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1 Introduction and Preliminaries

Systems occur in various problems of applied nature, for instance, see ([1]-[3]
and [10]-[13]). Recently, Su [18] discussed a two-point boundary value problem
for a coupled system of fractional differential equations. Gafiychuk et al. [12]
analyzed the solutions of coupled nonlinear fractional reaction-diffusion equa-
tions.

Let Lq(I) be the space of Lebesgue integrable functions defined on the interval
I =10,1]. Let E be areflexive Banach space with the norm ||.|| and its dual
E* and denote by C[I, E] the Banach space of strongly continuous functions
x: 1 — E with sup-norm ||.||o.

The existence of weak solutions of the integral equations studied by many au-
thors such as [4], [5], [9] and [14]-[17].
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The existence of weak solutions to the Hammerstein integral equation
1
x(t) = h(t) + /0 k(t,s) f(s,x(s))ds, tel

was proved by O’Regan [15] where z takes values in reflexive Banach spaces
and [ is weakly-weakly continuous.
Recently, the existence of weak solution of the nonlinear fractional-order integral
equation

xz(t) = g(t) + X1 f(t,z(t)), tel, O0<a<l (1)
was proved in [17] where x takes values in reflexive Banach spaces and f is
weakly measurable in ¢ and weakly sequentially continuous in x .

An existence result for (1), in the case E = R found in [8] where the real-
valued function f satisfies Carathéodory condition.

Also, The authors [9] proved the existence of solution z € C[I,E] of the
Hammerstein integral equation

1
w(t) = a(t) + [ k(t,s) f(s,2(s) ds, teT,
where x takes values in reflexive Banach spaces and f is weakly measurable

in ¢t and weakly sequentially continuous in x .
and the Urysohn integral equation

z(t) = a(t) + /01 u(t,s,x(s)) ds, tel,

where z takes values in reflexive Banach spaces and w« is weakly measurable
in s and weakly sequentially continuous in x .

It well known that the existence of weak solutions of the Hammerstein integral
equation has been considered for the first time, by M. Cichon, I. Kubiaczyk [5].

In this paper, we study the existence of a weak solution for the coupled systems

©(t) = g0) + [ kilts) fils.y(s) ds. te 0.1,
(2)
y(t) = ot) + [ k(ts) fls.a(s) ds, te0.1]
and
d(t) = qt) + [ wltsy(s)ds, te0.1],
(3)
y(t) = got) + /01 us(t, s, x(s)) ds, te€][0,1].
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Now, we shall present some auxiliary results that will be need in this work. Let
E be a Banach space (need not be reflexive) and let z: [ — E, then

(1) x(.) is said to be weakly continuous (measurable) at ¢y € I if for every
¢ € E*, ¢(x(.)) is continuous (measurable) at ty.

(2) A function h: EF — E is said to be weakly sequentially continuous if h
maps weakly convergent sequences in E to weakly convergent sequences
in E.

If x is weakly continuous on [, then x is strongly measurable and hence
weakly measurable (see[7] and [6]). Note that in reflexive Banach space weakly
measurable functions are Pettis integrable if and only if ¢(x(.)) is Lebesgue
integrable on I for every ¢ € E* (see[7] pp. 78).

While it is not always possible to show that a given mapping between Ba-
nach spaces is weakly continuous, quite often its weak sequential continuity
and weakly sequentially continuous offers no problem. A ”sequential” concept
of continuity is more general than the continuity and moreover more useful (for
example the Lebesgue’s dominated convergence theorem is valid for sequence
but not for nets) so we shall state a fixed point theorem and some propositions
which will be used in the sequel (see[16]).

Theorem 1 Let E be a Banach space and let () be a nonempty, bounded,
closed and convex subset of the space E andlet T :Q — @ be a weakly
sequentially continuous and assume that TQ(t) is relatively weakly compact in
E for each t € [0,1] . Then, T has a fized point in the set Q.

Proposition 1 A subset of a reflexive Banach space is weakly compact if and
only if it is closed in the weak topology and bounded in the norm topology.

Proposition 2 Let E be a normed space with y # 0. Then there exists a
¢ € B with ||¢]| =1 and |ly[| = ¢(y).
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2 Hammerstein Coupled System

This section deals with the existence of weak solutions for the coupled system
of Hammerstein type(2).

