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Abstract.

The present paper describes mobile carrier transport in semiconductor de-
vices with constant densities of ionized impurities. For this purpose we use
one-dimensional system of partial differential equations.The work considers the
proofs of: global existence of solutions of systems of such kind, their bifurcations
and their stability under corresponding assumptions.
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1. Introduction

This article inteds to extend the theoryof L.Recke [1]. In his paper he considers a
simple mathematical model decribing mobile carrier transport in semiconductor
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devices. Two functions E(z) and n(z) describle electric feld strength and density
of mobile electrons and satisty under 0 < x < 1 the system

(D(|B])(n' +nE)) =0, (1)
E' = f —n,
and boudary conditions
E(0)=EQ1)=Ey,  D(E(0)])(n'(0) +n(0)E(0)) = jo. (2)

Here the constant f > 0 represents a homogeneons density of ionized impu-
rutues, D(|E]) is the diffusion coefficient, jj is the electron currien density for
x = 0. For sake of definiteness we shall presume E; > 0. The article [1] proposes

Jo = D(Ey)Eof. (3)

Under such conditions the problem (1)—(3) has a trivial solution F(x) =
Eo, n(x) = f If K(Eo) <0 ( where K(EO) =14+ D/(EO)EoD_l(Eo)) then
there exists a denumerable set of points fi(Ey) = —K(Ey) ™" (E§/4+ m°k?),
k=1,2,...,in the neighborhood of which appear small bifurcational solutions
of the problem (1)—(3) [1]. In this paper we prove that the condition K (Fy) < 0
implies that the diffusion coefficient D as a function of fieldstrength has N-
shaped form and contains an interval (Fj, Es), in which this function has a
negative derivative and D(Ey) + EyD'(Ep) < 0, i.e. so called condition of nega-
tive differential conductivity (NDC) is valid. In section 1 we prove that NDC—
condition is necessary and sufficient for the existance of bifurcational solutions
of the problem (1)—(3). Then in section 2 the extendability of all bifurcational
solutions on the parameter f is demonstrated. The corresponding bifurcational
problem can be considered as an eigenvalue nonlinear problem; in section 3
we discuss forms of eigenfunctions of this problem. It appears that asymptotic
behavior of bifurcational solutions under large values of parameter f depends
essentially on the parameter Ejy. In section 4 we prove that a unique point Ej
exists on the interval (F7, Fy) such that there arise so called interior transition
layer phenomena [2,3] in the problem (1)—(3). If Ey € (Ey, Es), but Ey # E,
then asymptotic behavior of bifurcational solutions has a completely different
nature. In section 5 the existence and uniqueness of solutions of nonstationary
initial-boundaru value problem for (1)—(3 for every t > 0 is discussed; this the-
ory is applied to investigate stability and instability of bifurcational solutions.
It appears that the stability of the first (positive ) and the second (negative )
eigenfunctions depends also on the parameter Ej. In section 6 ti is proved that:

Electronic Journal. http://www.neva.ru/journal 66



Differential Equations and Control Processes, N. 3, 1999

it By = L, then the pair eigenfunctions are stabile; if £} < Ey < £, then
only the negative function is stable, and if £ < Ey < Ey or vise versa, only
positive one is stable. Other eigenfunctions are unstabile for any Fy € (E1, E»)
for those values of the parameter f for which they exist. In the last section
7 the existence of parabolic travelling wave for Ey = Ej and its stability for
sufficiently large f are proved.

2. Existence of bifurcational solutions dependent on the
parameter E

The problem(1)—(3) is equivalent to the following boundary value problem
E'+ E'E=fH(E,E), 0<z<]l, n
E(0) = E(1) = Ey,

where H(E, Ey) = E—FEyD(Fy) D !(|E|).The last problem has a trivial solution
E(x) = Ey for any f. Let the diffusion coefficient satisfy the conditions:

1) D(y) € C®(Ry), D: Ry — Ry

2) D(y) has a unique local maximum and a unique point of inflection for
y > 0;

3) lim D(y)= Dy > 0.

y—too
Let E(z) = Ey + u(x) and g(u) = D(Ey) D Y(|Ey + u|) — 1. The function
g(u) is continiously differentiable for u # — Ey and

0 < g; =sup ‘g(i)(u)’ < +oo, 1=0,1.

