Y
{k}

1 ) + (ak,ν2 , Y
{k}

2 ) = c̃ (ν = 1, nk, k ≥ κ+ 1), (E)

â êîòîðûõ ak,νi � ïîñòîÿííûå âåêòîðû ðàçìåðíîñòè kγi (i = 1, 2), îïðåäåëÿåìûå ÍÊÎÌ P
[κ]
γ ,

à c̃ = (ak,ν1 , Ỹ
{k}

1 ) + (ak,ν2 , Ỹ
{k}

2 ) � ðåêóððåíòíî âû÷èñëÿåìûå êîíñòàíòû.

Óðàâíåíèÿ (E) áóäåì íàçûâàòü ðåçîíàíñíûìè.

Ïîïóòíî îòìåòèì, ÷òî ïîëó÷åíèå ðåçîíàíñíûõ óðàâíåíèé â ÿâíîì âèäå, ò. å. âû÷èñ-
ëåíèå ìíîæèòåëåé ak,νij (j = 1, ni) ÿâëÿåòñÿ îñíîâíîé öåëüþ îïèñûâàåìîãî îäíîèìåííîãî
ìåòîäà. Îäíàêî, ðåøåíèå ýòîé çàäà÷è íàòàëêèâàåòñÿ íà çíà÷èòåëüíûå òåõíè÷åñêèå òðóä-
íîñòè òåì áîëüøèå, ÷åì áîëüøå íåíóëåâûõ êîýôôèöèåíòîâ èìåþò ìíîãî÷ëåíû P1, P2.

Ïîýòîìó â ïåðâóþ î÷åðåäü òðåáóåòñÿ ìàêñèìàëüíî óïðîñòèòü íåâîçìóùåííóþ ÷àñòü
ñèñòåìû (A), ñâåäÿ åå ïðè ïîìîùè ñîõðàíÿþùåé ñòðóêòóðó íåîñîáîé çàìåíû ê íàèáîëåå
ïðîñòîé íåâîçìóùåííîé ÷àñòè, òàê íàçûâàåìîé êàíîíè÷åñêîé ôîðìå (ÊÔ).

Êîýôôèöèåíòû Y
{k}
ij (1 ≤ j ≤ kγi ) ÊÎÌ Y [k]ñèñòåìû (C), âõîäÿùèå õîòÿ áû â îäíî

èç óðàâíåíèé (E) ñ íåíóëåâûì ìíîæèòåëåì, áóäåì íàçûâàòü ðåçîíàíñíûìè, à îñòàëüíûå
êîýôôèöèåíòû � íåðåçîíàíñíûìè.

Îñòàâøèåñÿ ñâîáîäíûìè ïðè ðåøåíèè ñèñòåìû (Dm) kγ0 êîýôôèöèåíòîâ ÊÎÌ h[k−κ]

èç çàìåíû (B) áóäåì íàçûâàòü ðåçîíàíñíûìè.

Ïðîèçâîëüíîìó íàáîðó èç nk êîýôôèöèåíòîâ Y
{k}
imjm

ÊÎÌ (Y
[k]

1 , Y
[k]

2 ), ãäå m = 1, nk,

im ∈ {1, 2}, jm ∈ {1, . . . , kγim}, ñîïîñòàâèì ìàòðèöó ìíîæèòåëåé Ak = {ak,νimjm}
nk
ν,m=1.

Íàáîð èç nk êîýôôèöèåíòîâ Y
{k}
imjm

ÊÎÌ (Y
[k]

1 , Y
[k]

2 ) áóäåì íàçûâàòü ðåçîíàíñíûì, åñëè

detAk 6= 0.

Òàêèì îáðàçîì, äëÿ ëþáîãî k ≥ κ + 1 ðåçîíàíñíûé íàáîð � ýòî ìèíèìàëüíûé íà-
áîð êîýôôèöèåíòîâ èç ÊÎÌ Y [k], êàæäûé èç êîòîðûõ ðåàëüíî ïðèñóòñòâóåò õîòÿ áû â
îäíîì èç óðàâíåíèé (E) è îòíîñèòåëüíî êîòîðûõ ðåçîíàíñíûå óðàâíåíèÿ îäíîçíà÷íî ðàç-
ðåøèìû. Ïðè ýòîì â ðåçîíàíñíûé íàáîð ìîãóò âõîäèòü òîëüêî ðàçëè÷íûå ðåçîíàíñíûå
êîýôôèöèåíòû, èíà÷å â Ak áóäóò îäèíàêîâûå ñòîëáöû èëè íóëåâîé ñòîëáåö.
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Ñëåäîâàòåëüíî äëÿ òîãî, ÷òîáû ñèñòåìà (C) áûëà ôîðìàëüíî ýêâèâàëåíòíà èñõîäíîé
ñèñòåìå (A), äîñòàòî÷íî â êàæäîì ÊÎÌ Y [k] âîçìóùåíèÿ ñèñòåìû (C) äîëæíûì îáðàçîì
çàôèêñèðîâàòü nk êîýôôèöèåíòîâ èç ëþáîãî ðåçîíàíñíîãî íàáîðà, à îñòàëüíûå êîýôôè-
öèåíòû ìîæíî âûáèðàòü ïðîèçâîëüíûì îáðàçîì.

Ñèñòåìó (C) áóäåì íàçûâàòü îáîáùåííîé íîðìàëüíîé ôîðìîé (ÎÍÔ), åñëè ïðè ëþ-
áîì k > κ âñå êîýôôèöèåíòû ÊÎÌ Y [k] ðàâíû íóëþ, çà èñêëþ÷åíèåì êîýôôèöèåíòîâ èç
êàêîãî-ëèáî ðåçîíàíñíîãî íàáîðà, êîòîðûå ìîãóò áûòü ëþáûìè.

Î÷åâèäíî, ÷òî ñèñòåìà (C) ÿâëÿåòñÿ ÎÍÔ ñèñòåìû (A), åñëè âñå åå íåðåçîíàíñíûå êî-
ýôôèöèåíòû ðàâíû íóëþ, à ñðåäè ðåçîíàíñíûõ îòëè÷íî îò íóëÿ íå áîëåå ÷åì nk êîýôôè-
öèåíòîâ, ïðèíàäëåæàùèõ êàêîìó-ëèáî ðåçîíàíñíîìó íàáîðó è îäíîçíà÷íî îïðåäåëÿåìûõ
èç ðåçîíàíñíûõ óðàâíåíèé (E) ïîñëå òîãî, êàê ðåçîíàíñíûå êîýôôèöèåíòû çàìåíû (B)
ïðîèçâîëüíûì îáðàçîì çàôèêñèðîâàíû.

Ïðåäëîæåííîå îïðåäåëåíèå ÎÍÔ ñîîòâåòñòâóåò ïîíÿòèþ îáîáùåííîé íîðìàëüíîé
ôîðìû ïåðâîãî ïîðÿäêà, ââåäåííîìó â [4].

Òàêèì îáðàçîì, çíàíèå ðåçîíàíñíûõ óðàâíåíèé ñíèìàåò âñå âîïðîñû î ñòðóêòóðå ÎÍÔ
è ñóùåñòâîâàíèè íîðìàëèçóþùåé çàìåíû, êîòîðûå ñòîÿò âåñüìà àêòóàëüíî ïðè îïåðàòîð-
íûõ îïðåäåëåíèÿõ ÎÍÔ.
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