Let E be a reflexive Banach space and D C E. Consider the following assump-
tions:

(1) gi € C[]7E]7 1= 1727
(2:) fi: IxD—E, i=1,2 satisfy the following:

(i) Foreach te I, f;, = fi(t,.) are weakly sequentially continuous;
(ii)) For each x € D, fi(.,z(.)) are weakly measurable on [ ;

(iii) The weak closure of the range of f;(I x D) are weakly compact in
E
(or equivalently: there exist M; such that ||f;(¢,z)|] < M,
(t,x) € I x Dy)

(3:) k;: I xI— R, areintegrable in s and continuous in ¢, the operators
1
[ kit s) y(s) ds
map Li(I) into Li(I) and Ji ki(t,s) < A;.

Definition 1 By a weak solution for the coupled system (2), we mean the pair
of functions (x,y) € C[I,E] x C[I,E] such that

Br(t) = dlor®) + [ kilts) o(fi(s.y(s) ds, e 0,1,
y(t) = dlaalt) + [ halt.s) o(fals.x(s)) ds,  t€[0.1

for all ¢ € E*.

Theorem 2 Let the assumptions (1:)-(3:) be satisfied. Then the coupled sys-
tem (2) has at least one weak solution (x,y) € C[I, E] x C[I, EJ.

Proof: Define the operators Ti,T, by

T(t) = o) + [ kts) fils.y(s) ds, tel

Electronic Journal. http://www.math.spbu.ru/diffjournal 88



Differential Equations and Control Processes, N 1, 2012

1
Lult) = ooft) + [ Falts) hlsa(s) ds, tel
Then the coupled system (2) may be written as:
x(t) = Ty(t)
y(t) = Tox(d).
Define the operator T' by
T(xvy)(t) - (T1y<t)7 TQx(t))

For any y € C[[,E], since fi(,y(.)) is weakly measurable on [
and ||fi(t,y)|] < My, then o(fi(.,y(.))) is Lebesgue integrable on
I V¢ € E* and since ki(t,.) is Lebesgue integrable on [, then we

have o(ki1(t,.) fi(.,y(.)) = ki(t,.) o(fi(-,y(.))) is Lebesgue integrable on
I Vo € E*, then ki(t,.) fi(.,y(.)) is Pettis integrable on I. Thus 77 is well
defined.

Now, we shall prove that Ty : C[I, E] — C|I, E].

Let t1, ty € I and ( without loss of generality assume that

Tyy(t2) — Thy(t:) #0)

Tiy(ts) — Thy(t) = g1(t2) — q1(t1)
[ Eiltaes) fils,y(s) ds — [ Kalta,s) fis.y(s)) ds

= git2) — gut) + [ Taltes) — kalta, )] fils.y(s) ds.

Therefore as a consequence of Proposition 2, we obtain
[Tiy(t) — Tyl = &(Tiy(ta) — Try(tr))
= o(or(t) — @u(t) + [ hiltes) — kit )] 6(fi(s.y(s))) ds
= llg1(t2) — (@)l + /01 [F1(ta, s) = ka(te, s)] [[fi(s, y(s))]] ds

1
< gi(te) = qu(t)ll + My [ [kilte,s) — kit s)] ds.

As done above we can show that

1
[ Ty(ts) = Tox(t1)]] < lga(ts) — ga(tr)l| + Mo [ [ka(ta, s) — kolts,s)| ds.
Now, we shall prove that 7 : C[I,E] x C[I,E] — C[I,E] x C[I, E]

Tu(ty) — Tu(ty) = T(x,y)(t2) — T(x,y)(t1)
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= (Twy(ta), Taz(t2)) — (Tay(tr), Thx(tr)) =
(Thy(ta) — Twy(tr), Tox(ty) — Trx(ty)),

then we have

I Tu(ts) = Tu(t) || < |ITw(ts) — Tigt)ll + |[Tor(ts) — Toa(t)]
< o) = gl + My [ iltas) — kalta,s)] ds

1
+ ||g2(t2) — g2(t1)|] + Mo /0 ko (t2,5) — ko(t1, s)| ds,

and

Tyl = 6(Twlt) = dlar®) + [ kalt.s) dfils,y(s))) ds
= lloall + [ kit s) [1als.u(s)]| ds

1
< |lg:ll + My /0 ki(t, s) ds
< gl + A1 M.