2

Proposition 2.1 If the inequality f < Eﬂ

, is valid, then the problem (4)
091

has a unique (trivial) solution.
Let us write the problem (4) in the form
—u" — Egu' + fu—u'u = Eyfg(u); (5)
u(0) = u(1) =0,
and let u be a nontrivial solution of this problem. Multiplying the second equa-

tion (5) by u(x) and integrating by parts we obtain
1 1

/u'Q(x)d;U < Eofgl/u2(x)d:c,

0 0
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and since

772/1u2(x)dx < /1u/2(x)dx, (6)

2

then the estimate f > holds, which gives the proposition 1.1.

Eog1

Let 00(2)([0, 1]) be the space of functions u(z) which are continious on[0, 1],
have the second continious derivatives on (0,1) and for u(x) the conditions
u(0) = u(1) = 0 are fulfilled; let C([0,1]) be the space of continious functions
on [0, 1]. We shall consider the problem (5) as a nonlinear eigenvalues problem:

Lu + fK(Eo)u + N(Ey, f,u) = 0;

u(0) = u(l) =0, (7)

where Lu = —u” — Egu’ is the linear operator mapping from X = Cé2) ([0,1])
into Y = O([O, 1]), K(Eo) =1+ D,(E())EoD_l(EO), and N(Eo, f, u) = —u'u —
D(Eo) D/(E())u
Eof
D(|Ey+ul)  D(Ep)

into Y. By S we denote the closure of the set of all nontrivial solutions (f,u) €
R x X to (7) with u#£0, and let Si be the maximal connected component of S
containing (f,0), Q= f = —K(Ey) ™ (EZ/4+ n?k?), k=1,2, ...

Theorem 1.1 Suppose K(FEy) < 0. Then the following holds:

(i) Sk is unbounded;

(i1) suppose (f,u) € Sk and w £ 0. Then u(x) has exactly (k + 1) zeros in
[0,1], and all zeros are simple;

(1i) for all k € N there exist a constant s, > 0, a neighbourhood Uy C Rx X
of (fi,0) and two Cl-mappings fk: (—sk, sk) — R, tg: (—sg,sp) — X such
that fi(s) = fr + O(s), x(s) = sup(z) + O(s®) for s — 0 and SN U, =
{(fk(s),ﬂk(s)) |s| < sk}, where uy(x) = e P02 sin(nkx).

— 1) is the nonlinear one mapping from R? x X

These solutions are called bifurcational ones [4].

[t is fairly evident that the condition K (Fy) < 0 is equvalent to the condition
of negative differentional conductivity (NDC) (see Introduction).

Proposition 2.2 ([5]) Let D(|E|) satiafy the NDC. Then there exists a
unique B such, that

a) 0 < G(Ewpin) < G(E]) < G(Enax), where Epax, Fnin — the local extrema
of function G(E) = ED(E) for E > 0;
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b) the derivative G'(Ey) < 0 for Ey € (Emax, Emin) which is equvalent to the
condition K(Fy) < 0;

c) the equation H(E, Ey) = 0 for Ey € (Emax, Emin) has only three positive
solutions 0 < Ey(Ey) < Ey < Es(Ey), moreover Hp(F;(Ey), Ep) >0, i =1,2;

4 / H(s,E;)d8{>0’ for € (E1(E§), B(EG))

=0, for E= FEy(E]).
Eq(Eg)

Let us analyse for which values of the parameter £ nontrivial solutions of
problem (4) exist.

Proposition 2.3 If 0 < Ey < Epax or Ey > Enp thenthe problem (4) has
only trivial solution E(x) = Ey. If Ey € (Fnax, Emin) then the problem (4) has
nontrivial (bifurcaational) solutions.

If By € (Emax; Emin), then G'(Ep) < 0, i.e. K(Ep) < 0 and from theorem
1.1 the problem (4) has nontrivial solution. If 0 < Ey < Fyax or Ey > Fun
then K(Ep) > 0. Let us consider the problem (7). Further we prove that if
K (Ep) > 0 then thia problem has no small nontrivial solutions; from this and
from Rabinowitz’s results (see theorem 2.3 [6]) it follows that the problem (7)
can not have any nontrivial solutions. The problem (7) can be linearized in the
neighbourhood of a zero-solution

Lu = —fK(Ey)u;
u(0) =u(l) =0.

Since the last form of the problem has only a zero-solution, then the problem
(7) has no nontrivial solutions m .

3. Extendability of bifurcational solutions on
parameter f

We show in this section that every bifurcational solution is extendable on the
parameter f > fi, where f = —K(FEy)™! (E§/4—|—7T2k;2), k=1,2,... Let us
prove the following proposition.

Proposition 3.1 Let Ey € (Ewmax, Fuin)- Then there exists such a positive
continius fuiction o(f): Ry — Ry, that for any solution (u, f) of the problem
(7) the inequality:

[ullx (f) < o(f) (8)

Electronic Journal. http://www.neva.ru/journal 69



Differential Equations and Control Processes, N. 3, 1999

18 fulfilled.
Proof. From the form of differential equation and the inequality (6) we
have an estimate

1|z, < 7 Eofgo, (9)

This estimate gives an analogous estimate in the norm C?([0, 1]). The estimate
of u"(x) is based on (7) and inequalities (6) and (9). As a result we have

1|2, < 1 f?+ caf® + esf?,

where constants ¢; depend only on Ejy and gy. The same estimate is valid for u(z)
in the norm C™W([0,1]). To estimate the uniform norm of u”(z) the equation
(7) can be used; it gives the estimate (8).

Now return to the problem (7). If Ey € (Fumax, Fmin), then form the propo-
sition

a) of Theorem 1.1 and proposition 3.1 it follows that the bifurcational so-
lutions which were obtained in the proposition

b) of theorem 1.1 are extendable on the parametr f for any f > fi, k =
1,2, ...

To synthesize these results we denote U," to be set of u(x) € X, which have

(k + 1) simple zeros and sign u(z) =1;let U, = —-U, k € N,
z—0+0

Theorem 3.1 Given Ey € (Ewnax, Emin). Then for everyk € N, everyv = +
or — and for every f > fi there exists at least one solution u(x) of boundary
value problem (7) such that v € UY.

In further text the functions uf(z) € U} will be called eigenfunctions of the
nonlinear operator of the problem (7).

4. Forms of eigenfunctions.

To investigate the forms of these eigenfunctions let the problem (4) be refor-
mulated as:

—E"— E'E = f(G(E) — G(E))D™(|E]),

E(0) = B(1) = B, (10)

If By € (Fuax, Fmin) and (f, E) is a nontrivial solution of the problem (10)
the for each x € [0,1] the inequality E1(FEy) < E(x) < Ey(E)p) is fulfilled. In
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this inequality F;(Ey) (i = 1,2) is the solution of the equation H(FE, Ey) = 0,
which was mentioned in the proposition 2.2, ¢ = 1,2. This result follows from
the fast that constants Fy, E1(Fy) and Ey(Ep) are the solutions of differential
equation (10).

The solutions E(x) of the problem (10) will be called a positive one if a
corresponding function u(z) = E(z) — Ey is positive on (0, 1).

Let E(z) be the positive solution of the problem (10). Let us prove that
E(x) has only one maximum. If it is not so then there exists such zy € (0, 1)
that F(zg) is a localminimum. However that given

0> —E"(z0) = f(G(Ey) — G(E(x0))) D~ (E(x0)) > 0,
wich is impossible.
Theorem 2.1 shows that each solution from Sy has (k + 1) simple zeros
onl0, 1]; similar reasoning gives next result.
Proposition 4.1 Let E(x) = u(z) + Ey be such a solution of the boudary
value problem (10) that (f,u) € Sk, k =1,2,.... Then:
a) if k = 2n, then E(x) has n mazxima and n minimuma,

b) if k = 2n + 1 then the numbers of minima and maxima differ by 1.

5. Asymptotic behaviour of the eigenfunctions for large
values of parameter f

The case of large concentrations of ionized impurities is of gread interest for
physical application. Mathematically this fact can be associated with asymp-
totical behaviour of the eigenfunctions for large values of parameter f. Let the
problem (4) be formulatrd as:

eE"+eF'E = H(F, FEy),
E(0) = E(1) = Ey,

where ¢ = =1, H(E, Ey) = E — EoD(Ey)D~\(|E]).
Let u](x, f) be the bifurcational solutions of the problem (7), f > fi,
k=1,2,.., v =+,—. Then EY(z,e) = u(z,e ') + Ey are the solutions of
the problem (11), which are defined for 0 < & < g, where g = f,'. We shall
call these the eigenfunctions of the problem (11). Let Ey € (Fyax, Fmin) and
Ei(Ey), i = 1,2 be two positive solutions of the equation H(FE, Ey) = 0 from
the proposition 2.2. The main results of this section are the next three theorems.