By a similar way as done above we can prove that
1 Tox ()] < [lgof| + Az Mo.

Then, T, Ty are well defined on the sets

Q={yeCllLE]: |yl|< M}, M=]|gl|l + A

and Qy = {a€CILE: |l < My}, My=|lgul| + A respectively.
Now, define the set ) by

Q = {u=(z,y) € Cl[LEIXC|L, E]: [[ul] < ||g1|| + A1 M1 + |[ga|] 4+ A2 M .
Then, for any uw € () we have
[ Tu(@®)]| = [Tz, y)@)] = [[(Twy(t), Tea@))]] < [[Tw@)|] + |[Ta()]]

< |lgil| + A My + ||gof| + Ao M.

ie. Vue@Q=Tue@Q=TQ CQ. Thus T:0Q — Q.

Then () is nonempty, uniformly bounded and strongly equi-continuous subset
of C[I,E] x C[I,E]. Also, it can be shown that @ is convex and closed.
As a consequence of Proposition 1, then T'Q) is relatively weakly compact. It
remains to prove that T is weakly sequentially continuous.

Let {y.(t)} and {x,(t)} be two sequences in @i, ()2 converge weakly
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to x(t), y(t) respectively Vt € I. Since fi(t,y(t)) and fo(t,z(t)) are
weakly sequentially continuous in the second argument, then fi(t,y,(f)) and
fo(t,x,(t)) converge weakly to fi(¢,y(t)) and fo(t,x(t)) respectively and

hence o(f1(t,y,(t))) and o(fao(t, x,(t))) converge strongly to o(fi(t,y(t)))
and ¢(fo(t,x(t))) respectively.

Using assumption (iii)) and applying Lebesgue Dominated Convergence Theo-
rem for Pettis integral, then we get

S Falt,s) (s a() ds) = [ Falt,s) 6(Fi(5, () ds

S [ hals) G uls)) ds Voe B, tel,

and

W[ kalt) fols.za(s) ds) = [ Falt, ) O(fols. 2a(5))) ds

- /o1 kao(t,s) ¢(fa(s,(s))) ds Vo e E*, tel.

Then 7T is weakly sequentially continuous. Since all conditions of Theorem 1
are satisfied, then the operator 7' has at least one fixed point w € ) which
competes the proof. m

3 Urysohn Coupled System

This section deals with the existence of weak solutions for the coupled system
of Urysohn type(3).

Let E be a reflexive Banach space and D C FE. Consider the following as-
sumptions:

(1%) g eClLE), i=12
(2:) w;: IxIxD—E, i=1,2 satisfy the following:

(1*) For each t,s € I x I, w(t,s,.) are weakly sequentially continuous;

(17*) For each = € D and t €1 w(t,.,xz(.)) are weakly measurable on
[ .

)

(131*) For each x € D and se€ I w(.,s,z(s)) are continuous on I ;
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(3% :) |ui(t, s, x())|| < ki(t,s), i=1,2 k;:Ix1— R, areintegrable in s
and continuous in ¢ , the operators

/01 ki(t,s) z(s) ds

maps Ly(I) into Ly(I) and [5 ki(t,s)ds < A;, tel.

Definition 2 By a weak solution for the coupled system (3), we mean the pair
of functions (x,y) € C[I,E] x C|I,E] such that

o) = da() + [ oln(ts.y(s)ds, te0.1],

ou(t) = dga(t) + [ Sluslts.a(s) ds.  t€[0,1]
for all ¢ € E*.

Theorem 3 Let the assumptions (1% :)-(3* :) be satisfied. Then the coupled
system (3) has at least one weak solution (z,y) € C[I, E] x C|I, E].

Proof:
Define the operators 14,15 by

Tiy(t) = o) + [ witsy(s)ds, tel

1
Tox(t) = got) + /0 us(t, s,x(s)) ds, tel.
Then the coupled system (3) may be written as:
z(t) = Tiy(t)
y(t) = Tha(t).
Define the operator T by
T(xz,y)(t) = (Twy(t), Tax(t)).