(11)
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Theorem 5.1 Given Ey € (Ewax, Ej). The problem (11) has families of
solutions Ey (z,¢), Ef(z,e),k = 2,3, ..., defined for sufficiently small ¢; these
families have the following properties:

ligr}ro E[ (z,e) = E1(Ey) uniformly for every compact set from (0,1);
E—

11(1;110 E;(z,€) = E1(Ey) almost everywhere on (0,1).
E—

Theorem 5.2 Given Ey € (Ef, Ewmin). The problem (11) has families of
solutions Ef (x,¢), Ei:(x,¢), k = 2,3, ..., defined for sufficiently small ; these
families have the following properties: ligr}ro Ef(x,e) = Ey(Ey) uniformly for

E—
every compact set from (0,1);

lim Eif(z,e) = Eao(Ey) almost everywhere on (0,1).

e—040
The asymptotic behaviour of the eigenfunctions of the problem (11) sharply
changes when Ey = Ejj. In this case the families of solutions have interior

transition points.

Definition 5.1 [2]. Let E(x,¢e) be the famili of solutions for the problem
(10), defined for sufficiently smalle > 0. Point xo € (0, 1) is called the transition
point(interior transition one), if for some sufficiently eni § > 0 the condition

Ey(Ey)  uniformlu for 0 < x < zp — 6,
Es(Ey)  uniformly for xog+ 6 < x < 1

lim E(z,e)= {

is fulfilled (or an analogous condition where Ey(Ey) and Ey(Ey) are inserted in
place of E1(Ey) and Es(Ep)).

Theorem 5.3 states that there exists a family of solutions of the problem
(11) with an arbitrary large number of transition points of such solutions.

Theorem 5.3 Given Ey = Ej. The problem (11) has families of solutions
E,:f(:v,s), k= 1,2,... defined for sufficiently small €; moreover every family
Ef(z,€) has ezactly k — 1 transition points on the interval (0,1).

The proves of these theorems follow from some results of R.O’Malley [7].

It appears that the asymptotic behaviour of the solutions of the problem (11)
depends essentially on the properties of such differential equations as

j+Veyy — H(y, Ey) =0, (12)
i — H(u, Ey) = 0. (13)

Proposition 5.1 Given Ey € (Enax, Ef). For sufficiently small € > 0
the differential equation (12) has a solution y(t,e) such that lim y(t,e) =

t——4o00
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lim y(t,e) = Ey(Ey), and

t——00

im y(te) =wo(t), teR,

where yo(t) is the solution of the equation (13); for this solution

i yolt) = lim_ yot) = By (By).
Es(Eo)
Proof. Since £y € (Fyax, £§), then proposition 2.2 gives / H(s, Epy)ds <

Ei(Ey)
0. Therefore from the proposition 5 (see the theorem from [7]) it can be obtained
that the equation(13) has a solution y(¢) with the properties mentioned above.

Rewrite for convienience the equation (12) as

G1(§,9,y,¢) = § +eyy — H(y, Ey) = 0. (14)
Substitation y — yy = v gives

G1(go + 0,90 + 0,50 + v,€) = Jo + 0+ £(go + 0)(yo + v) — H(yo +v) =0,

(15)

where |1‘im v(t,e) = 0.

t|—o0

_ Lemma 4.2 [3] states that the left-hand part of (12) defines on operator

Gi(v,¢e) from X x R into Y, where X = HyNC? Y = HyNC? with the norms

lollx = Tola+ | D / WS () Pdn | [vlly = oo+ / v*(n)dn | . Let us

k=0 "

verify the condition of lemma 3.1 [3]:

(i) M = Gy, m(v,e) = v(0), G1(0,0) = 0, m(0,0) = 0;

+00
(ii)) P =go € X, (P*,v) = /g)ovdn,
R(M,(0,0)) = {v € Y: (&%, 0) = 0}, O\ M, (0, 0)w = @ — H' (yo)w:
+00

(iii) (@*, M3(0,0;1)) = /?Jo?)oyodn # 0;

(iv) my1(0,0;®) = <I>(O)_7é 0.
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From this lemma follows proposition 4.1. The next proposition is proved by
the same way.

Proposition 5.2 Given Ey € (E§, Emm). For sufficientlu small € > 0
the differential equation (12) has a solution y(t,e) such that tliin y(t,e) =

tli)r_nooy(t,s) = FEy(FEy), and 5E6I}roy(t’€) = yo(t), t € R, where yo(t) is the solu-
tion of the equation (13); for this solution tEeroo yo(t) = tliinoo yo(t) = Es(Ey).

We have on hands the situation where Ey = Ej.

Proposition 5.3 Given Ey = Ej. For sufficientlu small € > 0 the dif-
feretial equation (12) has the solution y(t,e) such that tEElmy(t,s) = Ey(Ep),
tLiEHOOy(t,E) = Ey(E§) and Eggr}roy(t,e) = yo(t), t € R, where yy(t) is the solu-
tion of (13), for which tliﬁnoo yo(t) = Eo(EY), tLiI—noo yo(t) = Er(EY).

Proof. We shall use the results of P.Fife [3]. The equation eE” + e E'E —
H(E,E}) = 0 can be rewritten as F(¢E" \/eE', E ,¢) = 0. Substitution ¢ =

r—=cC

NG

, Where c is an arbitrary constant gives

P(eE",VEE' E,¢) = G(i,§,y.€) = i + Veijy — H(y, ) = 0. (16)
The function yo(t) = y(¢,0) satisfies the equation
G(y()v yOa Yo, 0) - yO - H<y7 Ef)k) = 0. (17)

The properties ¢) and d) of proposition 2.2 are equvalent to the fast that the
equation (17) has the solution yy(t) satisfying the conditions yo(—o0) = F1(E}),
Yo(+00) = Es(E]). It appears that the conditions ¢) and d) from proposition 2.2
are sufficient for the existence of the solution y(¢,¢) of the equation (16). This
solution is defined for sufficiently small € > 0 and has properties y(—o0,¢) =
Ey(E}), y(+00,e) = E(E§). This fact can be obtained from the following
cpecisl case of theorem 5.1 [3].

Proposition 5.4 ([3]) The conditions
1) Hy (E(F§), B > 0,i=1,2;

9) / H<s,E§>d8{>O’ for B € (E\(Ej), Bx(Ep))
)

=0, for E= FEyE})
By (E;

are sufficient for the existence of the family of solutions y(t,e) of the differental
equation (16); these solutions are defined for t € R and for sufficientlu small
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e > 0 and are uniformly continious on ¢ ; for them the properties y(—oo,&) =
Ei(E}), y(400,e) = Es(Ey) are fulfilled.

Let us return to the proof of 5.1. It is raiher easy to prove that the rest point
(Ep,0) is a stable focus for sufficiently small £ > 0. By C. we detnote a closed
loop which circles the point (Ey,0), coming out from the point (£;(Ep),0) and
returning ¢y it. Then there exists the trajectory y(¢, €) within the domain which
is formed by the loop C.; this trajectory has properties: w(y(t,¢)) = (Ep,0),
a(y(t,e)) = C;, where a(y) and w(y) are a—limit set and w-limit set of y(¢,¢)
[8]. Consider an arbitrary solution E(x,¢) of the problem (11). The function
y(t,e) is a solution for the boundary value problem

1

y(0)=Eo, vy (_ﬁ) = Ey

Since a(y(t,e)) = C. D (E1(Ey),0) and the point (E1(E)p),0) is a unique saddle
point with a separatrix C. then theorem 5.1 can be obtained by the reasoning
used in the 5-th proposition of R. "Malley’s theorem [7]. Proof of theorem 5.2
completely repeats that of theorem 5.1.

(18)

The closed loop C: is an a-limit set for any solution of the problem (18).
When Ej = Ej C. has two saddle points (F1(Ej),0) and (Ey(Ef),0), this fact
and the 4-th proposition of ’'Malley’s theorem [7] give theorem 5.3.

6. Nonstationary initial-boundary value problem. Exis-
tence and uniqueness of solutions for ¢ > 0

It is easy to prove that the problem (4) is a stationary problem for the following
nonstationary problem [8]:

\0E 9E  OF

DN ot Ox? + 8JJE_fH(E’EO)’
E(0,t) = E(1,t) = Ey, (19)
E(x,0) = E(z).

The problem (19) is equvalent to the following boundary value problem

ou  O0%u ou Ou
D E) 11— ==— — 4+ —u —
(lu+ Ep)) 5% = 922 +E08x + o fh(u, Ey),

w(0,8) = u(1,t) = 0, (20)
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where h(u, Eo) = H(U + Ey, E()), Uo(ZE) = E(Z’) — Ey.

d? d
Consider the space X = Ly(0,1) and the operator A = o3 _Eod_ with
x x
the domain of definition D(A) = H?(0,1) N H}(0,1) T D(A/?) = = X2 =

H}(0,1). Tt is to prove that for the operator F': H(0,1) — L(0,1), which
defined by the formyla

F(p)(z) = p(x)¢'(z) — fhlp(x), Ey),  0<z <1,

the conditions of theorems 3.3.3 and 3.3.4 [8] are fulfilled. To this end it is
sufficiently to prove that

D) [[F(o)|z, < cngH%&, i.e. F' maps bounded subsets H{(0,1) into bounded
subsets Lo(0,1);

2) F' is Lipschitzian locally.