For any y € C[I,E] and since wu(t,.,y(.)) is weakly measurable on I,
then  ¢(uyi(t,.,y(.))) 1is strongly measurable on [ V¢ € E* and since
Nui(t,s,y)|] < ki(t,s), then o¢(ui(t,.,y(.))) is Lebesgue integrable on
I V¢ € E* and hence wuy(t,.,y(.)) Pettis integrable on I. Thus 77 is
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well defined.
Now, we shall prove that Ty : C|I, E] — C|I, E].
Let t1, to € I and ( without loss of generality assume that
Ty(t2) — Thy(ta) # 0)
Tiy(ta) — Thy(t1) =

= qi(t2) — q1(t1) + /01 uy(ta, s,y(s)) ds — /01 uy(t1, s,y(s)) ds

= qilts) = gilt) + [ [t s,9(9) — wltr,s,y(s) ] ds

Therefore as a consequence of Proposition 2, we obtain

[Thy(t2) — Tiy(t)|| = ¢(Tay(t2) — Tiy(t1))
= ¢(g1(t2) — a1(t1)) + /01 Plu(te, s,y(s)) — wui(ty, s, y(s)) | ds

< lgi(t2) = gl + /; [lur(t2,5,9(5)) — wi(ts, s,9(s))l| ds  (4)

As done above we can show that
| Tox(t2) — Tox(t)]] <
< lga(t2) — g2t + /01 [lua(ta, s,2(s)) — wualty, s, z(s))]| ds.
Now, we shall prove that T : C[I,E] x C[I,E] — C[I,E] x C[I, E]
Tw(ty) — To(ty) = T(x,y)(t2) — T(z,y)(ta), v(t) = (z,y)()

(
= (Twy(ta), Tax(l2)) — (Tay(t1), Trx(t1))
= (Ty(t2) — Tiy(t), Tax(tz) — Tox(ty)),

then we have
| To(te) — To(t) || < [[Thy(te) — Twy(t)|] + [|Taz(tz) — Toz(th)]
< lgi(t2) — o)l + /O1 lur(t2, 5,y(s)) — wilts, s, y(s))|] ds

+ llg2(t2) — g2t + /01 [lua(tz,5,2(s)) — ualty, s, z(s))]| ds,

and

T y®ll = o(Twlt) = dlor®) + [ Slult.s.u(s)) ds

= oan(®) + [ syl ds < [l + [ Filt.s) ds
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< lgnll + Au

By a similar way as done above we can prove that
1Tz @)]] < llgol| + Ao

Then, 17, T5 are well defined on the sets

= {yeClLLE: |yll< My}, M =llall + A
and Qs = {2 € ClLE]: |lall € My}, My=|lgsl| + As respectively
Now, let the set () be defined as

= {v=_(2,y) e ClLLE|xCILE]: ||| < [lgal] + A1 + [lg2f| + A2 }.
Then, for any v € () we have

[Tv@®)|] = [[T(z,y)OI = [[(Tiy(®), T2z@)|] < [Ty + [[Taz(t)]|
< lall + A + |lg2|| + Ao

ie. YveQ=TveQQ=TQC@Q. Thus T:Q — Q.

Then () is nonempty, uniformly bounded and strongly equi-continuous subset
of C[I,E] x C[I,E]. Also, it can be shown that (@ is convex and closed.
As a consequence of Proposition 1, then T'Q) is relatively weakly compact. It
remains to prove that T is weakly sequentially continuous.

Let {y.(t)} and {x,(t)} be two sequences in @i, ()2 converge weakly
to x(t), y(t) respectively Vt € I. Since wu(t,s,y(s)) and wus(t,,s,z(s))

are weakly sequentially continuous in the third argument, then wu;(¢,s,y,(s))

and us(t, s, x,(s)) converge weakly to ui(t,s,y(s)) and wus(t,s,x(s)) respec-
tively and hence o¢(ui(t, s, y,(s))) and @(us(t,, s, x,(s))) converge strongly
to o(ui(t,s,y(s))) and @(us(t,s,z(s))) respectively.

Using assumption (i7i*)) and applying Lebesgue Dominated Convergence The-
orem for Pettis integral, then we get

O, wilts () ds) = [ o(ur(t,s,a(s)) ds

—>/ (ui(t,s,y(s))) ds Voe E*, tel
and
o[ ualtys,on(s)) ds) = [ d(us(t, s,xa(s))) ds
= [ Sluslt. s a(s) ds Vo BT, tel.

Then T is weakly sequentially continuous.
Since all conditions of Theorem 1 are satisfied, then the operator T has at
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least one fixed point v = (z,y) € @ , which completes the proof. m
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