Using the theorems 3.3.3 and 3.3.4 [8] we can formulate the following propo-
sition.

Proposition 6.1 A unique solution u(x,t) of Cauchi problem (20) exists

on some mazximal interval 0 < t < t.Moreover this solution exists for any initial
condition and either t = 400 or [[u(x,t)|| g1 — +oo fort —t.

To prove the following proposition we need the theorem 3.5.2. [8] on a
smoothing differential operator.

Proposition 6.2 The solution u(x,t) of the nonstationary problem (20) is
a classical solution.

Proof. u(t;ug) € D(A) for t > 0. The function ¢t — d—? € € H}(0,1) is
Golderian locally (see the theorem 3.5.2 [8]). There fore the function

(,8) = ule,tiuo), (i)
ot
are continions for ¢y < t < ¢ and x € [0,1]. Since u € D(A), then u' €
W1(0,1) € C(0,1). There exists some § > 0 that F(u) € C°(0,1) u(-,t) €
C?t9(0,1). Thus, when ¢t > 0 the function (z,t) — u(x,t;ug) is continiously
differentiable by ¢ and twice continiouslu differentiable by x; therefore it is a
classical solution of the (20).

The main item of this section is the following proposition which based on
the concept of the dynamical system for parabolic equations [8].

Proposition 6.3 The nonstationary problem (20) defines the dynamical
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system in the set C' = {u € H}(0,1)|o1(Ey) < u(x) < 09(Fy) almost every-

where on |0, 1]}, where o;(Ey) = E;(Ey) — Ep, i =1, 2.

Proof. First consider the fact that the solution u(x,t) of the problem (20)
with the initial condition ug € C can not leave the set C' on the interval of
its existence. For this we use a version of the maximum principle. Let ¢; be a
minimal value ¢; € (0,t), so that the solution u(x,t;) of the problem (20) has
a local maximum. o = wu(xy,t;), where 1 € (0,1) and 0 > o9(Ey) > 0, i.e.

2
%(wl,tl) =0, %(ml,tl) < 0. Then from the differential equation (20) we

obtain that since (—h(o, Ey)) < 0 then 4(xq,t;) < 0.

Furthermore, the solution u(x,t) of the problem (20) can not have a local
minimum, which value is less than o1(Ey) < 0 ( a proof is quite similar). Prove

that the solution of (20) exists for any ¢ > 0. Let it be not so. Then proposition
1

6.1 gives that / u’Q(x, t)dx is unbounded for ¢ — . Multiplying the equation

0
(20) by u and integrating its parts on [0, 1] gives

1 1 1
/D ) dr = —/u'de — f/h(u, FEo)udzx.
0 0 0

1
But | —f / u, Ey)udz | is uniformly bounded for ¢; then / D ]u+ E()Dd

—oo for t — t. But the latter statement is impossible because Gronuollo inequal-
1

ity ¢ < —c1p 42 (¢; > 0,4 =1,2) is valid for function ¢(t) = /g(u(az,t))daz,
0

u

where g(u) = /3D1(|5 + Epl)ds.
0
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7. Stability and instability of eigenfunctions

This section deals with stability of solutions for the stationary problem (4)
by the linear approximetion. For this aim we need two theorems ( 5.1.1 and
5.1.3) from [8], which give sufficient conditions of stability and instability of
such solutions. Let E}(z,e) be the solutions of the problem (11) from section
4 defined for sufficienly small ¢, v = +, —; k£ = 1,2, ... Two following theorems
form the main subject of this section.

Theorem 7.1

1) If Epax < Eo < Ej, then the solution E (x,€) of the problem (11) is
stable for sufficiently small ¢;

2) if By < Fy < Eum, then the solution E{ (x,€) of the problem (11) is
stable for sufficiently small ¢;

3) if By = Ej, then both solutions Ef(x,¢) of the problem (11) are stable
for sufficiently small €;

Theorem 7.2 The solution E;-(x,¢) are unstable for Ei(v,¢), for every
Ey € (Emax, Fuin) and for each k= 2,3, ....

Remark. Theorem 7.1 states thates that the solutions are stable only for
sufficiently small € > 0. Apparently this fact is assignable; it is quite possible
that the solutions Ei(x, ) can be unstable when ¢ is not small.

Proves of Theorems 6.1 and 6.2 must be preceeded by rather spacious
preambula. First discuss the case where Py, < Ey < Ej. For such Ej

Es(Eo)
H(s, Ey)ds <0
Eq(Eo)
and the problem
20 = H(Ey(Ey) + 2o, Ev),
2(0) = By — Ey(Ey),  4o(+00) =0
has a unique solution Z(¢) which is a strong monotonous function [7]. Let ()

is a cut-oftf function from C*-class and the conditions 0 < ( < 1, ( =1 for

1
0<y<1/4,¢(=0 fory > 5> are fulfilled for it. Let zy(z,¢) = 2 (%) ((x),

(21)

1 —
z(x,e) = 2 < \/;) ¢((1—=), 0 <z <1. Consider the function

Uo(z,e) = E1(Ey) + 20(x, ) + z1(x, €).
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This function (see theorem 5.1) is a first approximation on ¢ for E; (z,¢).
When Ef < Ey < Eyay the function Uy(z, ) can be formed quite analogically(
FEy(Ey) stands in the place of E1(Ep)) and it is a first approximation on ¢ for
Ef (z,¢).

E(Ep)
We have on hands the case Ey = Ej. So as / H(s, Ey)ds = 0 only for
Ev(Ef)
this condition each of the problems
2y = H(Ei(Eg) + 20, Ep),
2(0) = By — BBy, Ao(+50) =0, i=1,2

has a unique solution ééi)(t) (¢ = 1,2) which is a stroug monotonous [7]. Let

z(gi)(a:, g) = ééi) % ((x) and éii)(t) is the unique strong monotonous solution
B
of the problem
2 = H(Ei(Eg) + 21, Ey),
5(0) = By — BEj), %(+oo) =0, i=12

l—x
NG
Uéi)(x,e) = FE;,(E}) + z(()i)(:z:,e) + zy)(az,g), i = 1,2. Theorem4.1 states that
they are the first approximation on ¢ for the solutions Eli(x, e) of the problem

(11). For e > 0 and u € 082) the norm

Let Zgi)(gj’g) = gp( )Q(l —xz), 0 < z < 1. Consider the function

ulS) = Julo + Vel + elu”]y

can be introduced, where | - |y is a norm in C©): let the corresponding Banach

space be denoted by C’éi:) . The linear operator mapping from Cé? into C can
be constructed:

Lou = eu” + eUju + eUpd' — H'(Uy, Ep)u,
(the function Uy(zx,e) is constructed according to the value of Ey by means
which where used above). The linear operators

LDy = ev” +€Uéi)/u+5Uo(i)u' —H' (U EHu, (i =1,2)areformedsimilarly.

3

Lemma 71.. Operators Lgi), 1 = 1,2 and L. have inverse ones, which are

uniformly bounded on € for sufficiently small € > 0.
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Proof. For the proof it is sufficient to show that there exists a constant ¢
independent of €, shuch that for any continuous function F' with |F|p < 1 and
for any sufficiently small € > 0 there exists solution u. for

Lou. = F(z), 0<uz<1, (22)
u:(0) = u:(1) =0,

satisfying \ug\és) < ¢. This can be done by constructing supersolutions . and
subsolutions u_.. For this supersolution the conditions L.u. < F, u. > 0,
(1) > 0 must be valid by definition. The opposite inequalities must be valid
for the subsolution. If the positive supersolution can be constructed, then we
merely take |u.|o < |u:|op. By a theorem of Nagumo [9], there exists an ex-
act solution (22) with |u5\§5) < const|u.|g. This inequality and equation (22)
together with interpolation inequality relating |u”|y, |u'|g and |u|y given that
luclo < constlu.|o. The positive supersolution @, with |u.|p uniformly bounded
on ¢ can be constructed like that in the Lemma 2.1 [2].

Proof of theorem 7.1. For definiteness we shall presume that~EmaX <
Ey < E} and prove stability of solution E; (x,¢) = E| (z, f7') = E[ (z, f).
Consider the followig boudary value problem

vl + ET'vy + Ey vl — fH'(E7, Eo)vy + agug = 0,
UQ(O) = U()(l) = O,

where vy is the first positive eigenfunction of the linear operator Lyu = u” +
E'u+ Eyu' — fH'(Ey, Eo)u. Tt is easy to show that the spectrum of the L;
operator is real. Theorem 5.1.1 [§] states that, if oy > 0 then solution E; (z, f)
is stable. Consider the problem

'+ BT+ Ery — fH'(Er, Eg) = 0. (23)

From 7.1 it followes that for sufficiently large f the problem(23) has only trivial
solution. Theorem of Nagumo [9] states that oy > 0 in fast, suppose that ag < 0
than we have Lfvg > L) = 0. Hence vy < 1(x) = 0 which is impossible. Cases
when By < Ey < Enin and By = Ej can be prove similarly.

Proof of the theorem 7.2. We use here the following proposition.
Proposition 7.1 ([8]) it Let the function ¢(z), ¥(z) € C? satisfy the

conditions p(0) = (0) = 0, ¢(0) = W(0) = 1, ¢ + ba)g'+ +a(x)p >
P 4+ b(x)Y + a(x)y for 0 < x < xy and Y(x) > 0 for 0 < = < z1. Then it
follows p(z) > ¢(x) for 0 < z < z.
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Let oi(z, f) = B (x, f1) = EF(x, f), k = 2,3, ... If ¢)(x) is the solution
of this problem

W'+ BV + BV — fH'(EY, Eo) = 0,
¥(0) =0, ¢'(0)=1,
v=+,—, k>2then

EY(s)ds

U(@)ey (x) — ¥ (@) e () = ce ,

where ¢ = const. So far as /(0) > 0, then ¢ < 0. Hence z € [0,1] ¢(z)py/(z) —

W' (x)pY(z) < 0. Let 9 be the minimum point of the function EY(z). Conse-
quently ¥ (zo)p} (xo) < 0 because ¢} (xg) = 0, ¢} (xo) > 0. Therefore, ¢(z) < 0
and v (x) has negatlve values on [0, 1]. Consider the following problem

C—s8

vy + Eg’vo + E,’;v(’) — fH(E~1,57 Ey)vy + apvg = 0,
UQ(O) = U()(l) = O,
where v is the first positive eigenfunction of the linear operator Lyu = u" +
E{'vw+ E{u’ — fH'(EY, Ep)u. Suppose that vy(0) = 1. Theorem 5.1.3 [8] states
that if oy < 0, then the solution EY(z, f) is unstabile. In fact, let oy > 0,

then proposition 7.1 it follows that vo(z) < ¥(x) for every z € [0, 1] because
Lvy < Lytp. This is impossible.

8. A parabolic traveling wave. Stability of the traveling
wave

Consider the parabolic equation of the problem (19) for Ey = Ej

\0E _0°E | OF
D(EN " 5 =55+ 5

It is easy to show that, if ¢(s) is solution of the equation

E— fH(E,E)), z€R, t>0. (24)

" vV I *
® +(¢—m)¢—fH(%Eo)a s € R, (25)

than E(z,t) = ¢(x + Vt) is a traveling wave (V' = const). We shall prove that
for sufficiently large f, there exists a solution of (25) such that ¢(s) — Ei(E})
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for s — —o0, p(s) — Es(Ej) for s — +o0. Divide f the equation (25) , let
e = f~! and suppose 7 = —. Then we have

NG
y

j+ e (y _ m) j = Hy, EY). (26)

Theorem 4.1 [3] states that for sufficiently small € the equition (26) has a
solution y(7,¢) such that y(7,e) — Ey(E) for 7 — —o0, y(7,6) — E(E})) for
7 — 4o00. The folloving interesting result [8] states the stability of parabolic
traveling wave. Suppose that there exists a solution ()

@' () + f (p(x), ' (2)) =0, x€R,

shuch that ¢(z) — a for z — —o0, p(x) — B for x — +oo f(u,p) € C and
f(a,0) = f(5,0) = 0. The linearized problem of ¢ is

—Lv =" + a(zx)v" + b(z)v,

where a(z) = g—g(gp(x),gol(x)), b(x) = %(gp(x),gp/(x)). Let ay, by be the

limits of these functions for + — £o00. Denote by o.(L) the essential spectrum
of operator L [8].

Proposition 8.1 ([8]) The essential spectrum o.(L) lies in right semiplane
if and only if by < 0 andb_ < 0, i.e. where the solution p(x) connects two saddle
points.

Proposition 8.2 ([8]) If the solution p(z) connects two saddle points, then
the solution p(x) is stabile.

Since Fy(Ef), E2(E]) are saddle points, then proposition 8.1 and proposi-
tion 8.2 state that for sufficiently small € the solution y(7,¢) of the equation
(26) connects two saddle points. The exercise 6 in § 5.1 [8] gives the result that
the solution F(z,t) expotentially approximates ¢ by norm in ¢ A Zfiff QA
W, (R), p > 1. It means that for every solution E(x,t), such that the norm
|E(-,0) — || in W)(R), p > 1 is sufficiently small, there exists a real ¢ for
which [|[E(,t) — (- +c+ V)| =0 (e7"), ¢ > 0, 3 > 0. Finally, we obtain the
stability of the parabolic traveling wave for sufficiently large f and for arbitrary
velocity V.
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